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1 Introduction and Preliminaries

The Laplace distribution (LD) has been studied extensively in the literature. A number
of important representations of the LD are given and studied in Kotz et al. [11]. In this
paper we present and study in detail two of these representations (transformations) and
use them to present a unified approach for the development and the study of discrete
and continuous Laplace-type distributions. These transformations are defined next.

Definition 1 The Random Sign Transformation (RST). Assume X and Y are inde-
pendent rv and Y is Bernoulli(fB). The RST transformation of X is given by

Z1=QY - X.
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Definition 2 The Random Sign Mixture Transformation (RSMT). Assume X1, X5, Y
are independent rv and Y is Bernoulli(f). The RSMT of X; and X is given by

Zr =YX —(1-Y)X,.

Note that the RST is a special case of the RSMT.

The cumulative distribution function (C D F'), the quantile function (Q F), the prob-
ability density function (pdf) and the moment generating function (M G F) of the
random variable V will be denoted, respectively, by Fy (-), Fy, ! ), fv(-) and My ().
The entropy (Shannon [19]) of V is defined as H(V) = —E {In(fy(V)}. The relia-
bility of V relative to the random variable U is defined as R(V,U) = P(U < V).
Forany) <o <1,wewritea =1 — .

Lemma 1 The following results hold for Z1 of the RST:
Mz, (t) = BMx (t) + BMx (—1), (1)

Fz,(x) = BFx(x) + B(1 — Fx(—x)) and fz,(x) = Bfx(x) + B fx(—x), (2)
Zi=YX"+(1-"X,Z, =YX +(1-Y)X" and |Z| L1x1, )

Forr=2,4,...,Z] 4 xr and, obviously E(Z}) = E(X"), 4)
Forr=1,3,5....27 2@V - )X and E(Z}) = 28 — D E(X"), (5
Var(Zy) = Var(X) +4BB (E(X))*, (6)

E(ZI—EZ))’ =B -1 EX — E(X)® —88B8 (28 — 1) E(X?) (7)
and

E(Z1 — E(Z)* = E(X — EX))* + 168BE(X?)E(X) — 24BBE(X?) (E(X))*
+24BB (E(X))* (1 — 2BB) . ®)

Proof By
Mz, (1) = E {e’m*‘)x} —E [E |ef<2Y*”X‘ Y” — E{Mx(tQ2Y —1)))
= BMx (1) + BMx(—1)
we get (1). Similarly we get (2). For (3) we note that ZfL equals XT if ¥ = 1 and
(=X)" = X~ if Y = 0. Similarly, Z” equals X~ if ¥ = 1 and (—=X)~ = X1 if

Y = 0. The proofs of (4) and (5) are straight forward. By (4) and (5) we obtain

E(Z1) = 2B — 1) E(X),
E(Z}) = E(X?),
E(Z}) = (2B — 1) E(X?)
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and
E(Z}) = E(XY),
Hence (6)—(8) are obtained by straightforward computation.

Lemma 2 The following results hold for Z, of the RSMT:

MZz(t)=,3MX](t)+EMX2(_I)7 (9)
Fz,(x) = BFx,(x) + B(1 — Fx,(—x)) and fz,(x) = Bfx,(x) + B fx,(—x)
(10)
Zy =YX +(0-V)X5,25 =YX; + (1 = Y) XS and |Z,|
Ly IXi1+ (1 -Y)Xa] (an
Z5 £ YX{ + (=1 (1 - Y) X§ and E(Z) = BE(X}) + (—1) BE(X),
r=1,2,... (12)
and
Var(Zy) = BVar(X1) + BVar(X2) + PB{E(X1) + E(X2))”. (13)
Proof By

Myt = E {ez(Yxl—(l—Y)Xﬂ} _F {E [ez(YXl—(l—Y)Xz)
= E {Mx, (1Y) Mx,(t(1 - Y)))
= BMx, (t) + BMx,(—1)

gl

we get (9). Similarly we get (10). For (11) we note that Z;r equals X fr if Y =1and
(=Xt = X, if Y = 0. Similarly, Z, equals X if ¥ = 1 and (=X3)” = X;r if
Y = 0. The proof of (12) is straight forward. By (12) we obtain (13) using

E(Zy) = BE(X)) — BE(X2) and E(Z3) = BE(X?) + BE(X3).

Definition 3 The difference transformation (DT). Assume X, X» are independent
rv. The DT of X and X3 is given by

Z3 = X1 — X».

Different versions of the LD are obtained using the DT, the RST and the RSMT as
explained next (see, for example, Sections 2.2 and 3.2 of Kotz et al. [11]). The RST
when X has the exponential distribution with mean A (X ~ EX P(A)), results in the
LD,
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>l=

er, x<0

P .
e x, x>0

Sy

fZ](x) = {

>

The RSMT, Z, =YX — (1 —Y) X,,with X; ~ EXP(};),i = 1,2 and X, X, and
Y are independent, results in the LD,

/\Ee%, <
frm={ 270 : (14)
e M, x>0

The DT, Z3 = X1—X», with X; ~ EXP(A;),i = 1, 2and X and X, are independent
results in the LD,

fZ3(x) =

er2, x <
P .
Altr e, x>0

Note that taking 8 = )»]);1)»2 in (14) results in Z» 4 Z3.

In general, the RSMT and the DT result in two different distributions. For example,
when X and X, are iid uniform rv on (0, 1), the DT results in

fz;)=1—|z], -1 <z <1
while the RSMT results in

B, —-1<z<o0
fZZ(Z)_{ﬁ, OSZSI

Another more general example is as follows. Let X1 and X» be independent rv with
E(X;) = pj and Var(X;) = aiz,i = 1, 2. In this case the DT results in E(Z3) =

u1 — o and Var(Zz) = 012 + 022, whereas the RSMT with 8 = ll«llj-lltz results in

E(Z3) = 1 — uz and Var(Zy) = Mim {wio} + waod + pwips (1 + )}

The RST, RSMT and DT are most useful when applied to nonnegative rv to create
new rv with negative and positive values. In this paper we will focus our attention on
the RST and RSMT when applied to nonnegative rv

In Sects. 2 and 3 we study in details the RST and the RSMT of nonnegative rv.
In Sect. 4 we introduce and study the Double Generalized Pareto distributions. In
Sect. 5 we introduce and study new double discrete distributions based on the discrete
Generalized Pareto, the Geometric, the Poisson, the Binomial and the Negative Bino-
mial distributions. In Sect. 6 we consider the distributions of sums of independent rv
obtained using the RST and the RSMT of nonnegative rv. In Sect. 7 we apply the
Double Poisson distribution to two real data sets.
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2 The RST of a Nonnegative rv

We assume in this section that X > 0 in the RST.
Lemma 3 In addition to Lemma 1, the following results hold

L Zf =YX, Zy =(1-Y)X and |Z)] £ X
2. E(1Z\I") = E(X"), forr =1,2,3, ...
3,

Bg — Fx(Ix])), x<0
B+ BFx(x), x>0

[Brfx(xl). x<0
Ju ()= { Bfx(x), x>0

FZ](X)Z{

and
F (1) =

Lemma 4 The entropy of Z1 is given by
H(Zy) = H(Y) + H(X),
if X is continuous and
H(Z)) = (1 - fx(0)) H(Y) + H(X)
if X is discrete, where

H(Y)=—BInp—BIngB.

(15)

(16)

a7

We will not give a proof of Lemma 4 because it follows from Lemma 7 as a special

case.

Lemma 5 Fori = 1,2, assume that Y; ~ Bernoulli(B;), X; > 0 is continuous and

Z1i = Y — D)X, where Y1, Y2, X1 and X» are independent. Then,

R(Z11,Z12) = Ba+ (B + B — 1) R(X1, X2).

Proof Note that (18) follows from (15), (16) and

e¢]

R(Zl,1,21,2)=f Fz,,(x)fz,,(x)dx

0 00
— / EZ (l — FXZ(_X)) Blfxl(—x)dx +/0 (Ez

(18)
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+B2Fx, (x)) B1 fx, (x)dx
0
Fx,(=x) fx, (=x)dx

0
_ 5. [ fro(—x)dx — BB /

8]

+,3132/0 fxl(x)dx+/3152/o Fx,(x) fx,(x)dx

= B1B2 — B1B2R(X1, X2) + B1 B2 + B1B2R (X1, X2).

Theorem 1 Assume that T(X) is the MLE of 6 based on a random sample
from fx(x;0) and let Ix(0) be the corresponding Fisher information Matrix. Let
Z11,2Z12, ..., Z1,n be a random sample from

: _ | Brx(zl:6) .2<0
12,6, F) _{ Bfx(z:0), z=0"

Assume that0 < ny; = > I(z1; > 0) < n. Let B\and/Q\be the MLE of B and 6. Then,
1.

0=1(211].1212], ... |Z1a] (19)
2. If X is continuous
p="1 (20)
n
3. If X is discrete with fx(0;0) > 0
> > 1(z1; > 0)
= . 21
P > I(z1i >0+ I(z1, <0) 1)
4.
AW BU—p) 0
A(520) = (e[ ) 22

Proof For simplicity, we will prove the results when X is continuous and 8 has dimen-
sion 1. The LF of the sample is given by

L®,B;z) =p" (1= B)" ™[Il fx(|z1.i|; 0).

Hence we obtain (19) and (20). Note that

(=)

9%In f7,(x:60,8) _<1715>2’
T = 1

_Fy sl
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3%1In fz,(x; 0) E?zlnj‘(;)(#’x<o
Tee2 | 2npwn
9602 s X Z
and
Plnfr,(:0.8) _
0806
Hence
82lnle(Zl;9,5) 1 B . l
—F 8 2 = —IB __2 —ﬂ _ - ; _ 1 3
and

9%In f7,(Z1:6.B) | _ 0?In fx(1Z11:0)| - [0*In fx(1Z1]:6)
_E{ 967 }__ﬁE{ 907 }_ﬁE{ T }

_ _E{321nfx(x; 0)

o7 } = Ix(0).

This proves (22).

3 The RSMT of Nonnegative rv

We assume in this section that X; > 0 and X, > 0 in the RSMT.
Lemma 6 [In addition to the results of Lemma 2 we have

L 12 LyX,+(1-Y)X>
2 122l LYX, 4+ (1 = Y) X and E (12217) £ BE (X7) + BE (X5)
3.

[ B = Fx,(x), x<0

FZZ(")‘{ B+BFx,(x), x=0°

[ Brf(xD, x <0

sz(x)—{ /3fX21(x), x>0

and

—1 t )

F—l(t): FX2(1i§7 0<t§ﬂ

2 F;ﬂ(%), B<t<l

Lemma 7 Let H(Y) be as in (17). For the entropy of Z, we have

@ Springer



252 J Indian Soc Probab Stat (2018) 19:245-269

1. If X1 and X, are continuous or X| and X are discrete with fx, (0)- fx,(0) =0,
then

H(Zy) = H(Y) + BH(X1) + BH(X2). (23)

2. If X1 and X, are discrete with fx,(0)- fx,(0) > 0, then

B 0
H(Z)) =,3H(X1)+ﬂH(X2)+H(Y)+,BfX1(())1n< Bfx, (0) )

Bfx,(0) + B fx,(0)

(24)

= Esz(O)
+ Bfx, (01 = .
Pl ® n(ﬂfx1(0)+ﬂfx2(0))

Proof We will prove only (24). Assume that X; and X, are discrete with fx, (0)-
fx,(0) > 0. Then,

Efxz(liCI) ,x=—1,-2,...
Sz, (x) = { Bfx,(0) + B fx,(0) ,x=0
,BfXI(X) ,X=1,2,...

Note that (24) follows from

H(Zy) == B fx, (XD In(B fx, (1x1) = (Bfx, (0) + B fx,(0)) In (Bfx, (0) + B fx,(0))

-1

— B fx, () In(Bfx, (x)).
1

—B Y fxa(xDIn(B fx, (Ix)) = =B Y fx, () In(B fx, (X)) + Bfx,(0) In(B fx,(0))

-1 0

=BH(X3) — BIn B + B fx,(0) In(B fx,(0))

and
-B Z fx, () In(Bfx, (x)) = BH(X1) — Bln B + Bfx,(0) In(Bfx, (0)).
1

Remarks 1. If fx,(0) = fx,(0) = p in (24), then

H(Zy) = BH(X1) + BH(X2) + (1 — p) H(Y).

2. Lemma 4 is the special case of Lemma 7 when X 4 X>.
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Lemma 8 Fori = 1,2, assume that Y; ~ Bernoulli(8;), X; j; > 0,j = 1,2 are
continuous and Z» ; = Y; X;1 — (1 = Y;) X; 2, where Y1, Y2 and the X's are indepen-
dent. Then,

R(Z21,Z22) = By — B1B2R(X1.2, X2.2) + P1B2R(X 1.1, X2.1)-

The proof of Lemma 8 is parallel to that of Lemma 5.

Remark In the rest of this paper when the X’s of the RSMT are discrete we will
assume that fx,(0; 6,) = 0.

Theorem 2 Assume, for j = 1,2, that T, (X;) isthe MLE of 0 ; based on a ran-
dom sample of size m from fx;(x; 9;) and let Ix; ©@;) be the corresponding Fisher
information Matrix. Let Z> 1, Z>2, . .., Z2 , be a random sample from

Bfx,(Izl505), z<0
,0 2 = .
J2:(& 81,62, P) = { B0y, 220
Assume, without any loss ofgenemltty that 2, =20,i=12...,n,0<n <n
andzp; <0,i =ni+1,...,n. Let B, 91 and92 betheMLEof,B 0, and 0,. Then,

~ f’l]
B=—, (25)
n
0y =T, ,,(z21,222, -+ 22.m)> (26)
’Q\z = Zz’n—nl (_Zz,nl-'rl’ _12,n1+2» L] _ZZ,n) (27)
and
B—B B =4 1 ? 0
Jiltg -e, | -5 N o, 0 gl @) 0 @8
6, -6, 0 0 11y, (©))

Proof For simplicity, we will prove the results when both 8, and 6, have dimension
1. It is clear that (25)—(27) follow from the result that the LF of the sample is given
by

Note that

L(O1.62. B 2) = B" (1 = B)" " TTiL, fx, (2t 00T Tz, 11 S (22|
e { 39%1n f7,(Z2; 61,62, B) }

#(o) o) =5
Ip? (1-p2) BUA=B)

{azlnfz2(zz,el,ez ﬁ)} ﬂE{azlnfxl(Xl o1)

= Blx,(61),
892 892 } 13X1( l)
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9% 1n f7,(Z2: 61,63, B) 9% In fx,(X2:60) | -
—F =-—BE{————————"1 = BIx, (0
[ 962 B 262 Blx,(62)
and
g |20 f2,(Z2: 01,00, B) | _ [ 9710 f7,(Z2: 61,62, B)
996, B 996>
9%In f7,(Z2; 61,62, B) | _ 0
30196, -

This completes the proof of (28).

Next we consider the special case when X and X, are from the same family but
with some common parameters. In this case

Bf(zl;8,0,), z<0

sz(Z;_9Q13Q29IB):{ ﬁf(Z;Q,Ql), zzO .

Theorem 3 Let B\, /Q\, ’Q\l and §2 be the MLE of B, 8,0, and 8, based on a random
sample 2> 1,222, ..., Zy , from

Bf(zl;8,0,) ,2<0

sz(Z;é’QI’Q%,B):{ Bf(z:8,0,) ,2>0 :

Assume that Fisher information Matrix associated with f(x; 8, 0) is given by
16.0)=[1;6.0]; i,
and 0 < Y7 I1(Zy; > 0) < n. Then,

iz 1(Z2; > 0)
n K

B\Z

and /Q\, /Q\l and Ez are obtained by solving the normal equations

n

dn f(z2,i38,0,) " 9In f(|z2,
38,00
2—38 (22 >0+ Y 5

i=1 - i=1

5 év Qz)

I(z2,; <0) =0,

n

ol i:6,0
LLTCTLI P
, a0,
i=1
and
" dln f(|z24]:8.6,)
3 fe2ali8:80) gy,

i=1 99,
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In addition, we have

B—B
5-5 | 4 B(1—p) 0
- ,OZI_QI _)N<Q’[ 0 1_1@,@1’@2)})’
0, -6,
where
B8, 0)) + BLi(S,0,) B2, 0)) PBlia(8,0,)
1(5,0,,0,) = | B1205,6,) B1(8,6,) O

B2, 0,) 0 Bln(8,0,)

4 The Double Generalized Pareto distributions

Following the notation of de Zea Bermudez and Kotz [6], the rv X has the two
parameter Generalized Pareto distribution G P (k, o) if its CDF and pdf are given
by

and

f(x>=§(1—;)i e # 0,

with) < x < % ifk >0and 0 < x < oo if ¥k < 0. Smith [22] proved the asymptotic
Normality of the MLE of k¥ and o, for « < 0.5.

The first Double Generalized Pareto distribution, denoted by DG P (B, k, o), is
obtained using the RST when X has the GP(k, o). By Lemma 1, the CDF, QF and
pdf of the DG P (B, k, o) are given by

. B 1—;3(1—”0—)‘2%, x>0
Zl(x)— E(l—%>;’ ‘<0
B -2 (1-(% ‘ , 0<t<p
Pz 0 = g (1(— (&g% B<t<l
and
(1—=)' x>0
fz,(x) = i
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The MLE of the parameters of DG P (8, k, o) and the corresponding asymptotic theory
are obtained using Theorem 1 and the results of Smith [22].

Note that DG P(%, Kk, o) appeared in the work of Armagan et al. [2] and Wang [24].
Nadarajah et al. [13] studied in details the distribution of DGP(%, k&, o) and obtained
the maximum likelihood estimators of its parameters.

The second distribution, denoted by DG P (8, k1, 01; k2, 02), is obtained by assum-
ing in the RSMT that X; has the G P(x;, 0;), i = 1, 2. For this distribution, by Lemma
2, we have

FZz(x)z E<1_K§\ZX|>7’ x<0’
O oo
Fzzl(;)— Z_;b_(%)m), p<t<l1
and
b}
() = E"’I (1_ K’:;) :11_1 , x>0
oz(l ‘72) =0

Other important special casesof DG P (B, k1, 01; k2, 02) are DG P (B, k, 01; k, 02),
DGP(%, K1, 01; k2, 02), DGP(%, k,01;k,02), DGPD(B, k1,0; k2, 0) and
DGP(%, K1,0; k2, 0). In any of these special cases the MLE of the parameters and
the corresponding asymptotic theory are obtained using Theorem 2 or 3 and the results
of Smith [22].

The rv X has the Generalized Pareto(IV) distribution G P-1V (k, o, y) ifits CDF
and pdf are given by

and

fo =7 (1—K(§);)i_ e # 0,

where y > 0and 0 < x < ,% ifk >0and 0 < x < o0 if k < 0. The information
Matrix for the parameters of G P-1V (k, o, y) is given in Barazauskas [4].

Similar to DG P (B, x, o) we can use the RST to obtain the first Double General-
ized Pareto (IV) distribution, denoted by DG P-1V (B, k, o, ). In addition, similar to
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DGP (B, k1, 01; k2, 07) we can use the RSMT to obtain the second Double General-
ized Pareto (IV) distribution, denoted by DG P D-1V (B, k1, 01, Y1; k2, 02, ¥2)-

5 Double Discrete Distributions

The development of integer-valued rv with negative and positive support has received
increased attention in the past decade, see for example, Skellam [21], Kozubowski
and Inusah [12], Alzaid and Omair [1], Barbiero [5], Seetha Lekshmi and Sebastian
[18] and Bakouch et al. [3]. Integer-valued rv with negative and positive support have
recently been used in the developement of stationary integer-valued Time Series with
negative and positive support. Some exmples of theses models are given in Freeland [8]
and Nastié et al. [14].

In this section we introduce and study a number of double discrete distributions
using the RST and the RSMT. To avoid facing the issue of identifiably at zero when
using the RSMT for discrete v we only use distributions for X; and X5 such that
fx,(0)- fx,(0) = 0. In the following, without any loss of generality, we will assume
that fx,(0) = 0.

5.1 The Double Discrete Generalized Pareto Distributions
The rv X has the two parameter Discrete Generalized Pareto distribution DG P (k, o)

(See Buddana and Kozubowski [7] for an alternative definition) if its C D F and pdf
are given by

F(x):l—(l—M)K,K#O

(o2

and
! (r+ D)+
KX\ & K (x i
ro = (1= ) = (1= 25 ko
o o
where | -] is the floor functionandx =0, 1,..., [Z | —1lifx > Oandx =0, 1,2, ...
ifk <O.

The first Double Discrete Generalized Pareto distribution, denoted by DDG P-
1(B, k,0), is obtained using the RST when X has the DG P (k, o). By Lemma 1, the
CDF and pdf ofthe DDGP(B, k, o) are given by

1
1—ﬂ(1 — —K“ﬁj*”);, x>0

FZ](X)Z _ 1
ﬁ(l—'d_Tm))K, x <0
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and

B (1—%—")%— — L) ] 0.1,...
1 .

The second distribution, denoted by DDG P-11(B, k1, 01, k2, 02), is obtained by
assuming in the RSMT that X; ~ DG P (k1, 01) and X2 ~ (DG P (k2,02) + 1) . For
this distribution, by Lemma 2, we have

fZl (-x) =

a1

1
1_ﬁ(1_K1(LxJ+1))H, XZO

g
B(1-2e=)E s

FZz(-x) =

and

1 1
ﬂ{(l—%)” _(1_ “”jj,*”)”}, x=0,1,2,...
1 1 .
E{(1——“2<';2'—1>)“2 = (1—Kf,—2"')2} x=—1,-2,...

Important special cases of DDGP-I1(B,«k1,01;k2,02) are DDGP-11

(B.k.01.02) L DDGP-II(B.x.01.k.03) and DDGP-II(B. k1. k2. 0) <
DDGP-I1I(B, k1,0,Kk2,0).

sz(x) =

5.2 The Double Geometric Distributions Using the RST

The rv U is Eaid to have the Geometric Geo1(6) (resp. Geog(0)) if its pdf is given
by fu(x) = 00*~ Lx=12,. .. (resp., fu(x) =00*, x = O 1,2,...). Note that for
U ~ Geoi () we have Fyx)=1—-0M x>0, EWU) =1 Var(U) 9 and

t

e
Mo =1"ger

For both Geo;(0) and Geoy(0), 1 (0) = #

Considerthe RST Z; = (2Y — 1) X, where Y ~ Bernoulli(f) and X is Geometric
rv and X and Y are independent. Depending on the distribution of X we have two
Double Geometric distributions. The MLE of the parameters and the corresponding
asymptotic theory are obtained using Theorem 1 and the well known results for the
MLE of the Geometric distribution.
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5.2.1 DG — I(8,0)

Using X ~ Geo1(0) in the RST we obtain DG — 1(, 8). For this distribution we
have

BOO 1 x=—1,-2,...

L. fz,(x) = 0 ,x=0
OOl x=1,2,...
poO~I=1 Ty < —1

2. Fz,(x) = E ,—1<x<1

1—,69“J x> 1

3. My () = LHBBEOIBOECD gy ot _
="z ~0§()~05(—1) 50
4 pz =Qp—1%

5.03,=% +4,3,3< )

Note that this distribution can be useful in modelling data with no zeros. Note also
that DG — I(%, 0) is symmetric about zero.

5.2.2 DG — I1(B,0)

Using X ~ Geop(0) in the RST we obtain DG — I1(f, 6). For this distribution we
have

/3_99”‘, x=-1,-2,...

L. fz,(x) = 0 ,x=0
B66*, x=1,2,...
po—x], x<0
2. Fz,(x) = B+ B0, 0<x<1
1—pobl+l x>

3. My (1) = L=po9E@—Bo9E—n
2 =" ~6E0-06()

4opz, =1

5. 0%, =% +4,Bﬂ< )

Note that DG — 1] (3, 0) is symmetric about zero.

5.3 The Double Geometric Distributions Using the RSMT
In this case Z = YX; — (1 —Y) X5, where Y ~ Bernoulli(8), X and X, are

Geometric rv and X, X and Y are independent. We will consider the following
three Double Geometric distributions.
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X ~ Geoy(02) X2 ~ Geoy(02)
X1 ~ Geop(61) DG —111(B,61,67)
X1 ~ Geoy(61) DG —1V(B,61,62) DG —V(B,061,62)

The MLE of the parameters and the corresponding asymptotic theory are obtained
using Theorem 2 and the well known results for the MLE of the Geometric distribution.

5.3.1 DG —1I1I(B,61,6)

In this case X| ~ Geop(01) and X2 ~ Geo1(6>). The following results hold:

BO20, 7, x=—1,-2,...
L fr,(x) = o1, x =
pO167, x=12...
B@;m*l, x <0
2. Fz,(x) =y B+po1, O=x<l1
1—gott x>

_ 0102+(BO2—BO162)E(—1)
3 Mz,() = 5 ez

6
4. pz, =Bg — By

— _ 2
5. 0%, =B +BE+AB(S+7)

Remarks 1. Kozubowski and Inusah [12] introduced and studied the Skew Discrete
Laplace distribution (SDL(01, 67)) with parameters 0 < 61,6, < | as Z3 =
X1 — X», where X and X, are independent rv such that X; ~ Geog(61) and
Xy ~ Geoy(0y) (or X1 ~ Geoi(6)) and X» ~ Geo|(6>)). Inusah and Kozubowski
[9] introduced and studied the Discrete Laplace distribution (D L(6)) which is the
special case of SDL(0;, 0) when 61 = 6, = 6.

2. By Proposition 3.3 of Kozubowski and Inusah [12], DG — 111 (15 61 62) <
SDL(0y, 67).

3. DG —-111 (%, 01, 82) is the same as the Skew discrete Laplace distribution

of Barbiero [5] who derived it as a discretization of a certain parametrization of
the LD.

532 DG —1V(B,61,6)

In this case X1_~ Geoy(61) and X7 ~ Geog(62). Note that DG — IV (B, 01, 61) =
—DG —-111(B,6,,61).

533 DG —V(B,01,62)

In this case X| ~ Geo1(01) and X2 ~ Geoj(6>). The following results hold:
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B0, x=—1,-2,...
1. fz,(x) = _0, x=0
Bo16:~,  x=1,2,...
BQ{LM*I, x <0
2. Fz,(x) = E, 0<x<l1
1-gol,  x=>1

_ 0102—010,5(=0)—B6102£(1)
3. Mz, (1) T DB0E0—6E(D
4 1z, =Bz — By,

— _ 2
5. a%zzﬁg—%—kﬁ%—kﬁﬁ(%vL%) .

Note that this distribution is useful in modelling data with no zeros. Note also that
DG -V (B,0,0) =DG — I(B,0).

5.4 The Double Poisson Distributions

The first distribution, DP — I (8, 6), is obtained using X ~ P (@) in the RST. This
distribution is the same as the Extended Poisson distribution of Bakouch et al. [3].

The second distribution, DP — I1(8, 01,62) is obtained using X; «~ P(6;) and
X5 v~ (P(62) + 1) in the RSMT. For this distribution we have

1.

_92—)(—16_92 B
oy = | B v =l

6¥e=01
1 —
I x=0,1,2,...

2. Mz,(t) = ,3691_("’*1) +Ee92(3ﬂ*1)+t
3. uz, = PO =B 62+ 1
4. G%z = B61 + B> + BB (61 + 62 + 1)2.

The third distribution is the well known Skellam distribution (SK (61, 67) developed
by Skellam [21] by using the DT Z3 = X| — X5, where X; ~ P(6;),i = 1,2 and
are independent. This distribution was studied in details in Alzaid and Omair [1]. For
this distribution

N
fz(x) = 102 (é) Iyl (2 0192>,x=...,—1,0,1,..., (29)

where

1) — (%)k
vo=(5) Zevvm

k=0

is the modified Bessel function of the first kind.
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5.5 The Double Negative Binomial Distributions

The first DNBD, denoted by DNBD — I (8, v, 6), is developed using the RST when
X ~ NB(v, 0) with

x+v—1

fx(x,9)=( )5“9*,x=0,1,2,...

For this distribution we obtain

B E e, x = 1,2,
1. fz,(x) = 7, x=0
BTE e, x=1,2,...

2. Mz, (t) =B (175981) +B (1 ee,[)u
3. 1z =Qp-1DY
4. a%l = 5—2’ +4BB (%9)2'

The second DNBD, denotedby DNBD — I1(B, v1, v2, 61, 62), is developed using
X1 ~ NB(vy,601) and Xo ~ (NB(v3, 62) + 1) in the RSMT. For this distribution we
obtain
B(rerheel =l v = —1, -2,

|x|—1

SR ={ B Na) or x=0,1,2

= Vi — ey V2
2. Mz, (1) =B (PQW) + e (1—322(')
3 nz = BUL B (22 +1)

4. Gzz_ﬁ\)l@l +IBV292 +,3/3<V101 +U202+1> )

Remark Notethat DNBD —11(8, vi, va, 01, 62) has the following important special
cases

DNBD — [1(B,v,61,6)) £ DNBD — I1(8, v, v, 01, 65)

DNBD —I1(B,v,0) < DNBD — II1(B,v,v,0,0)
DNBD —II1(B,1,v,01,6,)
. DNBD —II(B,v,1,6;,6)

. DNBD —I1(,1,v,0) £ DNBD — I1(8,1,v,06,6)

I N S

Using the DT, Seetha Lekshmi and Sebastian [18] introduced and studied the
DNBD, Z3 = X; — X, where X; ~ NB(v,0;),i = 1,2 and are indepen-
dent. Let DNBD — I11(vy, v2, 61, 05) denotes the distribution of Z3 when X; ~
N B(v;, 6;),i = 1,2 and are independent. For this distribution we have
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1.
s o0
9;29\14 Z (vz+licfl)(vﬁﬁci;cfl)%gg{&x, x=—1,-2, ...
fz;(x) = _vz_vl"f.g" o (30)
% — Y X— —X
9291 kZ(lk )(2k+x )9192 s x=0,1,2,...
=X

[ Vi [ 2
2. Mzy (1) = (1—011e"> <1—9226’t)

(%

3. uo _ b
Hzs 99| 992

4 0.2 _ Ul 1 + V262
Z 7, 02

Remarks 1. Notethat DNBD — 111 (v, v2, 01, 62) has the following important spe-
cial cases
(@) DNBD—111(v,0y,6») 4 DNBD —1II1I(v,v,0;,6,) which has been intro-

duced and studied in Seetha Lekshmi and Sebastian [18]
(b) DNBD —111(1,v,61,67)
(¢c) DNBD —111(1,v,0,0)

2. Ongetal. [16] proved recurrence relations and gave some distributional properties
of the rv resulting from the DT when X; and X, are discrete rv belonging to
Panjer’s [17] family of discrete distributions. Sundt and Jewell [23] proved that
the only non-degenerate members of this family are the Binomial, Poisson and
Negative Binomial distributions.

5.6 The RSMT of a Binomial and a Poisson Distributions

The RSMT of a Binomial and a Poisson rv, DP B(6y, 62, B), is developed using
X1 ~ Binomial(n, 0y) and X, ~ (P(6;) + 1) in the RSMT. For this distribution we
obtain

Pl 2 -2
1. x) = (x-D! ° xXr=—L=2..
Iz B(M)or A —6p" ", x=0,1,2,...

x|
2. Mz, (1) =B (1= 01+ 01e7")" + Be2 ('~ DH
3. uz, =npor — B G+ 1)
4. 6%2 =nB6; (1 —61) + B+ BB (nO + 62 + 1)%.

5.7 The RSMT of a NB and a Poisson Distributions

The DPNBD — (B,v,01,6,) is obtained using X; ~ NB(v,0;) and X ~
(P(62) + 1) in the RSMT. For this distribution we obtain

g

1. sz(X)Z B (|x|1_1_)!v, x=-1,-2,...

B Neler, x=0,1,2,...
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o
2. Mz,(t) =B (173#) + Befr (¢ =D+
3. 1z, =L —B 6+ 1)

01
4 02 = B 4 Boy+ B (n+ 1+ 2)
- 0z, = 5% 1 h 7 .

Note that DPNBD — (B, 1,01, 6,) is the RSMT of X| ~ Geog(f) and X» ~
(P(62) + 1) and will be denoted by DPG — 1 (61, 62, ). The RSMT of X| ~ P(6;)
and X» ~ Geoj(6,) will be denoted by DPG — I1(61, 62, B). For this distribution

BOO x=—1,-2,...,—n
L fr =1 B x=0
gl x=1,2,...

2. Mz,(0) = pe" (D) + B3
3. nz, = P61 — B3

2
2 _ Z0 | 47 1
4 03, =P+ PR +AB (0 + L)

6 The Distribution of Sums

In this section we use the notation that ¢ #= J & {1,2,...,n}and n; = # of elements
in J.
Lemma 9 AssumethatY; and X;,i = 1,2, ...,naresuchthatY; ~ Bernoulli(f;),

X; ~ F;(-) and are all independent. Define
n
Zii=QY - DX;i=12 ... nadT, =Y Zy,.
i=1
Then,

P(T, gx)iﬁﬁip{ixi Sx} +ﬁEiP{Xn:Xi > —x}
i=1 i=1

i=1 i=1

CETA TR S0 Txss],

J ieJ ieJ¢ ieJ ieJ¢
For discrete rv

P(Tn = x) inﬁip :in =x} +HBiP {ZXI = —x}
i=1 i=1 i=1

i=1

+> [ HBiP{Zx,»—in =x},

J ieJ ieJ¢ ieJ ieJ¢
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The proof follows from the result that
n n
> X, with probability I Bi
l=] i=1
d no__
T, =3 — Z X, with probability ]_[ Bi
Z X — Y icye Xi, for each J with probability ]_[ B T1 Bi
iel ieJ ieJc
Example 1 Assume X; ~ P(0;),i =1,2,...,n.Define 0; =) ;_; 6;. Then,
n n X _Z'.'_ 0:
d _ 0:) e i=1Yi
P(]",l:x):l_[ﬂi (X ’)x! I(x > 0)
9 Z =10
1
+]_[ﬂ, Liz ) |' I(x <0)
+Z]‘[ﬁ,~ [1B:iP{SK©;,050) =x}, (31)

J ieJ ieJ¢

where P {SK (01, 62) = x} is as given in (29). In particular, when g; = B and 6; =
0,i=1,2,...,n we have

x ,—nb
Pt =0 L 8T >0)+ﬂ"—(
x! |x]|!

n—1
+> (:)ﬁ"—rE’P {SK((n—71)0,r0) = x}.
r=I1

)—x —nb
I(x <0)

The special case of (31) when n = 2 is given in (15) - (17) of Bakouch et al. [3].

Example 2 Assume X; ~ Geo,(0),i = 1,2, ...,n. Then,

P(T, =x) & ]"[/%P{NB(n 0)=x}(x > 0)+]_[ﬂ P{NB(n.6)

i=1 i=1

=} 1 <0+ Y []8 []BiP(NB(ns.0) = NB(nse,6) =x},

J ielJ ieJ¢
where P {N B(v1, 01) — N B(v, 62) = x} can be computed using (30). When 8; = g,

P(T, =x) = ,8 P {NB(n, 0)—x}1(x>0)+,3 P{NB(n 0)=—x}1(x <0)

+ Z (’:),3"—’3’10 {NB(n —r,0) — NB(r,0) = x}.
r=1
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Lemma 10 Assume that Y;, X; 1 and X;»2,i = 1,2,...,n are such that Y; ~
Bernoulli(8;), X; j ~ F; j(-), ] = 1,2 and are all independent. Define

n
Zyi=YiXin—(1=Y)Xin,i=12,...,nand S, = Zzz)i_

i=1
Then,

P(S, <x) iﬁﬁip IXH:XM SX} +ﬁEiP {Xn:Xi,z > —x}
i=1 i=1 i=1

i=1

+2 [ 14 HBiP{ZXm - > X2 Sx}.

J ieJ iel¢ iel ieJje
For discrete rv

P(si=x <[]sP {in,l =x} +]]B:P {in,z = —x}
i=1 i=1 i=1

i=1

+> I8 ]_[BiP{in,1 - leﬂ:x}.

Joiel ieJe iel ieJe

Example 3 Fori = 1,2,...,n,assume X; | ~ P(6;) and X; 5 ~ (P(Qi,z) n 1).
Then,

X _yn g
i1 6i1)" e X i

x!

P(Sn:x)il_[ﬁi(z I(x > 0)

i=1
—x—n _\n )
) e” Xi=iti2

T (2
+gﬂ" (x] —n)!
+Zl_[:3i l_[ BiP{SK(@©.1.,05c2) =x—ny}.

J ieJ ieJ¢

I(x < —n)

In particular, when B; = B,6;1 =6 and 0, = 65,i = 1,2, ..., n we have

—x—n ,—no
I(x >0) +Bn(l’l@2)—ezl(x < —n)

_ dan (nel)x 6—1191
Fonm ! (x| = n)!

n—1
+ Z (’:)lgn—rﬁ”}) {SK((n—r)01,r0) =x —r}.
r=I1
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Example 4 Assume X; ; ~ EXP(0;),i =1,2,...,n, j =1,2. Then,

P(Sy <) £[[BiP{Gn.61) < x}+ [ BiP (G 62) = —x)
i=1 i=1
+ Y [1A]BPiGns.0) = Gnye.62) < x},

Jc{l,2,..n}ie] ieJ¢

where J C {1,2,...,n}. When ; = 8,
£

P(Sy <x) LB P (G(n.0)) < x}+ B P{G(n.0) > —x)

n—1
+ (:)ﬁ""B’P GO —r.01) = G(r, 02) < x}.
r=1

For the computation of P {G(ny, 61) — G(njc, 6>) < x} we refer to Klar [10], Omura

and Kailath ( [15], p. 25) and Simon ( [20], p.28).

Example 5 For i = 1,2,...,n,assume X; 1 ~ Geo,(01) and X;2 ~ Geo1(62).

Then,

P(S, =x) £ [ 8P (NB(,6) =x}1(x = 0) + [ B; P ANB(1, 62)
i=1 i=1
=—x—n}l(x <—n)

+Y 18 []BiPINB(s,61)) = NB(nye,62) = x —nye},

J ieJ iel¢

where P {N B(vy, 61) — N B(v2, ) = x} can be computed using (30). When §; =

P(T, =sx) <L B"P (NB(n,0,) =x} I(x > 0) + B' P {NB(n, 6)

=—x—n}l(x <—n)

n—1
+y C)ﬂ"—’ﬁ’f’ (NB(n —r.01) — NB(r.0h) = x —r}.
r=1

7 Applications

B,

Consider the DP — 11(B, 61,62) for which Z, = YX; — (1 — Y)X» with X; «
P(01) and X5 «~ (P(62) + 1)) as a competitor to the Skellam (Poisson Difference)

distribution.

Let Z,,;,i =1,2,...,n be arandom sample from DP — I1(f, 61,62). Let n;

S I(Zy; = 0),Sumy =) Zr;1(Zy; > 0)and Sum_ = — > Z»;1(Z; < 0)
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Table 1 Goodness-of-fit results for SABIC and Arabian Shield

Stock Fitted distribution p value

SABIC Skellam(0.1682, 0.2516) 0.449862
DP —11(0.8125,0.1641,0.1556) 0.71918

Arabian Shield Skellam(0.451, 0.5551) 0.137931
DP —11(0.721,0.399, 0.403) 0.25818

Fig. 1 The fitted and emprical 0.7

distributions of SABIC data 0.6

0.5
0.4
0.3
0.2

| L]
0 — —_—
-1 1

m Fitted Distribution = Empirical Distribution

0

and assume that O < n1 < n. By Theorem 2, the MLE of 8, 6; and 6, are given by

_ - S ~ Sum_
p="17 =2 ghdp, = 2=
n ni n—nj
In addition,
F-p BU=$) 00
Jilti-o | -SwNlo| 0 FO
0 — 6, 0 0%2

Alzaid and Omair (2010) considered the following two real data sets from the Saudi
Stock Exchange (TASI). Trading in Saudi Basic Industry (SABIC) and Arabian Shield
from TASI recorded every minute of June 30, 2007. The price can move up and down
by amultiple of SAR 0.25. The two data sets consist of 4 x (close price—open price)
in every minute. They used the runs test on each sample to show that the samples are
random. They used the Skellam distribution to fit each of the two data sets. We used the
DP —11(B,01,02) to fit each of the two data sets Their results together with ours are
summarized in Table 1. The given p values of Table 1 are obtained by using Pearson
Chi-square goodness-of-fit test.

Figure 1 gives a plot of the empirical distribution and the fitted DP — 11(0.8125,
0.1641, 0.1556) distribution for SABIC data. Figure 2 gives a plot of the empirical
distribution and the fitted DP — 11(0.721,0.399, 0.403) distribution for Arabian
Shield data.

Bakouch et al. [3] used the DP — I (8, 0) to fit a data set based on the number of
students from the Bachelor program at the IDRAC International Management School
(Lyon, France) in 60 consecutive Sessions of courses in Marketing.
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Fig. 2 The fitted and emprical 0.5
distributions of Arabian Shield 04
data

02 —
R | -
4 3 2 1 0 1 2

u Fitted Distribution ~ ® Empirical Distribution
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