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Abstract

Topological indices (TIs) are numerical structures that are associated with a graph to identify its topology. TIs are highly
popular in the literature with a wide range of applications from chemistry to economics. However, TIs have limitations in
representating complex relations within the graphs creating some uncertainities. Fuzzy graph (FG) and intuitionistic fuzzy
graph (IFG) are introduced to overcome these uncertainities. While a FG a describes degree of membership of an object in
a graph, IFG delineate information on membership or nonmembership under uncertainity. This study aims to introduce
novel TIs such as the general second Zagreb index, the Sombor index of the third version, and the Sombor index of the
fourth version in the IFG framework in order to improve practicality of FG and IFG applications. Some properties of the
proposed indices and their upper bounds are provided as well. Proposed TIs are applied to an internet routing network as a
case study. Results of the study show that adding more internet routers in the network can increase internet speed and the
strength of the entire system. Finally, comparative studies for the Sombor index of the third version and the Sombor index
of the fourth version are also revealed.

Keywords Intuitionistic fuzzy set - Fuzzy graph - Intuitionistic fuzzy graph - Second Zagreb index - Sombor index of third
version - Sombor index of fourth version - Internet routing

1 Introduction

In 1965, Zadeh introduced the fuzzy set (FS) concept in
which a values between 0 and 1 are used to describe the
membership degree of the elements of an ordinary (crisp)
set (Zadeh 1965). Crisp set theory operations like union,
intersection, convexity, and many other operations were
extended to the FS which is more general than a crisp set.
Zadeh (1978) later introduced the possibility theory by
using the concept of fuzzy restriction on possibility dis-
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tribution (Zadeh 1978). Literature is rich with various
applications of FSs, including computer sciences (Zim-
mermann 2010), applications in medical sciences or med-
ical diagnosis (Schuh 2005; Horng et al. 2005; De et al.
2001), psychology (Kochen 1975), social sciences
(Smithson 1988; Treadwell 1995; Akram and Bibi 2023),
and in many other fields (Flores and Srirama 2013; Chen
and Wang 2010; Karwowski and Mital 1986; Zimmermann
2012; Chen et al. 2009; Arya and Kumar 2020; Chen and
Jian 2017).
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In 1975, Rosenfeld explored the fuzzy relation on the
structure of the graph and fuzzy set to create a fuzzy graph
(Rosenfeld 1975). He also analyzed the features of several
basic terms such as forest, bridge, trees, etc. Mordeson and
Chang-Shyh (1994) proposed operations like a Cartesian
product, join, and union of the fuzzy graphs. Yeh and Bang
(1975), and Chen et al. (2019), developed the basic prop-
erties of fuzzy relation on fuzzy graphs and proposed
networking, graph modeling, and clustering in applications.

Line, complete, and complement of fuzzy graphs were
proposed by Massadeh and Gharaibeh (2011) and Morde-
son (1993). Hawary (2011) introduced some product
operations of FSs such as strong products, and direct
products, and also analyzed the conditions for balanced
fuzzy graphs. The classification of arcs was provided by
Mathew and Sunitha (2009). Bhutani and Rosenfeld (2003)
presented the concept of geodesic in fuzzy graphs and their
application in networks. New fuzzy graphs with novel
properties called complex Pythagorean Dombi fuzzy
operations were proposed by Khan and Akram (2021).
These features of fuzzy graphs applied in many fields
including human trafficking, decision-making, and social
networking (Ali et al. 2021; Akram et al. 2020; Hassanpour
2020; Jan et al. 2019; Alahmadi et al. 2023).

Atanassov (1986) and Atanassov and Atanassov (1999)
generalized and extended FSs to the intuitionistic fuzzy
sets (IFSs). Atanassov (2012), and Atanassov and Shannon
(1994) proposed a new value on vertices and edges of
fuzzy graphs, which is known as negative membership
value or non-membership value. With its more detailed
descriptions, IFSs attracted more attention than FSs
(Ejegwa et al. 2014; Lin et al. 2007; Sotoudeh 2022;
Akram et al. 2023; Bukhari et al. 2023; Dagistanli 2023;
Diner et al. 2023; Al-Zibaree and Konur 2023; Ghoushchi
and Sarvi 2023).

Intuitionistic fuzzy graph (IFG) which is an extended
version of IFS was developed by Parvathi et al. (2009).
Later, Akram and Davvaz (2012) introduced the concept of
strong IFG and their properties. Davvaz et al. (2019) pre-
sented the nth type of IFG and Dinar et al. (2023) analyzed
its applications. Naeem et al. (2022), Chen and Wang
(1995) investigated the bounds on fuzzy Wiener index of
IF-cycles, and IF-trees. Parvathi and Thamizhendhi (2010)
proposed the independent set, dominating number, and
total dominating number in IFGs. Akram and Dudek
(2013) developed the idea of a modeling system by using
the concept of hyperfuzzy graphs. Ahmad et al.(2023)
investigates the upper bounds of fuzzy harmonic index and
their application in the cybercrime problem.

Intuitionistic fuzzy graph theory is also used to model
ambiguous networks, such as social and financial networks.
An important factor in studying the network properties of
such networks is their connectedness. IFG modelling can
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work for modelling behavioral choices and decision-mak-
ing. Intuitionistic fuzzy graphs (IFGs) are mathematical
structures that extend traditional graphs to handle uncer-
tainty and vagueness. In the context of IFGs, various
characteristics and properties can be analyzed and reflected
in different indexes. For example, topological indices can
describe the physical and chemical properties of a chemical
network. Similarly, fuzzy topological indices explore the
chemical and physical characteristics of a fuzzy graph
network that help to analyze these properties for decision-
making on a fuzzy chemical network. These characteristics
and corresponding topological indices provide a compre-
hensive view of the structural properties of an IFG,
reflecting the uncertainty and vagueness inherent in the
representation. The choice of specific indices depends on
the aspects of the IFG that researchers aim to analyze.

Researchers can choose a combination of indices that
best suit their research objectives, with a comprehensive
approach provided by intuitionistic fuzzy graphs’ structural
and connectivity characteristics. The systematic integration
of these indices can enhance the coherence of the analysis.

FS and IFG are extensions of the topological indices
(TT), which is a numeric value that describes the structural
properties of a graph. TIs have numerous characteristics
such as that the values of all the isomorphic graphs are the
same (Kalathian et al. 2020; Liu et al. 2022; Ismail et al.
2023; Nadeem et al. 2021). TI is described as the first
Zagreb index by Balaban (1983); as the Wiener index by
Graovac and Pisanski (1991); and as different versions of
the Sombor index by Gutman (2022a, b) and Imran et al.
(2023). Imran et al. (2022) determined the values of the
supramolecular chain of the third and fourth versions of the
Sombor index from a geometric perspective.

An IFS describes two types of information: membership
and non-membership. On the other hand, FG is limited to
one degree only and does not cover the non-membership
facility in decision-making. Therefore, an IFS is very
important for modelling real-world problems. Similarly,
after-sets, fuzzy graphs, and IFG are also very helpful tools
in decision-making and expert systems. Along with the
properties of complex networks, topological indices pro-
vide efficient tools to simulate lab research-heavy experi-
ments. Combination of fuzzy set environments, fuzzy
graph theory, and topological indices deliver multidisci-
plinary approaches to problems in chemistry, computer
science, mathematics and even social sciences.

To our knowledge, there is no study in the literature
analyzing IFG concerning graph operations in coordination
with Sombor indices. In this paper, first, we discuss the
general second Zagreb index and the Sombor index of the
third and fourth versions, and we provide some of the basic
operations and bounds of these indices as well. Moreover,
we explore applications of the general second Zagreb index
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and the Sombor index of the third and fourth versions. In
order to fulfill the gap in the literature, we design
Sombor indices for IFG, and then we apply these newly
developed Sombor indices concerning IFG and some
graph operations. There are many articles on Sombor
indices (Das et al. 2021; Cruz et al. 2021; Gutman
2022a), but they are computed only for the crisp graph.
In this study, we introduced novel versions of Sombor
indices for IFG.

The rest of the paper is organized as follows: Basic
definitions of the fuzzy set and the fuzzy graph, the pro-
posed upper bounds of the third and fourth versions of
fuzzy Sombor indices are given in Sect. 2. In Sect. 2,
proposed results on the general second Zagreb index are
revealed. In Sect. 3, the algorithm and an application of
fuzzy graph parameters that are under consideration are
provided. Section 4 is devoted to the conclusion and future
direction.

2 Preliminary

Definition 2.1 Let G = (V,E) be a graph, with vertex set
V and E edge set satisfies.

() T,:V—][0,1] and Q,:V — [0,1] are functions
called membership and non-membership values
which we assign to the vertex { € V, respectively,
having condition 0 <T,({) + Q,({) <1V e V.

2 TI,:V—][0,1] and Q,:V — [0,1] are functions
called membership and non-membership values
which we assign to every edge (k, () € E, such that

To(x,0) <min{T.(k),T.(0)}  Qe(x, ) <max{Q.(k),
Q,({)}, with the condition 0 <T,(k,{) + Q.(x,{) <1 for
all edges (x,() € E.

Definition 2.2 The order of IFG is represented by
O(IFG) = (V,y, V,) are defined as V,, =) _,T\(xi),
V, = ZK’,E‘,QV(K;), where V,, and V, is the membership
and non-membership order of IFG, respectively.

Definition 2.3 Let G = (V,E) be an IFG and k; € V(G)

and the degree of k; is a pair consisting of membership and
non-membership values of x;, which is

d(x;) = (dr(x;),da(x;))

= «e v, Dv(xi, 5D ke v, Dolki 1)
K; ;é Kj K; 35 Kj

Definition 2.4 The size of IFG is represented by S(IFG) =
(Ey,E,) are defined as Er = ZK#F@(K, (), Eq=
E,{#Qe(ic, (), where Ey and E,, is the membership and
non-membership size of IFG, respectively.

Definition 2.5 Let G = (V,E) be an IFG is a complete
IFG, with order and size is V. and E.. If T (k,{) =
min{T",(x),T,({)} and Q,(k, {) = max{Q,(x), Q,({)}, for
every edge (k,{) € E

Definition 2.6 Let G = (V,E) be an IFG. The V g-order of
G is formulated as

VG = (Vran) = (ZKEVFV(K5)7 ZKEVQV(Ki))

Definition 2.7 The degree of any vertex x; of an IFG, is
denoted by d(x;), and formulated as:

d(k) = | D e v D), Y e ey ol i)
Ki 7 K; Ki 7# K;

Definition 2.8 An IFG is known as a regular IFG. If

Yk eV Ty (ki 75) = B, and 3 K€V Q, (ki, 1) = B,
Ki # K Ki # K

for any constant value f.

Definition 2.9 If we delete a vertex v from the vertex set

of graph G with the order n and the size m, then we get a

new graph G —v, with order n—v, and it’s size is
m—d®v).

If we delete an edge e from the edge set of graph G, then
we obtain a new graph G — e, with the same order and its
size is m — 1.

Definition 2.10 If we delete a vertex u from the vertex set
of an IFG, then, we get a new graph (IFG — u), with order

graph = O(IFG) = (ZKEVFM(Ki) - (Fu)szEVQ”(Ki)_
(Q,)), where ur, ug shows membership value and the non-
membership value of u respectively, and the size of the

graph  will be  S(IFG) = (ZK LT, v) —d(T),
> rrta(K, V) —d(Qu)), where d(Q,), d(T',) shows the

degree of non-membership and membership value of the
deleted vertex respectively.

If we remove an edge from the IFG then we get a new
graph (IFG — e) that has the same order but the size of the

new graph is  S(IFG) = (ZK#FM(K, v) —d(T,),
>zt (r,v) —d(Qy)), where d(T,), d(€) represents

the degree of non-membership and membership values of
deleted edge respectively.
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Definition 2.11 (Gutman 2022a, b). The third version of
the Sombor index for IFG is defined as:

IFSO;3(G)
_ (- (i) fo () d* (i) + (1 (1) o () d* (@) |
1,%;‘(5)\6 (tr(us). fo(ur))d(u;) + (tr(u;).fo(u;))d(u;)

(1)

Definition 2.12 (Imran et al. 2022). The fourth version of

Definition 2.13
defined as:

IFM} (G) =

General second Zagreb index for IFG is

> L) fa()d (w) (i (), fa(w))d ()]
uju; €E(G)
(3)

Theorem 2.1 Let G be an IFG having vertex k and edge
kv. Then

the Sombor index for IFG is defined as: ()IFSO3(G) > IFSO3(G — k). (4)
IFSO4(G) (ii)IFSO;3(G) > IFSO;(G — e). (5)
L [ (), falm) @) + (1) falw) )]
wietio) 2 | (r () fo(u)d(w) + (rr(w) o)) d(u;)
2) Proof
(i) Let G be an IFG having vertex k and edge xv. Then,
we have
_ (e (), fa()d* (1) + (rr(0),fa(0)d*(O) i
B il EZE:(G) ﬁ[ (tr(w),fa(m))d(w) + (1r(0).fo(0))d( )}
v,k & E(G)
wLF# K
(tr (1) fa(W))d* (W) + (tr (L), fa(E) (L)
" ;E(G) V2| e ) e )
vl ¢ E(G), k' € E(G)
W, #x
(10 (), fa(K))d® (k) + (tr ('), fa(K')d* (k)
T g( o e T e} e |
K #K
(tr (). fa(1)d* (1) + (rr (0) fa(O)d* ()]
r E%G) e G+ e
v, k{ & E(G)
wEF# K
N /3 [ﬂq (1) = (2) + 4 (") = (10, 8") R, c">))] ;
,U/IC” c E(G) il(d(,u”) — )v4) + A3 (d(C”) — (tlz—(K, C/l),fé(lc, C”)))
v € E(G),x{" € E(G)
NG
N 3 V3 (tr (1) faW)d (W) = (i (O)faEN (@) + (17 (k. U), S50k, ) -
W0 EE(G) (tr(W).faW))d(W) = (tr (). fo(ENE) + (tr(x, ), falk, )
v € E(G),x{ € E(G)
Wil #x
= IFSO;(G — «), (6)
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where 4; = (rr (@), fo (1)), 22 = (t%(;c,,u”),fé(ic, ,u”))7 Corollary 2.1 Suppose G be an IFG and K, be a com-
I3 = (tr(0"),fo(("), and Ag = (tr(xc, "), fo (1, 1")). plete IFG, such that G # K,. Then, we have

(ii)) Let G be an IFG has an edge e = kv, which is
deleted from G. Then, we have

) () o)) ) + (or (1) fo(0) )]
IFSO“G)‘M,_M;M/E[( () )l )+ (fr(uj%fg(uj))d(uj)] 7

_ (tr(p):falp))d(p) + (tr(¥).fa(W))* ()]
N 2 \6[( r(p).falp))d(p) + <r<w>,fg<w>>d<w>}

py € E(G)
vp,kp & E(G)
v, kY & E(G)
(tr () fo(M) () + (1r(<),fa()d* (5) .
- - EZI;(G) f[ (tr(v).fa()d(y) + (tr(c),fa(c))d(c) }
cHFv
(tr (1) .o (0)d* (2) + (ir (K),fo (1)) (i) .
LFK
(tr (), f o (1))d* (i) + (tr (v),fo(v)d*(v) i
" fz{ (tr (). fa(k))d(x) + (tr(v).fo(v))d(v) ]
(tr(p).fa(p))d* (p) + (tr (V). fo(¥))d* (V) -
g " Ez]:i(G) \/E[ (tr(p).falp))d(p) + (tr(¥).fo(¥))d(¥) }
vp,kp ¢ E(G)
w, kY & E(G)
(tr (7)., fa)(d*(7) = ((1,v),fa(, V) + (10 (<), fa())d* (<) i
- - EZ,;(G) V2 (tr().fa()A() — (tr(x,v),falx,v))) + (tr(c),fa(c))d(c)
cFv
(tr (), fa () (& (1) — (i (,v). f3 (1, ) + (1r(K),fo(K))d® (k) i
- - 621:5((;) V2 (tr (1), fa()(d(x) = (tr(x,v), (K, V) + (tr(x),fo(Kx))d(x)
LFK
= IFSO;(G — ¢). (8)
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IFSO5(G) <IFSO5(K,,). (9)

Theorem 2.2 The bounds for the third version of the
Sombor index, for an IFG, is given as

1 [P +9) + (T +9)
2V2 | (T +Tp) + (4 + )

IFSO5(G) < (10)

Proof Suppose a graph G with size (€, €) and order is
(I',,T¢). Each edge has two intuitionistic fuzzy vertices.
The membership value of every vertex x; € V(G) is

Now, I'; > rr(k;) and I'; > d,(k;) both inequalities can
be written as I'; > d;(x;)tr(x;) similarly, we have got the
other inequality as I'y > dy(x;)fo(x;). Using the above
inequalities, ~ we  have T+ T, > de(ki)fq(K;) +
d,(x;)tr(x;). Similarly, we have Qf + Q, > df(x;)tr(x;) +
d(x;)tr(x;), and add the both inequalities as (I'y+1T)+
(Q +Q1) > (dy(ri)f o (1) + i (i)t (1)) + (dy (i)t (1) +
dy(ki)tr(x;)). Thus, we have 2 [(Iy+T,)+(Q+Q)] >
(dy (ki) (1) +dy ()i () )+ (dy (i) (1) ey (1) o (7)) -

The third version of the Sombor index can be defined
as:

_ (1), fa(0))d (1) + (10 (1), S (1)) 4 () |
S0:(6) = 2 f[ (1m0k0)feal))d03) & (1)) () )
_ 5|t fate)) (€0). a2 0e) + (fr >( 2 (x)
; i (tr (k). fa(ki)) (di(x:), dy (12)) + (10 (1)), F (7)) (di(x;) df )
_ 5| e ) + (Falk)d ) ) + (w(r«»d%(rg)) + (fal)d} )
B Yadi(ri) + dp(K;) + adi (1) + ady (%) § (12)
[ e, e (2 4+ Q%) + (12 + )
S @)Y A @)
1 [T+ + (T + Q)
V2 | (D +Ty) + (Qt+Qf)
defined as (tr(k;),fq(ki)), and its degree is d(i;) = where ;= (tr(k2).falk:) and ¥s = (i0(),fa(Ks)-

(di(x;),ds(1)). Tt is also the summation of truth-mem-
bership values of all edges whose incident with a vertex ;.
The I'; donates the summation of truth-membership values
of all the vertices of the considerable graph G. So, the truth
value of each vertex verifies the I'; > d,(k;), where {i =

1,2,3,...,n}, we have to conclude the th >dt2(Ki) for
every vertex k; € V(G), whereas d*(k;) =
ZK,-evmj,-;érc,-tzF(Ki’ kj) and I?= Z?:1ts2)(’€i)~ Therefore,

2> 32 r(r)d? (i), and also QF > S 10 (k) d2 (7).
By utilizing both inequalities and getting the results as
r’+Q} Q 2

—5 > )t (ki)d; (k).

> Y2 fali)d; ().

Similarly, we have

2,02
I +Qp

@ Springer

Theorem 2.3 Let G be an IFG having vertex k and edge
kv. Then

(i)IFSO4(G) > IFSO4(G — «).
(ii)IFSO4(G) > IFSO4(G — ().

Proof

(i) Let G be an IFG having vertex x and edge xv. Then,

we have
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IFSO4(G) = > 5 l

uju; €E(G)

(1r(16) (1)) *(1) + (fr(uj),fg(uj))dz(uj)]zn’

(1 () Fawe))d ) + (1 (). For(ay) ) ) (13)

_ 1{(r(w).fam)
-2 2[((),fg(u

ul € E(G)
vit,k{ € E(G)
wEF K
(rr (1) oFali)d> (1) + (e () fo (O)) ()]
+ Z Py 7 7 7 T
0 CEG) 2[ (rr (W) fa(u))d(w) + (1r (L), fa()d() }
v € E(G), k(' € E(G)
W, F#x
1 [(rr (k). fa(K))d* (k) + (tr (&) fo(K'))d (k') 2n
+m<’ GZE(G)Z{( r(x).fa(x))d(x) + (r(K’),fg(K’))d(K’)]
K #K
.Y [eaew: O] P
W EEG) 2 (tr(w).fa(w)d(w) + (tr(0).fa(0)d(0)
vi, KCE E(G)
NG
N 5 1 [A (dP(W") = 22) + 23 (d*(") = (3(x. 1) o, c”)))] ’
'u//é/// EE(G) Al(d(:u//) - /“4) +)3(d(é )_ (l‘r(K,C )7fQ(K7C )))
v € E(G),k{" € E(G)
W #x
N 1| (e (W) fa)d* (1) + (e () faE) (@ (L) = (17 (x,0)ofo(1,())) 2n
” 2| (rr(w)fa(w))d(p) + (tr (). fo(O)) @) = (1r(x,C) falk, L))
W €E(G)
v € E(G),x{ € E(G)
W, F#x
= IFSO4(G — ), (16)

), Ja= (l%(K,M”),ff)(K, ,u”))7 (i) Let G be an IFG has an edge e = kv, which is
. ) falic, 1), deleted from G. Then, we have
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-y et sat u, () + (ir (1, )d2<u,.> 2
800 = uiquE(G)E [ (rr (i), fo d ([r )d(uf) i)
_ ¥y _[< r(p).So(p)d (p >+<rr<w>,fg<¢>>d2<w>rn
o SH) 2L (o) Falo)d(o) + (e o))
vp,kp & E(G)
Wk & E(G)
Py ! {(trm,fgw))d%w +(1r(9) fg(c))dz(c)] .
c EF) 2 L (). 7al))d) + Q) o))
cFv
Py et el >d2<x>rn
e £E(G) 2 L (-7 al)d () + r(4).fa()d ()
1FK
OGRS <x>+<rr<v>,fg<v>>d2<v>rn
2 [ (r (). fa(0)d () + (1r(v). fa(1)d0)
S S| L0l >+<tr<w>,fg<w>>d2<w>rn
oy €E(G) 2 [ (tr(p).falp))d(p) + (tr(W).fa(¥))d(¥)
vp,kp & E(G)
W & E(G)
. 1|0 fa) (@ () = (67 (6,9), 7 (5, 9))) + (1r(<)sfa(6))d* (<) 27[
«« ) 2 L0 Fal)W@6) — ar (63 el ) + (r(3), Fa()4E)
c#V
. 1[(r():£al) (P (0) = (B (69) S (09)) + 1006 Sa ()]
e EE(Gy 2 L I Fal) (@) = Gr(s ) Jr(e ) + or (). Fa()d(x)
rF K
= IFSO4(G — ¢) (18)
1)+ @+ o]
Coalry 22 S Ge i 116 nd Ko e com 63010035 (e g

IFSO4(G) <IFSO4(K,). (19)

Theorem 2.4 The bounds for the fourth version of the
Sombor index, for an IFG, is given as

@ Springer

Proof Suppose a graph G with size (€, €) and order is
(I',,Ty). Each edge has two intuitionistic Fuzzy vertices.
The membership value of every vertex x; € V(G) is
defined as (tr(x;),fq(ki),) and its degree is d(i;) =
(di(ri), dy (17)).

It is also the summation of truth-
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membership values of all edges whose incident with a
vertex k;. The I'; donates the summation of truth-mem-
bership values of all the vertices of the considerable graph
G. So, the truth value of each vertex verifies the
I, > d,(x;), where {i = 1,2,3,...,n}, we have to conclude
the T? > d*(x;) for every vertex x; € V(G), whereas

Q
d*(rer) = et (ki i) and 7 =300 (k).
rz> Zl (i) d2 (), and also
Q> Zgltr(xi)dz(x,) By utilizing both inequalities and

Therefore,

getting the results as I +Q’ > S i (i)d? (k). Similarly,
% > Zz lfQ(Kl) ( i)-

Now, I'; > #r(x;) and I'; > d,(k;) both inequalities can
be written as I'; > d,(x;)tr(k;) similarly, we have got the
other inequality as I'y > df(k;)fq(x;). Using the above

we have f

where Yy = (ir(17), fo (i) and ¥, = (tr(x;), fa(K;))-
Theorem 3.1 Let G be an IFG having vertex k and edge
Kkv. Then, we have

() IFM}(G — k) <IFM}(G). (22)
(it)IFM5(G — e) <IFM}(G). (23)
Proof

(i) Let G be an IFG having vertex x and edge xv. Then,
we have

IFM5(G) = Y [(r (). falun)d () (i (),

uju;€E(G)

Falw))d ()]

inequalities, ~ we  have I+ 1T, >dp(i;)fq(x;) + (24)
d;(x;)tr(x;). Similarly, we have Qf + Q, > d(x;)tr(x;) +
d,(x;)tr(x;), and add the both inequalities as (I'y+1I7,)+
(Q+Q) > (dr(k:)f o (1) +di (i) (16:) )+ (dp (i)t (1) +
dy(ri)tr(;)). Thus, we have 2 [(Tp+T,)+(Q+Q)] >
(df (rei)f o(rci) i (i) (1)) + (dp (i) (1) 4y (1) (i67) )
The fourth version of the Sombor index can be defined as:
_ 1] e (0) L (i) ) (1) + (rr<x,>,fg<x,>)d2<x,>] .
Fs0uG) = 2. l (1 () fa (k) (k3) + (11 (). f ) (1)
o [, fQ(Kz))( ) + (). Fal) (209, 430))]
2 | (tr (k). fo(r)) (di( )+( ))(dt(Kl) dy (x;))
1 [t () + ( a(k)d20)) + (ir ()2 () + (Fal)d2(0)) ]
2 I Widi (i) + W dy () + hodi (1) + Pady (k) "
i mELEE T Tmee) s @)
T2 A AT @) T2 A ) ()
1 [@ro) @) 21
R avERCER Tl I 2y
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(0.4,0.5)

(ii) Let G be an IFG having vertex x and edge xv.
Then, we have

IFML(G) = > [(tr(w). fo(u))d () (tr () . fo () )d’ ()]

uu; €E(G)

/ (26)
2 §
o >
Rl\ R
(0.1, 0.6)
(0.8,0.1) (0.2,0.6)
Fig. 1 Graph of internet routing services
= Do Lr@)fale)d () (b).fal))d (¥)]
oy € E(G)
ve, 1 & E(G)
Sy Fx
+ > [(rr (). fale))d (&) (er (¥) fa(b))d" (V)]
Y € E(G)
v¢' ¢ E(G), kY € E(G)
S #x
+ > () fa)d () e (W) fa(W)d (W)
k' € E(G)
K # K
> > [(tr (<), fale))d () (tr (¥),fa(¥))d' (V)]
W EE(G) (25)
ve, ky & E(G)
Y FK
+ > [ (&)sfa( N () e (), fa W) (@ (W) = (10,07, £5 (6, 07))]
¢y € E(G)
v' ¢ E(G),xy/ € E(G)
d#x
+ > [(r(&"): Fal @D (") = (0, "), fa(1,¢"))

Q//l//// c E(G)
v¢" € E(G),xy" € E(G)
¢ H#

(") Lo (@ (") = (e, 0") fo(k,9")) )]
= IFM}(G — U).

@ Springer
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= > (tr(1') fo()d (1) (tr (V') fo (V) d' (V)
k'v € E(G)
kiK', k'v € E(G)
kv, w & E(G)

D>

Ky € E(G)
Y #Fx

>

w € E(G)
VA

(tr (), f (1))’ (1) (tr- (V). Lo (W)’ (V)

(e (V). f ()’ (V) (er () .S (W)’ ()

> > (tr (), fo(K)d (1) (tr () fo (V') d' (V)
k'v € E(G)
kk',k'v € E(G)
kv, w & E(G)

Y

Ky € E(G)
=

>

w € E(G)
e
= IFM}(G — e).

(100),fa (1)) (d7 () = (17 (, V), S0, ) (e (). fa () ()

(tr () La()) (@ () = (170, v). faloe, ) (1 () S (W) ()

Corollary 3.1 Suppose G be an IFG and K, be a com-
plete IFG, such that G # K,. For y>1, then we have

IFM}(G) < IFM}(K,,). (28)

Theorem 3.2 The bounds on the general second Zagreb
index for connected IFG are given as:

IFM}(G) < (my + my) (n, + ny). (29)

Proof. Let G be a finite connected IFG, having the order
(my, my), and the size is (n;, ns), respectively. Suppose that,
G has finite edges and two IF vertices of each edge. The
membership value of each k; € V(G) is represented by
(tr(xi), ta(k;)), and the degree of the vertices of the G is
shown as dk; = (dr(k;),dq(k;)). By the formulation of the
general second Zagreb index as:

IFM}(G) = Z (tr (i), t (i) d’ (1) (1 (17), (1)) ) 7 (ic5)

Kik;€E(G)

= Y () ta(k) (d (i), diy (1)) (10 (), 1) (] (1), diy (7)) -

Kik;€E(G)

(30)
By applying the basic dot product operation as follows.

= > (tr()dp() + talii)dp () (1r (1) di (1) + 10(1,)dg (1))

Kkik;€E(G)
(31)

As (i) <my,  dr(i;)<mg, and  dR(i;)<my
tr(r;)di-(1;) <m,. Similarly, 1o (k;)dg(k;) <ms. Now, Add
(er (k) (i) +
to(r;)dy (ki) < (m; + my). Similarly, we get the other
(tr (1)) (1) + ta(r;)dy (1)) < (n, + ny).
Here, we have wused both new inequalities:
> esero) (r(k)dp(17) + ta(ki)dg (1)) (1r () di- (1) +

the above inequalities,

inequality
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ta(1))diy (16;)) < (my + my) (ny + ny).
This, M5(G) < (m, + my) (n, + ny).

3 Algorithm and application

LetIFG; and IFG; as two graphs, one with a membership value
and the other one with a non-membership value. To obtain the
desired result, we compute the non-membership value and
membership value individually and then add them. Consider a
graph IFG = (V,E). To determine the value of the general
second Zagreb index. We developed the following algorithm.

Step 1: Compute the membership and non-membership
values for each vertex (router).

Step 2: Compute the membership and non-membership
value for each edge.

Step 3: Compute the membership and non-membership
d*(v) — degrees for each vertex (router).

Step 4: Compute the membership and non-membership
d’(v) — degrees for each vertex (router).

Step 5: Compute the second general Zagreb index for
membership and non-membership values.

This algorithm can be used to compute any topological
number. So the third and fourth versions of Sombor num-
ber can be computed by using this algorithm.

In this section, we study an internet routing in which the
general second Zagreb index, third and fourth version
intuitionistic fuzzy Sombor graph parameters are used. In
this study, we consider a network of internet routers that is
active in a particular area. Using the algorithm and the
novel indices we design for IFG, we show that adding more
routers to the network increases the strength of every router
in the whole system. By the general second Zagreb index
and Sombor index of the third and fourth versions, strength
of the system is increased after adding more routers. In
addition, energy consumption decrease due to the
improvement of the system.

Let’s assume a fuzzified internet router in particular
areas as shown in Fig. 1. The vertices of graphs are known
as routers in the internet network.

First, we calculate the degree of every router. Step 1 of
the algorithm is exercised here like
(0.2 4+ 0.3) are the membership values and (0.5 + 0.5)
are non-membership values. Meanwhile, the Step 2 of the
algorithm can also be presented here for the edges instead
of vertices.

d(Ry) = [(0.2+0.3),(0.5+0.5)] = (0.5, 1),

d(Ry) = [(0.240.3),(0.5 +0.6)] = (0.5, 1.1),
d(R3) = [(0.14+0.2),(0.6 +0.6)] = (0.3,1.2),
d(Rs) = [(0.1+0.2), (0.6 +0.5)] = (0.3, 1.1).

@ Springer

Now, we calculate the square degree of every router.
Step 3 of the algorithm is presented here. In which squared
of the degrees of the vertices are computed.

A(R) = [((02)* + (0.3)%), ((0.5) + (0.5)%)]
= (0.13,0.5), "
P (R) = [((02)* + (0.3)%), ((0.5)> + (0.6))]
= (0.13,0.61), )
P (R3) = [((0.1)* + (0.2)%), ((0.6)> + (0.6))]
= (0.05,0.72), )
& (Ry) = :((0.1)2 +(0.2)), ((0.6)* + (0.5)2):

= (0.05,0.61).

Here, we working on the general second Zagreb index.
Step 4 of the algorithm is presented here. In which y —
power of the degrees of the vertices are computed.

d'(Ry) = [((02)" +(0.3)), ((0.5)" + (0.5)")],

d'(Ry) = [((0.2)" +(0.3)"), ((0.5)" + (0.6)")],
d'(R3) = [((0.1)" + (0.2)"), ((0.6)" + (0.6)")],
d'(Rq) = [((0.1)" +(0.2)"), ((0.6)" + (0.5)")].

We calculate the degree of every router when we choose
y=4.

(R = [((02)* +(0.3)), ((0.5)" + (0.5)")]
— (0.0097,0.125),

(0.3,0.5)

(9°0°C0)

(0.8,0.1)

(0.2,0.6)

Fig. 2 (G + u): add a router in internet router services
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d(Ro) = [((0:2)" + (0.3)), ((0.5)" + (0:6)")]
= (0. 0097 0.1921),

d'(R) = (0. +(0:2)"),((0.6)" + (06)")|
=(0 0017 0. 2592)

d(Re) = [(0.1)* +(0.2)), ((0:6)* + (0.5)")]

(
= (0.0017,0.1921).
We compute the value of IFM}(G) for choosing y = 4.

IEMS(G) = Y [(r (i) falWa)d (W) (10 (), fal¥))d (4)]

Vi, €E(G)
= (0.4,0.5)(0.0097,0.125) +
+(0.2,0.6)(0.0017,0.2592) -+

(0.3,0.5)(0.0097,0.1921)
(0.8,0.1)(0.0017,0.1921),

= 0.00388 4 0.125 4- 0.00291 + 0.09605 + 0.00034
-+ 0.15552 4+ 0.00136 4 0.01921

= 0.40427. (32)

In the Eq. (32), Step 5 of the algorithm is presented.

Compute the value of the Sombor index of the third version:

By applying the formulation of the third version of the
Sombor index.

(i) + (tr(u

IFS04(G) =

(1r (1) fa ))& ()]
(lr(uj)7fg(”j))d(”j)

IFSO;(G) =

Y V2

uj; €E(G)

(rr (i) fo (i) d? (u;) +
(e (i), fo (i) ) (ui) +

B 0.4,0.5)(0.13,0.5) +
f[ (0.4,05)(0.5,1) +

(0.3,0.5)(0.13,0.61) +
(0.3,0.5)(0.5, 1.1

)+
(0.2,0.6)(0.05,0.72) +
(0.2,0.6)(0.3,1.2) + (0.8,0.1)(0.3, 1.1)

(0.8,0.1)(0.05,0.61) + (0.4,0.5)(0.13,0.5)
" (0.8,0.1)(0.3,1.1) + (0.4,0.5)(0.5,1)
_\[{0052—&-025—&-0039—&-0305 0.039 +0.305 + 0.01 + 0.432

(0.3,0.5)(0.13,0.61)
(0.3,0.5)(0.5,1.1)

(0.2,0.6)(0.05,0.72)
(0.2,0.6)(0.3,1.2)
( (

0.8,0.1)(0.05,0.61)

02+0.5+0.15+0.55 0.15+4+0.55+0.2+0.5

0.01 4 0.432 + 0.04 + 0.061 0.04 +0.061 +0052+025 ]
0.06 +0.72+ 024+ 0.11 ' (0.8,0.1)(0.3,1.1) + (0.4,0.5)(0.5, 1)
_ {0 646 0786 0.543  0.403]

1.4 1.4 1.05

1.13

= v/2(0.864340497)1 = 1.222362n (33)

Also, compute the value of the Sombor index of the
fourth version:

By applying the formulation of the fourth version of the
Sombor index.

1| (rr (u). fo(u)d?
um/ezg(g)z [ (tr(ui),fo(ui))d

(i) + (r(u

(0.3,0.5)(0.13,0.61)

i), falu
i) falu
C1[/(04,05)013,05) +

2 ( (0.4,0.5)(0.5,1) + (0.3,0.5)(0.5, 1.1)

;

2

(0.3,0.5)(0.13,0.61
(0.3,0.5)(0.5, 1.1

/)
/)
(0.2,0.6)(0.05,0.72)

(0.2,0.6)(0.3,1.2)
)

(

)

)

(0.8,0.1)
(0.2,0.6)(0.3,1.2 )
)

)

)

(0.2,0.6)(0.05,0.72)
*( )
)

(
(0.05,0.61
(0.8,0.1)(0.3,1.1)

(0.4,0.5)(0.13,0.5

)2
|

) )P
)d(w)

(34)

+
_|_
+
+
_|_
+

(0.8,0.1)(0.05,0.61
( (0.4,0.5)(0.5,1)

(0.8,0.1)(0.3,1.1)

))2

0.2+0.5+0.15+0.55

0.15+0.554+0.2+0.5

1 [ <0.052 +0.25 +0.039 + 0.305> 2 (0‘039 +0.305 +0.01 + 0.432)2
"2

0.04 +0.061 + 0.052 + 0.25

(0.01 +0.432 4+ 0.04 + O.O61>2 (
(

0 646

0.8,0.1)(0.3,1.1)

2
+(0.4,0.5)(0.5, 1)) 171

0.06 +0.72 +0.24 4+ 0.11
1
T2
0.4

5316907

0786 2 70.543\%  /0.403 1
== 1
1.4 ) + (1.13) +<1.05) ] 5 (0-9087 78)m
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Table 1 Comparasion between

different indices FTTs G G G~ G
FSO; 1.222362n 5301471 5301471 — 1.2223627=12.81493
FSO, 0.45316907 0.8884557 0.8884557 — 0.45316907=1.36749
FM} 0.40427 0.68747 0.68747-0.40427 = 0.2832

By adding a router in the network, then check the signal
impact (Fig. 2):

First, we calculate the degree of every router. When we
added a router:

d(R;) = [(0.14+0.2+0.3),(0.5+0.5+0.5)]
= (0.6,1.5),
d(Ry) = [(0+0.2+0.3), (0.5 + 0.5+ 0.6)] = (0.5, 1.6),
d(Rs) = [(0.1 +02+02) (0.6 + 0.6 + 0.6)]
=(0.5,1.8),
d(Ry) = [(0.140.1+0.2), (0.6 + 0.4+ 0.5)]

=(0.4,1.5),

d(Rs) = [(0+ (0.1) + (0.1) +
= (0.4,2).

(0.2)), ((0.6) + (0.5) + (0.5) + (0.4))]
Now, we calculate the square degree of every router:
PR, = [((0.1)2 4 (022 4 (0.3)), ((05) + (0.5) + (0.5)2)}

= (0.14,0.75),

P(Ry) = [(o2 (022 + (0.3)%), (0.5 + (0.5) + (0.6)2)]
= (0.13,0.86),

d*(Rs) = [((0.1) + (0.2)" + (0.2)2),((0.6)2+(0.6)2+(o.6)2)}
= (0.09,1.08),
d*(Ry) = [ ((0.1)* + (0.1)* 4+ (0.2)*), ((0.6)* + (0.5)* + (0.4)2)}
= (0.06,0.77),
d*(Rs)
- {(o2 £ (0.1)2 4 (0.1)% + (0.2)%), ((0.6)% + (0.5)% + (0.5)* + (0.4)2)],
= (0.06,1.02).

Note that the performance of each router increased by
adding the new router Rs. Also, router R; still has mini-
mum strength, and R3; has maximum strength. The strength
of the whole system by all three indices is given below.

Here, we working for the general second Zagreb index:

d"(Ry) = [((0.1)" + (0.2)" + (0.3)"), ((0.5)" + (0.5)" + (0.5)")],
d'(Ry) = (07 +(0.2)" + (0.3)), ((0.5)" 4 (0.5)" + (0.6)")],

d'(Rs) = [((0-1)" +(0.2)" + (0.2)), ((0.6)" + (0.6)" + (0.6)")],
d"(Rs) = [((0.1)" + (0.1)” + (0.2)"), ((0.6)7 + (0.5)" + (0.4)")],

@ Springer

d'(Rs) = [(0" + (0.1)" + (0.1)" +
((0.6)" + (0.5 + (0.5) +

(0.2)"),
(0.4)M)].

We calculate the degree of every router when we choose
y =4

+(0.3)%), ((0.5) + (0.5)* + (0.5)“)}
(o 0098, 0. 1875)

& (Ry) = [(04 (0.2 + (0.3)%), ((0.5)* + (0.5)* + (0.6)“)]
= (0.0097,0.2546),

d'(Ry) = [((0.)* +(0.2)* + (0.2)%), ((0.6)" + (0.6)" + (0.6)")]
= (0.0033,0.3888),

d*(Ry) = [ ((0.1)* + (0.1)* + (0.2)), ((0.6)* + (0.5)* + (0.4)4)}
= (0.0018,0.2177),

d*(Rs)

- {(04 (0. 4 (0.1)* + (0.2)%), ((0.6)* + (0.5)* + (0.5)* + (0.4)4)],

= (0.0018,0.2802).

We compute the value of M}(G) for choosing y = 4.
> [0r(R).fa(R)d (R) (11 (R). fa(R)))d' (R)].

RiR;€E(G)
= (0.4,0.5)(0.0098,0.1875) + (0.3,0.5)(0.0097, 0.2546)
+(0.2,0.6)(0.0033 + (0.8,0.1)(0.0018,0.2177)
+(0.2,0.4)(0.0018,0.2802),

IFM}(G) =

= 0.00392 + 0.09375 4 0.00291 + 0.1273 4 0.00066
+0.23328 + 0.00144 + 0.02177 + 0.00036 + 0.11208,
= 0.68747x.

(35)

Compute the value of the Sombor index of the third
version:

By applying the formulation of the third version of the
Sombor index.
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IFSO5(G)

V3 {(lr(ui%fg(uz‘))dz(ui) + (tr(uy). fo () d* (u)
Wi EG) (tr(ui), fo(u)d () + (tr(u;), fo(u;))d(u;)
- f[(04 ,0.5)(0.14,0.75) + (0.3,0.5)(0.13,0.86)

(0.4,0.5)(0.6, 1.5) + (0.3,0.5)(0.5, 1.6)
(0.3,0.5)(0.13,0.86) + (0.2,0.6)(0.09, 1.08)

(0.3,0.5)(0.5,1.6) + (0.2,0.6)(0.5, 1.8)
(0.2,0.6)(0.09,1.08) + (0.8,0.1)(0.06,0.77)
(0.2,0.6)(0.5,1.8) + (0.8,0.1)(0.4, 1.5)
(0.4,0.5)(0.14,0.75) + (0.8,0.1)(0.06,0.77)
(0.4,0.5)(0.6,1.5) + (0.8,0.1)(0.4, 1.5)
(0.4,0.5)(0.14,0.75) + (0.2,0.4)(0.06, 1.02)
(0.4,0.5)(0.6, 1.5) + (0.2,0.4)(0.4, 2)

(0.3,0.5)(0.13,0.86) +
(0.3,0.5)(0.5,1.5) +
(0.2,0.6)(0.09, 1.08) +
(0.2,0.6)(0.5, 1.8) + (0.2,0.4)(0.4,2)
(0.8,0.1)(0.06,0.77) + (0.2,0.4)(0.06, 1.02)
(0.8,0.1)(0.4, 1.5) + (0.2,0.4)(0.4,2) ]
_ (B 22 o1 139 851 889 ﬁJr@}n
93 426 ' 1650 ' 365 ' 1870 ' 1830 ' 1030 ' 270
= 53014767

4)
(0.2,0.4)(0.06,1.02)
(0.2,0.4)(0.4,2)
+(0.2,0.4)(0.06,1.02)

(36)

Also, compute the value of the Sombor index of the
fourth version:

By applying the formulation of the fourth version of the
Sombor index.
IFS04(G)
_ [t (). Sl @) + (11 ) Fa)) ()]

wictc) 2 | (r () fo(u))d(w) + (tr () fa(u))d(w)

1 {((044,0.5)(0.1470.75) +

(0.37045)(041370.86)>2

“2|\"(04,05)(06,1.5) + (0.3,0.5)(0.5, 1.6)

< (0.3,0.5)(0.13,0.86) + (0.2,0.6)(0.09, 1.08))2

(0.3,0.5)(0.5, 16)+EOZ,06)(0518)
+<02 0.6)(0.09,1.08) + (0.8,0.1)(0.06,0.77)
0.2,0.6)(0.5,1.8) + (0.8,0.1)(0.4,1.5)
+<o405 014075)+(08,01)006077)
0.4,0.5)(0.6,1.5) + (0.8,0.1)(0.4,1.5)
+<oz 0.5)(0.13, 086)+(0204)006102>
0.3,0.5)(0.5,1.5) + (0.2,0.4)(0.4,2

((0 3,0.5)(0.13,0.86) +

(0.2,0.4)(0.06,1.02)\ >
(0.3,0.5)(0.5,1.5) + >

(0.2,04)(04,2)

(0.8,0.1)(0.06,0.77) + (0.2,0.4)(0.06, 1.02)\ >

+< (0.8,0.1)(0.4,1.5) + (0.2,0.4)(0.4,2) )

(0801 )(0.06,0.77) + (0.2, 04)(006,1.02))2}
4)

0.8,0.1)( 04.1.5) (0.2,0.4)(0.4,2)

45 + 227 + 791 N 1392+ 851 2+ 889\ 2
93 426 1650 365 1870 1930

543\2 /109 1
+ <@> + <ﬂ> } =5 (1.77691)r = 0.8884557

(37)

By including a new router (vertex) in the network/graph
in the previous network. This time, a specific neighborhood
has better internet access with less consumption. We also
observe that the network’s maximum strength grew by the
general Zagreb index and the third and fourth versions of
the Sombor indices. On behalf of human opinion when
adding a router their performance will be increased in a
particular area. So, our method is more liable than other
existing methods or fuzzy topological graph parameters.

Comparative analysis: Because graph theory has so
many application fields, there is a surge in studies intro-
ducing different kinds of fuzzy graphs that can be used to
model imprecise and uncertain data.

Intuitionistic fuzzy sets: Since intuitionistic fuzzy sets
incorporate the idea of non-membership degrees, uncer-
tainty can be better modeled than it can be in pure fuzzy
graphs, which only take into account membership degrees.
An enhanced foundation for simulating intricate interac-
tions is provided by intuitionistic fuzzy graphs, which
embrace the duality of membership and non-membership.
Graph operations: in order to investigate the effects of
uncertainty on network dynamics, graph operations
specifically, vertex and edge deletion are carried out on
intuitionistic fuzzy graphs rather than pure fuzzy graphs.
Nodes and edges may have different degrees of reluctance
or non-membership in addition to variable degrees of
membership in real-world circumstances. Through the use
of graph operations in this setting, we can capture the
complex interactions between these uncertainties and offer
insights into the network’s resilience and flexibility. Som-
bor index for internet routing: novel internet routing-
specific versions of the Sombor index have been introduced
to meet the demand for a complete measure that takes
intuitionistic fuzzy graph uncertainty into account in
addition to connectivity. Adjusted for reluctance and non-
membership, the Sombor index is more in line with the
dynamic character of network settings, where uncertainties
are critical to routing decisions.

Although we continue to concentrate on intuitionistic
fuzzy graphs, a comparison with other fuzzy parameters,
including pure fuzzy graphs or hybrid models, might pro-
vide a more comprehensive viewpoint. It is deliberate,
therefore, that these comparisons are not included in our
study. We argue that the special features of intuitionistic
fuzzy graphs deserve special consideration and that before
making any direct comparisons with other models, a
thorough investigation of their properties is necessary.
Mathematics and numerics: consider a vertex deletion
operation on an intuitionistic fuzzy graph G = (V,E, p, v)
to demonstrate the mathematical foundations. With v as a
vertex in V, we can create a new graph G = (V' E' ¢/, V')
by deleting v'. The modified y' and v membership and non-
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membership functions would take into account how the
loss of a vertex would affect the remaining nodes. A
quantitative indicator of the shift in the network’s routing
efficiency is the Sombor index, which can be calculated
numerically for internet routing both before and after the
graph operation.

Essentially, to concentrate on intuitionistic fuzzy graphs
and conduct graph operations within this context is a
strategic decision to decipher the intricacies of uncertainty
in network architectures. In this way, we develop a com-
prehensive model taking connectivity, uncertainty, and
routing efficiency into account, that is consistent with the
dynamic environment of contemporary network systems.

Here we compare the results of intuitionistic fuzzy
Sombor third and fourth versions of Graphs 1 and 2 listed
below in Table 1. This table shows that when we add a
vertex between all the vertices, the performance of each
vertex (router) increases. Studied the behavior of both
graphs among the third invariant of intuitionistic fuzzy
Sombor graph parameter is more reliable than other fuzzy
graph parameters. In Table 1, FTIs is fuzzy topological
indices, FSOj; is the fuzzy third version of the Sombor
topological index and similarly FSOy are the fuzzy fourth
version of the Sombor topological index, while FM} is the
fuzzy second generalize index.

4 Conclusion

Multidisciplinary approches can provide a lot of insights in
providing effcient solutions to exsiting problems in dif-
ferent fields. In this study, we combine mathematical tools
namely topological indices and intiutionistic fuzzy graphs
used in various disciplines such as chemistry, biology,
economics, and computer sciences. We introduce a novel
indices and offer new algorithm to solve problems in net-
works that can model different complex relations analyzed
under different disciplines. Then, we have studied an
application of our algorithm in a computer science
problem.

Specifically, we proposed some new TIs for the frame of
IFG. IFG has comparatively less loss of information than
FG. The main outcomes of our research work are below.

(1) We introduced the idea of the general second Zagreb
index for IFG and determined its bounds and their
properties.

(2) We defined the concept of the Sombor index in the
IFGs framework and also, their bounds and their
properties are determined.

(3) An application of TIs to the internet routing network
is explored. In this application, we have shown that
adding more internet routers in the network can

@ Springer

increase internet speed and the strength of the entire
system.

A few particular advantages are: topological indices are
very useful in practical approaches in mathematical
chemistry, in economics of social networks, even in the
engineering side of applied mathematics. Interlinking
topological indices with mathematical tools such as fuzzy
sets are providing solutions to modelling and problem
solving in network studies. Fuzzy topological indices or
intuitionistic fuzzy topological indices are more general-
ized versions. That would be more practical in various
fields. So, in this study, we developed new fuzzy topo-
logical indices and provided a practical approach to
studying these indices. Moreover, we also studied some
bounds in this study.

In the future, fulfilling the gap in the literature regarding
fuzzy graph theory is an highly important issue due to the
increased of need to study networks in many fields and
disciplines such as economics, chemistry, biology, and
computer science. Different algorithms can be designed ith
different modelling techniques. We are particularly,
working on topological graph parameters for various fuzzy
environments, such as picture soft fuzzy graph, hyper soft
fuzzy graph, picture fuzzy graph, soft fuzzy graph, neu-
trosophic fuzzy graph, and interval-valued fuzzy graph.
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