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Abstract In this paper, we have suggested a weighted unbiased estimator based on
mixed randomized response model. Some unbiased estimators are generated from
the proposed weighted estimator. The variance of the proposed weighted estimator
is obtained and relevant condition is obtained in which the proposed weighted esti-
mator is superior to Singh and Tarray (Sociol Methods Res 44(4):706-722, 2014)
estimator. It is interesting to mention that we have investigated an estimator Zyg ;)
which is the member of the suggested weighted estimator g provide better effi-
ciency than the Singh and Tarray’s (2014) estimator 7, and close to the optimum
estimator ﬁg’; Thus, the estimator Zyg ) is an alternative to optimum estimator 7
The study is further extended in case of stratified random sampling.
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1 Introduction

Respondents sometimes come across sensitive questions, such as gambling, alcohol-
ism, sexual and physical abuse, drug addiction, abortion, tax evasion, illegal income,
mobbing, political view, doping usage, homosexual activities and many others.
When respondents are asked directly with such questions, they may refuse to answer
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the question or give untruthful answers, which would significantly affect the quan-
tity and quality of the survey. Warner (1965) introduced the randomized response
technique (RRT) to address this problem.

Several variations of the original RRT models, both binary response and quanti-
tative response models, have been discussed by researchers, including Mangat and
Singh (1990) Fox and Tracy (1986), Chaudhuri and Mukerjee (1987, 1988), Hedayat
and Sinha (1991), Tracy and Mangat (1996), Mangat and Singh (1990),Mangat
(1994), Mahmood et al. (1998), Singh et al. (2000), Chang and Huang (2001), Christ-
ofides (2003), Huang (2004), Chang et al. (2004a, b), and Singh and Tarray (2012).

To implement the privacy problem with the Moors (1997) model, Mangat et al.
(1997) and Singh et al. (2000) have given several strategies as alternatives to Moors
(1997) model, but their models may lose a large portion of data information and
require a high cost to obtain confidentiality of the respondents. These drawbacks
with the previous alternative models for the Moors model motivated Kim and Warde
(2005) to envisage a mixed RR model using simple random sampling with replace-
ment that modifies the privacy problem. The work of this paper based on mixed
randomized response model due to Singh and Tarray’s (2014). So the description of
their model is given below.

1.1 Singh and Tarray’s (2014) mixed randomized response model

In the model given by Singh and Tarray (2014), a single sample with size n is
selected by simple random sampling with replacement (SRSWR) from the popula-
tion. Each respondent from the sample is instructed to answer the direct question,
“I am a member of the innocuous trait group”. If a respondent answers “Yes” to
direct question, then he or she is instructed to go to randomization device R, con-
sisting of the statements (i) “I am a member of the sensitive trait group” and (ii) “I
am a member of the innocuous trait group” with probabilities of selection P; and
(1 - Pl), respectively. If a respondent answers “No” to the direct question, then the
respondent is instructed to use a randomization procedure due to Mangat (1994).
In the Mangat’s (1994) RR procedure, each respondent is instructed to say “Yes”
if he or she is a member of the sensitive trait group. If he or she is not a mem-
ber of the sensitive trait group, then the respondent is required to use the Warner’s
(1965) randomization device R, consisting of statements: (a) “I belong to the sensi-
tive trait group” and (b) “I do not belong to the sensitive trait group” represented
with probabilities P and (1 — P), respectively. Then he or she is to report “Yes” or
“No” according to the outcome of the randomization device R, and the actual status
that he or she has with respect to the sensitive trait group. The survey procedures are
performed under the assumption that both the sensitive and the innocuous questions
are unrelated and independent in a randomization device R;. To protect the respond-
ent’s privacy, the respondents should not disclose to the interviewer the question
they answered from either R or R,.

Let n be the sample size confronted with a direct question, and n, and n, (: n—n 1)
denote the number of “Yes” and “No”” answers from the sample. Since all the respond-
ents using a randomization device R, already responded “Yes” from the initial direct
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innocuous question, the proportion “Y” of getting “Yes” answers from the respondents
using randomization device R, is expressed as

Y=Pur +(1-P)n, =Pz +(1-P), (1)

where 7 is the proportion of “Yes” answers from the sensitive trait and z, is the pro-
portion of “Yes” answer from the innocuous question.

An unbiased estimator of 7z, in terms of the sample proportion of “Yes” responses
Y, is given by

r=—, )
with variance

_ l—z)(1-P
_va-n_afg o (1-m)(1-P)
HIP% n; P,

V(#) 3)

The proportion of “Yes” answers from the respondents using Mangat’s (1994) rand-
omization device R,

X=r+(1-x)1-P). )

An unbiased estimator of 7, in terms of the sample proportion of “Yes” responses X
is given by

X-1-p
fo=— "7 5
% P ®)
The variance of 7, is given by
. X(1-X) 1 (l—P)(l—nS)
V(ﬂz)zvzn—zlﬂs(l—ﬂs)+f . (6)

Giving weight A = n,/n to the estimator #, and (1 — A) = (n —n,) /n to the esti-
mator 7,, Singh and Tarray (2014) suggested an unbiased estimator for 7, as

A= A% + (1= DA, for 0<A< L. %)

with the variance

(l—ﬂs)(l—Pl)]

®)
IR |
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For P = (2 - P, )_1, Singh and Tarray (2014) obtained the variance of 7;, as

V(#,) = %[/Wl + (1= V), ©)

where

Vy = |z (1-x) + (1 -m)(1-P)].

In Sect. 2, we have suggested a weighted unbiased estimator for 7 and studied its
properties.

2 Proposed class of unbiased estimators

We define a weighted unbiased estimator for 7, as
Rys = M7 + My, (10)

where 7, and #, are suitably chosen weights such thaty, + 7, = L

For suitable values of (;7] s Vlz)’ a set of estimators can be identified, for instance,
see Table 1

It is known that the two randomization devices are independent, therefore, the
variance of 7y is given by

V(#ys) = mV(#) +n3V (%),

2 2
1 (1-m)(1-P)) "3 (1-x)1-P)
=—< — |7 (1 —7) + + z(l-n) + ———— .
n{ A [ S( S) P, a1-2 S( S) P
(1)
Table 1 Different weights S. no. Values of weights Estimators
of (11] , r]z) and the resulting
estimators of 7 m 1
1 A (1-2 iy = AR+ (1 = D7,
Singh and Tarray (2014) estimator
2 a1-2 A fus1 = (1 = A7, + A%,
1 2 P BN i A
) R B L
4 - (1+2 Aysy = (1 4+ DAy — Ay
5 A 1 oo =—p 4+ 1 2
(1+4) (1+4) Thss = T 1t T ™2
6 1+ -1 Ayss = (1 + M)A, — A%,
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Inserting P = (2 — P, )_1 in (11) we get

V(ts) =£{"71[ns(l—ﬂs)+ (1-@1)0(11—&)] + (1”_2@[”&(1_ns)+(1_ns)(1-P1)]}

-1 ﬁV +—’1§ v,| =1 ﬁv +(1+71f——2'11)v
n[ 27T A=A et a7 (12)
l Vl V2 2111‘/2 V2
[’11{1+(1—A)}_(1_1)+(1_2)]
an P HU = DV) + AV} =202V, + AV,).

The variance of 7y at (12) is minimised for

n = = HplSay
A=y 4y,
(1= HV, ) ) (13)
n = = Mpo(Say
A A
Inserting (13) in (10) we get the optimum estimator (OE) for z, as

Thus, the resulting minimum variance of Zyg (or the variance of the OE ( HS) is
given by

n[(1 = DV, + AV,]

()

Thus, we state the following Theorem.

min. V(#yg) =
(15)

Theorem 2.1 The variance of the weighted estimator 7,

Vl VZ
n[(1 = DV, + AV,]

V(#ys) =

with equality holding if

M = Mo and 11, = 1y
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Putting n, = Aand n, = (1 — A) in (12) one can easily get the variance of Singh
and Tarray (2014) estimator as given in (9).

2.1 Special case

For n, = %, the proposed estimator 7yg defined by (10) reduces to an unbiased
estimator

APy +{1_)”(1+P1)}A

sy = TR a—n = (16)

Here, we note that (/1, P, ) are known.

Putting n, = % in (12) we get the variance of the unbiased estimator Zyg;, as

V(usa) = 1 [APHA=avi+ A} 2ap,
BSOT (1 - ) (1= 27 (1-2)

+V,|. (17)

Putting #;, = 1 = 1, = (1 — 1) in (12) we get the variance of the Singh and Tar-
ray’s (2014) estimator 7, as

V(#) = [AV,+ (1= V). (18)

From (17) and (18) we have

V(#) = V(#usa))
A

P
T (= A <1 B 1—1,1> {A =DV +av,} (1= 4+ P) =21 = DV,

which is positive if

either [12(V; = V,) + A{Vo — (24 P))(V, = Vo) } + {Vi(1+P)) =2V, }| >0, Py<(1-2)
or [2(Vy = Vy) + A{Vy = 24+ P) (Vi = Vo) } + {Vi(1 4+ P) =2V, }] <0, Py >(1-D )
(19)
To see the performance of the suggested estimator 7y, at (16) relative to Singh
and Tarray (2014) estimator 7, given by (7) we have computed the percent relative

efficiency (PRE) of 7y, with respect to %, using the formula given in Sect. 3 for
different values of (/1, Py, ﬂs).

@ Springer



Behaviormetrika (2018) 45:225-259 231

3 Efficiency comparison

In this section, we have made the comparison of the proposed weighted mixed ran-
domized response model, under completely truthful reporting case, with Singh and
Tarray’s (2014) model.

We have from (9) and (16) that

A=V = V,)
[l = DV, + AV
2
M= D(1=x) (1=P) [+ - 1]
n[(1 = AV, + 4V,

V(#,) — min. V(#yg) = [: V<”g)s))]

(20)

s

which is always positive.

It follows that the proposed class of estimators 7y is more efficient than Singh
and Tarray (2014) estimator 7;, at optimum condition. Thus, we infer that to get esti-
mator better than Singh and Tarray (2014) estimator 7, one has to choose the values
of (n;, n,) in the vicinity of the exact optimum values (¢, #159) of (17,7, )-

The percent relative efficiency of the OE frg)s) with respect to Singh and Tarray
(2014) estimator 7, is given by

~(0) V(z
PRE( #53. 7, ) = x 100

21

2

A=V, =V

:1+( (V1= Va) % 100,
ViV,

Further, the PRE of 7y, with respect to 7, is given by

V()
(Zusc))

[AV, 4+ (1 = HV,|(1 =2 (22)
= > % 100,
[V _ UV, API{(I—A)V1+/1V2}]
20 (-4 -2y

PRE 7y, ) = X 100

with the help of the formula given in (13), we have computed the optimum values of
1,0 and 7, for different values of (/1, T, Pl) and findings are shown in Table 2.
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Using the formulae given by (21) and (22) we have computed the values of

PRE(er;, ﬁh> and PRE(;%HS(I), ﬁh) for different values of (/1, T, Pl) and findings
are tabulated in Tables 3 and 4, respectively.

Table 2 depicts the optimum values (’110, '720) of weights ('71 , 112) in the proposed
estimator 7Zyg for the various values of z,, 4, P, and n=1000. Table 2 reveals that
for fixed values of (ﬂs,/l), the value of #,, increases as P, increases while 7,
decreases as P, increases. On the other hand, it is looked upon that for fixed val-
ues of (/1, Pl) the value of 5, increases as =z, increases and #,, decreases as 7
A(0) A

increases. It follows from Table 3 that PRE(JrHs,zh> decreases as P, increases

and it decreases as =, increases. For fixed values of (ﬂs,Pl) the PRE(ﬁgS),ﬁO
increases as 4 decreases.

There is considerable gain in efficiency using the proposed OE ﬁg’s) over Singh
and Tarray (2014) estimator 7, as long as P; < > However, in general, the PRE
of the proposed OE is larger than 100%.

Further, from Table 4 it is observed that

1. there is substantial gain in efficiency using the envisaged estimator Zyg,, over
Singh and Tarray’s (2014) estimator 7;, where P; < 0.42.

2. the proposed estimator Zyg, is always better than Singh and Tarray’s (2014)
estimator 7, as long as 0 < P; <0.42and 4 € (0.1, 0.5).

3. the PRE(;%HS(,), ﬁh) decreases as P, increases.

Thus, the proposed estimator 7Zyg, is to be preferred over Singh and Tarray’s
(2014) estimator 7, under the parametric restrictions (i) and (ii).

Further comparing results of Tables 3 and 4 we observed that the values of the
Table 3 is very close to the values of Table 4. Thus, we infer that the proposed esti-
mator g, would be used as an alternative to the optimum estimator J%I(_;)S) There is
practical difficulty in using the proposed optimum estimator ﬁ'l(_;)s) as it depends on the
unknown parameter r, under investigation while the proposed estimator 7y, does
not face any such difficulty. So the estimator 7y, would be preferred over the opti-

mum estimator 7 and Singh and Tarray (2014) estimator 7;,.

HS

3.1 Analytical comparison between the estimator 7, and Zyg

From (9) and (12) we have

nid(1 = D[V (#,) = V(sgs)] = [0 = (A2 =n})Vy + 2{A = > =3} V],
which is positive if

[(1 =D (2> =)V +{A0 = A = A3 }V,| >0
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Le if {=(1 = AV, = AV, 2 + 20 AV, + {22(1 = DV, + A1 = )*V, — AV, > 0}
Le. if =D +2m AV, + A{(1 = DAV, + (1 = A)*V, = V,} > 0

ie. if - r]]D +2m AV, + A{A[d = DV, + AV, — /1V2] +(1-AV,=V,} >0
Le.if =n?D + 2 AV, + A{AD = 22V, + (1 = AV, = V,} > 0

ie. if —7?D + 2 AV, + A{AD — 24V, } > 0

ie.if — r]]D +2mnyD + A{AD = 25,,D} > 0

ie. if — 11] + 210 + ﬂ{l 21110} >0

ie. if’712 = 2mn0 — /l{/l - 2;110} <0

ie.if (n, — 1110)2 - (4- 7110)2 <0

ie. if(n1 - 1110)2 < (/1 - ’710)2

ie. if |y = mo| <[4 = o (23)
where D = [(1 — )V, + AV,].

It is observed that the OE 7%(0) is hard to apply in practice as the optimum weights
involve the unknown parameter . However, one can generate estimators from 7yg
better than Singh and Tarray (2014) estimator 7, with help of (23) even when exact
optimum value of #, is unknown.

We have computed the range of #, using (23) for different values of z,, 4, P, and
n=1000 and findings are shown in Table 5. It is observed from Table 5 that the
value of lower limit of #, increases as P increases for fixed values of (Il's, /1) resulting
in the shorter range of ;. We note from Tables 2 and 5 that one can obtain efficient
estimator of z, from the proposed class of estimators 7y even if the value of #; devi-
ates from its exact optimum value #,,. Thus, the proposed class of estimators 7yg
can be used in practice even if the investigator is less experienced or has less asso-
ciation with the population under investigation.

The range of A can be obtained from (23) in which the estimators shown in
Table 1 are better than the Singh and Tarray estimator 7;,. For example, if we set
w; = (1 = A), we find that the estimator 7yg, is more efficient than the Singh and
Tarray’s (2014) estimator 7;, if

(24)

N | —

4 Estimation that utilizes approximate optimum value

In this section, we study the “robustness” of the OE zr(o) in (14) against departure
from the true optimum values (17,4, 759 ) of (1, 1, ).

It is to be mentioned that the OE 7r( % in (14) is of little practical utility as it
depends on optimum values (’110, ’120) in (13) which are functions of the unknown
parameter z, (under study) and the known probability P,. However, in many prac-
tical situations, investigator has prior information regarding the parameter z, and
hence of (1,9, 159) due to either long association with the experimental material or
through past data. One can also obtain the values of (17,9, 1,9 ) from the sample data
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at hand. Thus, the assumption that the investigator has prior informatlon or guessed
or approximate values of (;110, 1120) is quite reasonable. The estimator ”Hs which sub-
stitute the approximate value 7, = ang = ) = (1 - 0“720) where a(> 0) is the
departure from the true optimum value in the estimator 7 A(”) ¢ at (14) is defined by

ﬁﬁ’g* = (g2 + fiags)- (25)
The variance of n(o) is given by
~o) _ 1|70 o
V(;:HS ) = [7\4 + 7VZ]. 26)

From (9) and (26) we have

n[V(a) - v(#2)] = Kx—%)vl ((1—1)—(1'7&)%], @7

which is always positive if

a2—2a+i<2—i> <0
Mo Mo

2
ie.if(@—1)° — (1 - i) <0

Mo

ie.if(@— 1) < (1 - i>2

Mo

ie ifla—1] < |1—i

Mo

Pe.if <2—i) <a<t (28)
Mo Mo

From (9) and (26) the percent relative efficiency of the proposed estimator ﬂl(;s)*

for the approximate values (r]m, ;120), with respect to Singh and Tarray (2014) esti-
mator is given as

A0 = DAV, + A = DV,

- 2
[(1 - ,t)a%ﬁ()vl + A(l - 0’710) V2]
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We have computed the range of a(%) for different values of (,, P, A) in Table 6.
It is observed from Table 6 that the upper limit of & decreases while lower limit of «
increases as P, increases for the fixed values of (7rs, ﬂ). Table 6 also exhibits that for
fixed values of (/1, P, ), the value of upper limit of « decreases while the lower limit
of increases as increases.

Further to appreciate the idea of robustness, we have computed the relative effi-

ciency (%) of the proposed estimator #9% with respect to Singh and Tarray (2014)

HS
estimator 7, for various values of (ﬂs, P, A) and a demonstrated in Tables 7, 8, 9, 10,

11, 12. It is observed that the values of PRE(;%I(_;)S)*, frh> are more than 100. Further

from Tables 7, 8, 9, 10, 11, 12 we note that the value of percent relative efficiency

PRE<7%1(;’S)*, frh> decreases as the value of P| increases and it increases with increas-

ing value of z,. Thus, we conclude that the proposed estimator 7
ity in practice even if a departs from ‘unity’.

(o) . .
s has practical util-

5 Stratified mixed randomized response model

Stratified random sampling is usually applied by decomposing the population into
distinct homogeneous groups called strata. It gives reasonably representative sample
of the population. Many researchers have suggested RR techniques using stratified
random sampling, for instance, Hong et al. (1994), Kim and Elam (2005) and Singh
and Tarray (2014). We now present estimator under stratified estimation method
proposed by Singh and Tarray (2014) to be used later for comparison purposes.

5.1 Singh and Tarray (2014) stratified mixed randomized response model

Singh and Tarray (2014) assumed that the population is partitioned into “7”” nonover-
lapping strata, and a sample is selected by simple random sampling with replacement
from each stratum. To get the full benefit from stratification, they assumed that the
number of units in each stratum is known. In this model, an individual respondent in a
sample from each stratum is instructed to answer a direct question “I am a member of
the innocuous trait group.” Respondents answer the direct question by “Yes” or “No.”
If a respondent answers “Yes,” then he or she is instructed to go to the randomization
device R, consisting of statements: (i) “I am the member of the sensitive trait group”
and (ii) “I am a member of the innocuous trait group” with preassigned probabilities Q,
and (1 - Qk), respectively. If a respondent answers ‘“No,” then the respondent is
instructed to use a randomization procedure due to Mangat (1994). In the Mangat’s
(1994) RR procedure, each respondent is instructed to say “Yes” if he or she is a mem-
ber of the sensitive trait group. If he or she is not a member of the sensitive trait group,
then the respondent is required to use the Warner’s (1965) randomization device R;,
consisting of the statement: (i) “I belong to the sensitive trait group” and (b) “I do not
belong to the sensitive trait group” with preassigned probabilities P, and (1 - Pk),
respectively. Then he or she is to report “Yes” or “No” according to the outcome of the

@ Springer
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randomization device R, and the actual status that he or she has with respect to the
sensitive trait group. The survey procedures are performed under the assumption that
both the sensitive and the innocuous questions are unrelated and independent in a rand-
omization device R;;. To protect the respondent’s privacy, the respondents should not
disclose to the interviewer the question they answered from either R, or R,. Suppose
we denote m; as the number of units in the sample from stratum k and »n as the total
number of units in samples from all strata. Let m,, be the number of people responding
“Yes” when respondents in a sample m, were asked the direct question and m,, be the
number of people respondring “No”r when respondents in a sample m, were asked the
direct question so that Y m, = Y, (mkl +mk2). Under the assumption that these
=1 =1

“Yes” or “No” reports are made truthfully, and Q, and P,(# 0.5) are set by the
researcher, then the proportion of “Yes” answer from the respondents using the rand-
omization device R, will be

Yszank+(1—Qk)ﬂ1k for k=1,2,...,r,

30
= Qs + (1-0;) Ge. = 1), 30)

The estimator of 7 in terms of the sample proportion of “Yes” response f/k is given

as
ﬁmfn_(Ql—k_Qk) for k=1,2,....r, 31
with the variance
V() = (1= 75,) [Qums, + (1= Q)] _ & (32)

My Oy My

(l_”Sk)[Qk”Sk"'(l_Qk)]

where V,;, = o
k

The proportion of “Yes” answers from the respondents using Mangat (1994) ran-
domization device R,;:

Xk=”Sk+(1_”Sk)(1_Pk)' (33)

The estimator of g in terms of the sample proportion of “Yes™ response X, is
given by

. X, —(1-P)

T, = P, , (34)
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with the variance

1

V(ﬁmk) ) (1 = myy)

V
[”Sk(l_ﬂsk)"'(1_Qk)(1—ﬂsk)] =m—z, (35)

where V,;, = [ﬂsk(l —ﬂsk) + (1 - Qk)(l —ﬂsk)]

The pooled unbiased estimator of rg in terms of the sample proportion of “Yes”
response Y, and X is given as
My My — My

My
=—a +——7,, for 0<—<1.
m, hil, m, h2, m, (36)

n'mS,(

with the variance

V(ftys,) = ————+—|(1-75,)(1 —Qk){g + (1 —xk)}], (37)

ny my k

where m, = m; + my, and 4, = mkl/mk. .

Thus, the unbiased estimator of 7g = Y, w,zrg is given as
ST & s,

r r
N A My . My — My
s = 2, Wiltms, = 2 Wik — iy, + ———— 7o, |- (38)
=1 My my

k=1

The variance of g is given as

V () =;%l%:””+m%<(1 )1 —Qk){g—’;+ (1_1,{)})].
(39)

In the next section, we have proposed a weighted unbiased estimator for Singh and
Tarray (2014) stratified estimator ¢ and studied its properties.

6 Proposed Stratified Mixed Randomized Response Model Using
Weights

Moving along the direction for stratified mixed RR model traced by Singh and Tarray
(2014), we introduce a weighted unbiased estimator for 7, as

Rn, = Nifnix + Mook (40)

where 7, and 7, are suitably chosen constant such that #,, +#,, = 1.
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: 1-2,(1+0)} . .
For n, = (fk_%i) and ny, = (1-1ny,) = %, in (40) we get an unbiased

estimator 7, for  as

. RO {1-40+0)}
Tmh, = mﬂhlk + (1-4) Thk- 41)

We mention that in (41) A} s and Q] s are known.
The variance of the estimator 7, is given as

{1-4(1+Q0)}

. K=<k . .
V(”mhk) =mv<”hlk) + (1= 2) (”hzk)
_AG vy (-A(+0)Y v
(1-4)" " (1-4)"  m(1-4) (2
_1 l MOV + {1-4(1+ Qk)}2V2k]
me | (1= 2,)° (1-24) ’
= D
= (43)
where D, = m AszVlk + ng;j—/%)}%] and V,; and V,; are same as defined

earlier

,
The unbiased estimator of 73 = ). Wy, s given by
k=1

r
ﬁ-mh = Z Wkﬁ-mhk’ (44)
k=1

with the variance

r 2 (45)
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6.1 Variance of 7,,;, under Neyman allocation

Information on g is usually unavailable. But if prior information about them is avail-
able from past experience then we may derive the Neyman allocation formula.

The Neyman allocation of n to m,,m,, ... ,m,_; and m,., to derive the minimum var-
iance of 7, subjectton = Z,’m my, is approximately given by

my, < wi\/ Dy,
nwi+/Dy

d (46)

1;1 Wk\/D_k

=>m =

Using (45) and (46) the minimal variance of 7, is given by

r

A WI% r
V(ﬂ-mh)opt = ](:21 W(; Wk\/D_k>Dks

- 2
_ %(Zwk\@) @47
k=1

6.2 Efficiency comparison with Singh and Tarray (2014) model

In this section, we have made the comparison of the proposed mixed randomized
response model using Singh and Tarray’s (2014) model by way of variance
comparison.

To compare the proposed estimator 7, with that of Singh and Tarray’s (2014)
estimator 7,,q, we write the variance of Singh and Tarray’s (2014) estimator 7,g
under Neyman allocation as

. 2
N 1 "
V(s ) g = ;(Zwk V S/é> ’ (48)
k

where S} = ﬂsk(l - ﬂsk) + %(:_QM + (1 - ﬂ'sk)<1 - Qk)(l - /lk)].

From Eq. (47) and (48), we have
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1V (o) e = V i) | = <Zwk\/§> (Igwk\/D_k>2

ie. if(i Wy s;)z > <k§1 wk\/D_k>2

ie if Y w/Dy < X w
k=1 k=1
ie.if Y wk(\/Dk - \/s_k> <0
k=1
e if (VD= V5 ) <0 ¥ k=12

ie. if D, <S; V k=12,....r (49)

Thus, we state the following theorem.

Theorem 6.1 The proposed mixed randomized response model based on strati-
fied random sampling is more efficient than the Singh and Tarray’s (2014) stratified
mixed randomized response model as long as the condition D, < §; Vk=1,2,....,r;
is satisfied.

To have an idea about the efficiency gain of the proposed stratified estimator 7,
we perform a numerical study. Their performance is evaluated through percent rela-
tive efficiency with respect to Singh and Tarray (2014) stratified estimator 7,g in
case of two strata (i.e., ¥r=2) using formula:

V(Zns)
PRE(# .7 o) = 100
(”mh ”mS) V(]%mh) X
. 2
(z Wk\/s—;;> (50)
= % 100,

where
g = W17l'sl + Wzﬂ'sz,

1/2
VS = l,,sk(l_,[Sk)+%:‘QM+(1—”&)(1—Q,{)(1—/1,{)] , and

1/2

\/lTk (] =) [le Vik + _{1-@83?:))} =
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Findings for the percent relative efficiency are given in Table 13 for the different
cases of zg, 4, and Q, respectively.

It is observed from Table 13 that, the values of PRE(#,,, ) are more than
100. Thus, the proposed estimator 7, is more efficient than the one earlier consid-
ered by Singh and Tarray’s (2014) estimator 7,,q for given parametric values. Fur-
ther, we note that the PRE(;%mh, ﬁmS) decreases as O, increases. For the fixed values
of (g, Q;) the PRE(Zyy, #,,¢) increases as A increases. Larger gain in efficiency is
observed as long as Q, lies between 0.1 and 0.3 (i.e. 0.1 < Q; <0.3) and Q, lies
between 0.2 and 0.5 (i.e. 0.2 < 0, < 0.5).

6.3 Estimation of population proportion using mixed randomized response
model when weights 7, and 7,; are scalars

Using the estimator 7, defined at (40) we define a weighted unbiased estimator of
population proportion 7g = Y _| Wy TTg, as

,
”mn = Z Wil bk
k=1

r (6D
= Z Wk{’hk’i'mk + (1 - ’71k)ﬁ'h2k}
k=1
The variance of #,,, is given by
r Wz
V(ﬁmq) = ; m [AkV2k + ’1%1({(1 - Ak)vlk + Akvzk} - z'llk/lkvzk]-
(52)
The variance V (#,,,) at (51) is minimized for
My = AV = Mk,
1k — — ko
[(1=2) Vie + A4V “
N (| P (53)
* [(1 - /lk)vlk + AkVZk] 2o
Thus, the resulting minimum variance of 7,,,, is given by
r W]%
Vmin( Amq) = ; m_kvkoa 54)

where
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V. = ViV (55)

ko — .

[(1 = 2) Vi + 4V
Thus, the resulting optimum estimator for zg is given by
R, = Mo + (1= Miko) Bk (56)
whose variance is

r W2

N . k
V(”mnk,)) = me(” ) = Z m_kvko' (57)

k=1

The variance of the optimum estimator (OE) under Neyman allocation
my, < wiA/Sp, k=1,2,...r

wiV VY,
ie. M ﬁ, k=1,2,....r,

Z WiV Vio

k=1

(58)

is given by
1 5
V( mr’Ao opt = ;<Z Wk Vk0> (59)

From (39) and (50) we have
p 2
V(ﬁ'ms) - V( m”ko <Z Wk\/§> <Z Wk V Vk0>
k=1
which is positive if

p 2 P 2

<Z wk\/SE> > (z wk\/VkO) ,

k=1 k=1

ic.if ¥ /St — X wiy/Vig > 0
k=1 k=1

ieif ¥ wk<\/SZ - \/v,{(,) >0
k=1
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e if\/Si—y/Vg>0 ¥ k=12.,r
e if /ST > Ve ¥ k=1,2,..
e dfSE> Ve V..k=12..r
1
[ﬂsk(l_nsk)+(1_ﬂsk)(1_Q,<)+(1_nsk)(1_gk)ak<gk_l>]
VlkVZk
[(1 — A)Vie + 4V

. . Vi V-
l.e.lfV2k+(1—7l'Sk)(1—Qk) k<a—1)—m>o V k=1,2,...,r

ie.if
vV k=12,...,r

.. Akvzk(l_”5k>(1_Qk)2 <1—”sk)(1—Qk)2'1/< _
1e. if AR + o >0 V k=12,...,r

Vo

i.e. if
{(1 - )”k)vlk + AkVZk}

+1>0 V k=12,...,r, (60)

which is always true.

Thus, the proposed optimum estimator (OE) #,,,, is more efficient than the Singh
and Tarray’s (2014) estimator 7, under Neyman allocation.

From (47) and (59) we have

AV () = V{, (Zw) (ZwW)

<

(gt ) )

k=1

which is positive if

(\/_+\/Vko> 0, V k=12..,r

ie if D>V VY k=12,...r
ieifD, >V, V k=12...r

ie.if (D, =V,) >0, ¥V k=12,..,r 61)
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Now we have

(D= Vio) = (- )

(1 —ik)zvlkvzk ]
{(1= &) Vi + 4V}

(1—/11()3V11<V2k ]
{(1=2)Vie + 4V

1
. 2(1=2) 02V 4 4 (1= 4 — 4,0) VA
(1 - /11() {(1 - ﬂk)vlk +/1kv2k}

3 [(1 — A AQ Vi + {1 = 4 (1 + Qk)}zvzk -

:(1 ],1 7 [(1 —/lk)’leivlk*'{(l —a)t 2 =21 _'lk)Qk}VZk_
— A

- 2}’k(l - ’11»)(1 - ’1k - ika) kalkVZk] (62)
A 2212
= 1—4) 02V —2(1= 4,) (1= A = 1,0,) V.V,
(1= 20 (1= 4)Vie + 2Vac [( ) OV = 2(1 = A (1= & = 404) OV Viy
+ (1= A - 40,)° V2]
=}‘k[(1_}‘k)Qk lk_(l_lk_lek)VZk]z >0
(1= 2 {(1 = 2 Vi + A4 Vo)
From (61) and (62) we have
D, —Vi,>0, V k=12,...,r (63)
which is always true.
Thus,
[V (%) =V (%, )] >0 (64)

It follows from (64) that the proposed estimator 7,
posed estimator 7.

Now we established the following theorem.

is more efficient than the pro-
My,

Theorem 6.2 The proposed optimum estimator %, is more efficient than the
Singh and Tarray’s (2014) estimator 7, and the proposed estimator 7.

To see the performance of the proposed optimum estimator (OE) 7, relative to
Singh and Tarray’s (2014) estimator 7,,q under Neyman allocation, we have computed
the percent relative efficiency (PRE) of the estimator 7,,,, with respect to the estimator

7y Using the formula:

Mk

, 2
<Z Wy S,’:) (65)
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for two strata (i.e. r=2), 4, = 4, = A and different values of (7g,, 7g), 75) and
0, and Q,.

Findings are shown in Table 14

Table 14 shows that the proposed optimum estimator 7, ~is more efficient
than Singh and Tarray (2014) estimator 7,5. We further note that the values of
PRE(#,, s ) is Very close to the value of PRE(#,,, , #ys). There is practical dif-
ficulty in using the proposed optimum estimator 7, as it depends on the unknown
parameter , under investigation while the proposed estimator 7., does not face any
such difficulty, so the estimator 7, would be preferred over the optimum estimator

7, and Singh and Tarray (2014) estimator 7. Thus, we infer that the proposed

my,
estimator 7,,, would be used as an alternative to the optimum estimator 7, .
0

7 Conclusion

In this article, we have suggested a weighted unbiased estimator based on mixed
randomized response model and its Stratified RR model which are more efficient
than the Singh and Tarray (2014) model. We have also discussed a particular case
by giving a suitable weight in the proposed weighted estimator and found that the
relative efficiency of the estimator for the different parametric choices is close to the
proposed optimum estimator. Thus, our mixed RR model and Stratified mixed RR
model are good alternative to the Singh and Tarray’s (2014) model.
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