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Abstract

A semi-martingale reflecting Brownian motion is a popular process for diffusion
approximations of queueing models including their networks. In this paper, we are
concerned with the case that it lives on the nonnegative half-line, but the drift and
variance of its Brownian component discontinuously change at its finitely many
states. This reflecting diffusion process naturally arises from a state-dependent sin-
gle server queue, studied by the Miyazawa (Diffusion approximation of the station-
ary distribution of a two-level single server queue, 2024. https://arxiv.org/abs/2312.
11284). Our main interest is in its stationary distribution, which is important for
application. We define this reflecting diffusion process as the solution of a stochas-
tic integral equation, and show that it uniquely exists in the weak sense. This result
is also proved in a different way by Atar et al. (Parallel server systems under an
extended heavy traffic condition: A lower bound, 2022. https://arxiv.org/pdf/2201.
07855). In this paper, we consider its Harris irreducibility and stability, that is, posi-
tive recurrence, and derive its stationary distribution under this stability condition.
The stationary distribution has a simple analytic expression, likely extendable to a
more general state-dependent SRBM. Our proofs rely on the generalized Ito formula
for a convex function and local time.
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1 Introduction

We are concerned with a semi-martingale reflecting Brownian motion (SRBM for
short) on the nonnegative half-line in which the drift and variance of its Brown-
ian component discontinuously change at its finitely many states. The partitions
of its state space which is separated by these states are called levels. This reflect-
ing SRBM is denoted by Z(-) = {Z(#);t > 0}, and will be called a one-dimensional
multi-level SRBM (see Definition 2.1). In particular, if the number of the levels
is k, then it is called a one-dimensional k-level SRBM. Note that the one-dimen-
sional 1-level SRBM is just the standard SRBM on the half line.

Let Z(-) be a one-dimesional k-level SRBM. This reflecting process for k =2
arises in the recent study of Miyazawa (2024) for asymptotic analysis of a state
dependent single server queue, called 2-level GI/G/1 queue, in heavy traffic. This
queueing model was motivated by an energy saving problem on servers for internet.

In Miyazawa (2024), it is conjectured that the reflecting process Z(-) for k = 2
is the weak solution of a stochastic integral equation (see (2.1) in Sect. 2) and,
if its stationary distribution exists, then this distribution agrees with the limit of
the scaled stationary distribution of the 2-level GI/G/1 queue under heavy traf-
fic, which is obtained under some extra conditions in Theorem 3.1 of Miyazawa
(2024). While writing this paper, we have known that the weak existence of the
solution is shown by Atar et al. (2022) for a more general model than we have
studied here, and its uniqueness is proved in (Atar et al. (2023), Lemma 4.1)
under one of the conditions of this paper.

We refer to these results of Atar et al. (2022, 2023) as Lemma 2.1. However,
we here prove a slightly different lemma, Lemma 2.2, which is restrictive for the
existence but less restrictive for the uniqueness. Lemma 2.2 includes some fur-
ther results which will be used. Furthermore, its proof is sample path based and
different from that of Lemma 2.1. We then show in Lemma 2.3 that Z(-) is Har-
ris irreducible, and give a necessary and sufficient condition for it to be positive
recurrent in Lemma 2.4. These three lemmas are bases for our stochastic analysis.

The main results of this paper are Theorem 3.2 and Corollary 3.1 for the k-level
SRBM, which derive the stationary distribution of Z(-) without any extra condition
under the stability condition obtained in Lemma 2.4. However, we first focus on the
case for k = 2 in Theorem 3.1, then consider the case for general k in Theorem 3.2.
This is because the presentation and proof for general k are notationally complicated
while the proof for k£ = 2 can be used with minor modifications for general k. The sta-
tionary distribution for k = 2 is rather simple, it is composed of two mutually singular
measures, one is truncated exponential or uniform on the interval [0, ], and the other
is exponential on [£}, o0), where £ is the right endpoint of the first level at which the
variance of the Brownian component and drift of the Z(-) discontinuously change. One
may easily guess these measures, but it is not easy to compute their weights by which
the stationary distribution is uniquely determined (see (Miyazawa 2024)). We resolve
this computation problem using the local time of the semi-martingale Z(-) at 7.

The key tools for the proofs of the lemmas and theorems are the generalized
Ito formula for a convex function and local time due to Tanaka (1963). We also
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use the notion of a weak solution of a stochastic integral equation. These formu-
las and notions are standard in stochastic analysis nowadays (e.g, see (Chung and
Williams 1990; Cohen and Elliott 2015; Harrison 2013; Kallenberg 2001; Karat-
zas and Shreve 1998)), but they are briefly supplemented in the appendix because
they play major roles in our proofs.

This paper is made up by five sections. In Sect. 2, we formally introduce a one-
dimensional reflecting SRBM with state-dependent Brownian component which
includes the one-dimensional multi-level SRBM as a special case, and present pre-
liminary results including Lemmas 2.2, 2.3 and 2.4, which are proved in Sect. 4.
Theorems 3.1 and 3.2 are presented and proved in Sect. 3. Finally, a related prob-
lems and a generalization of Theorem 3.2 are discussed in Sect. 5. In the appendix,
the definitions of a weak solution for a stochastic integral equation and local time of
a semi-martingale are briefly discussed in Sect. A.1 and A.2, respectively.

2 Problem and Preliminary Lemmas

Let o(x) and b(x) be measurable positive and real valued functions, respectively,
of x € R, where R is the set of all real numbers. We are interested in the solution
Z(-) = {Z(t);t > 0} of the following stochastic integral equation, SIE for short.

t t

Z@t) = Z(0) + / o (Z(u)dW (u) + / bZwW)du+Y®) >0,  t>0, (2.1)
0 0

where W(-) is the standard Brownian motion, and Y(-) = {Y(¢);t > 0} is a non-
deceasing process satisfying that /Ot 1(Z(u) > 0)dY(u) =0 for t > 0. We refer
to this Y(-) as a regulator. The state space of Z(-) is denoted by S =R, where
R, ={xeRx >0}

As usual, we assume that all continuous-time processes are defined on stochas-
tic basis (Q, F,F,P), and right-continuous with left-limits and F-adapted, where
F = {F,;t > 0} is a right-continuous filtration. Note that there are two kinds of solu-
tions, strong and weak ones, for the SIE (2.1). See Appendix A.1 for their defini-
tions. In this paper, we call weak solution simply by solution unless stated otherwise.

If functions o(x) and b(x) are Lipschitz continuous and their squares are bounded
by K(1 +x?) for some constant K > 0, then the SIE (2.1) has a unique solution
even for the multidimensional SRBM which lives on a convex region (see (Tanaka
(1979), Theorem 4.1)). However, we are interested in the case that o(x) and b(x)
discontinuously change. In this case, the solution Z(-) may not exist in general, so
we need a condition. As we discussed in Sect. 1, we are particularly interested when
they satisfy the following conditions. Let R = R U {—c0, 40 }.

Condition 2.1 There are an integer k> 2 and a strictly increasing sequence

{£,€Rj=0,1,....k} satisfying £, =—-c0, ;>0 for j=1,2,....,k—1 and
) = oo such that functions o(x) > 0 and b(x) € R for x € R are given by
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k k
o)=Y ol(f <x<f), b= bl(f, <x<8), (22
J=1 Jj=1

where 1(-) is the indicator function of proposition “:”, and o; > 0, bj e R for
j=1,2,...,k are constants.

Since Z(t) of Eq. (2.1) is nonnegative, o(x) and b(x) are only used for x > 0 in
Eq. (2.1). Taking this into account, we partition the state space S = R, of Z(-) by
¢1,%,,...,C,_;under Condition 2.1 as follows.

$=100,2), S;=161.¢), j=23,....k=1, S =[l_y,+0). (2.3)

We call these S;’s levels. Note that o(x) and b(x) are constants in x on each level,
and they may discontinuously change at state ¢; for j=1,2,...,k—1 under
Condition 2.1.

We start with the existence of the solution Z(-) of Eq. (2.1), which will be
implied by the existence of the solution X(-) = {X(¢);t > 0} of the following sto-
chastic integral equation in the weak sense (see Remark 4.1).

t t

X =X©0)+ / o(X(u))dW(u) + / b(X(u))du, t>0. 2.4)

0 0

Taking this into account, we will also consider the condition below, which is suffi-
cient for the existence of the weak solution (X(-), W(-)).

Condition 2.2 The functions o(x) and b(x) are measurable functions satisfying that

;gﬂg o(x) >0, )scgﬂg |b(x)| < o0. 2.5)

For the unique existence of the weak solution (X(:), W(-)), Condition 2.2 is fur-
ther weakened to Condition 5.1 by Theorem 5.15 of Karatzas and Shreve (1998)
(see Sect. 5.2 for its details). However, the latter condition is quite complicated.
So, we take the simpler condition (2.5), which is sufficient for our arguments.

Definition 2.1 The solutions Z(-) of Eq. (2.1) under Condition 2.1 is called a one-
dimensional multi-level SRBM, in particular, called one-dimensional k-level SRBM
if it has k levels, namely, the total number of partitions of Eq. (2.3) is k, while it
under Condition 2.2 is called a one-dimensional state-dependent SRBM with
bounded drifts.

Using the weak solution (X(-), W(-)) of Eq. (2.4), Atar et al. (2022, 2023)
proves:

Lemma 2.1 (Lemma 4.3 of Atar et al. (2022) and Lemma 4.1 of Atar et al. (2023))
(i) Under Condition 2.2, the stochastic integral equation (2.1) has a weak solution
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such that Y(t) is continuous in t > 0. (i) Under Condition 2.1, the solution is weakly
unique.

The proof of (i) is easy (see Remark 4.1) while the proof of (ii) is quite techni-
cal. Instead of this lemma, we will use the following lemma, in which (i) and (ii)
of Lemma 2.1 are proved under more restrictive and less restrictive conditions,
respectively.

Lemma 2.2 Under Condition 2.2, if there are constants 6\, > 0 and b, € R such
that

o(x) =0, > 0,b(x) = by, Vx < ¢, (2.6)

then the stochastic integral equation (2.1) has a unique weak solution such that Y(t)
is continuous int > 0 and Z(-) is a strong Markov process.

We prove this lemma in Sect. 4.1, which is different from the proof of Lemma 2.1
by Atar et al. (2022, 2023).

The main interest of this paper is to derive the stationary distribution of the Z(-)
for the one-dimensional multi-level SRBM under an appropriate stability condition.
Since this reflecting diffusion process satisfies the conditions of Lemma 2.2, Z(-) is
a strong Markov process. Hence, our first task for deriving its stationary distribution
is to consider its irreducibility and positive recurrence. To this end, we introduce
Harris irreducibility and recurrence following (Meyn and Tweedie 1993). Let B(R,)
be the Borel field, that is, the minimal s-algebra on R, which contains all open sets
of R,. Then, a real valued process X(-) which is right-continuous with left-limits is
called Harris irreducible if there is a non-trivial o-finite measure y on (R, B(R_))
such that, for B € B(R,), w(B) > 0 implies

(s

E, / 1(X(u) € B)du | > 0, VxeR,, 2.7)
0
while it is called Harris recurrent if Eq. (2.7) can be replaced by

P, / 1X(w) EB)du=co|=1, VxeR,, 2.8)
0

where P, (4) = P(A|X(0) = x) for A € F, and E [H|X(0) = x] for a random variable
H.

Harris conditions (2.7) and (2.8) are related to hitting times. Define the hitting
time at a subset of the state space S as

7z = inf{t > 0;X(¢) € B}, B e B[R,), (2.9)
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where 7; = oo if X(f) & B for all > 0. We denote 7 simply by 7, for B = {a}. Then,
it is known that Harris recurrent condition (2.8) is equivalent to

Pt < 0] =1, Vx >0, (2.10)

See Theorem 1 of Kaspi and Mandelbaum (1994) (see also (Meyn and Tweedie
1993)) for the proof of this equivalence. However, Harris irreducible condition (2.7)
may not be equivalent to P, [7; < oo] > 0. In what follows, 75 is defined for the pro-
cess to be discussed unless stated otherwise.

Using those notions and notations, we present the following basic facts for the
one-dimensional state-dependent SRBM Z(-) with bounded drifts, where Z(-) is
strong Markov by Lemma 2.2.

Lemma 2.3 For the one-dimensional state-dependent SRBM with bounded drifts, if
the condition (2.6) of Lemma 2.2 is satisfied, (i) it is Harris irreducible, and (ii)
E.l[7,] < 0 for0<x<a.

Remark 2.1 (ii) is not surprising because we can intuitively see that the drift is
pushed to the upward direction by reflection at the origin and the positive-valued
variances.

Lemma 2.4 For the one-dimensional state-dependent SRBM with bounded drifts, if
the condition (2.6) of Lemma 2.2 is satisfied and if there are constants ¢, b, and o,
such that

o(x)=0,>0,b(x)=0>,, Vx>70,>7, .11

then Z(-) has a stationary distribution if and only if b, < 0. In particular, the one-
dimensional k-level SRBM has a stationary distribution if and only if b, < 0.

These lemmas may be intuitively clear, but their proofs may have own interests
because they are not immediate and we observe that the Ito formula nicely work. So
we prove Lemmas 2.3 and 2.4 in Sects. 4.2 and 4.3, respectively. We are now ready
to study the stationary distribution of Z(-).

3 Stationary Distribution of Multi-level SRBM

We are concerned with the multi-level SRBM. Denote the number of its levels by k.
We first introduce basic notations. Let /\/k ={1,2,...,k}, and define

p;=2b;/o}, jEN

In this section, we derive the stationary distribution of the one-dimensional k-level
SRBM for arbitrary k > 2. We first focus on the case for k = 2 because this is the
simplest case but its proof contains all ideas will be used for general k.
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3.1 Stationary Distribution for k = 2
Throughout Sect. 3.1, we assumed that k = 2.

Theorem 3.1 (The case for k = 2) The Z(-) of the one-dimensional 2-level SRBM
has a stationary distribution if and only if b, < 0, equivalently, p, < 0. Assume that
by, <0, and let v be the stationary distribution of Z(t), then v is unique and has a
probability density function h which is given below. (i) If b, # 0, then

h(x) = d; hy; (X) + dy 7, (X), x>0, 3.1)
where h,; and h, are probability density functions defined as

MO, Be—t1)
L0 x<h) b =Rl 4. ()

hyy(x) = A1

and dy; for j = 1,2 are positive constants defined by

_ bz(e‘ﬂlfl -1 bl —d = b, 33
N hrbern - T T T ey O
@) If b, =0, then
h(x) = dy; hoy (%) + dyrhy (%), (3.4)
where h, is defined in Eq. (3.2), and
1
hy (x) = 71(03x<f1), 3.5
1
_ 2% dy=1—-d, = % 3.6
01_012—21921,”1’ 0= 01_012—2b2f1' (3.6)

Remark 3.1

(a) Equations (3.5) and (3.6) are obtained from Egs. (3.2) and (3.3) by letting b, — 0.
(b) Assume that Z(+) is a stationary process, and define the moment generating func-
tions (mgf for short):

@(6) = E["V],
@, (0) =E[e"”V1(0<Z(1) < )], 0,0 =E["“V1(2(1) > ¢,)].

Here, ¢(0) and ¢,(#) are finite for 8 < 0, and ¢,(#) does so for & € R. However, all
of them are uniquely identified for & < 0 as Laplace transforms. So, in what follows,
we always assume that & < 0 unless stated otherwise.

Fori=0,1, let /};I-] and /ﬁz be the moment generating functions of A;; and h,,
respectively, then
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01 _e=P1t1 B

~ ——10 #-p), i=1,
By (@) =1 o0 et . 3.7)
16 # 0), i=0,
4,0
7,(60) = €% P <, (3.8)
B, + 0 :

where the singular points § = —f,,0 in Eq. (3.7) are negligible to determine h;;, so

we take the convention that 7’1\1»1 () exists for these 6.
Hence, Eq. (3.1) for b; # 0 and Eq. (3.4) for b, = 0 are equivalent to

_ [0, b, #0, _
©1(0)/9,(0) = { 201(9)’ by =0, @,(0)/ 9,(0) = hy(0), (3.9)
0 (0)=d;, @,(0)=d,,, for by #0, (3.10)
©1(0) =dy, @,(0) =dp,, for by =0. 3.11)

Thus, Theorem 3.1 is proved by showing these equalities.

Remark 3.2 Miyazawa (2024) conjectures that the diffusion scaled process limit of
the queue length of the 2-level GI/G/1 queue in heavy traffic is the solution of the
stochastic integral equation of (5.2) in Miyazawa (2024). This stochastic equation
corresponds to Eq. (2.1), but £, b, and o; of the present paper needs to replace by
¢y —b;, \/?,-01- for i = 1,2, respectively. Under these replacements, f; also needs to

replace by —2bi/(ciai2). Then, it follows from Egs. (3.3), (3.6), (3.10) and (3.11)
that, under the setting of Miyazawa (2024), for b, # 0,

O=d = c1by(eP?1 — 1) O =d, = c,b,
PE == Coby + ¢ by(eP?t — 1) P = = Cyby + ¢ by(eh?r — 1)
and, for b, =0,
2b,¢ 0207
901(0) = dOl = (.02(0) = doz =

0,02 +2byt, ,0% +2byt)

Hence, the limiting distributions in (ii) of Theorem 3.1 of Miyazawa (2024) are
identical with the stationary distributions in Theorem 3.1 here. Note that the limiting
distributions in Miyazawa (2024) are obtained under some extra conditions, which
are not needed for Theorem 3.1.
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3.2 Proof of Theorem 3.1

By Remark 3.1, it is sufficient to show Eqgs. (3.9), (3.10) and (3.11) for the proof of
Theorem 3.1. We will do it in three steps.

3.2.1 1st Step of the Proof

In this subsection, we derive two stochastic equations from Eq. (2.1). For this, we
use the generalized Ito formulas for a continuous semi-martingale X(-) with finite
quadratic variations [X], for all # > 0. For a convex test function £, this Ito formula is
given by

[e]

JX@®) =fXO) + / f '(X(M)—)dX(u)+% / L.®Ou(dx), 120,
0

0
(3.12)

where L,(f) is the local time of X(-) which is right-continuous in x € R, and My on
(R,,B(R,))is a measure on (R, B(R), defined by

H(le, ) =f'o6=) = f'x=),  x<yinR, (3.13)

where f’(x—) is the left derivative of f at x. See Appendix A.2 for the definition of
local time and more about its connection to the generalized Ito formula (3.12).
Furthermore, if f(x) is twice differentiable, then Eq. (3.12) can be written as

JX(®) =f(X(0))+/f'(X(u))dX(u)+ %/f"(X(M))d[X]u, 120,
0 0

(3.14)

which is well known Ito formula.
In our application of the generalized Ito formula, we first take the following con-
vex function f with parameter < 0 as a test function.

f=e"1x<t)+e11x27¢). x€eR. (3.15)
Since f'(£,+) = 0 and f'(£,—) = 6", it follows from Eq. (3.13) that
w4, }) = 13?3]"((&”1 +6)-) —f1(4,=) =f1(&1+) = f'(£,=) = =6

On the other hand, f”(x) = 6%¢% for x < ¢,. Hence,

oo o

/Lx(t)/’lf(dx) = /Lx(t)f"(x—)l(x <Zpdx+ Ly Op({71 D).

0 0

Then, applying local time characterization (A.1) to this formula, we have

@ Springer



Journal of the Indian Society for Probability and Statistics

[y t
/ L (Dpy(dx) = 6° / 10 < Z(w) < £))dIZ], - 0" L, (1).  (3.16)
0 0
We next compute the quadratic variation [Z]t of Z(-). Define M(-) = {M(¢);t > 0} by
t

M@) = / o (Z(u)dW(u), t>0, (3.17)
0
then M(-) is a martingale. Denote the quadratic variations of Z(-) and M(:), respec-

tively, by [Z] and [M] . Since Z(r) and Y(z) are continuous in 7, it follows from
Eq. (2.1) that

t

[z], = [M], = / o2 (Z(u))du

0 (3.18)

= /5121(0 < Z(u) < ¢)) + o3 1(Z(w) > £))ldu, t>0.
0

Hence, from f'(0) = 8% 1(x < ?), Egs. (3.16) and (3.17), the generalized Ito for-
mula (3.12) becomes
t
FZ@) = f(Z(0) + / 0”210 < Z(u) < £,)0,dW (u)

0
t

+ / (bi6+ %01202>692(”)1(0 < Z(u) < £,)du + Y (1)
0

1
- Eeef’flLf] ®, 1>0,0<0.

(3.19)

We next applying Ito formula for the test function f(x) = e®* to Eq. (2.1). In this
case, we use Ito formula (3.14) because f{x) is twice continuously differentiable.
Then, we have, for § < 0,

t

J(Z(®) = f(Z(0)) + / 0" (u)dW (u)

0 (3.20)

t

¥ / (b(Z(u))a + %az(Z(u))Gz)eoz(”)du +0Y(0).
0
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3.2.2 2nd Step of the Proof

The first statement of Theorem 3.1 is immediate from Lemma 2.4. Hence, under
b, < 0, we can assume that Z(-) is a stationary process by taking its stationary distribu-
tion for the distribution of Z(0). In what follows, this is always assumed.

Recall the moment generating functions ¢, @, and ¢,, which are defined in
Remark 3.1. We first consider the stochastic integral Eq. (3.19) to compute ¢,. Since
E[L,, (1)]is finite by Lemma A.1, taking the expectation of Eq. (3.19) for r = 1 and
0 < Oyields

%012(,31 +60)p,(6) — %e”lE[Lfl(l)] +E[Y(1)] =0, (3.21)

because f; 0'12 = 2b,. Note that this equation implies that E[Y(1)]is also finite.
Using Eq. (3.21), we consider ¢,(f) separately for b; # 0 and b, = 0. First,
assume that b; # 0. Then, from Eq. (3.21) and g, > 0, we have

) e”l[E[Lfl(l)] — 2E[Y(1)] )
@(0) = 0']2(,51 +9) s * B (3.22)

This equation can be written as
e ME[L, (1] — 2E[Y(1)] .\ (€1 — e M)E[L, (1)]

) =
? o2 (B, +96) o2(f; +0)

(3.23)

Observe that the first term in the right-hand side of Eq. (3.23) is proportional to the
moment generating function (mgf) of the signed measure on [0, co) whose density
function is exponential while its second term is the mgf of a measure on [0, £, ], but
the left-hand side of Eq. (3.23) is the mgf of a probability measure on [0, Z;). Hence,
we must have

2E[Y(1)] = e ME[L, (1], (3.24)
and therefore Eq. (3.23) yields
(1 eP)ELL, )

@1(0) = 7,,(0)
1 11 ﬂ]o'%

0 <0, (3.25)

where ﬁ, 1(0) is defined in Eq. (3.7), but also exists for § = —f, by our convention.
We next assume that b, = 0. In this case, f;, = 0, and it follows from Eq. (3.22)
that

o4 — 1 CE[L, (D] E[L, (D] - 2E[Y(D)]
X +

Z,0 0'12 6129 ’

©,(0) =

0 <0. (3.26)
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. 06y 1
Since £
7,0

is the mgf of the uniform distribution on [0, Z;), by the same reason as in

the case for b; # 0, we must have

2E[Y(D] = E[L,, (D)].

Note that this equation is identical with Eq. (3.24) for b, = 0. Furthermore,

limyyo f—;l = 1and lim, @,(0) = @,(0). Hence, Eq. (3.26) implies that
. CEIL, (D]
©1(0) = hy () ———, 6 <0, (3.27)

%
by our convention for EOI(O) similar to iz\“(—ﬂl). Thus, we have the following
lemma.

Lemma 3.1 The mgf @, is obtained as

. 1 - eMO)E[L, (1)
i o E0)

_ ﬂlo'z
?1(0) = £E[L, (1] 60 (328

hy,(6) 2

We next consider the stochastic integral Eq. (3.20) to derive @,(0). In this case,
we use (3.20). Note that ¢,(f) and @,(0) are finite for 8 < 0. Hence, taking the
expectations of both sides of Eq. (3.20) fort = 1 and 8 < 0 yields

% ’;2 ol (fi+0)p0) + E[Y(D] =0,  0<0. (3.29)

Sub;tituting %af(ﬁl +0) of Eq. (3.21) and E[Y(1)] of Eq. (3.24) into this equation,
Wwe nhave

o5 (B, +0)@,(0) + ' E[L, (1)] =0, 6 <0. (3.30)

The following lemma is immediate from this equation since f, < 0.

Lemma 3.2 The mgf @, is obtained as
E[L,,(D)]
—py05

where recall that /ﬁz is defined by Eq. (3.8).

02(0) = hy() . 0<0, (3.31)
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3.2.3 3rd Step of the Proof

We now prove (3.9), (3.10) and (3.11). Since ,,(0) = 7y, (0) = h,(0) = 1, Eq. (3.9)
is immediate from Lemmas 3.1 and 3.2. To prove (3.10), assumed that b, # 0. In
this case, from Eqgs. (3.25) and (3.31), we have

@,(0) = wm[@ D], @,0) = w.
B 012 : —ﬁ2°'§
Taking the ratios of both sides, we have
0,(0) _ —hoy(1 M)
2,0) hot
Since @, (0) + ¢,(0) = 1, this and ﬁial.z = 2b, yield
(pl(o) = ﬁzo-%(e_ﬂlfl _ 1) = bZ(e_ﬁ]fl _ 1) = d]l’
Biot + Byos(ePhr — 1) by +by(ehh — 1)
0:(0) = o o = dyy

pi5E+ D (T 1) b+ by = 1)

This proves (3.10). We next assume that b; = 0, then it follows from Eqgs. (3.27) and
(3.31) that

0,00) _ —h03¢,

»0) o

Similarly to the case for b; # 0, this yields

—p05¢, —2b,¢,
(Pl(o) = = = d017 (3.32)
0']2 - ﬂzogz,”l 0']2 —2b,7,
O'2 O'2
?(0) = = ' dop (3.33)

0% — pro3t) o2 =2bt,
This proves (3.11). Thus, the proof of Theorem 3.1 is completed.
3.3 Stationary Distribution for General k

We now derive the stationary distribution of the one-dimensional k-level SRBM for
a general positive integer k. Recall the definition of f;, and define 7; as
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J
‘Bj = 2bj/0-j2’ ] (= '/\[k’ Ny = 1’ ;1] = Heﬂi(fi—fi—l)’ ] = '/\[k—l’ N = O,
i=1

where xt = 0 v x = max(0, x) for x € R. Also recall that the state space S is parti-

tioned to S; defined in Eq. (2.3) for j € V.

Theorem 3.2 (The case for general k > 2) The Z(-) of the one-dimensional k-level
SRBM has a stationary distribution if and only if b, < 0, equivalently, f, < 0. Let
J = {i € N;;b; = 0}, and assume that b, < 0, then denote the stationary distribution
of Z(t) by v, then v is unique and has a probability density function h’ for which is

given below.

(i) If J = @, that is, b; # O for all j € N, then
k
W (x) = h(x) = Z dhix), x>0,
j=1

where h; for j € N, are probability density functions defined as

ﬁjeﬂj(x_fjtl)

hi(x) = ep,(f,—ff;l) _1

_ﬂkeﬂk(x—fk—l)l(x e Sk)’ j=k,

l(xes)), jEN_,

and d, for j € N, are positive constants defined as

b (n —n._
dj: k-1 1J (] jl) 1 ’ &€ M
2o bf ("i _’71'—1) — b

@) If J # @, that is, b; = 0 for some i € J, then

k
W (x) = Z dhl), x>0,
=1

J

7 _ . J _ . .
where It (x) = b‘.llg}ej hy(x) and d; = b,-ll(?}ej d; for j € Ny

(3.34)

(3.35)

(3.36)

(3.37)

Before proving this theorem in Section 3.4, we note that the density 4? has a

simple expression, which is further discussed in Sect. 5.2.

Corollary 3.1 Under the assumptions of Theorem 3.2, the density function h” of the
stationary distribution of the k-level SRBM when b(x) # 0 for all x Z 0 is given by
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1 b(y)
R (x) = >0.
® Qﬁm“p/ il B 438
where
1 26Q)
C, = dx.
¢ /ﬂf”/zw g 439
0 0
Proof LetC = Y\ b-' (n; = n,_,) — by 'ny_y, and write y; for j € N_; as
¢
b(y)
1y = exp pi(¢i=¢7)) =exp/
(3
Then, from (i) of Theorem 3.2, we have, for x € [f + P ]) with j < k-1
I sl
dihy(x) = —— (= 1y ) —————
7 Ch, Y ﬁ‘(ﬁ_ﬂ ) .
. (3.40)
eﬂj(x_ff’l)rl p

= (1) = 2 exp /Zb(y)dy
Cp Y = T Cow) / o*0)

because f;/b; = 2/(7 =2/0%(x) for x € [1,” 1s ]) Similarly, forx > £,_,,

X

-1 _ 2 2b(y)
dh Bi(x~t1o1) — / dvl.
() = bk( Be)e e (3.41)
0
Hence, putting C, = C/2, we have Eq. (3.38). O

Remark 3.3 d; defined by Eq. (3.36) must be positive, which is easily checked. Nev-
ertheless, it is interesting that their positivity is visible through Eqgs. (3.40) and
(3.41) of this corollary.

3.4 Proof of Theorem 3.2
Similar to the proof of Theorem 3.1, the first statement is immediate from Lemma 2.4,

and we can assume that Z(-) is a stationary process since b, < 0. We also always
assume that @ < 0. Define moment generating functions (mgf):

9,0 =E[”V1Z0) € S)].  jEN,
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which are obviously finite because 8 < 0. Then, the mgf @(0) of Z(0) is expressed as

k
o)=Y, 90). 620,

J=1

and d; = ¢;(0) for j € NV,. R
We first prove (i). In this case, let &; be the mgf of h; for j € N,, then

ﬁj e(9+ﬂj)(fj_fjt1> -1

i, je N,
Roy=4 B+0 plaen) (3.42)
ﬂk eﬂfk,l , J = k.
B.+0
Hence, Eq. (3.34) is obtained if we show that, for j € N,
0,(0)/9;0) = hy(9), (3.43)
?,0) = d;. (3.44)

To prove (3.43) and (3.44), we use the following convex function f; with parameter
0 < 0 as a test function for the generalized Ito formula similar to Eq. (3.15).

[ =e"1(x<)+e"1(x> 7). xeR, jEN_ . (345
Since f/.’(fj—) = 0¢% and fi’(f]+) = 0, it follows from Eq. (3.13) that
w((3)) =timf (¢ + €)=) =f'(¢=) = £/ (£4) = f'(£;=) = =0¢",

and, f"(x) = 6%¢% for x < Z;. Hence, similarly to Eq. (3.19), the generalized Ito for-
mula (3.12) for f = f; becomes
t
f(Z@) = f(Z(0) + / 0e°71(0 < Z(u) < ;) o(Z(u))dW (u)

0
t

+ / (20 + 2226 )10 < 2w) < £,)du
0

- %Heeffol_(t) +0Y(1), t>0,0<0,j€ M.

(3.46)

Similarly to the proof of Theorem 3.1, we next apply Ito formula for test function
f(x) = e’ to Eq. (2.1), then we have Eq. (3.20) for b(x) and o(x) which are defined
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by Eq. (2.2). From Egs. (3.46) and (3.20), we will compute the stationary distribu-
tion of Z(t).
We first consider this equation for j = 1. In this case, Eq. (3.46) becomes

t

F1Z0) = f,Z0) + / 0791 (0 < Z(u) < £,),dW(w)

0
t

+/ (16 + %61202)692(“)1(0 < Z(u) < £,)du
0

- %aeﬁ’flLfl(r) LYW, 120, 0<0.

(3.47)

Then, by the same arguments in the proof of Theorem 3.1, we have Eqs. (3.21) and
(3.24), which imply

071 _ o=Pi%1 | 1 — e Bt
e —E[L, ()],  #0)=—

p+0 o} orh

®,(0) = E[L,,(D)].

(3.48)
Hence, we have

07y _ o=hi% ﬂl
B+t 1—eht

?1(0)/9,(0) = < =h®. 0<0. (349
Thus, Eq. (3.43) is proved for j = 1. We prove (3.44) after (3.43) is proved for all
jE N,

We next prove (3.43) for j € {2,3,...,k—1}. In this case, we use f;(Z(1) of
Eq. (3.46). Take the difference f(Z(1)) —f,_;(Z(1)) for each fixed j and take the
expectation under which Z(-) is stationary, then we have

o7 (B, +0)@,(0) — " IE [Lff(l)] + % [E[Lff_,(l)] =0, 6<0,

because f; = 2b;/ ajz. This yields

0O = gy (T = Je o)
o e (3.50)
=y (e e[, 0] - €[, )]).
J

Since ®; is the mgf of a measure on [fj_l, zfi), we must have
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e[t 0] = WO0E[L, )], 2sjsk-1 3.51)

Hence, Eq. (3.50) becomes, for j € {2,3,...,k— 1},

OB _ (0+8)C
WO e "o} o
j o\
1 — e /( i~ J‘l)
@; o; ﬁj [ % ] (353

Hence, we have (3.43) for j = 2,3, ... ,k— L
We finally prove (3.43) for j = k. Similarly to the case for k = 2 in the proof of
Theorem 3.1, it follows from Eq. (3.20) that

o (Bi+0)e0)+EY(D] =0,  6<0. (3.54)

| —
-MW

i=1

Similarly, from Eq. (3.46) for j = k — 1, we have

k=1
% Z o7 (B +0) @) + E[Y(1)] - %egfkil[E[Lfk—l(l)] =0, 6 <0.
i=1

(3.55)
Taking the difference of Egs. (3.54) and (3.55), we have

o7 (B +0) @, (0) = " E[L,, (1],

which yields

L el ] 00 = SE[L, (D] (356

o2(B+0) o o2,

Hence, we have (3.43) for j = k. Namely,

@ (0) =

By
ﬂk+0

It remains to prove (3.44) for j € N,. For this, we note that Eq. (3.24) is still valid,
which is

©(0)/ 9, (0) = -1 = I (0).

2E[Y(1)] = e AIE|L, (1)] = e_ﬂl(fl_fg)[E[Lfl(l)].

Hence, recalling that n; = Hj,::1 eﬂi(ff_fftl), Eq. (3.51) yields

E[Lf,(l)] = eﬂ”(f’_f’t‘)[E[L,fj,l(l)] =2E[Y(Dly.  jEN,. (357
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From Egs. (3.53), (3.56), (3.57) and the fact that <e”f(‘f“ffl) _ 1)]1,_1 == s

we have
2[E[Y<1)1"’;2;7;“, j € Nict,
;(0) = 17 (3.58)
EY(D ==y, J =k
O-kﬁk

Since 2}’;1 @;(0) = 1, it follows from Eq. (3.58) that

k
i=

1 _ i = Niz
TP e G:39)

because n, = 0. Substituting this into Eq. (3.58) and using aizﬂ,- = 2b,, we have
Eq. (3.44) for j € N, because d; is defined by Eq. (3.36).
(ii) is proved for k = 2 from (i) and (a) of Remark 3.1. It is not hard to see that
this observation (a) is also valid for any b; for j € N,. Hence, (ii) can be proved
also for k > 2 from (i).

4 Proofs of Preliminary Lemmas

4.1 Proof of Lemma 2.2

Recall that Lemma 2.2 assumes the conditions of Eq. (2.6) and of the one-dimen-
sional state-dependent SRBM with bounded drifts. Since £, > 0, there are con-
stants ¢,d > 0 such that 0 < ¢ < d < ¢,. Using these constants, we construct the
weak solution of (Z(-), W(-)) of Eq. (2.1). The basic idea is to construct the sample
path of Z(-) separately for disjoint time intervals, where, for the first interval, if
Z(0) < d, then Z(-) stays there until it hits d or, if Z(0) > d, then it stays there
until it hits ¢, and, for the subsequent intervals, Z(-) starts below ¢ until hits d > c,
which is called an up-crossing period, and those in which Z(-) starts start at d or
above it until hits ¢ < d, which is called a down-crossing period. Namely, except
for the first interval, the up-crossing period always starts at ¢, and the down-
crossing period always starts at d (see Fig. 1). In this construction, we also con-
struct the filtration for which (Z(-), W(.)) is adapted.
Define X;(-) = {X,(¢);t > 0} as

t

Xl(t)=X1(0)+/ (0, dW, () + b du), t>0, 4.1)
0

and let X,(-) = {X,(£);t > 0} be the solution of the following stochastic integral
equation:
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Fig. 1 Up and down level-crossing periods

t

X,(1) = X,(0) + / o (X, (u))dW, (1) + / b(X,(uw)du,  t>0.  (42)
0 0

Note that the SIE (4.14) is stochastically identical with the SIE (4.2). Hence, as
we discussed below (4.14), the SIE (4.2) has a unique weak solution under Con-
dition 2.2. Thus, the solution X,(-) weakly exists because the assumptions of
Lemma 2.2 imply Condition 2.2. For this weak solution, we use the same nota-
tions for X,(:), W,(-) and stochastic basics (L2, F,[F,P) for convenience, where
F = {F,;t > 0}. Without loss of generality, we expand this stochastic basic which
accommodates X (-), and have countable independent copies of W,(-) and X,(-) for
i = 1,2, which are denoted by W, ,(-) = {W, ();t > 0} and X, ;(-) = {X,;(0);t = 0}
forn=1,2,...

We first construct the weak solution Z(-) of Eq. (2.1) when Z(0) = x < d, using
W, ;(-) and X, ;(-). For this construction, we introduce up and down crossing times
for a given real-valued semi-martingale V(-) = {V(¢);t > 0}. Denote the n-th up-

crossing time at d from below by T(+)(V) and denote the down-crossing time at
¢ (< d) from above by r( (V). Namely, forn>land0<c<d<?,,

(+)(V) inf{u > TC (Vv > d), (V) =inf(u> (+)(V) V(u) < ¢},

where T( )(V) 0. Note that T(+)(Z) and r( )(Z) may be infinite with positive proba-
bilities. In this case, there is no further sphttlng, which causes no problem in con-
structing the sample path of Z(-) because such a sample path is already defined for

all 7 > 0. After the weak solution is obtained, we will see that P, [r;:)(Z) < oo] =1
for y € [0, d) by Lemma 2.3, but TL(_;) (Z) may be infinite with a positive probability.
We now inductively construct Z,(¢) = {Z,(¢);t > 0} for n = 1,2, ..., where the

construction below is stopped when Tf,‘n)(Zn) diverges. For n = 1, we denote the
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independent copy of X;(-) with X;(0)=x<d by X;;(-) = {X;;(H);t >0}, and
define Z;,(¢) as

Z,(t) = X;;(t) + sup (_Xll(u))+s >0, 4.3)
u€l0,r]

then it is well known that Z;,(-) is the unique solution of the stochastic integral
equation:

t

Z,(t)=Z,,00) + / dX;;(w) + Y, (D), t>0, 4.4)
0

where Y;,(¢) is nondecreasing and fot 1(Z;;(w) > 0)dY;,(u) = 0 for ¢ > 0. Further-
more, for X;;(0) = Z;,(0), Y}, (t) = sup,j0.,(—=X;,(w))* (e.g., see (Kruk et al. 2007)).
Since Z,,(0) =X,,(0) =x < d and X,,(t) £ Z,,(t) d < ¢, for t €[0,7,(Z,))],
Eq. (4.4) can be written as

Zy(1)=Z2;,(0)

+ / (0(Z,1)dW,, () + B(Z; ()du) + Yy, (0, ¢ € [0,757(Zy,)).

0
(4.5)

We next denote the independent copy of X,(-) with X,(0)=d by
X15(1) = {X,(0);t > 0}, and define

Zo0 =Xpu(1-0@)). 120 @), 4.6)
then we have, fort € [Tfijrl)(Zl D TC(_!_I)(le)>,
:
Z,(H)=d+ / (6(Z,y(w))dW 1, () + b(Z,5(u))du), 4.7
701 @)

where recall that X,,(0) = d. Define

7,() =7, <T;j)(zll) A t) + (Zn(t) — )] (T;ff(z”) < r), > 0.

then Z,(1) is stochastically identical with Z,(1) for

re [T;ff(zn), T;Tfl(zn) A T;Tfl (zlz)). Hence, it follows from Eqs. (4.5) and (4.7)

that, forz € [0, 753)(Zl)>’
t

Z,(t)=Z7,00) + / (0(Z,(0))dW, () + b(Z, (w))du) + ¥, (2), 4.8)
0
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where Y, (1) = Y11< (Z) A r) and
W, (1) = W”(t)1<t < T(+)(ZH)> + W01 (t > T<+>(z”)) 4.9)

We repeat the same procedure to inductively define X, () with
X, (0)=cl(i=1)+d1(i=2) and Z,(t) for i = 1,2 together with r(”(z ) and
T( (Z,,) forn > 2 by

I‘Ll

an(t) =c+ / (Gldel(u)+bldu)’ 12 cn I(Z 1)
o) Zu)

(n—

Z(0) =X (@ + sup (=X, )", rz7.,. i ZD)
ue [Tﬁjx)—l Z-y )»t]

Zo0=Xp(1=50Z0). 1> @0, X0 =d
aslong as 7)) | (Z, ;) < co, and define
2,0 =2, (¢ @) )+ (ZaE @ a0 = ¢)1(c5) 7o) <)
+ (Zo(0) - d)1 ( iz, 1)<t>

then we have, fort € [0, ré‘n) (Zn2)>,

t

Z,(0=2,0)+ / (0@, )dW, @)+ bZ,w)du) + Y, (@.10)

0

where

Y0 = Yot (7 @A) + sup (=X, ()",
ue[ O @, )/\t]

VNVn(f)— W, 1(’)1< d,, 1(Z(n 1)1) +W(n 1)2(t)1<f> (Z(n 1)1))

From Eq. (4.10), we can see that Z,(-) = {Z,(1);0 <t < rg;l)(an)} is the solution of
Eq. 2.1) for t < rf;t)(an). Furthermore, Z,(t) = Z,,(f) for 0 < < TL(_;)(an). From
this observation, we define Z(-) by Z(0) = x and

Z() = Z(0) + Zz 01(), @) <1< 5@)), @.11)
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Y@ =Y n,01(e5) 7o) <1 <252, 4.12)

n=1

W(z)—ZW(z)l(LM( D<) 20, @)

where r(_)(Zo):O, then Z(-) is the solution of Eq. (2.1) for t<r§;l)(Zn2)
if 7. 1(Z 1) <oco. Otherwise, if 7’ 1(Z D=0 and tNZ, ) <o for

m=1,2,...,n— 2, then we stop the procedure by the (n — 1)-th step.

Up to now, we have assumed that Z(0) = Z,(0) = Z;,(0) = x < d. If this x is net
less than d, then we start with Z,,(-) of Eq. (4.6) with Z,,(0) = X,,(0) = x > d, and
replace Z;,(-) of Eq. (4.3) by

Z,(=X;(0+  sup (_Xll(u))+a 12 0.

1£])(le)<u§t

Then, define Z,(-) as
7, = zlz(rf_;)(zlz) A z) + (20 - c)1<rf_j(zlz) < t), t>0,

where r( )(le) <7t (Z”) because the order of Z,,(-) and Z;,(-) is swapped. Simi-
larly to the prev10us case that x < d, we repeat this procedure to inductively define
Z,(-) for n > 2, then we can defined Z(-) and Y(-) similarly to Eqs. (4.11) and (4.12).

Hence, Z(-) of Eq. (4.11) is the solution of Eq. (2.1) if we show that there
is some n > 1 for each ¢ > 0 such that 7 < T( )(Z) This condition is equivalent to
Sup,,5 TL R )(Z) = co almost surely. To see thls assume that r( )(Z) <ooforalln>1,

then let J, = 7)(Z) — = ) (Z)forn > 1, then {J,;n > 2} is a sequence of i.i.d. pos-
itive valued random varlables Hence, we have

lim T( )(Z) > lim Z = as.,

m
n—0o0 on n—0o0

and therefore Z(¢) is well defined for all # > 0. Otherwise, if Té_n)(Z) = oo for some
n > 1, then we stop the procedure by the n-th step. ’

Thus, we have constructed the solution Z(-) of Eq. (2.1). Note that the probabil-
ity distribution of this solution does not depend on the choice of ¢, d as long as
0 <c<d<?, because of the independent increment property of the Brownian
motion. Furthermore, this Z(-) is a strong Markov process because Z, |(-) and Z, ,(-)
are strong Markov processes (e.g. see (8.12) of Chung and Williams (1990), Theo-
rem 21.11 of Kallenberg (2001), Theorem 17.23 and Remark 17.2.4 of Cohen and
Elliott (2015)) and Z(-) is obtained by continuously connecting their sample paths
using stopping times. Thus, the Z(-) is the weak solution of Eq. (2.1) which is strong
Markov.
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It remains to prove the weak uniqueness of the solution Z(-). This is imme-
diate from the construction of Z(-). Namely, suppose that Z(-) is the solution of
Eq. (2.1) with Z(O) =x for given x > 0. Assume that x <d, then the process
{Z(t) 0<t< r(+)(Z)} with Z(0)=x<d < ¢, is stochastically identical with

{Z,,0;0<t< (+)(Z)} with Z,,(0) = x, which is the unique solution of Eq. (4.4),
while the process {Z(t) (+)(Z) <t< r( )(Z)} must be stochastically identical with
(X,1):0<Lt< r( )(Z)} with X12(0)_d which is the unique weak solution of

Eq. 4.2). S1mllarly, we can see such stochastic equivalences in the subsequent peri-
ods for Z(O) =x<d. On the other hand, if Z(O) = x > d, then similar equivalences
are obtained. Hence, Z( ) and Z(-) have the same distribution for each fixed initial
state x > 0. Thus, the Z(-) is a unique weak solution, and the proof of Lemma 2.2 is
completed.

Remark 4.1 From an analogy to the reflecting Brownian motion on the half line
[0, ), it may be questioned whether the solution Z(-) of Eq. (2.1) can be directly
obtained from the weak solution X(-) of Eq. (4.14) by its absolute value, that is by
IX|(-) = {|X(®)|;t > 0}. This question is affirmatively answered under Condition 2.2
by Atar et al. (2022). It may be interesting to see how they prove (i) of Lemma 2.1,
so we explain it below.

Recall that the solution X(-) of the SIE (4.14) weakly exists under Condition 2.2.
If | X|(-) is the solution Z(-) of the stochastic integral Eq. (2.1), then we must have

1X1() = 1X1(0) + / (o (1X1)dW (u) + b(|X|(u))du) + Y (1), 120.

0
(4.14)

On the other hand, from Tanaka formula (A.6) for a = 0, we have
t
|X1() — [X1(0) = / sgn(X(u))dX (u) + L(t)

0
t

= / sgn(X(u))(o (X (u))dW (u) + b(X(u))du) + Ly(0), t>0.

0
(4.15)

Hence, letting Y(-) = Ly(-), Eq. (4.14) is stochastically identical with Eq. (4.15) if
o(x) = o(|x]), b(x) = sgn(x)b(|x|), xR, (4.16)

and if W(-) is replaced by W(-) = {sgn(X(®))W(?);t > 0}. Since the stochastic integral
in Eq. (2.1) does not depend on ¢(x) and b(x) for x < 0, Eq. (4.16) does not cause
any problem for Eq. (2.1).
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4.2 Proof of Lemma 2.3

Recall the definition of 7, = 7 for B = {a} (see (2.9)). We first prove that

E,[7,] < o0, 0<x<a, 4.17)

X

P.lr, < o] >0, 0<ac<nu, (4.18)

Since Z(7, A1) < a, E [e??FM] < oo for § € R. Hence, substituting the stopping
time 7, A t into ¢ of the generalize Ito formula (3.20) for test function f(x) = e®* and
taking the expectation under P, we have, for x < aand § € R,

TN

E, ["7C"] = ™ + E, / Y(Z(u), )™ du |+ OE, [Y(r, AD)],  (4.19)
0

where y(x, 0) = b(x)0 + %o-z(x)ez. Note that f, for each € > 0, y(x, 8) > € if

2 2
Z-i’(x)_'_\/( b(x)) e ores_b(x)—\/< b(x)> L2
o2(x) o2(x) 2(x) 02(x) o2(x) o2(x)

(4.20)
Recall that g; = 2b,/ o-iz, and introduce the following notations.
— " 2 _ 2 2 o 2
1Blmax = max 1Bils 1Blmin = min 1Bils O = maxo;, O, =Mmino.

Then, |f| < 00, aﬁm <o and 62. >0 by Condition 2.2, which is assumed in
min

max

Lemma 2.3. Hence, for each e>0, y(x,0) > ¢ for

92%<|ﬂ|m3x+\/Iﬂlfmx+85/a§m> and x> 0. For this 0, it follows from

Eq. (4.19) that

T, Nt

a

e — &% > €, / "Wy | > ee™E [t, A, t>0,
0

because 6 > 0 and e/?“ > 1foru € [0, 7, A t]. This proves (4.17) because we have
E,lz, At] < (eg“ - ee")/e < 00, x<a. 421

We next consider the case for x > a > 0. Similarly to the previous case but for § < 0,
from Eq. (4.20), we have y(x, 8) > € for x > a and € > 0 if 6 satisfies

1 /
0 < _E (lﬂlmax + |ﬁ|rznax + 86/61%1in> <0. (4.22)

Since Y(¢) = 0 for t < 7, because Z(0) = x > a, we have, from Eq. (4.19), for 0 satis-
fying (4.22),
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t
[Ex [eHZ(ra/\r)] > % + 6/ Ex [eGZ(u)l(M < Ta)] du, t>0. (4.23)
0

Assume that P (r, = o0) = 1, then P [¢ > 7,] = 0, so we have, from Eq. (4.23),
t
E, [eHZ(’)l(t < Ta)] =E, [eez(ra/\z)] > % 4 6/ E, [eezw)l(u < Ta)]d”’ 12 0.
0
Denote E, [egz(“) I < ra)] by g(u). Then, after elementary manipulation, this yields
t
% e~ el / g(u)du > ere—st’

0
and therefore, by integrating both sides of this inequality, we have

t

et _
e > 1 / g(u)du > egxu,
t et
0

because g(u) = E, [e"z(”)l(t < ra)] < e% for § < 0. Letting ¢ — oo in this inequal-
ity, we have a contradiction because its right-handside diverges. Hence, we have
Eq. (4.18). We finally consider the case 0 =a <x. If [P’X[Y(ro) = 0] =1, then
(4.23) holds, and the arguments below it works, which proves (4.18). Otherwise, if
P.(Y(zy) = 0) < 1, that is, P(Y(zy) > 0) > 0, then P, [z, < oo0] > 0 because of the
definition of Y(-). Hence, we again have Eq. (4.18) fora = 0.

We finally check Harris irreducible condition (see (2.7)). For this, let 7 = 7, A Tpp
then {Z(#);t € (0,7)} is stochastically identical with {X(7);t € (0,7)}, where
Xt =X0)+b;t+0,W(). Then, from Tanaka’s formula (A.4) for Z(-), if
Z(0)=y € (x.2)).

%Lx(’[ AD) = (Z(z AD)—x)
TAL TAL

+ b, / 1(Z(u) £ x)du + o0, / 1(Z(u) < x)dW(u).

0 0
Hence, if b; > 0, then

E,[L()] > 2E [(x = Z(z AD)1(x > Z(z AD] > 0, t>0. (4.24)

Similarly, from Eq. (A.4) for X(-) = Z(-), if b; < 0, then, for y € (0,x) C (0,7)),
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E,[L ()] > E,[L(z AD)]

TAL
> 2E, [(Z(z A1) — x)*| - 2b,E, / 1(Z(u) > x)du [ > 0.
0

(4.25)

Assume that b; > 0, then we choose y € (x, 7;) and the Lebesque measure on [0, y]
for y. Then, it follows from Eqgs. (4.24) and (A.1) with g = 1, that yw(B) > 0 for
B € B(R,) implies

t oo

E, / 1,(Zw)oldu | > E, / 1)L, () (dx) | > 0.

0 0

Since Z(-) hits state y € (0, 7,) from any state in S with positive probability, this ine-
quality implies the Harris irreducibility condition (2.7). Similarly, this condition is
proved for b; < 0 using Eq. (4.25) and the Lebesgue measure on [y, Z,] for y. Thus,
the proof of Lemma 2.3 is completed.

4.3 Proof of Lemma 2.4

Obviously, b, < 0 is necessary for Z(-) to have a stationary distribution because Z(¢)
a.s. diverges if b, > 0 by the strong law of large numbers and Lemma 2.3 while Z(-)
is null recurrent if b, = 0.

Conversely, assume that b, < 0. We note the following fact which is partially a
counter part of Eq. (4.17).

Lemma4.1 Ifb, <O, then
E,[7,] < o0, C, <a<x. (4.26)

Proof Assume that 7, <a <x, and let X(r) =x+ bt + o, W() for t > 0. Since
,<x, {ZHO0 <t < r;i} under P, has the same distribution as {X(#);0 < ¢ < T;i 1,
where T;( = inf{u > 0;X(u) = y} for y > Z,. Hence, applying the optional sampling
theorem to the martingale X(¢) — x — bt for stopping time rff At, we have

E XAty —x—b, (X AD] =0, >0

Since X(f) - —oo as t — oo w.p.1 by strong law of large numbers, letting  — oo in
this equation yields b E, [rﬁf] = a — x. Hence, we have

-1
E,lr,]=E, [12(] = b—(x —a), ‘., <a<ux, 4.27)

*

This proves (4.26). O
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We return to the proof of Lemma 2.4. For n > 1 and x,y > ¢, such that x <y,
inductively define S,, T, as

S, =inf{t > T,_;;Z(t) =y}, T, =inf{t > S,;Z(¢) = x},
where 7, = 0. Because ¢, < x <y, we have, from Eqgs. (4.17) and (4.26),
0 <E,[7,] <E,[T\]1 £ E,[z7,]+E,[7,] < co.

Hence, Z(-) is a regenerative process with regeneration cycles {7,;n > 1} because
the sequence of {Z(¢);T,_, <t < T,}forn > lis i.i.d. by its strong Markov property.
Hence, Z(-) has the stationary probability measure z given by

T,
1
7(B) = —[Ex(Tl)[E" / 1(Zw) € Bydu|, B € BR,). (4.28)
0

Thus, Z(+) is positive recurrent.

5 Concluding Remarks

We discuss two topics here.

5.1 Process limit

It is conjectured in Miyazawa (2024) that a process limit of the diffusion scaled
queue length in the 2-level GI/G/1 queue in heavy traffic is the solution Z(-) of sto-
chastic integral Eq. (2.1) for the 2-level SRBM. As we discussed in Remark 3.2, the
stationary distribution of Z(+) is identical with the limit of the stationary distribution
of the scaled queue length in the 2-level GI/G/1 queue in heavy traffic, obtained in
Miyazawa (2024). This strongly supports this conjecture on the process limit.

We believe that the conjecture is true. However, the standard proof for diffusion
approximation based on functional central limit theorem may not work because of
the state dependent arrivals and service speed in the 2-level GI/G/1 queue. We are
now working on this problem by formulating the queue length process for the 2-level
GI/G/1 queue as a semi-martingale. However, we have not yet completed its proof,
so this is an open problem.

5.2 Stationary Distribution Under Weaker Conditions

In this paper, we derived the stationary distribution for a one-dimensional multi-
level SRBM under the stability condition. In the view of Corollary 3.1, it is naturally
questioned whether a similar stationary distribution is obtained under more general
conditions than Condition 2.1.
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To consider this problem, we first need the existence of the solution Z(:) of
Eq. (2.1), for which the existence of the solution X(-) of Eq. (4.14) is sufficient as
discussed in Remark 4.1. For the latter existence, Condition 2.2 is weaker than Con-
dition 2.1, but Theorem 5.15 of Karatzas and Shreve (1998) and Theorem 23.1 of
Kallenberg (2001) show that it can be further weakened to

N o2(x) > 0, Vx € R, (5.1)
Condition 5.1
Ro)
/ 21 dy < o0, Y(x;,x,) € R? satisfying x; < x,, (5.2)
o*(y)
Ral
x+e

b
| z(y)ldy <o, VxeR,3e>0. (5.3)
o*(y)

X—€

It is easy to see that Condition 5.1 is indeed implied by Condition 2.2. Note that
the local integrability condition (5.2) implies that

x+e

lim/ ! dy < o0, Vx e R,
e | o2()

X—&

which is equivalent to S, = fJ, where

S, =4x € R;lim
elo J o3(y)

X—&

dy = o0

This condition S, = @ is needed for X(¢) to exist for all # > 0 in the weak sense as
shown by Theorem 23.1 of Kallenberg (2001) and its subsequent discussions.

Assume Condition 5.1 for general o(x) and b(x). If these functions are well
approximated by simple functions (e.g., the discontinuity points of o(x) and b(x)
is finite for x in each finite interval) and if b(x) # O for all x > 0, then Corol-
lary 3.1 suggests that the stationary density is given by Eq. (3.38) under the
condition that

o0 . x 2b(y)
/gz_(x)eXp / 52_();)dy dx < 0. (54)
0 0

To legitimize this suggestion, we need to carefully consider the approximation, but
we have not yet done it. So, we leave it as a conjecture.

@ Springer



Journal of the Indian Society for Probability and Statistics

Appendix
Weak Solution of a Stochastic Integral Equation

There are two kinds of solutions for a stochastic integral equation such as Eq. (2.1).
We here only consider them for the SIE (2.1). Recall that this equation is defined
on stochastic basis (Q, F, F,[P). On this stochastic basis, if Eq. (2.1) holds almost
surely on this stochastic basis, then the SIE (2.1) is said to have a strong solution. In
this case, the standard Brownian motion W(-) is defined on (Q, F, F, P). On the other
hand, the SIE (2.1) is said to have a weak solution if there are some stochastic basis
(Q, F,F,P) and some [F-adapted process (Z(-), W(-), Y(-)) on it such that Eq. (2.1)
holds almost surely and W(-) is the standard Browman motion under P, for each
x > 0, where IP’ is the conditional distribution of P given Z(0) = x (e.g., see (Karat-
zas and Shreve (1998), Section 5.3)).

~ It may l)e better to use a different notation for the weak solution, e.g.,
(Z(+), W(-), Y(-)). However, we have used the same notation not only for this process
but also stochastic basis for notational convenience. Thus, when we discuss about
the weak solution, the stochastic basis (€2, F, F, P) is considered to be appropriately
replaced.

Local Time and Generalized Ito Formula

We briefly discuss about local time for a generalized Ito formula (3.12). This Ito for-
mula is also called Ito-Meyer—Tanaka formula (e.g., see Theorem 6.22 of Karatzas and
Shreve (1998) and Theorem 22.5 of Kallenberg (2001)). Let X(-) be a continuous semi-
martingale with finite quadratic variations [X], for all # > 0. For this X(-), local time
L () for x € Randt > 0 is defined through

¢S] t
/ L .(Hgx)dx = / g(X(w))d[X], for any measurable functiong. (A.1)
-0 0

See Theorem 7.1 of Karatzas and Shreve (1998) for details about the definition of
local time. Note that the local time of Karatzas and Shreve (1998) is half of the local
time in this paper. Applying g(y) = 1(,_, .+ (¥) for € > 0 to Eq. (A.1), we can see
that

t
L.(t)= hm L / Lo nreX@)dIX],, as. x€R, 120 (A.2)
0
This can be used as the definition of the local time.
There are two versions of the local time since L,(¢) is continuous in ¢, but may not be

continuous in x. So, usually, the local time L (¢) is assumed to be right-continuous for
the generalized Ito formula (3.12). However, if the finite variation component of X(-)
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is not atomic, then L,(¢) is continuous in x (see Theorem 22.4 of Kallenberg (2001)).
In particular, the finite variation component of Z(-) is continuous by Lemma 2.2, so we
have the following lemma.

Lemma A.1 For the Z(-) of an 1-dimensional state-dependent SRBM with bounded
drifts, its local time L (t) is continuous in x for each t > 0. Furthermore, E[L(?)] is
finite by Eq. (A.1) for X(-) = Z(-).

Let f be a concave test function from R to R, then —f is a convex function, where
(=) (x) = —f(x), so the generalized Ito formula (3.12) becomes

t (o]

JX@®) =fXO) + / f '(X(u)—)dX(u)—% / LOu_y(dx), 120,

0 0
(A3)

For constant a € R, let f(x) = (x —a)" = max(0,x —a) for Eq. (3.12), then
f'(x=) = 1(x > a) and Mf(B) = 1(a € B). Hence, it follows from Eq. (3.12) that

t

X@ - a)t = X0)—a)t + / 1(X(u) > a)dX(u) + %La(t). (A4)
0
Similarly, applying f(x) = (x — @)~ = max(0, —(x — @)) and f(x) = |x — a|, we have,
by Egs. (A.3) and (3.12),

t

X0 -a)” =X(0)—a)” - / 1(X(u) < a)dX(u) + %La(t), (A.5)
0

t

|X(#) —al| = |X(0) —a| + / sgn(X(u) — a)dX(u) + L, (1), t>0, (A.6)
0

where sgn(x) = 1(x > 0) — 1(x < 0). Note that either one of these three formulas can
be used to define local time L,(¢). In particular, Eq. (A.6) is called a Tanaka formula
because it is originally studied for Brownian motion by Tanaka (1963).
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