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Abstract
Topological indices (TIs) are numerical structures that are associated with a graph to identify its topology. TIs are highly

popular in the literature with a wide range of applications from chemistry to economics. However, TIs have limitations in

representating complex relations within the graphs creating some uncertainities. Fuzzy graph (FG) and intuitionistic fuzzy

graph (IFG) are introduced to overcome these uncertainities. While a FG a describes degree of membership of an object in

a graph, IFG delineate information on membership or nonmembership under uncertainity. This study aims to introduce

novel TIs such as the general second Zagreb index, the Sombor index of the third version, and the Sombor index of the

fourth version in the IFG framework in order to improve practicality of FG and IFG applications. Some properties of the

proposed indices and their upper bounds are provided as well. Proposed TIs are applied to an internet routing network as a

case study. Results of the study show that adding more internet routers in the network can increase internet speed and the

strength of the entire system. Finally, comparative studies for the Sombor index of the third version and the Sombor index

of the fourth version are also revealed.

Keywords Intuitionistic fuzzy set � Fuzzy graph � Intuitionistic fuzzy graph � Second Zagreb index � Sombor index of third

version � Sombor index of fourth version � Internet routing

1 Introduction

In 1965, Zadeh introduced the fuzzy set (FS) concept in

which a values between 0 and 1 are used to describe the

membership degree of the elements of an ordinary (crisp)

set (Zadeh 1965). Crisp set theory operations like union,

intersection, convexity, and many other operations were

extended to the FS which is more general than a crisp set.

Zadeh (1978) later introduced the possibility theory by

using the concept of fuzzy restriction on possibility dis-

tribution (Zadeh 1978). Literature is rich with various

applications of FSs, including computer sciences (Zim-

mermann 2010), applications in medical sciences or med-

ical diagnosis (Schuh 2005; Horng et al. 2005; De et al.

2001), psychology (Kochen 1975), social sciences

(Smithson 1988; Treadwell 1995; Akram and Bibi 2023),

and in many other fields (Flores and Srirama 2013; Chen

and Wang 2010; Karwowski and Mital 1986; Zimmermann

2012; Chen et al. 2009; Arya and Kumar 2020; Chen and

Jian 2017).
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In 1975, Rosenfeld explored the fuzzy relation on the

structure of the graph and fuzzy set to create a fuzzy graph

(Rosenfeld 1975). He also analyzed the features of several

basic terms such as forest, bridge, trees, etc. Mordeson and

Chang-Shyh (1994) proposed operations like a Cartesian

product, join, and union of the fuzzy graphs. Yeh and Bang

(1975), and Chen et al. (2019), developed the basic prop-

erties of fuzzy relation on fuzzy graphs and proposed

networking, graph modeling, and clustering in applications.

Line, complete, and complement of fuzzy graphs were

proposed by Massadeh and Gharaibeh (2011) and Morde-

son (1993). Hawary (2011) introduced some product

operations of FSs such as strong products, and direct

products, and also analyzed the conditions for balanced

fuzzy graphs. The classification of arcs was provided by

Mathew and Sunitha (2009). Bhutani and Rosenfeld (2003)

presented the concept of geodesic in fuzzy graphs and their

application in networks. New fuzzy graphs with novel

properties called complex Pythagorean Dombi fuzzy

operations were proposed by Khan and Akram (2021).

These features of fuzzy graphs applied in many fields

including human trafficking, decision-making, and social

networking (Ali et al. 2021; Akram et al. 2020; Hassanpour

2020; Jan et al. 2019; Alahmadi et al. 2023).

Atanassov (1986) and Atanassov and Atanassov (1999)

generalized and extended FSs to the intuitionistic fuzzy

sets (IFSs). Atanassov (2012), and Atanassov and Shannon

(1994) proposed a new value on vertices and edges of

fuzzy graphs, which is known as negative membership

value or non-membership value. With its more detailed

descriptions, IFSs attracted more attention than FSs

(Ejegwa et al. 2014; Lin et al. 2007; Sotoudeh 2022;

Akram et al. 2023; Bukhari et al. 2023; Dagistanli 2023;

Diner et al. 2023; Al-Zibaree and Konur 2023; Ghoushchi

and Sarvi 2023).

Intuitionistic fuzzy graph (IFG) which is an extended

version of IFS was developed by Parvathi et al. (2009).

Later, Akram and Davvaz (2012) introduced the concept of

strong IFG and their properties. Davvaz et al. (2019) pre-

sented the nth type of IFG and Dinar et al. (2023) analyzed

its applications. Naeem et al. (2022), Chen and Wang

(1995) investigated the bounds on fuzzy Wiener index of

IF-cycles, and IF-trees. Parvathi and Thamizhendhi (2010)

proposed the independent set, dominating number, and

total dominating number in IFGs. Akram and Dudek

(2013) developed the idea of a modeling system by using

the concept of hyperfuzzy graphs. Ahmad et al.(2023)

investigates the upper bounds of fuzzy harmonic index and

their application in the cybercrime problem.

Intuitionistic fuzzy graph theory is also used to model

ambiguous networks, such as social and financial networks.

An important factor in studying the network properties of

such networks is their connectedness. IFG modelling can

work for modelling behavioral choices and decision-mak-

ing. Intuitionistic fuzzy graphs (IFGs) are mathematical

structures that extend traditional graphs to handle uncer-

tainty and vagueness. In the context of IFGs, various

characteristics and properties can be analyzed and reflected

in different indexes. For example, topological indices can

describe the physical and chemical properties of a chemical

network. Similarly, fuzzy topological indices explore the

chemical and physical characteristics of a fuzzy graph

network that help to analyze these properties for decision-

making on a fuzzy chemical network. These characteristics

and corresponding topological indices provide a compre-

hensive view of the structural properties of an IFG,

reflecting the uncertainty and vagueness inherent in the

representation. The choice of specific indices depends on

the aspects of the IFG that researchers aim to analyze.

Researchers can choose a combination of indices that

best suit their research objectives, with a comprehensive

approach provided by intuitionistic fuzzy graphs’ structural

and connectivity characteristics. The systematic integration

of these indices can enhance the coherence of the analysis.

FS and IFG are extensions of the topological indices

(TI), which is a numeric value that describes the structural

properties of a graph. TIs have numerous characteristics

such as that the values of all the isomorphic graphs are the

same (Kalathian et al. 2020; Liu et al. 2022; Ismail et al.

2023; Nadeem et al. 2021). TI is described as the first

Zagreb index by Balaban (1983); as the Wiener index by

Graovac and Pisanski (1991); and as different versions of

the Sombor index by Gutman (2022a, b) and Imran et al.

(2023). Imran et al. (2022) determined the values of the

supramolecular chain of the third and fourth versions of the

Sombor index from a geometric perspective.

An IFS describes two types of information: membership

and non-membership. On the other hand, FG is limited to

one degree only and does not cover the non-membership

facility in decision-making. Therefore, an IFS is very

important for modelling real-world problems. Similarly,

after-sets, fuzzy graphs, and IFG are also very helpful tools

in decision-making and expert systems. Along with the

properties of complex networks, topological indices pro-

vide efficient tools to simulate lab research-heavy experi-

ments. Combination of fuzzy set environments, fuzzy

graph theory, and topological indices deliver multidisci-

plinary approaches to problems in chemistry, computer

science, mathematics and even social sciences.

To our knowledge, there is no study in the literature

analyzing IFG concerning graph operations in coordination

with Sombor indices. In this paper, first, we discuss the

general second Zagreb index and the Sombor index of the

third and fourth versions, and we provide some of the basic

operations and bounds of these indices as well. Moreover,

we explore applications of the general second Zagreb index
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and the Sombor index of the third and fourth versions. In

order to fulfill the gap in the literature, we design

Sombor indices for IFG, and then we apply these newly

developed Sombor indices concerning IFG and some

graph operations. There are many articles on Sombor

indices (Das et al. 2021; Cruz et al. 2021; Gutman

2022a), but they are computed only for the crisp graph.

In this study, we introduced novel versions of Sombor

indices for IFG.

The rest of the paper is organized as follows: Basic

definitions of the fuzzy set and the fuzzy graph, the pro-

posed upper bounds of the third and fourth versions of

fuzzy Sombor indices are given in Sect. 2. In Sect. 2,

proposed results on the general second Zagreb index are

revealed. In Sect. 3, the algorithm and an application of

fuzzy graph parameters that are under consideration are

provided. Section 4 is devoted to the conclusion and future

direction.

2 Preliminary

Definition 2.1 Let G ¼ ðV ;EÞ be a graph, with vertex set

V and E edge set satisfies.

(1) Cv : V ! ½0; 1� and Xv : V ! ½0; 1� are functions

called membership and non-membership values

which we assign to the vertex f 2 V ; respectively,

having condition 0�CvðfÞ þ XvðfÞ� 18 2 V .

(2) Ce : V ! ½0; 1� and Xe : V ! ½0; 1� are functions

called membership and non-membership values

which we assign to every edge ðj; fÞ 2 E; such that

Ceðj; fÞ�minfCeðjÞ;CeðfÞg Xeðj; fÞ�maxfXeðjÞ;
XeðfÞg, with the condition 0�Ceðj; fÞ þ Xeðj; fÞ� 1 for

all edges ðj; fÞ 2 E:

Definition 2.2 The order of IFG is represented by

OðIFGÞ ¼ ðVm;VnÞ are defined as Vm ¼
P

ji2VCvðjiÞ,
Vn ¼

P
ji2VXvðjiÞ; where Vm and Vn is the membership

and non-membership order of IFG; respectively.

Definition 2.3 Let G ¼ ðV ;EÞ be an IFG and ji 2 VðGÞ
and the degree of ji is a pair consisting of membership and

non-membership values of ji; which is

dðjiÞ ¼ dCðjiÞ; dXðjiÞð Þ

¼
X

j 2 V ;

ji 6¼ jj

Cvðji; jjÞ;
X

j 2 V ;

ji 6¼ jj

Cvðji; jjÞ

0

B
B
@

1

C
C
A:

Definition 2.4 The size of IFG is represented by SðIFGÞ ¼
ðEw;ExÞ are defined as EC ¼

P
j 6¼fCeðj; fÞ, EX ¼

P
j 6¼fXeðj; fÞ; where Ew and Ex is the membership and

non-membership size of IFG; respectively.

Definition 2.5 Let G ¼ ðV;EÞ be an IFG is a complete

IFG, with order and size is Vc and Ec: If Cvðj; fÞ ¼
minfCvðjÞ;CvðfÞg and Xvðj; fÞ ¼ maxfXvðjÞ;XvðfÞg; for
every edge ðj; fÞ 2 E

Definition 2.6 Let G ¼ ðV ;EÞ be an IFG. The VG-order of

G is formulated as

VG ¼ vC; vXð Þ ¼
P

j2VCvðjiÞ;
P

j2VXvðjiÞ
� �

Definition 2.7 The degree of any vertex ji of an IFG; is

denoted by dðjiÞ; and formulated as:

dðjiÞ ¼
X

ji 2 V
ji 6¼ jj

Cvðji;jjÞ;
X

ji 2 V
ji 6¼ jj

Xvðji; jjÞ

0

B
@

1

C
A:

Definition 2.8 An IFG is known as a regular IFG: If
P

ji 2 V
ji 6¼ jj

Cv ji; jj
� �

¼ b; and
P

ji 2 V
ji 6¼ jj

Xv ji; jj
� �

¼ b;

for any constant value b:

Definition 2.9 If we delete a vertex v from the vertex set

of graph G with the order n and the size m, then we get a

new graph G� v, with order n� v; and it’s size is

m� dðvÞ:

If we delete an edge e from the edge set of graph G; then

we obtain a new graph G� e; with the same order and its

size is m� 1:

Definition 2.10 If we delete a vertex u from the vertex set

of an IFG; then, we get a new graph ðIFG� uÞ; with order

graph ¼ OðIFGÞ ¼
P

j2VCuðjiÞ � ðCuÞ;
� P

j2VXuðjiÞ�
ðXuÞÞ; where uC; uX shows membership value and the non-

membership value of u respectively, and the size of the

graph will be SðIFGÞ ¼
P

j 6¼fCuðj; mÞ � dðCuÞ;
�

P
j 6¼fuXðj; mÞ � dðXuÞ

�
; where dðXuÞ; dðCuÞ shows the

degree of non-membership and membership value of the

deleted vertex respectively.

If we remove an edge from the IFG then we get a new

graph ðIFG� eÞ that has the same order but the size of the

new graph is SðIFGÞ ¼
P

j 6¼fCuðj; mÞ � dðCuÞ;
�

P
j 6¼fXvðj; mÞ � dðXuÞÞ; where dðCuÞ; dðXuÞ represents

the degree of non-membership and membership values of

deleted edge respectively.
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Definition 2.11 (Gutman 2022a, b). The third version of

the Sombor index for IFG is defined as:

IFSO3ðGÞ

¼
X

uiuj2EðGÞ

ffiffiffi
2

p tCðuiÞ; fXðuiÞð Þd2ðuiÞ þ tCðujÞ; fXðujÞ
� �

d2ðujÞ
tCðuiÞ; fXðuiÞð ÞdðuiÞ þ tCðujÞ; fXðujÞ

� �
dðujÞ

" #

p:

ð1Þ

Definition 2.12 (Imran et al. 2022). The fourth version of

the Sombor index for IFG is defined as:

IFSO4ðGÞ

¼
X

uiuj2EðGÞ

1

2

tCðuiÞ; fXðuiÞð Þd2ðuiÞ þ tCðujÞ; fXðujÞ
� �

d2ðujÞ
tCðuiÞ; fXðuiÞð ÞdðuiÞ þ tCðujÞ; fXðujÞ

� �
dðujÞ

" #2

p:

ð2Þ

Definition 2.13 General second Zagreb index for IFG is

defined as:

IFM
c
2ðGÞ ¼

X

uiuj2EðGÞ
tCðuiÞ; fXðuiÞð ÞdcðuiÞ tCðujÞ; fXðujÞ

� �
dcðujÞ

� �
:

ð3Þ

Theorem 2.1 Let G be an IFG having vertex j and edge

jm: Then

ðiÞIFSO3ðGÞ[ IFSO3ðG� jÞ: ð4Þ
ðiiÞIFSO3ðGÞ[ IFSO3ðG� eÞ: ð5Þ

Proof

(i) Let G be an IFG having vertex j and edge jm: Then,
we have

¼
X

lf 2 EðGÞ
ml; jf 62 EðGÞ

l; f 6¼ j

ffiffiffi
2

p tCðlÞ; fXðlÞð Þd2ðlÞ þ tCðfÞ; fXðfÞð Þd2ðfÞ
tCðlÞ; fXðlÞð ÞdðlÞ þ tCðfÞ; fXðfÞð ÞdðfÞ

	 


p

þ
X

l0f0 2 EðGÞ
ml0 62 EðGÞ;jf0 2 EðGÞ

l0; f0 6¼ j

ffiffiffi
2

p tCðl0Þ; fXðl0Þð Þd2ðl0Þ þ tCðf0Þ; fXðf0Þð Þd2ðf0Þ
tCðl0Þ; fXðl0Þð Þdðl0Þ þ tCðf0Þ; fXðf0Þð Þdðf0Þ

	 


p

þ
X

jj0 2 EðGÞ
j0 6¼ j

ffiffiffi
2

p tCðjÞ; fXðjÞð Þd2ðjÞ þ tCðj0Þ; fXðj0Þð Þd2ðj0Þ
tCðjÞ; fXðjÞð ÞdðjÞ þ tCðj0Þ; fXðj0Þð Þdðj0Þ

	 


p

[
X

lf 2 EðGÞ
ml; jf 62 EðGÞ

l; f 6¼ j

ffiffiffi
2

p tCðlÞ; fXðlÞð Þd2ðlÞ þ tCðfÞ; fXðfÞð Þd2ðfÞ
tCðlÞ; fXðlÞð ÞdðlÞ þ tCðfÞ; fXðfÞð ÞdðfÞ

	 


p

þ
X

l00f00 2 EðGÞ
ml00 2 EðGÞ; jf00 2 EðGÞ

l00; f00 6¼ j

ffiffiffi
2

p k1 d2ðl00Þ � k2ð Þ
� �

þ k3 d2ðf00Þ � t2Cðj; f00Þ; f 2Xðj; f00Þ
� �� �

k1 dðl00Þ � k4ð Þ þ k3 dðf00Þ � t2Cðj; f
00Þ; f 2Xðj; f00Þ

� �� �

" #

p

þ
X

l0f0 2 EðGÞ
ml0 62 EðGÞ; jf0 2 EðGÞ

l0; f0 6¼ j

ffiffiffi
2

p tCðl0Þ; f Xðl0Þð Þd2ðl0Þ � tCðf0Þ; fXðf0Þð Þ d2ðf0Þ þ t2Cðj; f0Þ; f 2Xðj; f0Þ
� �� �

tCðl0Þ; fXðl0Þð Þdðl0Þ � tCðf0Þ; fXðf0Þð Þ dðf0Þ þ tCðj; f0Þ; fXðj; f0Þð Þð Þ

" #

p

¼ IFSO3 G� jð Þ; ð6Þ
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where k1 ¼ tCðl00Þ; fXðl00Þð Þ; k2 ¼ t2Cðj; l00Þ; f 2Xðj; l00Þ
� �

;

k3 ¼ tCðf00Þ; fXðf00Þð Þ; and k4 ¼ tCðj; l00Þ; f Xðj; l00Þð Þ:

(ii) Let G be an IFG has an edge e ¼ jm, which is

deleted from G. Then, we have

IFSO3ðGÞ ¼
X

uiuj2EðGÞ

ffiffiffi
2

p tCðuiÞ; fXðuiÞð Þd2ðuiÞ þ tCðujÞ; fXðujÞ
� �

d2ðujÞ
tCðuiÞ; fXðuiÞð ÞdðuiÞ þ tCðujÞ; fXðujÞ

� �
dðujÞ

" #

p ð7Þ

¼
X

qw 2 EðGÞ
mq; jq 62 EðGÞ
mw; jw 62 EðGÞ

ffiffiffi
2

p tCðqÞ; fXðqÞð Þd2ðqÞ þ tCðwÞ; fXðwÞð Þd2ðwÞ
tCðqÞ; fXðqÞð ÞdðqÞ þ tCðwÞ; fXðwÞð ÞdðwÞ

	 


p

þ
X

c1 2 EðGÞ
1 6¼ m

ffiffiffi
2

p tCðcÞ; fXðcÞð Þd2ðcÞ þ tCð1Þ; fXð1Þð Þd2ð1Þ
tCðcÞ; fXðcÞð ÞdðcÞ þ tCð1Þ; fXð1Þð Þdð1Þ

	 


p

þ
X

vj 2 EðGÞ
v 6¼ j

ffiffiffi
2

p tCðvÞ; fXðvÞð Þd2ðvÞ þ tCðjÞ; fXðjÞð Þd2ðjÞ
tCðvÞ; fXðvÞð ÞdðvÞ þ tCðjÞ; fXðjÞð ÞdðjÞ

	 


p

þ
ffiffiffi
2

p tCðjÞ; fXðjÞð Þd2ðjÞ þ tCðmÞ; fXðmÞð Þd2ðmÞ
tCðjÞ; fXðjÞð ÞdðjÞ þ tCðmÞ; fXðmÞð ÞdðmÞ

	 


p

[
X

qw 2 EðGÞ
mq; jq 62 EðGÞ
mw; jw 62 EðGÞ

ffiffiffi
2

p tCðqÞ; fXðqÞð Þd2ðqÞ þ tCðwÞ; fXðwÞð Þd2ðwÞ
tCðqÞ; fXðqÞð ÞdðqÞ þ tCðwÞ; fXðwÞð ÞdðwÞ

	 


p

þ
X

c1 2 EðGÞ
1 6¼ m

ffiffiffi
2

p tCðcÞ; fXðcÞð Þ d2ðcÞ � t2Cðj; mÞ; f 2Xðj; mÞ
� �� �

þ tCð1Þ; fXð1Þð Þd2ð1Þ
tCðcÞ; fXðcÞð Þ dðcÞ � tCðj; mÞ; fXðj; mÞð Þð Þ þ tCð1Þ; fXð1Þð Þdð1Þ

" #

p

þ
X

vj 2 EðGÞ
v 6¼ j

ffiffiffi
2

p tCðvÞ; fXðvÞð Þ d2ðvÞ � t2Cðj; mÞ; f 2Xðj; mÞ
� �� �

þ tCðjÞ; fXðjÞð Þd2ðjÞ
tCðvÞ; fXðvÞð Þ dðvÞ � tCðj; mÞ; fXðj; mÞð Þð Þ þ tCðjÞ; fXðjÞð ÞdðjÞ

" #

p

¼ IFSO3 G� eð Þ: ð8Þ

Corollary 2.1 Suppose G be an IFG and Kn be a com-

plete IFG, such that G 6¼ Kn: Then, we have
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IFSO3ðGÞ\IFSO3ðKnÞ: ð9Þ

Theorem 2.2 The bounds for the third version of the

Sombor index, for an IFG; is given as

IFSO3ðGÞ\
1

2
ffiffiffi
2

p
ðC2

t þ X2
t Þ þ ðC2

f þ X2
f Þ

ðCt þ Cf Þ þ ðXt þ Xf Þ

" #

p: ð10Þ

Proof Suppose a graph G with size ðXt;Xf Þ and order is

ðCt;Cf Þ: Each edge has two intuitionistic fuzzy vertices.

The membership value of every vertex ji 2 VðGÞ is

defined as tCðjiÞ; fXðjiÞð Þ, and its degree is dðjiÞ ¼
dtðjiÞ; df ðjiÞ
� �

: It is also the summation of truth-mem-

bership values of all edges whose incident with a vertex ji:
The Ct donates the summation of truth-membership values

of all the vertices of the considerable graph G: So, the truth

value of each vertex verifies the Ct [ dtðjiÞ; where fi ¼
1; 2; 3; :::; ng; we have to conclude the C2

t [ d2t ðjiÞ for

every vertex ji 2 VðGÞ; whereas d2ðjiÞ ¼
P

jj2V ;jj 6¼ji
t2Cðji; jjÞ and C2

t ¼
PX

i¼1t
2
XðjiÞ: Therefore,

C2
t [

PX
i¼1tCðjiÞd2t ðjiÞ; and also X2

t [
PX

i¼1tCðjiÞd2t ðjiÞ:
By utilizing both inequalities and getting the results as
C2
t þX2

t

2
[

PX
i¼1tCðjiÞd2t ðjiÞ: Similarly, we have

C2
f þX2

f

2
[

PX
i¼1fXðjiÞd2f ðjiÞ:

Now, Ct [ tCðjiÞ and Ct [ dtðjiÞ both inequalities can

be written as Ct [ dtðjiÞtCðjiÞ similarly, we have got the

other inequality as Cf [ df ðjiÞfXðjiÞ: Using the above

inequalities, we have Cf þ Ct [ df ðjiÞfXðjiÞ þ
dtðjiÞtCðjiÞ: Similarly, we have Xf þ Xt [ df ðjiÞtCðjiÞ þ
dtðjiÞtCðjiÞ; and add the both inequalities as ðCf þCtÞþ
ðXf þXtÞ[ df ðjiÞfXðjiÞþdtðjiÞtCðjiÞ

� �
þ df ðjiÞtCðjiÞþ

�

dtðjiÞtCðjiÞÞ: Thus, we have 2 ðCf þCtÞþ
�

ðXf þXtÞ
�
[

df ðjiÞfXðjiÞþdtðjiÞtCðjiÞ
� �

þ df ðjiÞtCðjiÞþ
�

dtðjiÞtCðjiÞÞ:
The third version of the Sombor index can be defined

as:

where w1 ¼ tCðjiÞ; f XðjiÞð Þ and w2 ¼ tCðjjÞ; fXðjjÞ
� �

:

Theorem 2.3 Let G be an IFG having vertex j and edge

jm: Then

ðiÞIFSO4ðGÞ[ IFSO4ðG� jÞ: ð13Þ
ðiiÞIFSO4ðGÞ[ IFSO4ðG� fÞ: ð14Þ

Proof

(i) Let G be an IFG having vertex j and edge jm: Then,
we have

SO3ðGÞ ¼
X

jijj2EðGÞ

ffiffiffi
2

p tCðjiÞ; fXðjiÞð Þd2ðjiÞ þ tCðjjÞ; fXðjjÞ
� �

d2ðjjÞ
tCðjiÞ; fXðjiÞð ÞdðjiÞ þ tCðjjÞ; fXðjjÞ

� �
dðjjÞ

" #

p: ð11Þ

¼
ffiffiffi
2

p tCðjiÞ; fXðjiÞð Þ d2t ðjiÞ; d2f ðjiÞ
� �

þ tCðjjÞ; fXðjjÞ
� �

d2t ðjÞ; d2f ðjjÞ
� �

tCðjiÞ; fXðjiÞð Þ dtðjiÞ; df ðjiÞ
� �

þ tCðjjÞ; fXðjjÞ
� �

dtðjjÞ; df ðjjÞ
� �

2

4

3

5p

¼
ffiffiffi
2

p tCðjiÞd2t ðjiÞ
� �

þ fXðjiÞd2f ðjiÞ
� �

þ tCðjjÞd2t ðjjÞ
� �

þ fXðjjÞd2f ðjjÞ
� �

w1dtðjiÞ þ w1df ðjiÞ þ w2dtðjjÞ þ w2df ðjjÞ

2

4

3

5p

¼
ffiffiffi
2

p C2
t þX2

t

2
þ C2

f þX2
f

2

2½ðCt þ Cf Þ þ ðXt þ Xf Þ�

2

4

3

5p ¼
ffiffiffi
2

p ðC2
t þ X2

t Þ þ ðC2
f þ X2

f Þ
4½ðCt þ Cf Þ þ ðXt þ Xf Þ�

" #

p

¼ 1

2
ffiffiffi
2

p
ðC2

t þ X2
t Þ þ ðC2

f þ X2
f Þ

ðCt þ Cf Þ þ ðXt þ Xf Þ

" #

p;

ð12Þ
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IFSO4ðGÞ ¼
X

uiuj2EðGÞ

1

2

tCðuiÞ; fXðuiÞð Þd2ðuiÞ þ tCðujÞ; fXðujÞ
� �

d2ðujÞ
tCðuiÞ; fXðuiÞð ÞdðuiÞ þ tCðujÞ; fXðujÞ

� �
dðujÞ

" #2

p: ð15Þ

¼
X

lf2 EðGÞ
ml;jf 62 EðGÞ

l;f 6¼ j

1

2

tCðlÞ; fXðlÞð Þd2ðlÞþ tCðfÞ; fXðfÞð Þd2ðfÞ
tCðlÞ; fXðlÞð ÞdðlÞþ tCðfÞ; fXðfÞð ÞdðfÞ

	 
2

p

þ
X

l0f0 2 EðGÞ
ml0 62 EðGÞ;jf0 2 EðGÞ

l0;f0 6¼ j

1

2

tCðl0Þ; fXðl0Þð Þd2ðl0Þ þ tCðf0Þ; fXðf0Þð Þd2ðf0Þ
tCðl0Þ; f Xðl0Þð Þdðl0Þ þ tCðf0Þ; fXðf0Þð Þdðf0Þ

	 
2

p

þ
X

jj0 2 EðGÞ
j0 6¼ j

1

2

tCðjÞ; fXðjÞð Þd2ðjÞþ tCðj0Þ; fXðj0Þð Þd2ðj0Þ
tCðjÞ; fXðjÞð ÞdðjÞþ tCðj0Þ; fXðj0Þð Þdðj0Þ

	 
2

p

[
X

lf2 EðGÞ
ml;jf 62 EðGÞ

l;f 6¼ j

1

2

tCðlÞ; fXðlÞð Þd2ðlÞþ tCðfÞ; fXðfÞð Þd2ðfÞ
tCðlÞ; fXðlÞð ÞdðlÞþ tCðfÞ; fXðfÞð ÞdðfÞ

	 
2

p

þ
X

l00f00 2 EðGÞ
ml00 2 EðGÞ;jf00 2 EðGÞ

l00;f00 6¼ j

1

2

k1 d2ðl00Þ � k2
� �

þ k3 d2ðf00Þ� t2Cðj;l00Þ; fXðj;f
00Þ

� �� �

k1 dðl00Þ� k4ð Þþ k3 dðf00Þ� tCðj;f00Þ; fXðj;f00Þð Þð Þ

" #2

p

þ
X

l0f0 2 EðGÞ
ml0 62 EðGÞ;jf0 2 EðGÞ

l0;f0 6¼ j

1

2

tCðl0Þ; fXðl0Þð Þd2ðl0Þþ tCðf0Þ; fXðf0Þð Þ d2ðf0Þ� t2Cðj;f0Þ; f 2Xðj;f
0Þ

� �� �

tCðl0Þ; fXðl0Þð Þdðl0Þþ tCðf0Þ; fXðf0Þð Þ dðf0Þ� tCðj;f0Þ; fXðj;f0Þð Þð Þ

" #2

p

¼ IFSO4 G�jð Þ; ð16Þ

where k1 ¼ tCðl00Þ; fXðl00Þð Þ; k2 ¼ t2Cðj; l00Þ; f 2Xðj; l00Þ
� �

;

k3 ¼ tCðf00Þ; fXðf00Þð Þ; and k4 ¼ tCðj; l00Þ; f Xðj; l00Þð Þ:
(ii) Let G be an IFG has an edge e ¼ jm, which is

deleted from G. Then, we have
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IFSO4ðGÞ ¼
X

uiuj2EðGÞ

1

2

tCðuiÞ; fXðuiÞð Þd2ðuiÞ þ tCðujÞ; fXðujÞ
� �

d2ðujÞ
tCðuiÞ; fXðuiÞð ÞdðuiÞ þ tCðujÞ; fXðujÞ

� �
dðujÞ

" #2

p ð17Þ

¼
X

qw 2 EðGÞ
mq; jq 62 EðGÞ
mw; jw 62 EðGÞ

1

2

tCðqÞ; fXðqÞð Þd2ðqÞ þ tCðwÞ; fXðwÞð Þd2ðwÞ
tCðqÞ; fXðqÞð ÞdðqÞ þ tCðwÞ; fXðwÞð ÞdðwÞ

	 
2

p

þ
X

c1 2 EðGÞ
1 6¼ m

1

2

tCðcÞ; fXðcÞð Þd2ðcÞ þ tCð1Þ; fXð1Þð Þd2ð1Þ
tCðcÞ; fXðcÞð ÞdðcÞ þ tCð1Þ; fXð1Þð Þdð1Þ

	 
2

p

þ
X

vj 2 EðGÞ
v 6¼ j

1

2

tCðvÞ; fXðvÞð Þd2ðvÞ þ tCðjÞ; fXðjÞð Þd2ðjÞ
tCðvÞ; f XðvÞð ÞdðvÞ þ tCðjÞ; fXðjÞð ÞdðjÞ

	 
2

p

þ 1

2

tCðjÞ; fXðjÞð Þd2ðjÞ þ tCðmÞ; fXðmÞð Þd2ðmÞ
tCðjÞ; f XðjÞð ÞdðjÞ þ tCðmÞ; fXðmÞð ÞdðmÞ

	 
2

p

[
X

qw 2 EðGÞ
mq; jq 62 EðGÞ
mw; jw 62 EðGÞ

1

2

tCðqÞ; fXðqÞð Þd2ðqÞ þ tCðwÞ; fXðwÞð Þd2ðwÞ
tCðqÞ; f XðqÞð ÞdðqÞ þ tCðwÞ; fXðwÞð ÞdðwÞ

	 
2

p

þ
X

c1 2 EðGÞ
1 6¼ m

1

2

tCðcÞ; fXðcÞð Þ d2ðcÞ � t2Cðj; mÞ; f 2Cðj; mÞ
� �� �

þ tCð1Þ; fXð1Þð Þd2ð1Þ
tCðcÞ; f XðcÞð Þ dðcÞ � tCðj; mÞ; f Cðj; mÞð Þð Þ þ tCð1Þ; fXð1Þð Þdð1Þ

" #2

p

þ
X

vj 2 EðGÞ
v 6¼ j

1

2

tCðvÞ; fXðvÞð Þ d2ðvÞ � t2Cðj; mÞ; f 2Cðj; mÞ
� �� �

þ tCðjÞ; fXðjÞð Þd2ðjÞ
tCðvÞ; fXðvÞð Þ dðvÞ � tCðj; mÞ; f Cðj; mÞð Þð Þ þ tCðjÞ; fXðjÞð ÞdðjÞ

" #2

p

¼ IFSO4 G� eð Þ: ð18Þ

Corollary 2.2 Suppose G be an IFG and Kn be a com-

plete IFG, such that G 6¼ Kn: Then, we have

IFSO4ðGÞ\IFSO4ðKnÞ: ð19Þ

Theorem 2.4 The bounds for the fourth version of the

Sombor index, for an IFG; is given as

IFSO4ðGÞ\
1

32

ðC2
t þ X2

t Þ þ ðC2
f þ X2

f Þ
ðCt þ Cf Þ þ ðXt þ Xf Þ

" #2

p: ð20Þ

Proof Suppose a graph G with size ðXt;Xf Þ and order is

ðCt;Cf Þ: Each edge has two intuitionistic Fuzzy vertices.

The membership value of every vertex ji 2 VðGÞ is

defined as tCðjiÞ; fXðjiÞ;ð Þ and its degree is dðjiÞ ¼
dtðjiÞ; df ðjiÞ
� �

: It is also the summation of truth-
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membership values of all edges whose incident with a

vertex ji: The Ct donates the summation of truth-mem-

bership values of all the vertices of the considerable graph

G: So, the truth value of each vertex verifies the

Ct [ dtðjiÞ; where fi ¼ 1; 2; 3; :::; ng; we have to conclude

the C2
t [ d2t ðjiÞ for every vertex ji 2 VðGÞ; whereas

d2ðjiÞ ¼
P

jj2V ;jj 6¼ji
t2Cðji; jjÞ and C2

t ¼
PX

i¼1t
2
XðjiÞ:

Therefore, C2
t [

PX
i¼1tCðjiÞd2t ðjiÞ; and also

X2
t [

PX
i¼1tCðjiÞd2t ðjiÞ: By utilizing both inequalities and

getting the results as
C2
t þX2

t

2
[

PX
i¼1tCðjiÞd2t ðjiÞ: Similarly,

we have
C2
f þX2

f

2
[

PX
i¼1fXðjiÞd2f ðjiÞ:

Now, Ct [ tCðjiÞ and Ct [ dtðjiÞ both inequalities can

be written as Ct [ dtðjiÞtCðjiÞ similarly, we have got the

other inequality as Cf [ df ðjiÞfXðjiÞ: Using the above

inequalities, we have Cf þ Ct [ df ðjiÞfXðjiÞ þ
dtðjiÞtCðjiÞ: Similarly, we have Xf þ Xt [ df ðjiÞtCðjiÞ þ
dtðjiÞtCðjiÞ; and add the both inequalities as ðCf þCtÞþ
ðXf þXtÞ[ df ðjiÞfXðjiÞþdtðjiÞtCðjiÞ

� �
þ df ðjiÞtCðjiÞþ

�

dtðjiÞtCðjiÞÞ: Thus, we have 2 ðCf þCtÞþðXf þXtÞ
� �

[
df ðjiÞfXðjiÞþdtðjiÞtCðjiÞ
� �

þ df ðjiÞtCðjiÞþ
�

dtðjiÞtCðjiÞÞ:
The fourth version of the Sombor index can be defined as:

IFSO4ðGÞ ¼
X

jijj2EðGÞ

1

2

tCðjiÞ; fXðjiÞð Þd2ðjiÞ þ tCðjjÞ; fXðjjÞ
� �

d2ðjjÞ
tCðjiÞ; fXðjiÞð ÞdðjiÞ þ tCðjjÞ; fXðjjÞ

� �
dðjjÞ

" #2

p

¼ 1

2

tCðjiÞ; f XðjiÞð Þ d2t ðjiÞ; d2f ðjiÞ
� �

þ tCðjjÞ; fXðjjÞ
� �

d2t ðjÞ; d2f ðjjÞ
� �

tCðjiÞ; fXðjiÞð Þ dtðjiÞ; df ðjiÞ
� �

þ tCðjjÞ; fXðjjÞ
� �

dtðjjÞ; df ðjjÞ
� �

2

4

3

5

2

p

¼ 1

2

tCðjiÞd2t ðjiÞ
� �

þ fXðjiÞd2f ðjiÞ
� �

þ tCðjjÞd2t ðjjÞ
� �

þ fXðjjÞd2f ðjjÞ
� �

w1dtðjiÞ þ w1df ðjiÞ þ w2dtðjjÞ þ w2df ðjjÞ

2

4

3

5

2

p

¼ 1

2

C2
t þX2

t

2
þ C2

f þX2
f

2

2½ðCt þ Cf Þ þ ðXt þ Xf Þ�

2

4

3

5

2

p ¼ 1

2

ðC2
t þ X2

t Þ þ ðC2
f þ X2

f Þ
4½ðCt þ Cf Þ þ ðXt þ Xf Þ�

" #2

p

¼ 1

32

ðC2
t þ X2

t Þ þ ðC2
f þ X2

f Þ
ðCt þ Cf Þ þ ðXt þ Xf Þ

" #2

p; ð21Þ

where w1 ¼ tCðjiÞ; fXðjiÞð Þ and w2 ¼ tCðjjÞ; fXðjjÞ
� �

:

Theorem 3.1 Let G be an IFG having vertex j and edge

jm: Then, we have

ðiÞIFMc
2ðG� jÞ\IFMc

2ðGÞ: ð22Þ

ðiiÞIFMc
2ðG� eÞ\IFMc

2ðGÞ: ð23Þ

Proof

(i) Let G be an IFG having vertex j and edge jm: Then,
we have

IFM
c
2 Gð Þ ¼

X

uiuj2E Gð Þ
tC uið Þ; fX uið Þð Þdc uið Þ tC uj

� �
;

��

fX uj
� ��

dc uj
� ��

:

ð24Þ
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(ii) Let G be an IFG having vertex j and edge jm:
Then, we have

IFM
c
2 Gð Þ ¼

X

uiuj2E Gð Þ
tC uið Þ; fX uið Þð Þdc uið Þ tC uj

� �
; fX uj

� �� �
dc uj
� �� �

:

ð26Þ

Fig. 1 Graph of internet routing services

¼
X

1w 2 EðGÞ
m1; jw 62 EðGÞ

1;w 6¼ j

tCð1Þ; f Xð1Þð Þdcð1Þ tCðwÞ; fXðwÞð ÞdcðwÞ½ �

þ
X

10w0 2 EðGÞ
m10 62 EðGÞ;jw0 2 EðGÞ

10;w0 6¼ j

tCð10Þ; fXð10Þð Þdcð10Þ tCðw0Þ; f Xðw0Þð Þdcðw0Þ½ �

þ
X

j0j 2 EðGÞ
j0 6¼ j

tCðj0Þ; f Xðj0Þð Þdcðj0Þ tCðw0Þ; f Xðw0Þð Þdcðw0Þ½ �

[
X

1w 2 EðGÞ
m1; jw 62 EðGÞ

1;w 6¼ j

tCð1Þ; fXð1Þð Þdcð1Þ tCðwÞ; fXðwÞð ÞdcðwÞ½ �

þ
X

10w0 2 EðGÞ
m10 62 EðGÞ;jw0 2 EðGÞ

10;w0 6¼ j

tCð10Þ; fXð10Þð Þdcð10Þ tCðw0Þ; f Xðw0Þð Þ dcðw0Þ � tcCðj;w
0Þ; f cXðj;w

0Þ
� �� �� �

þ
X

100w00 2 EðGÞ
m100 2 EðGÞ;jw00 2 EðGÞ

100;w00 6¼ j

tCð100Þ; fXð100Þð Þ dcð100Þ � tcCðj; 100Þ; f
c
Xðj; 100Þ

� �� ��

tCðw00Þ; fXðw00Þð Þ dcðw00Þ � tcCðj;w
00Þ; f cXðj;w

00Þ
� �� ��

¼ IFM
c
2ðG� UÞ:

ð25Þ
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Corollary 3.1 Suppose G be an IFG and Kn be a com-

plete IFG, such that G 6¼ Kn: For c� 1; then we have

IFMc
2ðGÞ\IFMc

2ðKnÞ: ð28Þ

Theorem 3.2 The bounds on the general second Zagreb

index for connected IFG are given as:

IFMc
2ðGÞ\ mt þ mf

� �
nt þ nf
� �

: ð29Þ

Proof. Let G be a finite connected IFG, having the order

ðmt;mf Þ; and the size is ðnt; nf Þ; respectively. Suppose that,
G has finite edges and two IF vertices of each edge. The

membership value of each ji 2 VðGÞ is represented by

tCðjiÞ; tXðjiÞð Þ; and the degree of the vertices of the G is

shown as dji ¼ dCðjiÞ; dXðjiÞð Þ: By the formulation of the

general second Zagreb index as:

IFMc
2ðGÞ ¼

X

jijj2EðGÞ
tCðjiÞ; tXðjiÞð ÞdcðjiÞ tCðjjÞ; tXðjjÞ

� �
dcðjjÞ;

¼
X

jijj2EðGÞ
tCðjiÞ; tXðjiÞð Þ dcCðjiÞ; d

c
XðjiÞ

� �
tCðjjÞ; tXðjjÞ
� �

dcCðjjÞ; d
c
XðjjÞ

� �
:

ð30Þ

By applying the basic dot product operation as follows.

¼
X

jijj2EðGÞ
tCðjiÞdcCðjiÞ þ tXðjiÞdcXðjiÞ
� �

tCðjjÞdcCðjjÞ þ tXðjjÞdcXðjjÞ
� �

:

ð31Þ

As tCðjiÞ\mt; dCðjiÞ\mt; and dcCðjiÞ\mt

tCðjiÞdcCðjiÞ\mt: Similarly, tXðjiÞdcXðjiÞ\mf : Now, Add

the above inequalities, tCðjiÞdcCðjiÞþ
�

tXðjiÞdcXðjiÞÞ\ mt þ mf

� �
: Similarly, we get the other

inequality tCðjjÞdcCðjjÞ þ tXðjjÞdcXðjjÞ
� �

\ nt þ nf
� �

:

Here, we have used both new inequalities:
P

jijj2EðGÞ tCðjiÞdcCðjiÞ þ tXðjiÞdcXðjiÞ
� �

tCðjjÞdcCðjjÞþ
�

¼
X

j0m0 2 EðGÞ
jj0; j0m 2 EðGÞ
jm0; mm0 62 EðGÞ

tCðj0Þ; fXðj0Þð Þdcðj0Þ tCðm0Þ; fXðm0Þð Þdcðm0Þ

þ
X

jw 2 EðGÞ
w 6¼ j

tCðjÞ; fXðjÞð ÞdcðjÞ tCðwÞ; fXðwÞð ÞdcðwÞ

þ
X

mw 2 EðGÞ
w 6¼ m

tCðmÞ; fXðmÞð ÞdcðmÞ tCðwÞ; fXðwÞð ÞdcðwÞ

[
X

j0m0 2 EðGÞ
jj0; j0m 2 EðGÞ
jm0; mm0 62 EðGÞ

tCðj0Þ; fXðj0Þð Þdcðj0Þ tCðm0Þ; fXðm0Þð Þdcðm0Þ

þ
X

jw 2 EðGÞ
w 6¼ j

tCðjÞ; fXðjÞð Þ dcðjÞ � tcCðj; mÞ; f
c
Cðj; mÞ

� �� �
tCðwÞ; fXðwÞð ÞdcðwÞ

þ
X

mw 2 EðGÞ
w 6¼ m

tCðmÞ; fXðmÞð Þ dcðmÞ � tcCðj; mÞ; f
c
Xðj; mÞ

� �� �
tCðwÞ; fXðwÞð ÞdcðwÞ

¼ IFM
c
2 G� eð Þ:

ð27Þ
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tXðjjÞdcXðjjÞÞ\ mt þ mf

� �
nt þ nf
� �

:

This, Mc
2ðGÞ\ mt þ mf

� �
nt þ nf
� �

:

3 Algorithm and application

Let IFG1 and IFG2 as two graphs, onewith amembership value

and the other one with a non-membership value. To obtain the

desired result, we compute the non-membership value and

membership value individually and then add them. Consider a

graph IFG ¼ ðV ;EÞ: To determine the value of the general

second Zagreb index. We developed the following algorithm.

Step 1: Compute the membership and non-membership

values for each vertex (router).

Step 2: Compute the membership and non-membership

value for each edge.

Step 3: Compute the membership and non-membership

d2ðvÞ � degrees for each vertex (router).

Step 4: Compute the membership and non-membership

dcðvÞ � degrees for each vertex (router).

Step 5: Compute the second general Zagreb index for

membership and non-membership values.

This algorithm can be used to compute any topological

number. So the third and fourth versions of Sombor num-

ber can be computed by using this algorithm.

In this section, we study an internet routing in which the

general second Zagreb index, third and fourth version

intuitionistic fuzzy Sombor graph parameters are used. In

this study, we consider a network of internet routers that is

active in a particular area. Using the algorithm and the

novel indices we design for IFG, we show that adding more

routers to the network increases the strength of every router

in the whole system. By the general second Zagreb index

and Sombor index of the third and fourth versions, strength

of the system is increased after adding more routers. In

addition, energy consumption decrease due to the

improvement of the system.

Let’s assume a fuzzified internet router in particular

areas as shown in Fig. 1. The vertices of graphs are known

as routers in the internet network.

First, we calculate the degree of every router. Step 1 of

the algorithm is exercised here like

0:2þ 0:3ð Þ are the membership values and ð0:5þ 0:5Þ
are non-membership values. Meanwhile, the Step 2 of the

algorithm can also be presented here for the edges instead

of vertices.

dðR1Þ ¼ ð0:2þ 0:3Þ; ð0:5þ 0:5Þ½ � ¼ ð0:5; 1Þ;
dðR2Þ ¼ ð0:2þ 0:3Þ; ð0:5þ 0:6Þ½ � ¼ ð0:5; 1:1Þ;
dðR3Þ ¼ ð0:1þ 0:2Þ; ð0:6þ 0:6Þ½ � ¼ ð0:3; 1:2Þ;
dðR4Þ ¼ ð0:1þ 0:2Þ; ð0:6þ 0:5Þ½ � ¼ ð0:3; 1:1Þ:

Now, we calculate the square degree of every router.

Step 3 of the algorithm is presented here. In which squared

of the degrees of the vertices are computed.

d2ðR1Þ ¼ ðð0:2Þ2 þ ð0:3Þ2Þ; ðð0:5Þ2 þ ð0:5Þ2Þ
h i

¼ ð0:13; 0:5Þ;

d2ðR2Þ ¼ ðð0:2Þ2 þ ð0:3Þ2Þ; ðð0:5Þ2 þ ð0:6Þ2Þ
h i

¼ ð0:13; 0:61Þ;

d2ðR3Þ ¼ ðð0:1Þ2 þ ð0:2Þ2Þ; ðð0:6Þ2 þ ð0:6Þ2Þ
h i

¼ ð0:05; 0:72Þ;

d2ðR4Þ ¼ ðð0:1Þ2 þ ð0:2Þ2Þ; ðð0:6Þ2 þ ð0:5Þ2Þ
h i

¼ ð0:05; 0:61Þ:

Here, we working on the general second Zagreb index.

Step 4 of the algorithm is presented here. In which c�
power of the degrees of the vertices are computed.

dcðR1Þ ¼ ðð0:2Þc þ ð0:3ÞcÞ; ðð0:5Þc þ ð0:5ÞcÞ½ �;

dcðR2Þ ¼ ðð0:2Þc þ ð0:3ÞcÞ; ðð0:5Þc þ ð0:6ÞcÞ½ �;

dcðR3Þ ¼ ðð0:1Þc þ ð0:2ÞcÞ; ðð0:6Þc þ ð0:6ÞcÞ½ �;

dcðR4Þ ¼ ðð0:1Þc þ ð0:2ÞcÞ; ðð0:6Þc þ ð0:5ÞcÞ½ �:

We calculate the degree of every router when we choose

c ¼ 4:

d4ðR1Þ ¼ ðð0:2Þ4 þ ð0:3Þ4Þ; ðð0:5Þ4 þ ð0:5Þ4Þ
h i

¼ ð0:0097; 0:125Þ;

Fig. 2 ðGþ uÞ: add a router in internet router services
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d4ðR2Þ ¼ ðð0:2Þ4 þ ð0:3Þ4Þ; ðð0:5Þ4 þ ð0:6Þ4Þ
h i

¼ ð0:0097; 0:1921Þ;

d4ðR3Þ ¼ ðð0:1Þ4 þ ð0:2Þ4Þ; ðð0:6Þ4 þ ð0:6Þ4Þ
h i

¼ ð0:0017; 0:2592Þ;

d4ðR4Þ ¼ ðð0:1Þ4 þ ð0:2Þ4Þ; ðð0:6Þ4 þ ð0:5Þ4Þ
h i

¼ ð0:0017; 0:1921Þ:

We compute the value of IFM
c
2ðGÞ for choosing c ¼ 4:

IFM
c
2ðGÞ ¼

X

wiwj2EðGÞ
tCðwiÞ; fXðwiÞð ÞdcðwiÞ tCðwjÞ; fXðwjÞ

� �
dcðwjÞ

� �
:

¼ ð0:4; 0:5Þð0:0097; 0:125Þ þ ð0:3; 0:5Þð0:0097; 0:1921Þ
þð0:2; 0:6Þð0:0017; 0:2592Þ þ ð0:8; 0:1Þð0:0017; 0:1921Þ;

¼ 0:00388þ 0:125þ 0:00291þ 0:09605 þ 0:00034
þ 0:15552þ 0:00136þ 0:01921

¼ 0:40427: ð32Þ

In the Eq. (32), Step 5 of the algorithm is presented.

Compute the value of the Sombor index of the third version:

By applying the formulation of the third version of the

Sombor index.

IFSO3ðGÞ ¼
X

uiuj2EðGÞ

ffiffiffi
2

p tCðuiÞ; fXðuiÞð Þd2ðuiÞ þ tCðujÞ; fXðujÞ
� �

d2ðujÞ
tCðuiÞ; fXðuiÞð ÞdðuiÞ þ tCðujÞ; fXðujÞ

� �
dðujÞ

" #

p

¼
ffiffiffi
2

p ð0:4; 0:5Þð0:13; 0:5Þ þ ð0:3; 0:5Þð0:13; 0:61Þ
ð0:4; 0:5Þð0:5; 1Þ þ ð0:3; 0:5Þð0:5; 1:1Þ

	

þð0:3; 0:5Þð0:13; 0:61Þ þ ð0:2; 0:6Þð0:05; 0:72Þ
ð0:3; 0:5Þð0:5; 1:1Þ þ ð0:2; 0:6Þð0:3; 1:2Þ

þ ð0:2; 0:6Þð0:05; 0:72Þ þ ð0:8; 0:1Þð0:05; 0:61Þ
ð0:2; 0:6Þð0:3; 1:2Þ þ ð0:8; 0:1Þð0:3; 1:1Þ

þð0:8; 0:1Þð0:05; 0:61Þ þ ð0:4; 0:5Þð0:13; 0:5Þ
ð0:8; 0:1Þð0:3; 1:1Þ þ ð0:4; 0:5Þð0:5; 1Þ




p

¼
ffiffiffi
2

p 0:052þ 0:25þ 0:039þ 0:305

0:2þ 0:5þ 0:15þ 0:55
þ 0:039þ 0:305þ 0:01þ 0:432

0:15þ 0:55þ 0:2þ 0:5

	

þ 0:01þ 0:432þ 0:04þ 0:061

0:06þ 0:72þ 0:24þ 0:11
þ 0:04þ 0:061þ 0:052þ 0:25

ð0:8; 0:1Þð0:3; 1:1Þ þ ð0:4; 0:5Þð0:5; 1Þ




p

¼
ffiffiffi
2

p 0:646

1:4
þ 0:786

1:4
þ 0:543

1:13
þ 0:403

1:05

	 


p

¼
ffiffiffi
2

p
0:864340497ð Þp ¼ 1:222362p ð33Þ

Also, compute the value of the Sombor index of the

fourth version:

By applying the formulation of the fourth version of the

Sombor index.

IFSO4ðGÞ ¼
X

uiuj2EðGÞ

1

2

tCðuiÞ; fXðuiÞð Þd2ðuiÞ þ tCðujÞ; fXðujÞ
� �

d2ðujÞ
tCðuiÞ; fXðuiÞð ÞdðuiÞ þ tCðujÞ; fXðujÞ

� �
dðujÞ

" #2

p

¼ 1

2

ð0:4; 0:5Þð0:13; 0:5Þ þ ð0:3; 0:5Þð0:13; 0:61Þ
ð0:4; 0:5Þð0:5; 1Þ þ ð0:3; 0:5Þð0:5; 1:1Þ

� �2
"

þ ð0:3; 0:5Þð0:13; 0:61Þ þ ð0:2; 0:6Þð0:05; 0:72Þ
ð0:3; 0:5Þð0:5; 1:1Þ þ ð0:2; 0:6Þð0:3; 1:2Þ

� �2

þ ð0:2; 0:6Þð0:05; 0:72Þ þ ð0:8; 0:1Þð0:05; 0:61Þ
ð0:2; 0:6Þð0:3; 1:2Þ þ ð0:8; 0:1Þð0:3; 1:1Þ

� �2

þ ð0:8; 0:1Þð0:05; 0:61Þ þ ð0:4; 0:5Þð0:13; 0:5Þ
ð0:8; 0:1Þð0:3; 1:1Þ þ ð0:4; 0:5Þð0:5; 1Þ

� �2
#

p

¼ 1

2

0:052þ 0:25þ 0:039þ 0:305

0:2þ 0:5þ 0:15þ 0:55

� �2

þ 0:039þ 0:305þ 0:01þ 0:432

0:15þ 0:55þ 0:2þ 0:5

� �2
"

þ 0:01þ 0:432þ 0:04þ 0:061

0:06þ 0:72þ 0:24þ 0:11

� �2

þ 0:04þ 0:061þ 0:052þ 0:25

ð0:8; 0:1Þð0:3; 1:1Þ þ ð0:4; 0:5Þð0:5; 1Þ

� �2
#

p

¼ 1

2

0:646

1:4

� �2

þ 0:786

1:4

� �2

þ 0:543

1:13

� �2

þ 0:403

1:05

� �2
" #

p: ¼ 1

2
0:9087178ð Þp

¼ 0:4531690p

ð34Þ
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By adding a router in the network, then check the signal

impact (Fig. 2):

First, we calculate the degree of every router. When we

added a router:

dðR1Þ ¼ ð0:1þ 0:2þ 0:3Þ; ð0:5þ 0:5þ 0:5Þ½ �
¼ ð0:6; 1:5Þ;

dðR2Þ ¼ ð0þ 0:2þ 0:3Þ; ð0:5þ 0:5þ 0:6Þ½ � ¼ ð0:5; 1:6Þ;

dðR3Þ ¼ ð0:1þ 0:2þ 0:2Þ; ð0:6þ 0:6þ 0:6Þ½ �
¼ ð0:5; 1:8Þ;

dðR4Þ ¼ ð0:1þ 0:1þ 0:2Þ; ð0:6þ 0:4þ 0:5Þ½ �
¼ ð0:4; 1:5Þ;

dðR5Þ ¼ ð0þ ð0:1Þ þ ð0:1Þ þ ð0:2ÞÞ; ðð0:6Þ þ ð0:5Þ þ ð0:5Þ þ ð0:4ÞÞ½ �
¼ ð0:4; 2Þ:

Now, we calculate the square degree of every router:

d2 R1ð Þ ¼ ðð0:1Þ2 þ ð0:2Þ2 þ ð0:3Þ2Þ; ðð0:5Þ2 þ ð0:5Þ2 þ ð0:5Þ2Þ
h i

¼ ð0:14; 0:75Þ;

d2ðR2Þ ¼ ð02 þ ð0:2Þ2 þ ð0:3Þ2Þ; ðð0:5Þ2 þ ð0:5Þ2 þ ð0:6Þ2Þ
h i

¼ ð0:13; 0:86Þ;

d2 R3ð Þ ¼ ðð0:1Þ2 þ ð0:2Þ2 þ ð0:2Þ2Þ; ðð0:6Þ2 þ ð0:6Þ2 þ ð0:6Þ2Þ
h i

¼ ð0:09; 1:08Þ;

d2ðR4Þ ¼ ðð0:1Þ2 þ ð0:1Þ2 þ ð0:2Þ2Þ; ðð0:6Þ2 þ ð0:5Þ2 þ ð0:4Þ2Þ
h i

¼ ð0:06; 0:77Þ;

d2ðR5Þ

¼ ð02 þ ð0:1Þ2 þ ð0:1Þ2 þ ð0:2Þ2Þ; ðð0:6Þ2 þ ð0:5Þ2 þ ð0:5Þ2 þ ð0:4Þ2Þ
h i

;

¼ ð0:06; 1:02Þ:

Note that the performance of each router increased by

adding the new router R5. Also, router R1 still has mini-

mum strength, and R3 has maximum strength. The strength

of the whole system by all three indices is given below.

Here, we working for the general second Zagreb index:

dcðR1Þ ¼ ðð0:1Þc þ ð0:2Þc þ ð0:3ÞcÞ; ðð0:5Þc þ ð0:5Þc þ ð0:5ÞcÞ½ �;

dcðR2Þ ¼ ð0c þ ð0:2Þc þ ð0:3ÞcÞ; ðð0:5Þc þ ð0:5Þc þ ð0:6ÞcÞ½ �;

dcðR3Þ ¼ ðð0:1Þc þ ð0:2Þc þ ð0:2ÞcÞ; ðð0:6Þc þ ð0:6Þc þ ð0:6ÞcÞ½ �;

dcðR4Þ ¼ ðð0:1Þc þ ð0:1Þc þ ð0:2ÞcÞ; ðð0:6Þc þ ð0:5Þc þ ð0:4ÞcÞ½ �;

dcðR5Þ ¼ ð0c þ ð0:1Þc þ ð0:1Þc þ ð0:2ÞcÞ;½
ð0:6Þc þ ð0:5Þc þ ð0:5Þc þ ð0:4ÞcÞð �:

We calculate the degree of every router when we choose

c ¼ 4:

d4ðR1Þ ¼ ðð0:1Þ4 þ ð0:2Þ4 þ ð0:3Þ4Þ; ðð0:5Þ4 þ ð0:5Þ4 þ ð0:5Þ4Þ
h i

¼ ð0:0098; 0:1875Þ;

d4ðR2Þ ¼ ð04 þ ð0:2Þ4 þ ð0:3Þ4Þ; ðð0:5Þ4 þ ð0:5Þ4 þ ð0:6Þ4Þ
h i

¼ ð0:0097; 0:2546Þ;

d4ðR3Þ ¼ ðð0:1Þ4 þ ð0:2Þ4 þ ð0:2Þ4Þ; ðð0:6Þ4 þ ð0:6Þ4 þ ð0:6Þ4Þ
h i

¼ ð0:0033; 0:3888Þ;

d4ðR4Þ ¼ ðð0:1Þ4 þ ð0:1Þ4 þ ð0:2Þ4Þ; ðð0:6Þ4 þ ð0:5Þ4 þ ð0:4Þ4Þ
h i

¼ ð0:0018; 0:2177Þ;

d4ðR5Þ

¼ ð04 þ ð0:1Þ4 þ ð0:1Þ4 þ ð0:2Þ4Þ; ðð0:6Þ4 þ ð0:5Þ4 þ ð0:5Þ4 þ ð0:4Þ4Þ
h i

;

¼ ð0:0018; 0:2802Þ:

We compute the value of Mc
2ðGÞ for choosing c ¼ 4:

IFMc
2ðGÞ ¼

X

RiRj2EðGÞ
tCðRiÞ; fXðRiÞð ÞdcðRiÞ tCðRjÞ; fXðRjÞ

� �
dcðRjÞ

� �
:

¼ ð0:4; 0:5Þð0:0098; 0:1875Þ þ ð0:3; 0:5Þð0:0097; 0:2546Þ
þ ð0:2; 0:6Þð0:0033þ ð0:8; 0:1Þð0:0018; 0:2177Þ
þ ð0:2; 0:4Þð0:0018; 0:2802Þ;

¼ 0:00392þ 0:09375þ 0:00291þ 0:1273þ 0:00066
þ 0:23328þ 0:00144þ 0:02177þ 0:00036þ 0:11208;
¼ 0:68747p:

ð35Þ

Compute the value of the Sombor index of the third

version:

By applying the formulation of the third version of the

Sombor index.

Table 1 Comparasion between

different indices
FTIs G1 G2 G2 � G1

FSO3 1.222362p 5.30147p 5.30147p - 1.222362p=12.81493

FSO4 0.4531690p 0.888455p 0.888455p - 0.4531690p=1.36749

FM
c
2

0.40427 0.68747 0.68747–0.40427 = 0.2832
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IFSO3ðGÞ

¼
X

uiuj2EðGÞ

ffiffiffi
2

p tCðuiÞ; fXðuiÞð Þd2ðuiÞ þ tCðujÞ; fXðujÞ
� �

d2ðujÞ
tCðuiÞ; fXðuiÞð ÞdðuiÞ þ tCðujÞ; fXðujÞ

� �
dðujÞ

" #

p

¼
ffiffiffi
2

p ð0:4; 0:5Þð0:14; 0:75Þ þ ð0:3; 0:5Þð0:13; 0:86Þ
ð0:4; 0:5Þð0:6; 1:5Þ þ ð0:3; 0:5Þð0:5; 1:6Þ

	

þ ð0:3; 0:5Þð0:13; 0:86Þ þ ð0:2; 0:6Þð0:09; 1:08Þ
ð0:3; 0:5Þð0:5; 1:6Þ þ ð0:2; 0:6Þð0:5; 1:8Þ

þ ð0:2; 0:6Þð0:09; 1:08Þ þ ð0:8; 0:1Þð0:06; 0:77Þ
ð0:2; 0:6Þð0:5; 1:8Þ þ ð0:8; 0:1Þð0:4; 1:5Þ

þ ð0:4; 0:5Þð0:14; 0:75Þ þ ð0:8; 0:1Þð0:06; 0:77Þ
ð0:4; 0:5Þð0:6; 1:5Þ þ ð0:8; 0:1Þð0:4; 1:5Þ

þ ð0:4; 0:5Þð0:14; 0:75Þ þ ð0:2; 0:4Þð0:06; 1:02Þ
ð0:4; 0:5Þð0:6; 1:5Þ þ ð0:2; 0:4Þð0:4; 2Þ

þ ð0:3; 0:5Þð0:13; 0:86Þ þ ð0:2; 0:4Þð0:06; 1:02Þ
ð0:3; 0:5Þð0:5; 1:5Þ þ ð0:2; 0:4Þð0:4; 2Þ

þ ð0:2; 0:6Þð0:09; 1:08Þ þ ð0:2; 0:4Þð0:06; 1:02Þ
ð0:2; 0:6Þð0:5; 1:8Þ þ ð0:2; 0:4Þð0:4; 2Þ

þ ð0:8; 0:1Þð0:06; 0:77Þ þ ð0:2; 0:4Þð0:06; 1:02Þ
ð0:8; 0:1Þð0:4; 1:5Þ þ ð0:2; 0:4Þð0:4; 2Þ




p

¼
ffiffiffi
2

p 45

93
þ 227

426
þ 791

1650
þ 139

365
þ 851

1870
þ 889

1830
þ 543

1030
þ 109

270

	 


p

¼ 5:301476p

ð36Þ

Also, compute the value of the Sombor index of the

fourth version:

By applying the formulation of the fourth version of the

Sombor index.

IFSO4ðGÞ

¼
X

uiuj2EðGÞ

1

2

tCðuiÞ; fXðuiÞð Þd2ðuiÞ þ tCðujÞ; fXðujÞ
� �

d2ðujÞ
tCðuiÞ; fXðuiÞð ÞdðuiÞ þ tCðujÞ; fXðujÞ

� �
dðujÞ

" #2

p

¼ 1

2

ð0:4;0:5Þð0:14; 0:75Þ þ ð0:3; 0:5Þð0:13;0:86Þ
ð0:4;0:5Þð0:6;1:5Þ þ ð0:3; 0:5Þð0:5;1:6Þ

� �2
"

þ ð0:3;0:5Þð0:13;0:86Þ þ ð0:2;0:6Þð0:09; 1:08Þ
ð0:3;0:5Þð0:5; 1:6Þ þ ð0:2;0:6Þð0:5;1:8Þ

� �2

þ ð0:2;0:6Þð0:09;1:08Þ þ ð0:8;0:1Þð0:06; 0:77Þ
ð0:2;0:6Þð0:5; 1:8Þ þ ð0:8;0:1Þð0:4;1:5Þ

� �2

þ ð0:4;0:5Þð0:14;0:75Þ þ ð0:8;0:1Þð0:06; 0:77Þ
ð0:4;0:5Þð0:6; 1:5Þ þ ð0:8;0:1Þð0:4;1:5Þ

� �2

þ ð0:3;0:5Þð0:13;0:86Þ þ ð0:2;0:4Þð0:06; 1:02Þ
ð0:3;0:5Þð0:5;1:5Þ þ ð0:2; 0:4Þð0:4;2Þ

� �2

þ ð0:3;0:5Þð0:13;0:86Þ þ ð0:2;0:4Þð0:06;1:02Þ
ð0:3;0:5Þð0:5; 1:5Þ þ ð0:2;0:4Þð0:4;2Þ

� �2

þ ð0:8;0:1Þð0:06;0:77Þ þ ð0:2;0:4Þð0:06; 1:02Þ
ð0:8;0:1Þð0:4;1:5Þ þ ð0:2; 0:4Þð0:4;2Þ

� �2

þ ð0:8;0:1Þð0:06;0:77Þ þ ð0:2;0:4Þð0:06; 1:02Þ
ð0:8;0:1Þð0:4;1:5Þ þ ð0:2; 0:4Þð0:4;2Þ

� �2
#

p

¼ 1

2

45

93

� �2

þ 227

426

� �2

þ 791

1650

� �2

þ 139

365

� �2

þ 851

1870

� �2

þ 889

1930

� �2
"

þ 543

1030

� �2

þ 109

270

� �2
#

p ¼ 1

2
1:77691ð Þp ¼ 0:888455p

ð37Þ

By including a new router (vertex) in the network/graph

in the previous network. This time, a specific neighborhood

has better internet access with less consumption. We also

observe that the network’s maximum strength grew by the

general Zagreb index and the third and fourth versions of

the Sombor indices. On behalf of human opinion when

adding a router their performance will be increased in a

particular area. So, our method is more liable than other

existing methods or fuzzy topological graph parameters.

Comparative analysis: Because graph theory has so

many application fields, there is a surge in studies intro-

ducing different kinds of fuzzy graphs that can be used to

model imprecise and uncertain data.

Intuitionistic fuzzy sets: Since intuitionistic fuzzy sets

incorporate the idea of non-membership degrees, uncer-

tainty can be better modeled than it can be in pure fuzzy

graphs, which only take into account membership degrees.

An enhanced foundation for simulating intricate interac-

tions is provided by intuitionistic fuzzy graphs, which

embrace the duality of membership and non-membership.

Graph operations: in order to investigate the effects of

uncertainty on network dynamics, graph operations

specifically, vertex and edge deletion are carried out on

intuitionistic fuzzy graphs rather than pure fuzzy graphs.

Nodes and edges may have different degrees of reluctance

or non-membership in addition to variable degrees of

membership in real-world circumstances. Through the use

of graph operations in this setting, we can capture the

complex interactions between these uncertainties and offer

insights into the network’s resilience and flexibility. Som-

bor index for internet routing: novel internet routing-

specific versions of the Sombor index have been introduced

to meet the demand for a complete measure that takes

intuitionistic fuzzy graph uncertainty into account in

addition to connectivity. Adjusted for reluctance and non-

membership, the Sombor index is more in line with the

dynamic character of network settings, where uncertainties

are critical to routing decisions.

Although we continue to concentrate on intuitionistic

fuzzy graphs, a comparison with other fuzzy parameters,

including pure fuzzy graphs or hybrid models, might pro-

vide a more comprehensive viewpoint. It is deliberate,

therefore, that these comparisons are not included in our

study. We argue that the special features of intuitionistic

fuzzy graphs deserve special consideration and that before

making any direct comparisons with other models, a

thorough investigation of their properties is necessary.

Mathematics and numerics: consider a vertex deletion

operation on an intuitionistic fuzzy graph G ¼ ðV;E; l; mÞ
to demonstrate the mathematical foundations. With v as a

vertex in V ; we can create a new graph G ¼ ðV 0;E0; l0; m0Þ
by deleting v0: The modified l0 and m0 membership and non-
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membership functions would take into account how the

loss of a vertex would affect the remaining nodes. A

quantitative indicator of the shift in the network’s routing

efficiency is the Sombor index, which can be calculated

numerically for internet routing both before and after the

graph operation.

Essentially, to concentrate on intuitionistic fuzzy graphs

and conduct graph operations within this context is a

strategic decision to decipher the intricacies of uncertainty

in network architectures. In this way, we develop a com-

prehensive model taking connectivity, uncertainty, and

routing efficiency into account, that is consistent with the

dynamic environment of contemporary network systems.

Here we compare the results of intuitionistic fuzzy

Sombor third and fourth versions of Graphs 1 and 2 listed

below in Table 1. This table shows that when we add a

vertex between all the vertices, the performance of each

vertex (router) increases. Studied the behavior of both

graphs among the third invariant of intuitionistic fuzzy

Sombor graph parameter is more reliable than other fuzzy

graph parameters. In Table 1, FTIs is fuzzy topological

indices, FSO3 is the fuzzy third version of the Sombor

topological index and similarly FSO4 are the fuzzy fourth

version of the Sombor topological index, while FM
c
2 is the

fuzzy second generalize index.

4 Conclusion

Multidisciplinary approches can provide a lot of insights in

providing effcient solutions to exsiting problems in dif-

ferent fields. In this study, we combine mathematical tools

namely topological indices and intiutionistic fuzzy graphs

used in various disciplines such as chemistry, biology,

economics, and computer sciences. We introduce a novel

indices and offer new algorithm to solve problems in net-

works that can model different complex relations analyzed

under different disciplines. Then, we have studied an

application of our algorithm in a computer science

problem.

Specifically, we proposed some new TIs for the frame of

IFG: IFG has comparatively less loss of information than

FG: The main outcomes of our research work are below.

(1) We introduced the idea of the general second Zagreb

index for IFG and determined its bounds and their

properties.

(2) We defined the concept of the Sombor index in the

IFGs framework and also, their bounds and their

properties are determined.

(3) An application of TIs to the internet routing network

is explored. In this application, we have shown that

adding more internet routers in the network can

increase internet speed and the strength of the entire

system.

A few particular advantages are: topological indices are

very useful in practical approaches in mathematical

chemistry, in economics of social networks, even in the

engineering side of applied mathematics. Interlinking

topological indices with mathematical tools such as fuzzy

sets are providing solutions to modelling and problem

solving in network studies. Fuzzy topological indices or

intuitionistic fuzzy topological indices are more general-

ized versions. That would be more practical in various

fields. So, in this study, we developed new fuzzy topo-

logical indices and provided a practical approach to

studying these indices. Moreover, we also studied some

bounds in this study.

In the future, fulfilling the gap in the literature regarding

fuzzy graph theory is an highly important issue due to the

increased of need to study networks in many fields and

disciplines such as economics, chemistry, biology, and

computer science. Different algorithms can be designed ith

different modelling techniques. We are particularly,

working on topological graph parameters for various fuzzy

environments, such as picture soft fuzzy graph, hyper soft

fuzzy graph, picture fuzzy graph, soft fuzzy graph, neu-

trosophic fuzzy graph, and interval-valued fuzzy graph.
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