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Abstract
This work emphasizes the special role played by semi-stable distribution which is the
generalization of the stable distribution. Here ag, ay, . . ., a, be a sequence of mutually

independent random variables following semi-stable distribution with characteristic
function exp (— (C + coslog|t]) |#|*), 1 <a <2and C > land by, by, ..., b, be
positive constants. We then obtain the average number of zeros in the interval [0, 277 ]
of random trigonometric polynomial of the form 7,,(6) = ZZ:1 (‘% ~+ ay by sin k@)

1 . .. . .
forlarge n. The case when by = k° " a,0 = — 3% is studied in detail. Here this average

is asymptotically equal to 2n + o(1) except for a set of measure zero as n — 0.

Keywords Random variables - Random algebraic equations - Semi-stable
distribution - Real roots
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1 Introduction

We first explain the motivation behind this work. Many probabilistic like Dunnage,
Das, Sambadham, Nayak and Mahanty etc. have done many works on estimation of
average number of real zeros of random polynomials where coefficients following
Cauchy, normal and stable distributions in general. But no one has considered the case
of semi-stable distribution which is the generalization of stable distribution. Shimizu
(1968, 1969, 1970) have studied a lot on the domain of partial attraction of semi-
stable distribution. On the basis of his findings, we have proceeded to the proof of
our theorems. A distribution on R with Laplace - Stieltjes transform ¢ (7) is said to
be stable if for any o € (0, 1) there exists A > 0 such that forall 7 > 0, ¢(r) # 0
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and In(¢ (7)) = Aln ¢ (aT). But, in case of semi-stable distribution the above relation
holds for all 7, ¢ (7) for some @ € (0, 1) and A > 0. So, this can have better practical
implementations than stable distribution. This motivates us for our work.

Dunnage (1966) has considered the trigonometric polynomial > ;_; ax cos k6 when
ay’s are independent and identically distributed normal random variables and proved

2
that this polynomial has ﬁn + 0m'"3(logn)3/13) zeros in [0, 277] except for a

set of probability not exceeding . Later Das (1968) has given an estimation for

logn
expected number of real zeros of the polynomial > ;_, bray cos k6 in [0, 277] where
ay’s are independent and identically distributed normal random variables and by ’s are
constants. Assuming that by = k% (o > —3/2), he proved that the average number of

12
Zeros is <20 1 3) 2n+ O (n) foro > —1/2 and of order n3/%> + o in the remaining
o

cases.
Sambandham (1976a,b) studied the same polynomial when a;’s are dependent

normal random variables and proved that the average number of zeros in [0, 277] is

2
_n3 + O (n'1/(13+9)) "except for a set of probability almost —; where 0 < € < 1/13.
n

Also Sambandham (1976b) studied for non-identically distributed case taking by =

. 200 +1 172
k% (o > 0) and showed that the average number is 2 <20 " 3) n+ O(n'+13/m
o

1
except for a set of probability almost 5 where 0 < 1 < 1/13. Nayak and Mohanty
n

(1989) studied the polynomial when a,,’s are random variables following proper stable
law with index o, where 1 < o < 2. Mahanti (2004, 2009) studied the expected
number of real zeros of > ay coskf and > ay cosh k6. Here we are going to study
about the expected number of zeros of 7,,(0) in (0, 27r), where random variables are
following semi-stable distribution with 1 < o < 2 which has not studied before and
obtained a sharp estimation.

However, we for the first time estimated the average number of real zeros of a
random trigonometric polynomial given by

n

agp .
T,(0) = =+ apby sinkf (1.1)
INC )

where ag, ay, ..., a, be asequence of mutually independent random variables follow-

ing semi-stable distribution with characteristic function exp (—(C + coslog [¢])|7]%),

l<a<2andC > 1.Let by, by, ..., b, be positive constants and N, (8, y) be the

number of real zeros of the random trigonometric polynomial 7,,(6) in the interval

(B, y) with multiple zeros counted only once and EN, (8, y) its expected value. Here
2

. _1 .. .
we only consider the case when by = k" «, 0 = ——. A characteristic function

o
¢ (1) corresponding to distribution function F'(x) is said to be semi-stable if for some
constants b > d > 1, p(t) = ¢(d~'t) for every 1.
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2 Main Results

Theorem 2.1 Let T,,(0) = Zk:l
polynomial where ay’s are random variables following semi-stable distribution with
characteristic function

ag . . .
(— + ai by sin k@) be a random trigonometric

exp (—(C +coslogt)[t]%), 1 <a <2, C > 1.

Let by, by, ..., by form a set of positive constants and P(ag = 0) = 0. Then the

average number of real zeros EN[0, 2] of T,(0) in [0, 27] is asymptotically equal

t02n+o(l), by =k, o = ™ except for a set of measure tending to zero as
o

n — oQ.

Before proving our main result, we first partition the interval [0, 2,7 ] into two types
of intervals, namely

Type([):(e, %—E>U<%+e, (kil) —e)

k=2
" b4 b4
g(n_—(k—l)—i_e’ﬂ —k_l—e>
" T b4 " b4
g(n—z—i—e,n—kz—e)g(n—i—k—i—e ﬂ+(k—1) e>
O(Zn—(ki])+e,2n—%—e>0(2n—%+e,2n—e>=k(say).
k=2 k=2

n n

T b4 b4 T
Type (II) : [0, €] — —€, —+¢€ T———€, 17— —+¢€

UlE-e 2+ JUl-2-en-1+]

+ +}
(k—l) AT T

C:

n
[ +E_€ n—i— +e [ﬂ
k:l

~
I
<N

n

[271 — 7]: €, 2 — — +e] U 2 — €, 2] = AP (say).
k=1

C:

>~
Il

Let us take € = T which is less than one half of the smallest interval. Also for

this value of ¢, all thé1 intervals of type (I) and type (II) are well-defined and no two
intervals of any type overlap. Let us denote M, (A) as average number of zeros in
subintervals of type (I) and M,f) rime () as average number of zeros in subintervals of
type (II). We denote M;,(B, y) is the average number of zeros in the subinterval (8, y)
of type (I). The next lemma will be useful to prove the main result.
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Lemma 2.1 Let M, (B, y) be the average number of zeros in the subinterval (8, y)
of type-1, i.e., of the partition of interval [0, 2] such that sec 9 is defined in each
subinterval. Then

1 (v /4x7 —y2\'?
M, (B.y) = — i B 7"

where X = Y82, Y = Y 5Cr, Z = Y. CZ, Cx = Sikcotk® — Sy and S} =
|b sin k6*.

Proof According to Kac (1959), we have
y oo
Mo(B, ) = /ﬂ a0 [ 1y1p.dy. @
—0oQ

where p(x, y) being probability density function of joint variables (T, (), T,F "¢ (6))
with

n
T,(0) = Zakbk sinkf = X (2.2)
k=1
and
) n
)" "0) = — > kbray coskd =Y. (2.3)
k=1

The joint characteristic function of X and Y is given by

G(z, w) = exp (—(C —1) Z |by sin kOz — kby, cosk9w|°‘) .

1
Since sink6 is bounded in (B, y) of type-I. So we have, — + |bgsinkf|* ~
n

|bg sin kO |“. Here ay’s are random variables with characteristic function exp (—(C+
coslog [t])]t]*), C > 1 and 1 < « < 2. By Fourier inversion formula, we have

fw Iy| —elyl . y)d 1 / (62 — wz)
e B = — —_—
oo Y PR Yay =12 o (€2 +w?)?

o0
x / exp (—(C— D> b sink@z—kbkcosk9w|°‘> dwdz, (2.4)

—0o0

2 _ 2
where [0 [yle~PlePvdy = 2%.

Let by sin k@), kb cos k6 to be arbitrary non-zero constants then the joint probability
density function p(x, y) corresponding to joint variable (X Y ) where X = T,,(0) =
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AX,Y = T/(0) = BY,(A,Bbeingarbitrary constants) are zero as (X, ¥) degenerates.
Then the result corresponding to Eq. (2.4) will be

1 00 (62 _ w2) 00 (C—1)|Az—Bul*
0= p\/o de/;ooe < v dz. (25)

Then from (2.4) and (2.5), as € — 0 we have

o0 1
/ Iyle™ M p(0, yydy = —
o T

fw /‘00 e—(C—l)lAZ—Bw\a _ [e—(C—l) ZlAlZ_Blwla]/wdedw. (26)
0 —00

where A| = by sinkf, By = kby cos k6. Putting z = uw, w is fixed. Then we have

> [ > |Aju— By|”
|J’|P(0, y)dy = ; IOg W d'lUdM (27)
—00 —00

n
Let us make a choice of A and B as |A|* = |B|* = |by sin kB |“. Set ¢ () =
k=1
by sin k6 ¢
erSL. Then
D Ibe sin k6|
k=1
o 1
/ lylpO, y)dy = —1, (2.8)
oo T
where I = [ log (W(ﬁkw)) du.
Let
S? = |y sinkf|* . (2.9)
Puttingu — 1 =v
00 S, —C 2
1:/‘I%<ZELL—¥L)dm (2.10)
—00 Z(vSk)

where Cy = —Sy + Sik cot k6. Putting 1 = n® and vy = £, we have

IznmeAgmﬁ, @2.11)
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where R,(€,0) = —

1 [0 o= XE _ ,—XEX+YnE-Zn’
/ dn. Writing X = A/2,Y = B,

72 ) o n?
Z = C/2. Then
1 [0 o—1/248% _ ,—AE*+Bns—1/2Cn?
Ry(§,0) = —/ 3 dn. (2.12)
T J 00 n

Das (1968) has evaluated this integral subject to the condition AC — B? > 0. Then
restricting ourselves to the case 4X Z — Y2 > 0, following the result of Das (1968)

o0 1 4XZ—yHl/?
yIp©, dy = ————F——. (2.13)
S T X
Therefore, from Eq. (2.1), we have
1 [V (4XZ—Y?l/2
M, B.y)=— | ———~ do. (2.14)
T B X
It is true for any subinterval (B, y) of type-1.
XO)=) Sf=> |bcsink|* (2.15)
Y(0)=2) SiCi=2) |bsinkf|* [k cotkt — 1| (2.16)
Z(0) = S7 |kcotkt — 1| = Z |bi sinkO|* |k cotkf — 1]7. (2.17)
[m}

Now let us estimate the expected number of zeros of 7, (9) in any subinterval of
type-1I. Following lemma is necessary for estimate M, (o — €, ® + €).
2n(an® + 1)e + log D
Lemma2.2 P (n(e) > 1+ n(on” + 1)é +log Dy < M34 , for some constant
log?2 eane
W, where n(€) denote the number of zeros of T,(0) in |z| < €.

Proof By following Sambandham and Renganathan (1984) for the function 7,,(6), we

have
1 2
f lo
2mrlog?2 Jy

provided 7, (0) # 0. We have T, (0) = ag. This implies P(7,,(0) = 0) = 0, ap # 0.
Also T,(0) is a continuous probability distribution for every set {ag, ai,...,a,}.
So Eq.(2.15) holds with probability one. If F'(x) and ¢(¢) denote respectively the
distribution function and the characteristic function of the random variable ay, then
by Gnedenko and Kolmogorov (1954).

T,(2ee'?)
T,(0)

n(e) < de, (2.18)

P ({lax| > n}) =1—{F(n) — F(=n)} < n% (2.19)
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for some constant . If maxi<g<plax| = hy, then from (2.16) we have

P (hn < e“"“€) S P (2.20)

- entate’

Since |sin (2kee'?)| < 2¢%k€,

f

where h,, = e and Dy, = |bi|. Then from Egs. (2.15) and (2.18), we have

2 34 D) +logD !
P<n(6)> <1+ ne(an’® + 1) + log n>2n4a€)§ /u: (2.22)
10g2 ean’e

T, (2ee'?)
T,(0)

A 2.21)

ean4e

4 4
- 291 €+2neDy 4 e e) o ws

e—Oll’l4€

m}

Proof of Theorem 2.1 As there are 4n disjoint interval in type-II like [@ — €, @ + €],
[0, €],[2m — €, 2] and € = Zl’ we have
n

anlam (omn' + :—2) + log Dy,

P im0 > 4n’ar + <2 23
log 2 eunte
So
) dpmtar (1 am 4 m/n? 4 8l
M) = 0 (ot (- + g2 (2.24)

which tends to zero as n tends to 0o. So M, (A") = o(1) as n tends to co. So when
n become larger and larger M, (1") does not contribute substantially to M, (0, 27).
From Eq. (2.12), (2.13) and (2.14) X, Y, Z are periodic function with period 7. Also
in any subinterval of type-I the maximum value of |csckf| is < 2n. Let us take

by = k" (o > 0), we have

n naa—H 1
X = by sink6|* = 1+0(-)), 2.25
> Ibe sin ko) MH( - (n» (2.25)

k=1
nao+l 1
Y =4 [1 + 0 (—)] , (2.26)
ao +1 n
5 nomfol+4 1
oo n
4XZ —Y? 1\2
AL e (2L 2 (2.28)
X2 oo +2
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Therefore, we have

1 (7 (@4xXZ—-yH'/?
M) =— | ——————db
T Jo X

1 [ 1
:_/ 4(ﬁ)nd9
7 Jo oo +2

1
=8(&>n=2n.
oo +2

2
where o = 3’ 1 <o <2.So, we have
o

EN,[0,27] ~2n+o0o(l), 1<« <2.
O
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