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Abstract
Pythagorean cubic fuzzy is a relatively new improvement in the field of fuzzy set (FS) theory. It is a mathematical

framework that allows decision-makers to effectively evaluate and select the best course of action when faced with

uncertainty and ambiguity. The theory is built on the idea of a Pythagorean FS (PFS), which is a generality of the

traditional FS. It also includes a cubical structure, which allows for more flexibility in representing complex relationships.

The Pythagorean cubic fuzzy (PCF) sets (PCFSs) provide a way to model and handle uncertainty more precisely and

accurately, giving decision-makers the ability to make better-informed decisions in uncertain and fuzzy environments. This

study aims to investigate the use of Frank operations, which are a type of mathematical operation, to aggregate PCF

numbers (PCFNs) and provide a powerful tool for decision-making in uncertain and fuzzy environments. We introduce

new operations for PCF environments, including the Frank sum, product, scalar multiplication and exponentiation. Using

these operations, we develop new a series of aggregation operators (AOs) such as the PCF Frank weighted averaging

(PCFFWA) and PCF Frank weighted geometric (PCFFWG) operator. We establish various properties of these operators,

provide examples of them, and examine the connections between these operators. Furthermore, we utilize these operators

to devise a method for handling group decision-making with CPF information. To demonstrate the usefulness and effi-

ciency of the operators and method, we present a numerical example. Finally, we compare the results of the proposed

method with existing methods to demonstrate its applicability and feasibility.

Keywords Multi-criteria group decision-making � Pythagorean cubic fuzzy sets � Frank aggregation operators

1 Introduction

Multi-criteria decision-making (MCDM) is a method of

evaluating and choosing alternatives based on multiple,

often conflicting, criteria. MCDM involves evaluating

alternatives based on multiple criteria (e.g. cost, feasibility,

impact) and weighing them with mathematical models to

find the optimal solution. MCDM is useful in situations

where traditional single-criteria decision-making is insuf-

ficient, such as when multiple objectives need to be opti-

mized or trade-offs between objectives must be made. With

the progression of society and the economy, practical

decision-making problems have become increasingly

complex. As a result, it has become challenging for deci-

sion-makers (DMs) to make decisions based solely on

precise numerical values. The complexity of these prob-

lems requires a more nuanced approach to decision-mak-

ing, taking into account multiple factors and variables,

rather than relying solely on clear-cut numerical data. This

has led to the need for MCDM methods that can help DMs

weigh and evaluate different factors to arrive at a more

informed and optimal decision. The concept of FSs intro-

duced by Zadeh (1965) allows for the representation of

ambiguous, vague, and uncertain elements in a set. This is

achieved through the use of a membership degree, which

serves as a measure of the extent to which a specific ele-

ment belongs to a particular set. The membership degree

ranges from 0 to 1, where 0 indicates that an element does

not belong to the set and 1 indicates full membership. This

concept provides a flexible and precise way to deal with the

uncertain or vague aspects of data. Atanassov (1986)
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proposed a solution to address the limitations of FS by

introducing the concept of intuitionistic fuzzy sets (IFSs).

The key difference between FS and IFS is that IFS con-

siders both the degree of membership and the degree of

non-membership for each element within the set. In real-

world decision-making scenarios, it is common for DMs to

encounter situations where the sum of their membership

and non-membership degrees is greater than one, even

though the sum of their squares is less than or equal to one.

To address this issue, Yager (2013) introduced the concept

of PFSs, which is an extension of the IFS model. PFS

provides a framework for dealing with these complex sit-

uations by considering both the membership and non-

membership degrees in a more nuanced and sophisticated

manner. This allows for a more accurate representation of

uncertainty and vagueness in decision-making processes.

Zhang (2016) introduced the concept of interval-valued

PFS (IVPFS) to address the challenges faced in MCDM

problems. IVPFS is an extension of the PFS model and

represents the membership and non-membership degrees as

intervals rather than single values. This approach allows for

a more comprehensive understanding of the degree of

membership and non-membership, providing a more

accurate representation of uncertainty and vagueness in

MCDM problems.

The existing literature shows that previous studies pri-

marily concentrate on FSs, interval fuzzy sets, IFS, PFS,

and their practical applications. Jun et al. (2012) later

introduced the concept of cubic sets (CSs), which combines

interval-valued fuzzy numbers and fuzzy numbers, and

defined logic operations for them. In this set, Khan et al.

(2016) proposed cubic aggregation operators, while Mah-

mood et al. (2016) introduced the concept of cubic hesitant

fuzzy sets and their aggregation operators in decision-

making. Garg and Kaur (2019) introduced the concept of

cubic intuitionistic fuzzy sets (CIFSs) and specified several

desirable properties for these operations. Kaur and Garg

(2018) introduced the concept of Bonferroni Mean Oper-

ators for use with cubic IFSs (CIFSs) and developed a

decision-making method utilizing these operators.

Khan et al. (2019a) introduced the concept of Pytha-

gorean cubic fuzzy sets, which represents a noteworthy

advancement in the field of FS theory. This new idea

represents a more effective and innovative approach to

solving problems and making decisions in uncertain envi-

ronments. Khan et al. (2019b) investigated a series aver-

aging and geometric operators by utilizing the information

PCFSs and the idea of confidence levels. Khan et al. (2020)

presented a technique for MCDM that uses the technique

for order of preference by similarity to ideal solution

(TOPSIS) method with limited weight information. Wang

and Zhao (2021) transformed the PCFS into a geometric

form and suggested the utilization of PCFS geometric-

distance measurements. The utilization of the cubic intu-

itionistic fuzzy set has become increasingly important in

handling uncertainty and fuzziness during the decision-

making process. This is because it allows for the simulta-

neous expression of interval-valued intuitionistic fuzzy

numbers and intuitionistic fuzzy values, thus providing a

more comprehensive approach to representing complex

and uncertain information. By employing the cubic intu-

itionistic fuzzy set, decision-makers can better capture the

nuances and ambiguities that arise in real-world scenarios.

The set offers a more flexible and powerful tool for mod-

eling uncertain information, as it provides a more accurate

representation of the decision-making environment.

Frank t-conorm and t-norm are currently the only class

of t-conorm and t-norm that possess the features of general

t-conorm and t-norm, including algebraic, Einstein, and

Hamacher t-conorm and t-norm. Additionally, they are the

only t-conorm and t-norm that abide by the compatibility

law. Frank t-conorms and t-norms offer greater versatility

than their counterparts due to the presence of an additional

parameter that modulates the magnitude of the argument

values being raised. This added degree of control allows for

a greater range of results, providing greater flexibility to

the user. When we make various selections for the

parameter, it leads to the emergence of specific instances or

scenarios. These instances, also referred to as special cases,

result from the distinct choices made for the parameter.

Over the past several decades, there has been extensive

research and exploration into Frank t-conorms and t-norms.

This area of study has produced a significant amount of

results and advancements, with many noteworthy

achievements having been documented and reported. For

example, Yager (2004) introduced two novel methods for

computing the Frank t-conorm and t-norm and utilized

them for approximate reasoning. Sarkoci (2005) compared

the Frank t-norms to the Hamacher t-norms in terms of

domination through inspection and showed that both

t-norms originate from the same family. Mahnaz et al.

(2021) developed general operational laws, known as

Frank operational laws, for T-spherical fuzzy numbers

using the Frank t-norm and t-conorm. Seikh and Mandal

(2022) created aggregation operators based on the Frank

t-norm and t-conorm for merging q-rung orthopair fuzzy

(q-ROF) information. Seikh and Mandal (2021) introduced

some operations and aggregation operators for Pic-

ture Fuzzy Sets.

1.1 Motivation

Based on the previous discussion, it is evident that there is

a lack of research on the utilization of Frank T-norm and

T-conorm in the context of Pythagorean Cubic Fuzzy sets.

This research gap presents an opportunity for further
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investigation and exploration of the potential applications

and benefits of utilizing these operators in PCF-based

decision-making frameworks. Such studies may lead to

new insights and a deeper understanding of the capabilities

and limitations of Pythagorean cubic fuzzy sets, and help to

expand their applicability to a wider range of real-world

problems. In this communication, we aim to introduce a

new approach to aggregate the preferences decision-mak-

ers. Our proposal is based on the concept of the Frank

operations and leverages the benefits of the PCFS in

expressing uncertainty. The new operators we present are

known as the PCFFWA and the PCFFWG. These operators

offer a fresh perspective on aggregation and aim to

improve decision-making processes. The desirable features

of these operators have been thoroughly analyzed, with a

focus on their key advantage of considering the intercon-

nections among aggregated values. Additionally, the

properties of the proposed operator have been investigated

and specific cases have been developed. The proposed

operator has been shown to be more comprehensive com-

pared to previous studies, as previous work can be derived

from the proposed operator. Lastly, a methodology for

ranking various alternatives based on the proposed opera-

tors has been presented for making informed decisions.

2 Preliminaries

In this section, we provide a comprehensive review of

definitions and concepts related cubic sets, Pythagorean

fuzzy sets, interval-valued Pythagorean fuzzy sets, Pytha-

gorean cubic fuzzy sets, and their associated operational

principles and laws.

2.1 Pythagorean fuzzy sets

Definition 1 (Yager 2013) Let T represent a non-empty

set. A PFS of an element t that belongs to the set T is

formally defined as follows

P ¼ t; hlP tð Þ; #PðtÞi t 2 Tjf g ð1Þ

The membership function of an element t in T is rep-

resented by lP tð Þ which maps to the interval 0; 1½ �.
Meanwhile, the non-membership grade of t is represented

by #PðtÞ which also maps to the interval 0; 1½ �.

Definition 2 (Yager and Abbasov 2013) For any Pytha-

gorean fuzzy number P ¼ ðlP; #PÞ, score function of P can

be calculated as:

Sc Pð Þ ¼ l2P � #2
p ð2Þ

where �14Sc pð Þ41. The accuracy function of P is defined

as follows:

Ac Pð Þ ¼ l2P þ #2
P ð3Þ

where 04Ac pð Þ41.

For any two Pythagorean fuzzy numbers P1;P2, if

Sc P1ð Þ � Sc P2ð Þ or Ac P1ð Þ � AcðP2Þ, then P1 � P2. If

Sc P1ð Þ�ScðP2Þ or Ac P1ð Þ�Ac p2ð Þ; then P1�P2. If

Sc P1ð Þ ¼ ScðP2Þ and Ac P1ð Þ ¼ AcðP2Þ then P1 ¼ P2.

Definition 3 (Zhang and Xu 2014) Let P ¼ ðlP; #PÞ, p1 ¼
ðlP1

; #P1
Þ and p2 ¼ ðlP2

#P2
Þ be any three PFNs, and u is

any positive real number, then

1. P1 � P2 ¼ h
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

l2P1
þl2P2

�l2P1
l2P2

q

; #P1
#P2

i
� �

,

2. P1 � P2 ¼ hlP1
lP2

;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

#2
P1
þ#2

P2
�#2

P1
#2
P2

q

i
� �

,

3. Pu ¼ luP ;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ð1� #2
PÞ

u
q

� �

,

4. uP ¼ h
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ð1� l2PÞ
u

q

; #u
Pi

� �

.

2.2 Interval-valued Pythagorean fuzzy sets

Definition 4 (Zhang 2016) Let T be a non-empty finite set.

An IVPFS Q in element t 2 T is defined as follows:

Q ¼ t; hlQ tð Þ; #QðtÞi t 2 Tj
� �

ð4Þ

where lQ xð Þ interval-valued fuzzy membership grade and

can be represented as lQ xð Þ ¼ l�Q tð Þ; lþQðtÞ
h i

and #QðtÞ
interval-valued non-membership grade and can be repre-

sented as #Q xð Þ ¼ #�
Q tð Þ; #þ

QðtÞ
h i

of set Q such that

lþQðtÞ þ #þ
QðtÞ41.

Definition 5 (Zhang 2016) Let Q ¼ ð a; b½ �; c; d½ �Þ be an

interval-valued Pythagorean fuzzy number. The score

function of Q is defined as:

Sc Qð Þ ¼ a2 þ b2 � c2 � d2

2
ð5Þ

where �14Sc Qð Þ41. The accuracy function of Q is

defined as:

Ac Qð Þ ¼ a2 þ b2 þ c2þd2

2
ð6Þ

where 04Ac dð Þ41:

For any two interval-valued Pythagorean numbers Q1

and Q2, if Sc Q1ð Þ � Sc Q2ð Þ or Ac Q1ð Þ � AcðQ2Þ, then

Q1 � Q2. If Sc Q1ð Þ�Sc Q2ð Þ or Ac Q1ð Þ�Ac Q2ð Þ, then
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Q1�Q2. If Sc Q1ð Þ ¼ ScðQ2Þ and Ac d1ð Þ ¼ AcðQ2Þ, then
Q1 ¼ Q2.

Definition 6 (Zhang 2016) Let Q ¼ ð a; b½ �; ½c; d�Þ, Q1 ¼
ð a1; b2½ �; ½c1; d1�Þ and Q2 ¼ ð a2; b2½ �; ½c2; d2�Þ, be three

interval-valued Pythagorean fuzzy numbers and u is any

positive integer then,

1. Q1 � Q2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a21 þ a22 � a21a
2
2

p

;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

b21 þ b22 þ b21b
2
2

q

" #

;
c1c2;
d1d2

	 


 !

,

2. Q1 � Q2 ¼
a1a2;
b1b2

	 


;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

c21 þ c22 � c21c
2
2

p

;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

d21 þ d21 � d21d
2
2

q

" # !

,

3. uQ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 1� a2ð Þu
p

;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 1� b2
� �u

q

" #

;
cu;
du

	 


 !

,

4. Qu ¼ au;
bu

	 


;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 1� c2ð Þu
p

;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� ð1� d2Þu
q

" # !

.

The complement of PFNS Q is denoted by Qc and

defined as Qc ¼ ð c; d½ �; ½a; b�Þ.
Let u1 and u2 are any positive real numbers, then the

following properties for interval-valued Pythagorean fuzzy

numbers Q, Q1 and Q2 holds.

1. Q1�Q2 ¼ Q1 � Q2,

2. Q1 � Q2 ¼ Q1 � Q2,

3. u Q1�Q2ð Þ ¼ uQ1 � uQ2,

4. u1 þ u2ð ÞQ ¼ u1Q�u2Q,

5. ðQ1�Q2Þu ¼ Qu
1 � Qu

2 ,

6. Qu1�Qu2ð Þ ¼ Qu1þu2 .

2.3 Cubic sets

Definition 7 (Jun et al. 2012) Let T be a non-empty finite

set. A cubic set over an element t 2 T is defined as follows:

R ¼ ht;R tð Þ; lðtÞi t 2 Tjf g ð7Þ

where RðtÞ is interval-valued fuzzy set and lðtÞ is a fuzzy

set of an element t 2 T . A cubic set R ¼
ht;R tð Þ; lðtÞi t 2 Tjf g is simply denoted by R ¼ hR; li:

Let R tð Þ ¼ ½a; b�, then a cubic set R ¼ hR; li is said to be

internal cubic set if l 2 ½a; b�, on the other hand a cubic set

R ¼ hR; li is said to be external cubic set if l 62 a; b½ �:

Definition 8 (Jun et al. 2012) Let R ¼ hR; li and S ¼
hS; mi be two cubic sets in T . Then the following properties

holds.

1. (Equality). If R ¼ S and l ¼ m, then R ¼ S,

2. (P-order) R	PS , R 	 S and l4m,
3. (R-order) R 	RS () R 	 S and l<m:

Definition 9 (Jun et al. 2012) For any Ri ¼
t; hRi tð Þ; liðtÞi t 2 Tjð Þ where i�D. Then,
P-Union

[P

i�D
Ri ¼ t;

[

i�D

Ri

 !

tð Þ;
_

i�D
li

� �

ðtÞ t 2 Tj
( )

;

R-Union

[

R

i�D

Ri ¼ t;
[

i�D

Ri

 !

tð Þ;
^

i�D
li

� �

ðtÞ t 2 Tj
( )

;

P-Intersection

\

P

i�D

Ri ¼ t;
\

i�D
Ri

� �

tð Þ;
^

ieD
li

� �

xð Þ t 2 Tj
n o

;

R-Intersection
\R

i�D
Ri ¼ t;

\

ieD
Ri

� �

tð Þ;
_

i�D
li

� �

ðxÞ t 2 Tj
n o

:

2.4 Pythagorean cubic fuzzy sets

Definition 10 (Khan et al. 2019a, b) Let T be a non-empty

finite set. A PCFS D of an element t 2 T is defined as:

D ¼ t; CD tð Þ;DDðtÞ t 2 Tjf g ð8Þ

where CD tð Þ ¼ hZD tð Þ; lDðtÞi membership grade, while

DD tð Þ ¼ h eZD tð Þ; mDðtÞi represent the non-membership

grade. Furthermore ZD tð Þ and eZDðtÞ are interval-valued

fuzzy sets while lDðtÞ and mDðtÞ represent fuzzy sets. Let

ZD tð Þ ¼ ½l�D tð Þ; lþDðtÞ� and eZD tð Þ ¼ ½#�
D tð Þ; #þ

1 ðtÞ�, then

CD tð Þ ¼ h½l�D tð Þ;lþDðtÞ; lDðtÞi
� �

describes the degree of

membership, while DD tð Þ ¼ h½#�
D xð Þ; #þ

D
bp
ðtÞ�; mDðtÞi

� �

represent non-membership degree of an element t 2 T ,

such that 04 lþDðtÞð Þ2 þ #þ
DðtÞ

� �

41 and 04 lDðtÞð Þ2

þ #DðtÞð Þ241. For simplicity we call hZðtÞ; lðtÞi;ð
h eZðtÞ;#ðtÞiÞ a CPF number (PCFN) denoted by

b ¼ hZ; li; h eZ ; #i
� �

:

Definition 11 (Khan et al. 2019a, b) Let

b ¼ hZ; ni; h eZ ; si
� �

, b1 ¼ hZ1; l1i; h eZ 1; #1i
� �

and b2 ¼
hZ2; l2i; eZ 2;#2

� �

be three PCFNs, and u is any positive

real number, where Z1 ¼ ½l�1 tð Þ; lþ1 ðtÞ�, eZ 1 ¼ ½#�
1 tð Þ;

#þ
1 ðtÞ�, Z2 ¼ ½l�2 tð Þ; lþ2 ðtÞ�, eZ 2 ¼ ½#�

2 tð Þ; #þ
2 ðtÞ�, Z ¼

½l� tð Þ; lþðtÞ� and eZ ¼ ½#� tð Þ; #þðtÞ� then the opera-

tional laws are defined as.
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1.

b1 � b2

¼ h

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

l�1
� �2 þ l�2

� �2 � l�1
� �2

l�2
� �2

q

;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

lþ1
� �2 þ lþ1

� �2 � lþ1
� �2

lþ1
� �2

q

2

4

3

5;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

l21 þ l22 � l21l
2
2

p

i;

h #�
1 #

�
2 ; #

þ
1 #

þ
2


 �

;#1#2i

0

B

B

B

B

B

@

1

C

C

C

C

C

A

,

2. b1 � b2

¼

h l�1 l
�
2 ; l

þ
1 l

þ
2


 �

; l1l2i;

h

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

#�
1

� �2 þ #�
2

� �2 � #�
1

� �2
#�
2

� �2
q

;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

#þ
1

� �2 þ #þ
1

� �2 � #þ
1

� �2
#þ
1

� �2
q

2

4

3

5;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

#2
1 þ #2

2 � #2
1#

2
2

q

i

0

B

B

B

B

B

B

@

1

C

C

C

C

C

C

A

,

3. ub ¼ h

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 1� l�ð Þ2
� �u

r

;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 1� lþð Þ2
� �u

r

2

6

6

4

3

7

7

5

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 1� l2ð Þu
p

i;

h #�ð Þu; #þ� �u
 �

;#ui

0

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

A

,

4. bu ¼

h l�ð Þu; lþð Þu½ �; lui;

h

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 1� #�ð Þ2
� �u

r

;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 1� #þ� �2
� �u

r

2

6

6

4

3

7

7

5

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 1� #2
� �u

q

i

0

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

A

.

Definition 12 (Khan et al. 2019a, b) Let b ¼
hZ; li; h eZ ;#i
� �

be a PCFN, where Z ¼ ½l�; lþ� and eZ ¼
½#�; #þ� then the score function ScðqÞ is defined as follows:

Sc bð Þ ¼ l� þ lþ � l
3

� �2

� #� þ #þ � #

3

� �2

ð9Þ

while the accuracy function is defined as follows:

Ac bð Þ ¼ l� þ lþ þ l
3

� �2

þ #� þ #þ þ #

3

� �2

ð10Þ

where �14Sc bð Þ41 and 04Ac bð Þ41. Let b1 ¼
hZ1; l1i; h eZ 1; #1i
� �

and b1 ¼ hZ2; l2i; h eZ 2; #2i
� �

be two

PCFNs. If Scðb1Þ � Scðb2Þ or Acðb1Þ � Ac b2ð Þ then b1
� b2. If Scðb1Þ�Scðb2Þ or Acðb1Þ�Acðb2Þ then b1�b2. If
Sc b1ð Þ ¼ Scðb2Þ and Ac b1ð Þ ¼ Acðb2Þ then b1 ¼ b2.

Definition 13 (Khan et al. 2019a, b) Let b, b1 and b2 be

any three PCFNs and u, u1 and u2 are positive real

numbers then following properties holds.

1. b1 � b2 ¼ b2�b1,
2. b1 � b2 ¼ b2 � b1,
3. u b1 � b2ð Þ ¼ ub1 � ub2,
4. u1þu2ð Þb ¼ u1b�u2b,

5. b1 � b2ð Þf ¼ bu1 � bu2 ,

6. b u1þu2ð Þ ¼ bu1�bu2 .

2.5 Frank operations

Definition 14 (Frank 1979) Let d be a positive real and

a; bð Þ 2 ½0; 1�2. Then, Frank product �F and Frank sum �F

are defined as follows:

a�Fb ¼ 1� logd
d1�a � 1
� �

d1�b � 1
� �

c� 1

 !

ð11Þ

a�Fb ¼ logd
da � 1ð Þ db � 1

� �

c� 1

 !

ð12Þ

Properties of the Frank product and Frank sum are as

follows:

1. a�Fbð Þ þ a�Fbð Þ ¼ aþ b,

2.
oða�FbÞ

oa þ oða�FbÞ
ob ¼ 1.

Based on the limit theory see (Wang and He 2009),

1. If d ! 0, then a�Fb ! aþ b� ab, Then Frank sum

being transformed into a probabilistic sum..

2. If d ! 0 then a�Fb ! ab, then Frank product trans-

formed into a probabilistic product.

3. If d ! 1 then a�Fb ! min aþ b; 1ð Þ, then Frank sum

transformed into a Lukasiewicz sum.

4. If d ! 1 then a�Fb ! maxð0; aþ b� 1Þ, then Frank

product transformed into a Lukasiewicz product.

3 Frank operations in Pythagorean cubic
fuzzy environment

This section presents the Frank operations on PCFSs and

examines several key properties of these operations.

Definition 15 Let b ¼ h½l�; lþ�; li; h #�; #þ
 �

;#i
� �

, b1 ¼
h l�1 ; l

þ
1


 �

; l1i; h #�
1 ; #

þ
1


 �

i;#1

� �

and b2 ¼
h l�2 ; l

�
2


 �

; l2i; h #�
2 ; #

�
2


 �

;#2i
� �

be any three PCFNs and u
is any positive real number, then
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Theorem 1 Let b ¼ h l�; lþ½ �; li; h #�; #þ
 �

;#i
� �

, b1 ¼
h l�1 ; l

þ
1


 �

; l1i; h #�
1 ; #

þ
1


 �

;#1i
� �

and b2 ¼
h l�2 ; l

þ
2


 �

; l2i; h #�
2 ; #

þ
2


 �

;#2i
� �

be any three CPFNs. Then

the operational laws b1�Fb2, b1�Fb2, ub and bu are also

PCFNs.
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Proof Since l�i ; l
þ
i


 �

; #�
i ; #

þ
i


 �

2 ½0; 1�2 and li; #i�½0; 1�
for i ¼ 1; 2, then

logd 1þ
d0 � 1
� �

d0
� �

d� 1

 !

¼ logd 1þ 1� 1ð Þ 1� 1ð Þ
d� 1

� �

¼ log 1ð Þ ¼ 0
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d� 1
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¼ logc 1þ d� 1ð Þ

¼ logd dð Þ ¼ 1:

On the other hand, we have
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1� logd 1ð Þ ¼ 1
p

:

Similarly, we can prove that 04n2i41 and 04s2i41:

Now, in order to show that lþið Þ2 þ #þ
i
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41 and

l2i þ #2
i41, we will proceeds as follows:
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Similarly, we can prove that l2i þ #2
i41.Hence b1�Fb2

is PCFN. Similarly, we can prove that b1 � b2, ub and bu

are also PCFNs.

Theorem 2 For any three PCFNs b ¼ h l�; lþ½ �; li;ð
h l�; lþ½ �;#iÞ, b1 ¼ h l�1 ; l

þ
1


 �

; l1i; h #þ
1 ; #

þ
1


 �

;#1i
� �

and

b2 ¼ h l�2 ; l
þ
2


 �

; l2i; h #�
2 ; #

þ
2


 �

;#2i
� �

and u, u1 and u2

are any positive real numbers then the following properties

holds.

1. b1�Fb2 ¼ b2�Fb1,
2. b1 �F b2 ¼ b2 �F b1,
3. u b1�Fb2ð Þ ¼ ub1�Fub2,
4. b1�Fb2ð Þu ¼ bu1�Fb

u
2 ,

5. bu1þu2 ¼ bu1�Fb
u2 ,

6. u1 þ u2ð Þb ¼ u1b�Fu2b.

Proof 1 1. By Definition 15, we have
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2. Similarly, By Definition 15, we have
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¼ b2�Fb1:

3. According to the Definition 15, we get
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As stated in Definition 15, it can be concluded that
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ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� logd 1þ
d1� l�

1ð Þ2 � 1
� �u

d� 1ð Þu�1

0

B

@

1

C

A

1þ
d1� l�

2ð Þ2 � 1
� �u

d� 1ð Þu�1

0

B

@

1

C

A

v

u

u

u

u

t

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� logd 1þ
d1� lþ

1ð Þ2 � 1
� �u

d� 1ð Þu�1

0

B

@

1

C

A

1þ
d1� lþ

2ð Þ2 � 1
� �u

d� 1ð Þu�1

0

B

@

1

C

A

v

u

u

u

u

t

2

6

6

6

6

6

6

6

6

6

6

4

3

7

7

7

7

7

7

7

7

7

7

5

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� logd 1þ
d1�l2

1 � 1
� �u

d� 1ð Þu�1

0

@

1

A 1þ
d1�l2

2 � 1
� �u

d� 1ð Þu�1

0

@

1

A

v

u

u

u

t

i;

h

logc 1þ
d #�

1ð Þ2 � 1
� �u

d� 1ð Þu�1

0

B

@

1

C

A

1þ
d #�

2ð Þ2 � 1
� �u

d� 1ð Þu�1

0

B

@

1

C

A

;

logd 1þ
d #þ

1ð Þ2 � 1
� �u

d� 1ð Þu�1

0

B

@

1

C

A

1þ
d #þ

2ð Þ2 � 1
� �u

d� 1ð Þf�1

0

B

@

1

C

A

2

6

6

6

6

6

6

6

6

4

3

7

7

7

7

7

7

7

7

5

;

logd 1þ
d#

2
1 � 1

� �u

d� 1ð Þu�1

0

@

1

A 1þ
d#

2
2 � 1

� �u

d� 1ð Þu�1

0

@

1

A

i

0

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

A

¼ b1�Fb2

The rest of the proof can be carried out in a similar

manner.

4 PCF Frank operators

In this section, we present the creation of two new aggre-

gation techniques, derived from Frank t-norm and Frank

t-conorm, aimed at reducing any uncertainties present in

the decision values during decision-making processes.

Additionally, we have also explored some of their key

characteristics.

Definition 16 Let bi ¼ h l�i ; l
þ
i


 �

; lii; h #�
i ; #

þ
i


 �

;#ii
� �

ði ¼ 1; 2; . . .; nÞ be a collection of PCFNs and g ¼
ðg1; g2; . . .; gnÞ

T
be the weight vector such that gi 2 ½0; 1�,

and
Pn

i¼1gi ¼ 1. The PCFFWA operator is a mapping

PCFFWA : Cn ! C and defined as follows:

PCFFWA b1; b2; . . .; bnð Þ
¼ g1b1ð Þ�F g2b2ð Þ�F; . . .;�F gnbnð Þ ð13Þ

Definition 17 Let bi ¼ h l�i ; l
þ
i


 �

; lii; h #�
i ; #

þ
i


 �

;#ii
� �

ði ¼ 1; 2. . .; nÞ be the collection of PCFNs and g ¼
ðg1; g2; . . .; gnÞT be the weight vector such that gi�½0; 1� and

Pn
i¼1gi ¼ 1. PCFFWG operator is a mapping PCFFWG :

Cn ! C and defined as follows:

PCFFWG b1; b2; . . .; bnð Þ ¼ g1b1ð Þ�F g2b2ð Þ
�F; . . .;�F gnbnð Þ

ð14Þ

Definition 18 As the value of d approaches 1, the

PCFFWA operator gradually transforms into the CPFWA

operator
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:

In the same way, as the value of d approaches 1, the

PCFFWG operator converges to the CPFWG operator
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lim
c!1
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Definition 19 For any collection bi ¼
h l�i ; l

þ
i


 �

; lii; h #�
i ; #

þ
i


 �

;#ii
� �

of CPFNs we have

bmin
i

¼ h
min l�i
� �
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min lþið Þ
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max #þ

i

� �

	 


;

minð#iÞ
i

0

@

1

A;

bmax
i

¼ h
max l�i

� �

;
max lþið Þ
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Definition 20 Let be a collection of PCFNs

bi ¼ h l�i ; l
þ
i


 �

; lii; h #�
i ; #

þ
i


 �

;#ii
� �

. Then complement of

bi is denoted by bCi and defined as follows:

bCi ¼ h l�i ; l
þ
i


 �

; lii; h l�i ; l
þ
i


 �

; lii
� �

: ð15Þ

Theorem 3 Given bi ¼ h l�i ; l
þ
i


 �

; lii; h #�
i ; #

þ
i


 �

;#ii
� �

ði ¼ 1; 2; . . .; nÞ as the set of PCFNs, the aggregated values

obtained through the application of the PCFFWA operator

are also considered to be a PCFN.
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Proof. According to the principle of mathematical induc-

tion and the operational law outlined in Definition 15, it

can be concluded that

Step 1. If n ¼ 2, then, we get

g1b1 ¼
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i¼1gi � 1 ¼ 0,
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This implies that Eq. (14) is valid for n ¼ 2.

Step 2. Assuming that Eq. (14) holds true for the value

of n being equal to k, meaning that
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For n ¼ k þ 1, we have
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This implies that Eq. (14) is valid for n ¼ k þ 1.

Consequently, Eq. (14) holds for all values of n, which

concludes the proof of Theorem 3.

Theorem 4 Let bi ¼ h l�i ; l
þ
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þ
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� �
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1; 2; . . .; nÞ be a collection of PCFNs and g ¼
ðg1;g2; . . .;gnÞT be a weight vector with gi 2 ½0; 1� and
Pn
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:

Proof The proof is simple and can be easily understood,

therefore we have chosen not to include it in this

discussion.
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þ
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By Definition 9, we have
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¼ Sc PCFFWAðeb1;
eb2; . . .;

ebnÞ
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:

Theorem 7 The results obtained by applying the PCFFWA

method, which is a representation of PCFFWG, on a group

of PCFNs bi ¼ h l�i ; l
þ
i


 �
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i ; #

þ
i


 �

;#ii
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, have limi-

tations and are confined to certain boundaries i.e.,

bmin
i
4PCFFWA b1; b2; . . .; bnð Þ4bmaxand

i

bmin
i
4PCFFWG b1; b2; . . .; bnð Þ4bmax

i
:

Proof The demonstration of this proof follows a similar

process as the proof for Theorem 6, therefore, for the sake

of brevity, we have chosen not to include it here.

Theorem 8 Let bi ¼ h l�i ; l
þ
i


 �

; lii; h #�
i ; #

þ
i


 �

;#ii
� �

be a

collection of PCFNs and

bCi ¼ h #�
i ; #

þ
i


 �

; l
i
i; h l�i ; l

þ
i


 �

;#ii
� �

, then we have

PCFFWG b1; b2; . . .; bnð Þ ¼ PCFFWAðbC1 ; b
C
2 ; . . .; b
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. Then, by Theorem 3,
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ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� logd 1þ
Qn

i¼1 d1� #þ
ið Þ2 � 1

� �gi
� �

s

2

6

6

6

6

4

3

7

7

7

7

5

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� logd 1þ
Qn

i¼1 d1�#2
i � 1

� �gi
� �

r

i;

h

logd 1þ
Qn

i¼1 d l�ið Þ2 � 1
� �gi

� �

;

logd 1þ
Qn

i¼1 d lþið Þ2 � 1
� �gi

� �

2

6

6

4

3

7

7

5

;

logd 1þ
Qn

i¼1 dl
2
i � 1

� �gi
� �

i

0

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

A

This implies that

PCFFWA bC1 ; b
C
2 ; . . .; b

C
n

� �� �C

¼

h

logd 1þ
Qn

i¼1 d l�ið Þ2 � 1
� �gi

� �

;

logd 1þ
Qn

i¼1 d lþið Þ2 � 1
� �gi

� �

2

6

6

4

3

7

7

5

;

logd 1þ
Qn

i¼1 dl
2
i � 1

� �gi
� �

i;

h

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� logd 1þ
Qn

i¼1 d1� #�
ið Þ2 � 1

� �gi
� �

s

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� logd 1þ
Qn

i¼1 d1� #þ
ið Þ2 � 1

� �gi
� �

s

2

6

6

6

6

4

3

7

7

7

7

5

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� logd 1þ
Qn

i¼1 d1�#2
i � 1

� �gi
� �

r

i

0

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

@

1

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

C

A

¼ PCFFWG b1; b2; . . .; bnð Þ:

Table 1 Data generated by

decision maker E1
D1 D2 D3 D4

A1 h 0:6; 0:8½ �; 0:6i;
h 0:5; 0:6½ �; 0:8i

� �

h 0:6; 0:8½ �; 0:6i;
h 0:5; 0:6½ �; 0:8i

� �

h 0:7; 0:8½ �; 0:6i;
h 0:5; 0:6½ �0:7i

� �

h 0:3; 0:4½ �; 0:6i;
h 0:8; 0:9½ �; 0:7i

� �

A2 h 0:5; 0:7½ �; 0:5i;
h 0:4; 0:5½ �; 0:6i

� �

h 0:3; 0:4½ �; 0:8i;
h 0:8; 0:9½ �; 0:6i

� �

h 0:5; 0:7½ �; 0:8i;
h 0:4; 0:6½ �; 0:6i

� �

h 0:6; 0:7½ �; 0:8i;
h 0:5; 0:6½ �; 0:5i

� �

A3 h 0:5; 0:6½ �; 0:8i;
h 0:4; 0:6½ �; 0:6i

� �

h 0:6; 0:7½ �; 0:6i;
h 0:5; 0:6½ �; 0:7i

� �

h 0:6; 0:8½ �; 0:2i;
h 0:5; 0:6½ �; 0:9i

� �

h 0:6; 0:8½ �; 0:7i;
h 0:5; 0:6½ �; 0:6i

� �

A4 h 0:6; 0:8½ �; 0:6i;
h 0:5; 0:6½ �; 0:7i

� �

h 0:6; 0:7½ �; 0:9i;
h 0:5; 0:6½ �; 0:4i

� �

h 0:5; 0:7½ �; 0:7i;
h 0:4; 0:6½ �; 0:6i

� �

h 0:4; 0:5½ �; 0:8i;
h 0:7; 0:8½ �; 0:6i

� �

A5 h 0:8; 0:9½ �; 0:3i;
h 0:3; :04½ �; 0:9i

� �

h 0:7; 0:8½ �; 0:9i;
h 0:5; 0:6½ �; 0:3i

� �

h 0:6; 0:8½ �; 0:5i;
h 0:5; 0:6½ �; 0:7i

� �

h 0:6; 0:7½ �; 0:6i;
h 0:5; 0:6½ �; 0:8i

� �

Table 2 Data generated by

decision maker E2
D1 D2 D3 D4

A1 h 0:4; 0:6½ �; 0:5i;
h 0:7; 0:8½ �; 0:7i

� �

h 0:3; 0:6½ �; 0:6i;
h 0:7; 0:8½ �; 0:7i

� �

h 0:8; 0:9½ �; 0:5i;
h 0:3; 0:4½ �; 0:7i

� �

h 0:7; 0:8½ �; 0:6i;
h 0:4; 0:5½ �; 0:5i

� �

A2 h 0:5; 0:6½ �0:8i;
h 0:7; 0:8½ �; 0:5i

� �

h 0:4; 0:5½ �; 0:8i;
h 0:7; 0:9½ �; 0:5i

� �

h 0:7; 0:8½ �; 0:4i;
h 0:5; 0:8½ �; 0:7i

� �

h 0:7; 0:8½ �; 0:6i;
h 0:3; 0:6½ �; 0:5i

� �

A3 h 0:7; 0:8½ �; 0:4i;
h 0:4; 0:5½ �; 0:7i

� �

h 0:4; 0:5½ �; 0:7i;
h 0:7; 0:8½ �; 0:5i

� �

h 0:5; 0:8½ �; 0:7i;
h 0:6; 0:7½ �; 0:4i

� �

h 0:5; 0:6½ �; 0:4i;
h 0:6; 0:7½ �; 0:6i

� �

A4 h 0:7; 0:8½ �; 0:7i;
h 0:4; 0:5½ �; 0:5i

� �

h 0:7; 0:8½ �; 0:5i;
h 0:4; 0:5½ �; 0:6i

� �

h 0:6; 0:8½ �; 0:7i;
h 0:5; 0:7½ �; 0:4i

� �

h 0:4; 0:5½ �; 0:7i;
h 0:7; 0:8½ �; 0:5i

� �

A5 h 0:7; 0:8½ �; 0:6i;
h 0:4; 0:5½ �; 0:5i

� �

h 0:6; 0:7½ �; 0:7i;
h 0:5; 0:6½ �; 0:6i

� �

h 0:7; 0:8½ �; 0:7i;
h 0:5; 0:7½ �; 0:6i

� �

h 0:7; 0:8½ �; 0:5i;
h 0:4; 0:5½ �; 0:6i

� �
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5 A revised approach to MCGDM based
on proposed operators

In this article, a solution to multi-criteria group decision-

making (MAGDM) problems has been presented. This

approach is based on the use of Pythagorean cubic fuzzy

information and two specific operators: the PCFFWA and

the PCFFWG. These operators enable a more comprehen-

sive and accurate evaluation of the available alternatives

and help arrive at a well-informed group decision. Let A ¼
A1;A2; . . .;Amf g be a set of possible alternatives, while

G ¼ G1;G2; . . .;Gnf g be a set of features (attributes) that

help differentiate each alternative in the set A. It is

important to note that both sets A and G are finite, meaning

Table 3 Data generated by

decision maker E2
D1 D2 D3 D4

A1 h 0:6; 0:7½ �; 0:7i;
h 0:5; 0:6½ �; 0:4i

� �

h 0:7; 0:8½ �; 0:6i;
h 0:4; 0:5½ �; 0:7i

� �

h 0:4; 0:5½ �; 0:5i;
h 0:6; 0:7½ �0:7i

� �

h 0:5; 0:6½ �; 0:8i;
h 0:6; 0:7½ �; 0:5i

� �

A2 h 0:6; 0:8½ �; 0:2i;
h 0:4; 0:5½ �; 0:9i

� �

h 0:4; 0:4½ �; 0:4i;
h 0:7; 0:8½ �; 0:7i

� �

h 0:6; 0:7½ �; 0:8i;
h 0:5; 0:6½ �; 0:3i

� �

h 0:6; 0:7½ �; 0:8i;
h 0:5; 0:6½ �; 0:4i

� �

A3 h 0:7; 0:8½ �; 0:4i;
h 0:4; 0:5½ �; 0:7i

� �

h 0:6; 0:7½ �; 0:4i;
h 0:5; 0:6½ �; 0:7i

� �

h 0:6; 0:7½ �; 0:8i;
h 0:5; 0:6½ �; 0:4i

� �

h 0:6; 0:7½ �; 0:7i;
h 0:4; 0:6½ �; 0:4i

� �

A4 h 0:6; 0:7½ �; 0:7i;
h 0:5; 0:6½ �; 0:6i

� �

h 0:7; 0:8½ �; 0:5i;
h 0:4; 0:5½ �; 0:7i

� �

h 0:7; 0:8½ �; 0:7i;
h 0:4; 0:5½ �; 0:5i

� �

h 0:7; 0:8½ �; 0:9i;
h 0:4; 0:5½ �; 0:3i

� �

A5 h 0:5; 0:6½ �; 0:6i;
h 0:6; 0:7½ �; 0:5i

� �

h 0:6; 0:7½ �; 0:5i;
h 0:5; 0:6½ �; 0:8i

� �

h 0:7; 0:8½ �; 0:4i;
h 0:4; 0:5½ �; 0:7i

� �

h 0:7; 0:8½ �; 0:5i;
h 0:4; 0:6½ �; 0:7i

� �

Table 4 Ordered decision

matrix R1
D1 D2 D3 D4

A1 h 0:5; 0:6½ �; 0:8i;
h 0:6; 0:8½ �; 0:6i

� �

h 0:6; 0:8½ �; 0:6i;
h 0:5; 0:6½ �; 0:8i

� �

h 0:5; 0:6½ �0:7i;
h 0:7; 0:8½ �; 0:6i

� �

h 0:3; 0:4½ �; 0:6i;
h 0:8; 0:9½ �; 0:7i

� �

A2 h 0:4; 0:5½ �; 0:6i;
h 0:5; 0:7½ �; 0:5i

� �

h 0:3; 0:4½ �; 0:8i;
h 0:8; 0:9½ �; 0:6i

� �

h 0:4; 0:6½ �; 0:6i;
h 0:5; 0:7½ �; 0:8i

� �

h 0:6; 0:7½ �; 0:8i;
h 0:5; 0:6½ �; 0:5i

� �

A3 h 0:4; 0:6½ �; 0:6i;
h 0:5; 0:6½ �; 0:8i

� �

h 0:6; 0:7½ �; 0:6i;
h 0:5; 0:6½ �; 0:7i

� �

h 0:5; 0:6½ �; 0:9i;
h 0:6; 0:8½ �; 0:2i

� �

h 0:6; 0:8½ �; 0:7i;
h 0:5; 0:6½ �; 0:6i

� �

A4 h 0:5; 0:6½ �; 0:7i;
h 0:6; 0:8½ �; 0:6i

� �

h 0:6; 0:7½ �; 0:9i;
h 0:5; 0:6½ �; 0:4i

� �

h 0:4; 0:6½ �; 0:6i;
h 0:5; 0:7½ �; 0:7i

� �

h 0:4; 0:5½ �; 0:8i;
h 0:7; 0:8½ �; 0:6i

� �

A5 h 0:3; :04½ �; 0:9i;
h 0:8; 0:9½ �; 0:3i

� �

h 0:7; 0:8½ �; 0:9i;
h 0:5; 0:6½ �; 0:3i

� �

h 0:5; 0:6½ �; 0:7i;
h 0:6; 0:8½ �; 0:5i

� �

h 0:6; 0:7½ �; 0:6i;
h 0:5; 0:6½ �; 0:8i

� �

Table 5 Ordered decision

matrix R2
D1 D2 D3 D4

A1 h 0:7; 0:8½ �; 0:7i;
h 0:4; 0:6½ �; 0:5i

� �

h 0:3; 0:6½ �; 0:6i;
h 0:7; 0:8½ �; 0:7i

� �

h 0:3; 0:4½ �; 0:7i;
h 0:8; 0:9½ �; 0:5i

� �

h 0:7; 0:8½ �; 0:6i;
h 0:4; 0:5½ �; 0:5i

� �

A2 h 0:7; 0:8½ �; 0:5i;
h 0:5; 0:6½ �0:8i

� �

h 0:4; 0:5½ �; 0:8i;
h 0:7; 0:9½ �; 0:5i

� �

h 0:5; 0:8½ �; 0:7i;
h 0:7; 0:8½ �; 0:4i

� �

h 0:7; 0:8½ �; 0:6i;
h 0:3; 0:6½ �; 0:5i

� �

A3 h 0:4; 0:5½ �; 0:7i;
h 0:7; 0:8½ �; 0:4i

� �

h 0:4; 0:5½ �; 0:7i;
h 0:7; 0:8½ �; 0:5i

� �

h 0:6; 0:7½ �; 0:4i;
h 0:5; 0:8½ �; 0:7i

� �

h 0:5; 0:6½ �; 0:4i;
h 0:6; 0:7½ �; 0:6i

� �

A4 h 0:4; 0:5½ �; 0:5i;
h 0:7; 0:8½ �; 0:7i

� �

h 0:7; 0:8½ �; 0:5i;
h 0:4; 0:5½ �; 0:6i

� �

h 0:5; 0:7½ �; 0:4i;
h 0:6; 0:8½ �; 0:7i

� �

h 0:4; 0:5½ �; 0:7i;
h 0:7; 0:8½ �; 0:5i

� �

A5 h 0:4; 0:5½ �; 0:5i;
h 0:7; 0:8½ �; 0:6i

� �

h 0:6; 0:7½ �; 0:7i;
h 0:5; 0:6½ �; 0:6i

� �

h 0:5; 0:7½ �; 0:6i;
h 0:7; 0:8½ �; 0:7i

� �

h 0:7; 0:8½ �; 0:5i;
h 0:4; 0:5½ �; 0:6i

� �
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that there is a specific, limited number of elements in each

set. The decision-makers evaluate the information related

to alternative Ai with respect to attribute Gj, (where i

ranges from 1 to m and j ranges from 1 to n) and it is

assumed that these evaluations are represented by PCFNs.

It is assumed that the Pythagorean cubic fuzzy decision

matrix referred to as ‘‘E hð Þ ¼ e
hð Þ
ij

� �

m
n
ðh ¼ 1; 2; . . .; tÞ ’’

has been provided by an expert . The weight vector

assigned to the attributes is g ¼ ðg1; g2; . . .; gjÞT . This

vector is used to measure the importance or significance of

each attribute in a specific context or application. The

values in the vector g determine the relative weight of each

attribute, allowing for a more informed decision-making

process based on the weighted analysis of all relevant

attributes. In order to create a solution for this issue, an

approach will be developed that incorporates the proposed

aggregation operators. This approach consists of several

steps that include:

Step 1. Formulate the PCF decision matrix E hð Þ ¼

e
hð Þ
ij

� �

m
n
where dij ¼ h l�ij ; l

þ
ij

h i

; liji; h #�
ij ; #

þ
ij

h i

;#iji
� �

characterize the PCFN with respect to the alternative Xi.

E hð Þ ¼

e11 e12 � � � e1n
e21
..
.

e22
..
.

� � �
. .
.

e2n
..
.

em1 em2 � � � emn

0

B

B

@

1

C

C

A

ð26Þ

Step 2. Categorize the attributes into two groups:

1. Cost attributes which refer to the expenses incurred and

2. Benefit attributes which refer to the advantages or

positive outcomes gained.

The first category, ‘‘Cost attributes,’’ refers to attributes

that represent the costs or expenses involved. The second

category, ‘‘Benefit attributes,’’ refers to attributes that

represent the benefits or positive outcomes that are gained.

Normalization of the rating values is required if the

attributes are of two different types, using the following

formula. However, if all the attributes are of the same type,

normalization is not necessary.

bij for the criterion of benefit type
bcij for the criterion of cost type

�

ð27Þ

Step 3. Make use of the recommended aggregation

operators in order to calculate the complete and final

appraisals of the available alternatives. These operators

will be used to bring together and investigate different

pieces of information and data, in order to determine the

Table 6 Ordered decision

matrix R3
D1 D2 D3 D4

A1 h 0:5; 0:6½ �; 0:4i;
h 0:6; 0:7½ �; 0:7i

� �

h 0:7; 0:8½ �; 0:6i;
h 0:4; 0:5½ �; 0:7i

� �

h 0:6; 0:7½ �0:7i;
h 0:4; 0:5½ �; 0:5i

� �

h 0:5; 0:6½ �; 0:8i;
h 0:6; 0:7½ �; 0:5i

� �

A2 h 0:4; 0:5½ �; 0:9i;
h 0:6; 0:8½ �; 0:2i

� �

h 0:4; 0:4½ �; 0:4i;
h 0:7; 0:8½ �; 0:7i

� �

h 0:5; 0:6½ �; 0:3i;
h 0:6; 0:7½ �; 0:8i

� �

h 0:6; 0:7½ �; 0:8i;
h 0:5; 0:6½ �; 0:4i

� �

A3 h 0:4; 0:5½ �; 0:7i;
h 0:7; 0:8½ �; 0:4i

� �

h 0:6; 0:7½ �; 0:4i;
h 0:5; 0:6½ �; 0:7i

� �

h 0:5; 0:6½ �; 0:4i;
h 0:6; 0:7½ �; 0:8i

� �

h 0:6; 0:7½ �; 0:7i;
h 0:4; 0:6½ �; 0:4i

� �

A4 h 0:5; 0:6½ �; 0:6i;
h 0:6; 0:7½ �; 0:7i

� �

h 0:7; 0:8½ �; 0:5i;
h 0:4; 0:5½ �; 0:7i

� �

h 0:4; 0:5½ �; 0:5i;
h 0:7; 0:8½ �; 0:7i

� �

h 0:7; 0:8½ �; 0:9i;
h 0:4; 0:5½ �; 0:3i

� �

A5 h 0:6; 0:7½ �; 0:5i;
h 0:5; 0:6½ �; 0:6i

� �

h 0:6; 0:7½ �; 0:5i;
h 0:5; 0:6½ �; 0:8i

� �

h 0:4; 0:5½ �; 0:7i;
h 0:7; 0:8½ �; 0:4i

� �

h 0:7; 0:8½ �; 0:5i;
h 0:4; 0:6½ �; 0:7i

� �

Table 7 Score values of

alternative Ai
Alternative Score values

A1 0:0091

A2 0:0018

A3 0:0099

A4 0:0025

A5 0:0373

Table 8 Score values of alter-

native X as obtained by the

PCFFWG operator

Alternative Score value

A1 0:0638

A2 0:0325

A3 0:1016

A4 0:0496

A5 0:1511
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value of each alternative and arrive at a single, overall

valuation.

Step 4. To compute the score or accuracy value for each

alternative, use Eqs. (9) and (10). These equations provide

a numerical representation of the accuracy of each alter-

native and will be used to determine which alternative is

the most accurate.

Step 5. To determine the best and most desirable alter-

native(s), it is necessary to rank all of the alternatives based

on their score or accuracy. This process involves evaluating

each alternative and comparing it to the others to determine

its position in terms of effectiveness and performance.

Once all the alternatives have been ranked, the top-per-

forming alternative(s) can then be selected as the best and

most desirable alternative(s).

5.1 Numerical example

Let us consider an investment company that has a signifi-

cant amount of funds at their disposal and is actively

searching for the most advantageous investment alternative

to put their money in (taken from the study of Khan et al.

(2019a, b)). They want to ensure that they make the best

use of their funds by investing in a choice that promises

maximum returns while minimizing the risk involved. The

investment firm has been given a set of five distinct

investment alternatives, labelled as A1;A2;A3;A4;A5f g,
from which they must carefully select the most suitable one

to allocate their funds towards. A1 is a car company, A2 is a

food company, A3 is a computer company, A4 is a arms

company, and A5 TV company.

Four criteria are considered when making a decision.

These include: G1 risk analysis—an examination of

potential risks involved in a particular situation. G2 growth

analysis—an evaluation of the potential for growth and

expansion. G3 social-political impact analysis—a study of

the effects on society and politics. G4 environmental

impact analysis—an examination of the impact on the

natural environment. Three decision-makers E1;E2;E3
� �

form a committee to evaluate the five alternatives Ai

(i ¼ 1; 2; 3; 4; 5) based on the four criteria Gj

(j ¼ 1; 2; 3; 4). The decision makers have evaluated the five

possible alternatives based on four attributes and the

resulting information is recorded in Tables 1, 2 and 3.

The ranking of these decision matrices was obtained by

applying the score function specified in Eq. (9). The nor-

malized decision matrices that have been arranged in order

are summarized in Tables 4, 5 and 6.

Transform the preference values into their overall score

values using the score function outlined in Eq. (9). The

score values for each alternative are summarized in

Table 7.

The aggregation of the preference value of each alter-

native Ai (where i ranges from 1 to 5) can be achieved by

utilizing the PCFFWA operator defined in Eq. (13).

A1 ¼
h 0:3911; 0:5243½ �; 0:3732i;
h 0:3463; 0:4567½ �; 0:4282i

� �

;

A2 ¼
h 0:3172; 0:4612½ �; 0:4850i;
h 0:3271; 0:5213½ �; 0:3442i

� �

;

Table 9 Ranking order of

alternatives for different d
Parameter d Score values Ranking order

A1 A2 A3 A4 A5

d ¼ 1 0.0023 0.0003 0.0027 0.0005 0.0079 A5<A3<A1<A4<A2

d ¼ 2 0.0091 0.0018 0.0099 0.0025 0.0373 A5<A3<A1<A4<A2

d ¼ 3 0.0123 0.0076 0.0135 0.0089 0.0463 A5<A3<A1<A4<A2

d ¼ 10 0.0167 0.0086 0.0178 0.0124 0.0511 A5<A3<A1<A4<A2

d ¼ 50 0.1304 0.1027 0.1423 0.1154 0.1677 A5<A3<A1<A4<A2

d ¼ 80 0.1832 0.1759 0.1877 0.1566 0.2013 A5<A3<A1<A4<A2

Table 10 A comparison study

with existing approaches under

PCF environment

Approaches Score values Ranking

A1 A2 A3 A4 A5

PCFWA (Khan 2019a) 0:0186 �0:0092 0:0165 0:0063 0:0568 A5<A1<A3<A4<A2

PCPWG (Khan 2019a) �0:0027 �0:0163 0:0353 0:0028 0:0656 A5<A3<A4<A1<A2
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A3 ¼
h 0:3502; 0:4979½ �; 0:3866i;
h 0:2821; 0:4255½ �; 0:3601i

� �

;

A4 ¼
h 0:3713; 0:5478½ �; 0:5241i;
h 0:2572; 0:3893½ �; 0:2831i

� �

;

A5 ¼
h 0:4431; 0:5532½ �; 0:3874i;
h 0:2341; 0:3552½ �; 0:4059i

� �

:

The PCFFWG operator, which is defined in Eq. (13),

can be applied to gather the performance metrics of various

alternatives, with a d value of 2. This results in a combined

evaluation that provides an overall assessment of the

alternatives’ performances.

A1 ¼
h 0:5231; 0:9163½ �; 0:6652i;
h 0:1215; 0:2339½ �; 0:1973i

� �

;

A2 ¼
h 0:5589; 0:8232½ �; 0:7769i;
h 0:1081; 0:2853½ �; 0:1239i

� �

;

A3 ¼
h 0:6395; 0:9305½ �; 0:6073i;
h 0:0911; 0:1932½ �; 0:1412i

� �

;

A4 ¼
h 0:5731; 0:8861½ �; 0:7902i;
h 0:0102; 0:1836½ �; 0:2317i

� �

;

A5 ¼
h 0:6592; 0:9431½ �; 0:4321i;
h 0:0875; 0:1642½ �; 0:1532i

� �

:

Calculating the score values of each alternative using

Eq. (9), as displayed in Table 8.

The order in which the alternatives are ranked, as

determined by their respective score values, has been

determined to be A5�A3�A1�A4�A2.

5.2 Evaluating the effect of d on alternative
ordering in rankings

The aggregation operators that have been suggested pos-

sess symmetry in terms of the parameter d. However, in
order to understand the influence of the parameter on the

ultimate ranking of the alternatives, a study was conducted

by altering parameter d. The results of the investigation,

including the score values and the ranking order, have been

presented in Table 9. This table demonstrates that while the

score values of the aggregated numbers change with dif-

ferent values assigned to the parameter d, the relative

rankings of the alternatives remain unchanged. The sig-

nificance of this aspect of the proposed operators is par-

ticularly important in actual decision-making scenarios.

For example, as the number of parameter d increases, the

scores of the alternatives also rise, providing a positive

outlook for decision makers.

5.3 A comparative examination of various
approaches

5.3.1 Comparison with existing PCF operators

To validate the superiority of our proposed aggregation

operators over existing operators, as described by Khan

et al. (2019a, b), a comprehensive examination was carried

out to determine the best alternative. The scores and

rankings of the various options are summarized in

Table 10. Based on the results, it is evident that A5 is the

best choice. Table 10 provides evidence that the ranking of

alternatives determined through approach (Khan et al.

2019a, b) is identical to the ranking suggested by our

approach. One of the key advantages of the PCFFWA and

PCFFWG methods is their ability to minimize computa-

tional complexity costs while preserving the consistency of

the aggregate results in uncertain conditions. Furthermore,

our proposed approach includes a parameter that allows for

modifications to the aggregate value based on actual

decision-making needs and reflects the personal prefer-

ences of the decision-maker. As a result, the suggested

operators are more versatile and adaptable. Additionally,

the study highlights that the computational process of the

proposed approach differs from the existing approaches

under different conditions. However, the results obtained

from the proposed method in this paper are more in line

with reality in the decision-making process because they

take into account the consistent priority degree between the

pairs of arguments.

Table 11 A comparison study with existing approaches under IVPF environment (under process)

Approaches Score values Ranking

A1 A2 A3 A4 A5

Peng and Yang (2016) �0:2013 �0: 1843 �0:2312 �0:1409 �0:1056 A5<A4<A2<A1<A3

Rahman and Abdullah (2019) �0:4574 �0:3721 �0:3953 �0: 2987 �0:2190 A5<A4<A2<A3<A1

Yang et al. (2018) �0:6745 �0:5776 �0:4481 �0:4173 �0:3471 A5<A4<A3<A2<A1

Rahman et al. (2018) �0:7360 �0:6113 �0:5752 �0:4751 �0:4004 A5<A4<A2<A3<A1

Tang et al. (2019) �0:7215 �0:6608 �0:7733 �0:5312 �0:4618 A5<A4<A2<A1<A3
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5.4 Comparison with existing IVPFS operators

In order to assess the performance of the proposed method

in comparison to existing theories within an interval-valued

Pythagorean fuzzy environment, we established the fuzzy

judgments of the PCFNs to be zero. As a result, the

obtained information was transformed into IVPFS. Subse-

quently, the transformed data undergoes the application of

multiple available optimization algorithms such as aver-

aging operator (Peng and Yang 2016), geometric operator

(Rahman and Abdullah 2019), Frank power AOs (Yang

et al. 2018), Einstein AOs (Rahman et al. 2018), and

Muirhead mean operators (Tang et al.2019). The aim of

this step is to identify the most appropriate alternative(s)

among the available options. The outcome of this process

is presented in Table 11, which also includes the order of

ranking for each alternative. Based on these results, it has

been observed that alternative A5 remains the best option.

However, the worst alternative has changed for all cases.

The reason for this is that in previous studies, only the

initial preferences of the alternatives have been taken into

account. This means that these existing theories are unable

to handle situations where the evaluator or decision maker

must consider the degree of falsehood associated with their

earlier assigned truth degree across a range. Thus, the

methods used in IVPFSs may overlook valuable informa-

tion from IVPFNs, which could impact the decision out-

come. Finally, it can be concluded that the proposed

operators take into account the decision maker’s parameter

‘‘d’’, which offers them more options to choose from and

select their preferred alternative based on the varying score

values of the alternatives for different values of ‘‘d’’. This
provides decision makers with the flexibility to make

choices that best align with their preferences.

6 Conclusion

In the current study, we have made an advancement by

extending the Frank t-conorm and t-norm to encompass

PCF environments. Additionally, we have established

multiple new operational laws specifically for PCFNs and

conducted a thorough examination of their properties and

relationships. As a result of these new operational laws,

new aggregation operators such as the CPFFWA and

CPFFWG have been created to handle cases where the

inputs are PCFNs. An in-depth investigation has been

conducted on the desirable properties and specific instances

of these operators, and the connections between them have

been explored as well. In conclusion, the newly created

operators have been utilized to address group decision-

making problems with interval-valued intuitionistic fuzzy

information. A numerical example has been provided to

demonstrate the process. However, the current paper does

not cover the determination of the parameter d in the

proposed operators for practical situations, which is a

crucial and intriguing aspect that deserves further investi-

gation in future studies. We plan to implement the sug-

gested operators and method in various practical

applications such as game theory, image processing, cluster

analysis, pattern recognition, and uncertain programming

in the future.
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