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Abstract

The probabilistic dual hesitant fuzzy set (PDHFS), as an extension of generalization of the dual hesitant fuzzy set, contains
not only the hesitation values of membership degree (MD) and non-membership degree (NMD), but also considers the
probabilities corresponding to MDs and NMDs, which are the degree of support and confidence of the decision makers in
the evaluation value given by them. Distance measures, entropy measures, and cross-entropy measures are important tools
in multi-attribute decision-making. In the PDHFS environment, distance and entropy measures are improved, and cross-
entropy is proposed, and multi-attribute decision-making methods based on distance and entropy and cross-entropy are
given. First, in order to effectively compare the distances between different PDHFSs, we improve the existing distance
measures. Second, we review the existing formulations of probabilistic dual hesitant fuzzy entropy and find that they could
not effectively distinguish the uncertainty of different PDHFSs due to ignoring the uncertainty caused by the differences
between different MDs and between different NMDs, so we improve the existing entropy measure. Additionally, the
formulas and properties of the cross-entropy of PDHFS and the axiomatic definition of the generalized cross-entropy of
PDHEFS are given. Finally, depending on the distance and entropy and cross-entropy built, we propose a new multi-attribute
decision method to solve the multi-attribute decision problem with completely unknown attribute weights. We apply the
proposed method to the protective decision-making for the release of radioactive substances, and the feasibility of the
method is verified by comparative analysis.

Keywords Multi-attribute group decision-making - Probabilistic dual hesitant fuzzy set - Entropy measure -
Cross-entropy measure - Distance measures

1 Introduction

As a crucial component of decision theory, multi-attribute
decision-making has been widely applied in economics,
management, industry, and other fields (Chen
et al.2009, 2017; Shahzaib et al. 2020; Dong et al. 2021;
She et al. 2021; Dhankhar et al.2022; Zeb et al. 2022;
Wang et al. 2023). However, in the actual decision-making
process, the variability of the decision environment and
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decision information leads to decision makers frequently
being unable to give the exact values. Zadeh (1965) pro-
posed fuzzy set (FS). In order to better express decision
makers’ viewpoints and attitudes toward the decision,
Torra et al. (2010) proposed the definition of hesitating
fuzzy set (HFS), which allows decision makers to hesitate
between several different decision evaluation values, and
HFS is an important extension in fuzzy theory. Zhu et al.
(2012) proposed dual hesitating fuzzy set (DHFS) based on
HFS, which increases decision makers’ hesitation for
NMD. In more cases, decision makers have different
knowledge experiences and tendencies, and their prefer-
ences between MDs may be different and uphold different
support for different MDs. Xu et al. (2017) proposed
probabilistic hesitant fuzzy sets (PHFS) to achieve a more
accurate representation of decision makers’ mental states,
and PHFS gives the probability of occurrence of each MD,
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which also solves the case of inconsistent attitudes of
decision makers. Since NMD is an important information
in decision problems, PHFS does not take NMD into
account. Hao et al. (2017) combined the information of
MD, NMD and probability to propose probabilistic dual
hesitant fuzzy set (PDHFS), which contains more com-
prehensive information.

In these years, the research of PDHFS has gradually
attracted academic attention, and the existing research on
PDHEFS has focused on multi-attribute decision methods
and multi-attribute group decision methods (Ren et al.
2019; Harish et al. 2019; Liu et al. 2019; Shao et al. 2021;
Song et al. 2021a, b; Li et al. 2022; Ning et al. 2022a, b, c;
Noor et al. 2022; Kumar et al. 2022). For example, Noor
et al. (2022) proposed multi-attribute group decision-
making based on probabilistic pairwise hesitant fuzzy
Maclaurin symmetric mean operator, and developed two
new methods to deal with multi-attribute group decision-
making problems based on improved agglomerative oper-
ator with the help of COPRAS technique. The distance
measure and information measure are important tools in
solving multi-attribute decision problems. There are
abundant studies on the distance measures of FS, HFS,
DHFS and PHFS (Biplab et al. 2019; Ali et al. 2021;
Zeeshan et al. 2022; Yan et al. 2022; Zeng et al. 2022), but
the existing distance measures of PDHFS are relatively few
and do not effectively compare the distances between dif-
ferent PDHFSs (Garg et al. 2018; Ning et al.2022a, b and
¢), so this paper improves on the original distance measures
and proposes a formula that can effectively compare the
distances between PDHFSs.

Information measure is a measure of information con-
tent in fuzzy decision preferences, and entropy and cross-
entropy are the two most common ways, among which
there are many studies on fuzzy theoretical entropy and
cross-entropy (Chen et al. 2001; Zarandi 2010; Zeng 2011;
Jun 2016; Tiantian et al. 2017; Zhang 2020; Zhang et al.
2021; Erdal et al. 2023; Du et al. 2023; Boffa et al. 2023),
and fewer studies on the entropy of PDHFS. Hao et al.
(2017) gave the axiomatic definition and calculation for-
mula of probabilistic dual hesitant fuzzy entropy while
defining PDHFS, but ignored the existence of probabilistic
dual hesitant fuzzy elements with incomplete probability
situation. To remedy this deficiency, Su et al. (2022) took
the probabilistic incompleteness of MDs and NMDs into
the calculation of probabilistic dual hesitant fuzzy entropy
on this basis and defined the correlation coefficient. Simi-
larly, Ning et al. 2022a, b and c) proposed a decision-
making method based on probability dual hesitant fuzzy
entropy. However, the existing formulas for calculating the
probabilistic dual hesitant fuzzy entropy all have certain
defects, ignoring the hesitation degree brought about by the
differences between different MDs or between different
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NMDs. Cross-Entropy (CE) is an important concept in
Shannon information theory, which is mainly used to
measure the discrepancy information between two proba-
bility distributions (Khalaj et al. 2020; Gao et al. 2021;
Rogulj et al. 2021). There is no clear definition of proba-
bilistic dual hesitant fuzzy cross-entropy in the current
study.

In this study, the concepts of distance measure and
entropy measure in a fuzzy environment are reviewed, and
some problems were identified in the review process. The
motivations for this study are put forward as follows: (1)
PDHFS can more comprehensively express decision mak-
ers’ preference information in an increasingly complex
decision environment. (2) Existing distance formulas for
PDHFSs cannot effectively compare the distances between
different PDHFSs. (3) The existing probabilistic dual
hesitation fuzzy entropy measure cannot effectively dis-
tinguish the uncertainty of different PDHFEs, ignoring the
uncertainty caused by the differences between different
MDs or between different NMDs. (4) The probabilistic
dual hesitation cross-entropy has not been clearly defined,
and the existing studies lack knowledge information related
to the cross-entropy of PDHFES. (5) The existing proba-
bilistic dual hesitant fuzzy multi-attribute decision models
are obtained based on flawed distance formulas or entropy
formulas. For the multi-attribute decision problem with
completely unknown attribute weights, the method of
solving attribute weights needs to be updated. (6) The
release of radioactive substances from nuclear power plants
is a matter of public, social, and environmental issues, and
the emergency decision of radioactive substance release is
in urgent need of comprehensive decision information and
new decision methods.

To effectively compare the distances between different
PDHFSs, improve the probability dual hesitant fuzzy
entropy measure, accurately distinguish the uncertainty of
different PDHFEs, and supplement the cross-entropy defi-
nition of PDHFS. This study improves the existing axio-
matic definition and formula of probabilistic dual hesitant
fuzzy distance and entropy, and proposes the axiomatic
definition and formula of probabilistic dual hesitant fuzzy
cross-entropy and generalized cross-entropy. This paper
uses entropy and cross-entropy to determine the attribute
weights when the attributes are completely unknown, and
constructs a new multi-attribute decision model by com-
bining the proposed distance measure. Finally, this paper
validates the method model with an example of protective
decision-making for the release of radioactive substances
and comparative analysis. The main contributions of this
study are as follows: (1) The probabilistic dual hesitant
fuzzy distance measure is improved, and the new distance
formula can effectively compare the distance between
different PDHFSs. (2) The probabilistic dual hesitant fuzzy
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entropy measure is improved. The new entropy measure
formula adds the consideration of the difference between
different MDs or between different NMDs, and the new
entropy measure expresses a more comprehensive uncer-
tainty. (3) The formula and properties of the cross-entropy
of PDHFS and the axiomatic definition of generalized
cross-entropy of PDHES are given, which fills the gap in
the research on the cross-entropy of PDHFS. (4) A multi-
attribute decision method based on entropy and cross-en-
tropy is proposed and applied to the example of protective
decision-making for the release of radioactive substances.
The attribute weight determination in the proposed method
is obtained based on the combination of entropy and cross-
entropy, and the combination of entropy and cross-entropy
considers both fuzziness and deviation, providing an idea
of the attribute weight determination method for the multi-
attribute  decision-making problem with completely
unknown attribute weights.

The main work of this paper is as follows: Sect. 2
reviews the definition and formula of PDHFSs, points out
the shortcomings of the existing distance formula and
proposes an improved axiomatic definition and calculation
formula of distance; Sect. 3 reviews the existing formulas
of probabilistic dual hesitant fuzzy entropy and points out
the defects in the existing entropy formulas and proposes a
novel definition and calculation formula of probabilistic
dual hesitant fuzzy entropy. Section 4 gives the calculation
formula and properties of probabilistic dual hesitant fuzzy
cross-entropy and proposes the axiomatic definition of
generalized cross-entropy. Section 5 determines the attri-
bute weights using entropy and cross-entropy, and con-
structs a probabilistic dual hesitant fuzzy multi-attribute
decision model by combining the improved distance for-
mula. Section 6 applies the constructed model to the pro-
tective decision-making for the release of radioactive
substances and verifies the feasibility of the method by
comparative analysis. Section 7 describes the conclusions
of this study and future research directions.

2 Preliminaries

2.1 Probabilistic dual hesitant fuzzy sets

1 (Hao et al. 2017) Let Z be a fixed set, a PDHFS on Z is
recorded as:

A = {(z, hi(2)Ipi(2), 8:(2)g;(2)) |z € Z (1)
The components hi(2)|pi(z) = (Y pi (A =
2, 9thi, ZA pi=1) and

8iai@) = {nfla/y (A= 1,2, #6315 gl = 1) are
some possible elements of membership degree (MD) and

non-membership degree (NMD), where £;(z) and g;(z) are
the MD and NMD of z; € Z, respectively. p;(z) and ¢;(z)
are the probabilistic information for 4;(z) and g;(z). Also,

0<% 0! <1;0 < max{y}}
+max{n/} <LO<pf,qf <1.

The element of PDHES ¢ = (h(z)|p(z),8(z)|q(z)) is
called as the PDHFE, recorded ¢ = (h|p,g|g), and the
elements in A|p and g|q are arranged in ascending order of
MD 7* and NMD #?,
of o is ¢ = (glg, hlp).

If ZA 11’1 < I,Zf’ég’l g; <1, then A is called a general-
ized PDHFS.

respectively. The complementary set

Definition 2 (Hao et al. 2017) Let ¢ = (h|p,g|q) be a
PDHFE, then the score function of the PDHFE is built as:

#h " " #g B
S(é) — Z VAP/L _ Z n}.qﬂ. (2)
A=1

=1

Definition 3 (Hao et al. 2017) Let & = (h|p,g|q be a
PDHFE, then the deviation degree of the PDHFE is built
as:

1

#ho 5 . #g 5 2
o(é) = <Z (=) P+ D (" —s(8) q‘) (3)
=1

A=1

Definition 4 (Hao et al. 2017) Let &(i =1,2) be two
PDHFEs, s(£) and ¢(&) are the score function and the
deviation degree, respectively. Then,

(1) If s(&;) > s(&,), then the PDHFE ¢, is superior to
&,, denoted by &; > &,; On the contrary, there is &; <&,;

2) If s(&p) = s(&), then,
a(&)>0(&) — >4

(&) =0&) — =&

a(é)<o(&) — L<&

Definition 5 (Hao et al. 2017) Let &(i =1,2) be two
PDHFEs, then.

§LHO&Hh = U {{(“/1 + = V1V2)|Pv1prz}a {’71’72\‘]41%2}}
Y1 € hi,ys € ha,
N €81,M €82
@)
0c= U {{1—01="Ip,}.{n"la,}} (5)
vehneg
Definition 6 (Hao et al. 2017) Let & = (h|p;, g;|q;)(i =
1,2,...,n) be n PDHFEs and w;(i=1,2,...,n) be the
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weight with w; € [0,1] and )" w; = 1. Then PDHFWA
i=1
operator is defined as:

PDHFWA(éhéZa R én) = 69jr'lzla)koci

= U
71 Ghl;y2 ehZa"w?n Ehrﬂ
m Eglv’h €g27"v’7n €gn

if u=2, d(¢,&) becomes the Euclidean distance
dep (&1, &a)-

Definition 10 (Garg et al. 2018) Let & = (h|p;, &1l91)
and & = (h|p,, &>|q,) be 2 PDHFESs, then the distance
between the two is:

HO-TIn 0= )T e ATL e TT 9

(6)

Definition 7 (Hao et al. 2017) Let ¢ = (h|p, g|q).If #h | #h | u

#h #g d(&,, N LA )
>2, #g>2, > p*<1,> ¢* <1, then the normalized (€1, &) ( #hy ;hpl #h, ;vzpz 1

=1 =1 = = ) 9)
form of a generalized PDHFS is denoted by: . 1 % L | % L I
E: hlp, glq) = ({y* =~ e 7 g1 = mai g, 2 M4,

(hlp,glg) = (v p"} {n*ld"}) (7) R v

where i =q +

Ve

—~%=
E/’.jl 7

2.2 Distance measures between PDHFSs

- 7 h R
=+ = (1 - Z}ilp‘),
(1- 7 qi)Z‘:’p
- A=1 .

There are relatively few existing studies on the distance
measure of a PDHFE. The definition and calculation for-
mulas of the distance measure in the literature (Garg et al.
2018) are as follows.

Definition 8 (Garg et al. 2018) Let &, = (hy|p;, &,]q;) and
& = (mlpy, 821¢,) be 2 PDHFEs, the distance d(&,&,)
measure of PDHFEs needs to satisfy the following three
axiomatic conditions:

(1) 0<d(&,84)<1;
) d(fl,fz) :d(fzafl);
3) d(flyfz) =0, if 51 = fz-

Definition 9 (Garg et al. 2018) Let &, = (h|p;, g,/q,) and
& = (hlpy, g2lq,) be 2 PDHFEs, then the distance
between the two is:

1 Lo o Ko o
L+K (Zm-pf —op| '+ D _Jniai - mﬁ!“)}
=1 i=1
(8)

where L = max(#h1, #h,), K = max(#g,, #g,). lfu=1,
d(¢;, &) becomes the Hamming distance dyp(&;, &), and

m

d(éh 52) =
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If w=1, d(&,&) becomes the Hamming distance
dup (&, &), and if u = 2, d(&;, &) becomes the Euclidean
distance dgp (&4, &,).

Example 1 There are 2 PDHFEs & =
({0.2]0.3,0.4/0.5},{0.1]0.2,0.4/0.3}) and &, = ({0.3
[0.2,0.5|0.4},{0.2|0.1,0.3]0.4}), and the distance

d(¢;, &) = 0 between &; and &, was obtained according to
the distance formulas in the literature (Garg et al. 2018).
However, &; and &, are two different PDHFEs. Existing
distance formulas ignore the specific distributions of MDs
and NMDs, focusing only on the overall distribution of
MDs with their corresponding probabilities and the overall
distribution of NMDs with their corresponding probabili-
ties. Therefore, it is necessary to improve existing distance
formulas.

Definition 11 Let & = (hi|p,,gilq,) and & =
(h2|p,, &219,) be 2 PDHFEs, then the distance d(&;, &,) of
PDHFEs needs to satisfy the following three axiomatic
conditions:

(1) 0<d(, &)<
Q) d(&,8) =d(&,4);
3) d(&,&) =0, if and only if & = &,.

Definition 12 Let ¢, = (h|py,g1lq;) and & =
(h2|ps, g2|9,) be 2 PDHFEs, then the distance between the
two is:
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. 1 (1L ‘o 1 ’~—17)~q*|a+|y’1p*+17*qi|b
d(&.%) = |5 Zg(mpl Vil v = 93] pind) =72:: > (11)
1
1 = 1LV '
+5 > _(nai —ma|"+ni —mi|"qias || -
=1 Example 2 There are two  PDHFEs & =
(10) ({0.1]0.6,0.5|0.4}, {0.2]0.4,0.4|0.6}) and &=
({0.1]0.3,0.5|0.2},{0.2]0.2,0.4|0.3}), &, is transformed
where L, = max{#h;, #h,}, L, = max{#g,, #g}.If

#h) < #h,, then add ;|0 (y} = m?x{y’;“}) to hy(p) until
#hy = #hyIf #h, > #h,, then add 5|0 (y5 = max{yé}) to
ho(p) until #h, = #hoIf #g, < #g,, then "add 7|0
(= mflx{nf}) to g;(p) until #g, = #g,; If #g, > #g,, then
add 5|0 (g3 = m?x{né}) to g> (p) until #g, = #g,

If u=1, d(¢,&) becomes the Hamming distance
dup(&y, &), and if p = 2, d(&;, &) becomes the Euclidean
distance dgp (&, &,).

Theorem 1 In Definition 12, the novel distance measure
determined by Eq. (10) satisfies the three axiomatic con-
ditions of the distance measure of PDHFEs given in Def-
inition 11.

Proof 1 The improved distance formula clearly satisfies

conditions (1) and (2) in Definition 11; therefore, we prove
that the formula satisfies condition (3).

(1 If d(&y, &) = O.then
lvipt — v5ps ’M + ’“/1 — 74 ltpipz =0
u 1
|'7fql - ’726]2’ + ”11 - ’72| Q]Ch 0
{vi‘pl —7p5 =0
— ))2 — O

,then

A A
and {’716]} '7%‘]2 O, then
np—n5=0

{/1—/2ad{’71 7]2 , then & = &,.
pi P2 ‘Il*‘b

(2) If & = &,, the above arguments can be reversed to
obtain d(&, &) = 0.

To illustrate the validity of the distance measure
proposed in this paper, the PDHFEs in Example 1 are
selected for calculation; then, d(&;, &) = 0.0316, and the
distance between &; and &, can be clarified.

3 Entropy measure of PDHFEs

3.1 Classical probability dual hesitant fuzzy
entropy

Definition 13 [14] Let a PDHFE ¢ = (h|p, g|q), the nor-

malized form of &is & = (h|p,g|q), then the entropy of ¢ is
defined as:

into normalized PDHFE &=
({0.1]0.6,0.5]0.4},{0.2|0.4,0.4/0.6}) according to the
normalization method proposed by Hao et al. (2017) (see
Definition ~ 7), taking a=b=05, we  get
E(&)) = E(&) = 0.6553. The method proposed by Hao
et al. (2017) cannot effectively compare the uncertainty of
both. The reason for this is considered in the literature (Su
et al. 2022), which ignores the uncertainty caused by
incomplete probabilistic information, so the literature (Su
et al. 2022) adds the consideration of probabilistic
incompleteness to the literature (Hao et al. 2017), see
definition 14.

Definition 14 (Su et al. 2022) Let a PDHFE ¢ = (h|p, g|q)
be transformed into an internally reconciled

PDHFE ¢ <hl|j,g|§ > , which is that its MD and NMD
sets have the same number of elements and the same
probability, then the entropy of ¢ is defined as:

i #h
E(C“)—f(ZMI/ﬂnA ZIM JA+i7) 05(21) +Zq>>

=1 =1
(12)

where f[0,1]° — £[0,1], taking f(x,y,2) = (3 —x — y—
2).
Example 3 There are 2 PDHFEs & =

({0.4/0.4,0.6/0.6},{0.2  ]0.4,0.2]0.6}) and & =
({0.1]0.4,0.8 |0.6},{0.1]0.4,0.2|0.6}). The number of
elements of the MD and NMD sets and the probabilities in
these 2 PDHFEs are the same, so they are simultaneously
internally reconciled PDHFEs. The definition in the liter-
ature (Su et al. 2022) was used taken to calculate the
entropy of & and ¢, separately to  obtain
E(¢)) = E(&) =0.32, which can be seen using the
entropy measure proposed by Su et al. (2022) and cannot
effectively compare the uncertainty of different PDHFEs.

Definition 15 (Ning et al. 2022a, b, ¢) Let a PDHFE
& = (h|p, glq), then the entropy of & is defined as:

@ Springer
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S e+ (1 D LD Y n‘qi‘)
- #ho o 2 #g 5 2
(Z;;l“,“pv) +(Z,1:111*q') +(1—Zz yiph— SHE q)
(13)

Example 4 There are 2 PDHFEs ¢; = ({0.2]|0.8,0.6]0.2},
{0.2]0.5,0.4/0.5}) and = ({0.1]0.4,0.4|0.6}, {0.2]
0.5,0.4|0.5}). The definition in the literature (Ning et al.
2022a, b, c) is taken to calculate the entropy of &; and &,
separately to obtain E(&;) = E(&) = 0.9993, it can be
seen the entropy measure proposed by Ning et al. (2022a;
b, ¢) also cannot effectively compare the uncertainty of
different PDHFEs.

The above analysis shows that the existing probabilistic
dual hesitant fuzzy entropy measure formulas do not
completely distinguish the uncertainty of PDHFE, mainly
because the formula does not consider the difference
between different MSs (or different NMDs). When there
are multiple different MDs (or different NMDs) in a
PDHFE, it characterizes the hesitation of the decision
maker. The greater the difference between different MDs
(or NMDs), the greater the degree of hesitation of the
decision maker. Moreover, the smaller the difference
between the probabilities of MD (or NMD), the less
uniform the decision-maker’s evaluation, and the greater
the degree of hesitation. The effect of hesitation on the
entropy value is that the greater the degree of hesitation,
the higher the entropy value. Therefore, this study proposes
a new axiomatic definition and calculation formula for
probabilistic dual hesitant fuzzy entropy to improve the
deficiencies of the existing calculation formulas.

3.2 Novel probability dual hesitant fuzzy
entropy

Definition 16 Let a PDHFE ¢ = (h|p, g|q), the normalized
form of & is E: (h|p,glq), a mapping E : £ — [0,1] is
named as entropy of PDHFE, if E satisfy the following four
conditions:\
(1) 0<E)LL
2) E(¢) =0 if and only if E: oy, {11}

E = ({11}, {ol1}): i
() E(¢1,&) =1, if and only if £ = ({0/0}, {0[0});
(4)  E(&) =E(C°), where ¢ = (glg, hlp).

Definition 17 Let a PDHFE ¢ = (h|p, g|q), the normalized
form of & is & = (h|p,g|q), then the entropy of ¢ is:

@ Springer

L
(Z/p”—nq) S +d)

J=

)

@ HGE) - H (@)
(14)
#h  #h ,

Hnp)) = { 25,2, 0P #h>1 (15)

0 4h =0

» #Z 434 Hg > 1
H(g(q)) = § =0 (16)

0 H#e=0

where L = max{#h, #g}If #h > #g, then add #n*|0
(" = max{n*}) to g(q) until #h = #g;If #h < #g, then add

(P) until #h = #g.

The function f: [0, 1]4 — [0, 1] in the entropy measure
satisfies the following conditions:

1) =x 9, z, ke[0,1], f (x, y, z, k) is a monotonically
decreasing function with respect to x, y, z, k;

2 f&x,y,z,k)=0ifandonlyifx=y=z=k=1;

B) fx,y,z,k)=1ifandonlyifx=y=z=k=0.

Theorem 2 In Definition 17, the novel entropy measure
determined by Eq. (14) satisfies the four axiomatic condi-
tions of the entropy measure of PDHFEs given in Defini-
tion 16.

The proposed probabilistic dual hesitant fuzzy entropy
clearly satisfies conditions (1-5) in Definition 16, so this is
not proven here. To illustrate the superiority of the
proposed probabilistic dual hesitant fuzzy entropy pro-
posed by this study, the PDHFEs in Examples 2, 3 and 4
are selected for the calculation.

(1) For the 2 PDHFEs &, = ({0.10.6,0.5/0.4}, {0.2]0.4,
0.4/0.6}) and & = ({0.1]0.3,0.5/0.2},{0.2/0.2,
0.4|0.3}) in Example 2, we get E(¢)=
0.412<E(¢&,) = 0.537.

(2) For the 2 PDHFEs ¢, = ({0.4/0.4,0.6|0.6}, {0.2]0.4,
02(0.6}) and & = ({0.1/0.4,0.8]0.6},{0.1/0.4,
0.2]0.6}) in Example 3, we get E(&;) = 0.264 <
E(&) =0.336

(3) For the 2 PDHFEs ¢, = ({0.2/0.8,0.6/0.2}, {0.2]0.5,
0.4/0.5}) and & = ({0.1]0.4,0.4/0.6},{0.2/0.5,
0.4|0.5}) in Example 4, we get E(&) =0.337<
E(&) = 0.391.

It can be seen that the entropy measure of PDHFEs
proposed in this study can effectively distinguish the
uncertainty of different PDHFEs, which measures both the
closeness between MD and NMD in PDHFEs, the uncer-
tainty caused by the lack of probabilistic information, and
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reflects the deviation between different MDs (or different ~ where T, =2((14+pn(1+p) — 2+ f)(In(2 4+ p)—
MDs), the uncertainty caused by the closeness between the  1n2)), f > 0, L; = max{#h,#h,}, L, = max{#g,,#g,}.
probabilities corresponding to the respective MD, and the CEA&1, &)
entropy measure of PDHFE is more comprehensive. Y Y s
:gii((m) )it )

Ty Li 2 2
4 Cross-entropy measure of PDHFEs (1 —y{‘ﬁ’{“)d+ (i _y%)(s oA

+ _ < V1P1 th)
4.1 Cross-entropy of PDHFEs 2 2 (18)

Cross-entropy is a common tool used to measure the degree
of difference between fuzzy information, and is widely
used in fuzzy fields. In this study, we define probabilistic
dual hesitant fuzzy cross-entropy.

Definition 18 Let &, = (hi|p,g1lq,) and & =
(h2|p,, &219,) be 2 PDHFESs, then CE(¢, &) is named as
cross-entropy measure between two PDHFEs, if CE(&,, &)
satisfies:

(]) CE(517£2) = CE(&Zaél);

(2) CE(¢,&) =0if and only if & = &;

(3) O0<CE((,84)< 1,

4) CE(¢,&) =1 if and only if ¢ = (1]|1,0]0) and
& = (0[0, 1]1) or ¢ = (0[0, 1]1) and
& = (1]1,0]0).

Definition 19 Let & = (mlp;,glg;) and & =
(h2|ps, &2|9,) be 2 PDHFEs, the normalized form of &; and

& are & = (m[py1,811q;) and & = (h|p, 8,9>), then
the cross-entropy of &; and &, are defined as:

CE((&1,6,)

2 2

N\ O N\ O .

LA A h Vg L\ O

A (('M:) + (”2‘12> B (ﬂﬁHﬂﬁﬁ%)
=1

2 2

8 N\ 0
= )k 5~ i\ 0
+(1,W1) + (1 wi%) (2171’51"1;(73) )}

where T) =2(1-2'"7°), 6> 1, L,
= max {#g,#g>}.

= max {#h,#hy}, L.

Theorem 3 In Definition 19, the cross-entropy measures
determined by Eq. (17) and Egq. (18) satisfy the four
axiomatic conditions of the cross-entropy measure of
PDHFE:s given in Definition 18.

Proof 2 For CE,(¢y, &), ddTﬁ‘ In (2212;) > Inl = 0, then

T, increases with the increase of f, if f =0, then T} = 0,
due to > 0, then Ti] > 0. For CE,(¢,&,), 0 > 1, then

T, =2(1-2'")>0, then £ >0. For
(14 px)In(1 + fx) and wup(x )—
B>0, 5> 1, then %9 > o,

up(x) are

ur(x) =
%, due to x € [0, 1] and

() >0, then u;(x) and
about x. Therefore,

concave functlons

T L4 2 i 2

2

11 ((Hﬁviﬁf)ln(wﬁviﬁi) (1+maps)in(1+ maps) - (2++ Bytt + Boais ) in (2 + Byt + B’

L (ep(ipd) {1+ (1

o)) (1 p(1 = ip) Jn (1 + 51 - 2473))

4
2
(2 VP - /zpz)) " (2 + B(Z —1ip1 - V%ﬁﬁ)))
2

2

+ﬂmq1 ln(1+ﬁm )+(1+ﬁné§§)ln(l+ﬁn§“(§§) (2+[fmq1+ﬁnéqz’>ln(2+ﬁmq1+Bn2q§)

2

+
F M
/\ /\

2

2

2 n 2

) (2 +8(2-ma; - nids) ) | (2+8(2-mai - néﬁﬁ)))]

) ) G ) I G ) (R A ),

2

(17)
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CE(¢,,&,) > 0. we can get the condition (1), condition (2)
and condition (4) by combining the formulas of cross-
entropy.

4.2 Generalized cross-entropy of PDHFEs

A definition of the generalized cross-entropy of PDHFE:s is
proposed based on the above cross-entropy of PDHFEs.

Definition 20 Let &, = (hilp,,gilq,) and & =
(halp, g21a) be 2 PDHFEs, CEi(¢1,&)(i=1,2) are
cross-entropy of &; and &,, then the generalized cross-en-
tropy of &, and &, is defined as:

DE(¢1, &) = @(CE (81, 62), CEx (&1, &) (19)

where (x,y) : [0,1]* — [0,1] satisfies the following
conditions:

(1)  @(x,y) =0if and only if x =y = 0;
2) ¢(x,y)=1ifandonly ifx=y=1;
(3) @(x,y) increases with the increase of x, y.

At the same time DE(&, &,) satisfies all the properties
of the cross-entropy CE(&;, &).

5 Probabilistic dual hesitant fuzzy multi-
attribute decision model based
on entropy and cross-entropy

The probabilistic dual hesitant fuzzy multi-attribute deci-
sion problem can be described as follows: The alternative
set X = {x;, X2,..., Xj»..., Xn}, the attribute set C = {cy,
Csen-s Cjre..y Cn), the attribute weights are W = [wy,wy,...,-
wj,...,wn]T, and the set of decision evaluation values
0= {1 Cias oo éijvua Conn }-

5.1 Attribute determination method based
on entropy and cross-entropy

The probabilistic dual hesitant fuzzy entropy of attribute ¢;
is >, E(f,-j), and if the entropy value of an attribute is
larger, the less useful information the attribute provides to
the decision maker, the smaller the value assigned to
weight of the attribute. Similarly, the average cross-entropy
of alternative x; with other alternatives under attribute ¢; is
ﬁZT:LT 2 DE (5,-1-, éfj),and the total cross-entropy of all
alternatives under attribute Cj is
S s o 2z DE(Ey, &) The greater the difference
between evaluations of alternatives under the same attri-
bute, the greater the role the attribute plays in the ranking
of alternatives, and the greater the value assigned to the

@ Springer

attribute weight; conversely, the smaller the value assigned
to the attribute weight.
Therefore, the weights of attribute ¢; can be obtained as:

S (1= E(&)) + 5 00 DE (G, )

TS (1 @) 4 S e DEG )
20)

Wi

5.2 Process steps of the decision model

The steps of the constructed multi-attribute model are as
follows:

Step1: Unifying the attribute types. The cost type should
be converted into benefit type according to the method
proposed by Zhao et al. (2020): the complementary set of
cost type evaluation is its corresponding benefit type
evaluation: &; — &;“.

Step2: Calculate attribute weights W based on the
probability dual hesitant fuzzy entropy and cross-entropy
in Sect. 5.2.

Step3: Selecting positive and negative ideal solutions
based on the score function: x™ = {&7]j =1,2,...,n}
and x={{i=1,2,...,n}, where
&= mlax{flj[/' =1,2,...,n},

& =min{¢;lj = 1,2,...,n}. The larger the score func-

tion s(éij), the larger &;;.

Step4: Calculate the distances D(x;,x") and D(x;, x) of
each alternative from the positive and negative ideal
solutions based on the proposed distance measure
formula with attribute weights.

D()C,'7x+) = ijdED<éii7éj_) (l = 1,2,...,1’[1) (21)
j=1

Dwi,x™) = Y wido (8§ ) (1= 1.2,.om)  (22)
=1

Step5: Calculate the closeness degree #; of the alternative

based on the distance between the alternative and

positive and negative ideal solutions. A larger f; value

indicates a better alternative x;.
D(x;,x7)

D(x;,xt) + D(x;,x™)

ti = (23)

6 Analysis of calculation example

When a nuclear accident occurs, decision makers need to
make a choice in a short period of time to select the optimal
nuclear emergency response action to minimize the
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damage caused by the nuclear accident. It is a complex
problem; that involves not only the evolution of nuclear
accidents and the environment, but also public health,
economic loss, and political impact, and is a multi-attribute
risk decision problem.

In the event of an accident at a nuclear power plant,
which results in the release of radioactive material to the
outside, exposing staff and the public to radiation over time
or at a level equivalent to the specified limit, it is known as
a nuclear leak. The harmful pathway of radioactive mate-
rial release is that the rays directly harm the human body,
followed by a damaging effect on the human body through
contaminated air, soil, water, and food. When a certain
dose of radioactive material enters the human body, it has
an ionizing effect on tissues, causing cell deformation,
tissue damage, organ dysfunction, metabolic disorders, and
other diseases. In the event of a serious release of
radioactive material from a nuclear facility, certain forms
of emergency protective measures, such as concealment,
administration of stabilized iodine, evacuation, relocation,
and food control, are required to protect public health and
safety. When, where, and what measures should be taken
are decisions that should be made by emergency com-
manders. Different decision-making behaviors often pro-
duce different effects, and choosing the right decision can
help minimize the harm caused by radioactive materials to
society, the public, the environment, and the economy. In
this paper, the constructed model is presented as an
example of protective decision-making for the release of
radioactive substances.

6.1 Decision-making for the protection against
releases of radiation substances

In this study, the release of radiation substances under the
PWRS accident source of nuclear power plant A was used
as an example for the selection of multi-attribute decisions.
The radiation prevention effect of a nuclear accident was
evaluated under four attributes: negative psychosocial
impact ¢;, economic cost c,, preventable maximum indi-
vidual dose c3, and preventable collective dose c4, for
which the attribute weights were completely unknown. To
facilitate the calculation, the PDHFE evaluation values of
the given alternatives under different attributes were nor-
malized PDHFEs, as shown in Table 1.

Stepl: The negative psychosocial impact c¢;, and the
economic cost ¢, belong to the cost type, so they were
transformed into the benefit type, and the probabilistic
dual hesitant fuzzy multi-attribute decision matrix was
obtained, as shown in Table 2.

Step2: In this study, we chose f(x,y,z,k) = %(4-x—y-z-k),
CE; (&, &) to calculate the entropy and cross-entropy,
respectively, took [ =2, and obtained the attribute
weights W = [0.2559,0.2120,0.2625, 0.2696]" based on
Eq. (20).

Step3: The positive and negative ideal solutions were
selected based on the score function.

Step4: The distances of each alternative from the
positive and negative ideal solutions were obtained
based on the distance measure formula and attribute
weights: D (x;x7) = 0.0495, D (x;,x) =0.1621; D
(x2,xT) = 0.0996, D (x2,x7) = 0.1381; D
(x3xT) = 0.0708, D (x3,x7) = 0.1705; D
(6x1) =0.1769, D (xp,x7) = 0.0421.

StepS: The closeness degrees of the alternatives were
calculated to obtain #; = 7660, t, = 5810, 13 = 7065, and
t4 = 1924, so the ranking of the alternatives is: x; > x3.
> x, > x4, and alternative x; is the best.

6.2 Comparative analysis

To further illustrate the effectiveness and feasibility of the
multi-attribute decision scheme proposed in this study, the
distance and method of determining attribute weights
proposed in the literature (Garg et al. 2018) are used to
calculate the decision evaluation values in the examples.
The attribute weights in the decision-making method pro-
posed in the literature (Garg et al. 2018) were obtained
based on the maximum deviation method of the distance
formulas, which are shown in Definitions 9 and 10. The
ranking of the alternatives is: x3 > x; > x, > x4.The
ranking of the alternatives obtained by the decision model
in this study is compared with the ranking of the alterna-
tives obtained using the distance measure in the literature
(Garg et al. 2018), which shows that the optimal alternative
is different and the ranking of the other alternatives is the
same. The distance measure in the literature (Garg et al.
2018) ignores the specific distribution of MDs and NMDs,
and the determination of attribute weights is obtained based
on this distance formula; therefore, it is somewhat biased
with the ranking of the solutions derived in this study.

The entropy formula proposed by Hao et al. (2017) was
used to calculate the decision evaluation value in the
example, as shown in Definition 13. The entropy formula
proposed by Hao et al. (2017) was used to calculate attri-
bute weights, and the ranking of the alternatives obtained
by combining the distance formula proposed in this paper
was x| > X3 > Xp > X4, Which is consistent with the rank-
ing of the alternatives obtained by the method proposed in
this paper. This indicates the effectiveness of the entropy
formula and the attribute weight calculation method pro-
posed in this study.

@ Springer
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The distance formula proposed in this paper not only
considers the distance of the product between the MDs and
the corresponding probabilities and the distance of the
product between the NMDs and the corresponding proba-
bilities, but also considers the specific distribution of MDs
and NMDs to improve the distance measure between
PDHFEs. The determination of attribute weights in this
study is obtained based on entropy and cross-entropy,
considering the individual effects of PDHFS and their
interactions. The combination of entropy and cross-entropy
can consider both the degree of fuzziness and the degree of
deviation, which is important for multi-attribute decision-
making.

7 Conclusions

In this study, we systematically reviewed related studies on
PDHFS, which can more comprehensively represent fuzzy
information and uncertainty in multi-attribute decision-
making. We found that the distance and entropy measures
of the PDHFS have some shortcomings, and the definition
of cross-entropy has not been given. Therefore, in this
study, we improve the distance measure so that the distance
formula can effectively compare the distances between
different PDHFSs to compensate for the shortcomings of
existing distance measures. The entropy measure is
improved, and the new entropy measure considers the
uncertainty caused by the difference between different
MDs (different NMDs) and the uncertainty caused by the
proximity between the probabilities of the respective MDs
(or NMDs). Cross-entropy was proposed to fill the research
gap in the cross-entropy of PDHFS. A new multi-attribute
decision method in the PDHFS environment was proposed
and applied to protective decision-making for the release of
radioactive substances. The new multi-attribute decision
method provides rich and comprehensive decision infor-
mation and objective attribute weights to the protective
decision-making for the release of radioactive substances.
The applicability of the new multi-attribute decision
method is explained, and its effectiveness is confirmed by
comparative analysis.

Considering that there is little research on group con-
tingency decision-making methods for PDHFSs, solving
the consensus problem in group decision-making requires
further research.
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