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Abstract

This paper delivers three different ways to establish the initial structure of the interval-valued fuzzy signature (IVFSig). In
recent years, interval-valued fuzzy set theory has proven more capable of dealing with uncertainty and vagueness than
fuzzy set theory due to its increased flexibility. Therefore, the primary goal of this work is to develop an algebraic
framework for an IVFSig based on the aspects of an interval-valued fuzzy set (IVFS). First, the IVFSig’s are constructed
with the aid of IVFSs, which may be considered the truth values of IVFSs. Second, the families of IVFSig’s, as well as
meet and join operators, are formulated, and then their lattice algebraic structure is verified. Third, the relation of partial
ordering is established in an IVFSig family. Precisely, the addressed design is compared with recent well-known
framework. Finally, the numerical illustrations provide a higher degree of representation than other existing framework.

Keywords Fuzzy sets - Interval-valued fuzzy sets - Interval-valued fuzzy signatures - Lattice - Meet and join operators

1 Introduction

Graph theory is a branch of Mathematics that studies the
relationship between objects, or nodes. In a graph, the
edges are referred to as the connections between two or
more nodes; however, which was found by the Swiss
mathematician Leonhard Euler and they solved the famous
Konigsberg bridge problem. This problem raised the
question of whether it was possible to walk across all seven
bridges of the city of Konigsberg without crossing any
bridge twice. Euler’s work on this problem is considered to
be the first instance of graph theory applied to a real-world
problem. And also it applied to a wide range of applica-
tions, such as computer science, engineering, operations
research, social sciences, medical diagnosis, and many
other fields. Especially, in the medical field, which has the
ability to represent complex systems and have a powerful
analytical tool for identifying disease diagnosis (Chen
1997).
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On the other hand, fuzzy set (FS) theory is a mathe-
matical concept that was developed by Zadeh in 1965,
which is based on the conception of crisp set theory (Zadeh
et al. 1996). Followed by Zadeh’s groundbreaking idea of
fuzzy sets, Goguen (1967) proposed the theory of the
L-fuzzy sets. This concept was aimed to provide a more
comprehensive description of a set. Thus, Goguen’s idea of
an L-fuzzy set has an important milestone in the evolution
of fuzzy logic. Besides, IVFS was intended by Zadeh in
1975 as an extension of FS theory. They are used to rep-
resent the membership of a given element in a fuzzy set
with a range of intervals instead of a single value, which
allows a more precise and accurate representation of
uncertainty in a system (Zadeh 1975). Moreover, the
authors developed a new FS called interval-valued intu-
itionistic fuzzy set (Atanassov and Gargov 1989), which
assigns a range of values from a lower limit and an upper
limit to the elements of a set.

Following that, fuzzy modeling utilizes a mathematical
construct known as a signature to model fuzzy subsets,
rules, and relations. A signature is defined by a set of
operators that give a description of the membership degrees
of elements within the fuzzy set. It is used to model fuzzy
rules, relations, systems, and control. The accuracy and
effectiveness of fuzzy logic systems have been increased
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by the use of signatures. Also, it can be used to identify
objects, estimate system behavior, locate data clusters, and
so on. The fuzzy signature models allow them to make
more accurate predictions and are simple to use (Pozna
et al. 2012). But, it is essential to observe that the lack of
proper numerical scheme analysis has been a significant
obstacle whereas the pure statistical procedure has been
attempted. In addition, the idea of the vector-valued fuzzy
set (VVES) was generated in the response to an industrial
project that required the identification of microscopic pic-
tures of various steel alloys based on a number of criteria,
such as texture, directedness, and fineness. Subsequently,
fuzzy decision-making applications adopted the VVFS
concept (Koczy 1980). Later the applications prompted a
hierarchically organized expansion of the VVFS formula-
tion, resulting in the fuzzy signature idea. In detail, fuzzy
signatures are mathematical functions that are used to
represent the characteristics of a given data set. They are
used to identify patterns in the data and make predictions
about the behavior of the data. Also, they provide a way to
identify patterns and relationships in data that would
otherwise be difficult to determine (Koczy et al. 2021).
Moreover, these are commonly used in many areas of
research, including machine learning, pattern recognition
(Rathnasabapathy and Palanisami 2022), and artificial
intelligence and image processing (Premalatha and
Dhanalakshmi 2022; Rathnasabapathy and Palanisami
2022). The authors (Koczy et al. 2021) suggested the new
concept named fuzzy signature, which only consists of
membership degree but not considered the intervals. Also,
this study lacks a comprehensive analysis of the various
properties of fuzzy signatures, as well as lacks their
applications. Moreover, the fuzzy signature does not deal
with uncertain situations in the statistical evaluation
process.

Followed to the above study, Chen (1997) built the
concept of interval-valued fuzzy hypergraphs and fuzzy
partitions as a generalization of hypergraphs and fuzzy
partitions, respectively. This study verifies the properties of
the structures, and its applications, as well as their rela-
tionships between them. Moreover, Chen and Wang (2009)
investigated the use of interval-valued fuzzy grade sheets
to evaluate students’ answer scripts. In (Chen 2011), the
article investigated the use of similarity measures between
interval-valued fuzzy numbers to analyze fuzzy risk.

Nevertheless, the authors in (Chen et al. 2012) explored
a new multi-attribute decision-making method based on an
interval-valued intuitionistic fuzzy weighted average
operator and a fuzzy ranking method for intuitionistic
fuzzy values. Then, Zeng et al. (2020) recommended an
approach to solve the problem of interval-valued intu-
itionistic fuzzy multiple attribute decision-making in the
IVIFS environment. Besides, Susniene et al. (2021) create
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a combined fuzzy signature model using Organizational
Citizenship Behavior (OCB) and Counterproductive Work
Behavior (CWB). Further, Chen and Chiou (2014), and
Komarudin et al. (2021) suggested a novel approach to
combining Linear Quadratic Regulator (LQR) controllers
using fuzzy signature-based Particle Swarm Optimization
(PSO). Furthermore, Shuichi Shuichi et al. (2021) formed
an approach to cryptographic authentication systems that
rely on biometrics, combining fuzzy signature and bio-
metric authentication methods. In recent decades, Koczy
et al. (2022) offered a novel similarity measure for fuzzy
signatures, which was applied to employee engagement in
Hungary and Lithuania. Further, the experts (Chaurasiya
and Jain 2022; Banitalebi and Borzooei 2023) introduced
an algorithm for solving multi-criteria healthcare waste
treatment problems that have been based on the Pytha-
gorean fuzzy entropy measure. Furthermore, based on
Fuzzy Inference System (FIS) (Ejegwa et al. 2022; Lilik
et al. 2022; Akram and Martino 2022), a new aggregation
operator has been developed. Following this context, Fer-
enczi et al. (2022) suggested an approach for optimizing
material handling management problems using fuzzy sig-
natures and state-dependent weighting. Then, Singh (2022)
examined the concept of bipolarity in a multi-way fuzzy
context algorithm to calculate the granules of bipolar fuzzy
sets. And also, the aforesaid studies do not deliver any
insights into the contexts of the similarity measure.
Besides, the fuzzy signature model relies too heavily on
subjective measurements, which may lead to unreliable
results. In this scenario, IVFSig provides an effective way
to represent imprecise and uncertain information instead of
a classical signature.

Based on the above thoughts, we develop a new signa-
ture called IVFSig and the contribution of this study is
detailed below.

1. We present a method for constructing an algebraic
framework for IVFSig’s, based on the premise of
IVFSs. We define a family of IVFSig’s associated with
a graph and a family of aggregation operators.

2. A meet and join operators are defined using the concept

of a family of IVFSig’s, and then their lattice algebraic
structure is verified.

3. As an algebraic structure, the family of IVFSig’s, the

meet, and the join together form a bounded lattice and
it also establishes the partial ordering relation in an
IVFSig. Then, the proposed study has been compared
with the existing method.

4. At last, numerical examples are given to show the

performance of the addressed technique.

In light of the aforementioned studies, this paper is orga-
nized in the following manner: in Sect. 2, the study begins
with the fundamental conceptions linked with graph theory.
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Section 3 provides the creation of families of aggregation
operators. Section 4 delivers the definitions of an IVFSig, a
leaf interval-valued fuzzy sub signature, and a root inter-
val-valued fuzzy sub signature. Based on IVFSig’s the
meet and join operators are formulated in Sect. 5. Then,
Sect. 6 discusses the construction of partial ordering con-
nections between IVFSig’s. At last, the conclusions are
presented in the final section.

2 Brief description of graph theory

In this section, we introduce several well-known notions
and results which are necessary for our subsequent devel-
opments. This section provides an overview of the key
concepts in graph theory that will be utilized later.

Definition 2.1 (Hallquist and Hillary 2018) A graph G =
(V,E) is a set of objects, where V stands for vertices or
nodes and E stands for the pairwise connections between
nodes.

Definition 2.2 (Koczy etal. 2021) Let the graph
G = (V,E), and y,z € V be the coordinates of the graph.
We state that:

e If k>2, k is an integer. A graph having node set
{vi,va, .. uwu} CV and edge set
{{vi,v2}res{vic1,w}} CE, having y=v; and
7 =V, is a path yz on k nodes in G.

e A cycle is defined as a journey that starts and finishes at
the same node.

Definition 2.3 (Koczy et al. 2021) Let G = (V,E) be a
graph. Here is what we say:

e If each pair of nodes y,z € V has a path yz, then G is
connected.

e If G has no cycles and is connected, it is a tree.

e A tree G is said to be rooted if it has a node called the
root and all of its edges point away from it.

Definition 2.4 (Koczy et al. 2021) G = (V,E) is a rooted
tree having V = {vg, vy, ...,v,} with vy as the root. Here is
what we say:

e The length of any path v;,v; in G interconnecting the
nodes v; and v; in V is one less than the number of nodes
appearing in the path. The length of a path v;v; will be
symbolised by the letter I(v;, v;).

e The depth of G is
d(G) = max{Il(vo,v;)|vi € V}.

represented by

Definition 2.5 (Koczy et al. 2021) Consider G, = (Vy, E1)
and G, = (V,,E;) to be rooted trees. If V; CV, and

E, C E,, we can say that G, is a rooted subtree of G,
which is indicated by G| C G».

Definition 2.6 (Koczy et al. 2021) Consider Gy = (V1, E})
and G, = (V,,E;) to be rooted trees. Gy UG, = (V; U
Vo, Ey UEQ) and G, NG, = (Vl NV, E; ﬂEg) are the
union and intersection of rooted trees G; U G, and
G1 N Gy, respectively.

It is worth noting that if G, is a rooted subtree of G,
then Gy UG, =G, and G| NG, = G;. The following
example demonstrates the concepts of rooted tree union
and intersection.

Example 2.1 Consider the rooted trees G; = (Vi, E;) and
G, = (Vo,E;) demonstrated in Fig. 1. Using Defini-
tion 2.6, we can get the rooted trees G; U G, and G| N G,
are illustrates in Fig. 2.

Proposition 2.1 (Koczy et al. 2021) Let us pretend that
G1 = (Vl,El), G2 = (Vz,Ez), and G3 = (V3,E3) are all
rooted trees. The characteristics listed below are then
checked:

L4 G]UGzZGQUG]

° (Gl UGz)UG3 =G U(GzUG3) and (G1 ﬂGz)ﬂG3
:G10(G2ﬂG3)

e Gy U(Gl ﬂGz) = Gy and G, ﬂ(Gl UGz) = Gj.

3 Organization of aggregation operators

Throughout this article, aggregation operators will also
play a significant role, because they will be taken into
account in the definition of IVFSig and operations between
two general IVFSig’s. Following that, we will provide
several examples as well as the formal definition of
aggregation operator.

(b) Rooted tree G2

(a) Rooted tree G

Fig. 1 Rooted trees
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(b) G1 N G

Fig. 2 G; UG, and G| N G, of the rooted trees G; and G,

Definition 3.1 (Koczy etal. 2021) Assume that
(P, <,L1,T) is a bounded poset. An order-preserving n-
ary aggregation operator y : P* — P is one that satisfies
the following equalities: (T,...,T)=T and
W(L,..., L) =L

Aggregation operators include conjunctive and dis-
junctive operators, as well as averaging and hybrid oper-
ators. The following illustration show some common
aggregation operators.

The arithmetic mean M, geometric mean G, and har-
monic mean H are aggregation operators of the averaging
type specified as

M(C17C27"'>Cn): R

G(Cl,CQ,--.,Cn) = <Hci> )

and H(cy,c2,...,¢p) = on the unit interval.

n
Y
Additionally, the weighted average on [0, 1] is a non-
commutative aggregation operator.

2 N
wen)=—(m+1) Zlci.

N(ci, e,
n p

We are focused on a collection of aggregation operators .4
and an ordering relation < that together make a complete
lattice (A, [C). This pair will be referred to as a family of
aggregators, and the infimum and supremum of this
ordering will be indicated as inf— and sup, respectively.

One of the most fundamental and non-trivial families of
aggregation operators is A = {{r, V., Wy, ¥, }, Where
Wi 1 [0, 117 — [0, 1] is described as ;¢ (r,s) = inf{r,s},
W, [0,1] = [0,1] are identity mappings ,(r) =r,
W,(s) = s, and Y, ¢ [0,1]> — [0,1] is determined by the
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supremum
r,s € [0, 1].

The aggregation operator Y, is linked to the fiy :
[0,1]* = [0,1]  mapping,
fint(rys) = inf{r,s}, ¥, is related with the mapping f; :
[0,1]* — [0, 1] provided by f.(r,s) = r, ¥, is linked to the
f; :[0,1]* — [0, 1] mapping, which is defined by f,(r,s) =
roand Y, [0, 1]
provided by fup(r,s) =sup{r,s}, for all r,se|0,1].
Because finf, f+, fs, and fgp are all binary mappings, we may
say finr <fr <fsup and finr <fs <foup. Furthermore, the
mappings of f, and f; are incomparable. As a result, as seen
in Fig. 3, this ordering relation allows us to structure the
aggregation operators hierarchically.

As with other families of four elements, it could be
easily defined. For any r,s €[0,1], for instance, the
aggregator operator Y/, can be replaced with any other t-
norm or operator ¥, which fulfils the ¥, (r,s) <r and
W, (r,s) <s conditions.

Similarly, for any r,s € [0, 1], the aggregator

operator Y, (r,s) = sup{r,s}, for all

which is given  as

is defined as the mapping fing : [0,1]* —

sup €an be
replaced with another t-conorm or operator Y-, fulfilling
the inequalities r <y (r,s) and s < (r,s).

For instance, assuming a t-norm T :[0,1]* — [0,1]
(Cretu 2001; Kesicioglu et al. 2015; Klement et al. 2002)
and the aggregator operators VY, ¥, Y, g, : [0,1] —
[0, 1] described as | (r,s) = T(r,s), ¥,(r) = r, Y (s) = s,
and  Ygyup(r,s) =sup{r,s}, we receive the family
Ao (T) = {1 ¥, ¥y, Ysup}, with the ordering shown by
the Hasse diagram in Fig. 4.

The preceding family is labelled as A,(T) because a
similar family may be constructed for any t-norm 7 and an
arbitrary number of variables. The similar family with 3
arguments is labelled as A3(T) and is shown in Fig. 5.

In the following sections, we will propose a technique
for creating families of aggregation operators from a pre-
fixed set of aggregators. The user may require this set. For
example, these operators might be useful for the user to
address the application problem.

Assume [0, 1][0"1]X[0’1] is the whole set of binary map-
pings from [0,1] x [0, 1] to [0, 1], that is, [0, 1]"*01 =
{f1f:00,1] x[0,1] = [0,1]}.  Consider the  set

Fig. 3 Hasse diagram of the
ordering relation on

A= {l//inﬁ wrv lps? lp.\sup}
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Fig. 4 Hasse diagram of the
ordering relation defined on

AZ(T) = {l/lLv l»[/rv lpsv l»[’sup}

oL €0, 10000 5y which £ (r,5) = T(r, 5),
where T is a t-norm distinct from the Godel t-norm (the
minimum), f,(r,s) = r, and f;(r,s) = s. We shall compute
the closure set of {f|,f;,f;} using the supremum and infi-
mum, taking into consideration that f; <f,, fi <f;, and f,
and f; are incomparable binary mappings. We get two new
binary mappings, fsup and fi,¢, from this technique, that
are defined as fsup (7, s) = sup{f.(r,s),fs(r,s)} = sup{r,s}
and fin(r,s) =inf {f.(r,s), fi(r,s)} = inf{r,s}, respec-
tively. Furthermore, because the Godel t-norm is the
greatest t-norm, we can assure that the inequality f1 <fi ¢
holds. As a result, by determining the supremum and
infimum pointwise of every pair of mappings in the set, the
set {f1,fr,fs} may be viewed as a generator system from
which a family of binary aggregation operators
{1, finf>fr:fs:fsup} can be produced. This family of binary
aggregation operators is seen in Fig. 6.

Following the current reasoning, we may construct the
family of aggregation operators with 3 arguments, the

Fig. 5 Ordering relation
A3(T)’s Hasse diagram

Fig. 6 Family of binary aggre-
gation operators

{fL7ﬁnf7fr7f€7ﬁup}

family of aggregation operators with 4 arguments, and so
on.

4 Constructing interval-valued Fuzzy
signatures

Theoretically, IVFSigs have been studied, and some
interesting mathematical properties have been looked into.
However, there are still a lot of questions about this area of
research. If the family of IVFSig’s is paired with suit-
able meet and join operators, we want to know if it has the
algebraic structure of a lattice. Following that, various
definitions related to IVFSig’s will be provided, along with
some clarifying examples.

The notions of a rooted tree and family of aggregation
operators are key to introducing the formal definition of
IVFSig. Hereafter consider G = (V,E) as a tree with root

sup{T(p,q).T(q,r),T(p,r)}

@ Springer
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vo, where the set of nodes is partitioned into 2 subsets, L
and N, with a non-empty subset L containing the leaves and
a subset N containing the inner nodes, respectively, ful-
filling that LUN =V and LNN = ¢, thatis, V=LWN,
and that |V| = m, |L| = I. Hence, vy € N unless V = {v},
G is a single leaf.

Definition 4.1 (Koczy etal. 2021) Let {Aj,...,A,}
denote a collection of aggregation operator families. Con-
sider a set of fuzzy membership (Mr) degrees y; € [0, 1],
with j € {1,...,1}, allocated to each leaf in L; and the
collection of aggregation operators 0; € A; is applied to
each inner node in N, where i € {1,...,n}. The tuple S =

(N,L,{61,0,,....0,},{1y,...,py}) is known as a fuzzy
signature  associated with G, the tuple S, =
(N,L,{0,,0,,...,0,}) is called the structure of S;

{ty, .., 1} is the My degree set of S.

Depending on the length of the node to be denoted to the
root, we shall give several subscripts to the nodes appear-
ing in an IVFSig for practical purposes. As an outcome, if
v € Vand I(vy,v) = 1, we shall write v with one subscript,
if I(vo,v) = 2, we will write v with two subscripts and so
on. If vo has ng children, its descendants will be denoted as
V1,V2,...,Vn, If vi has n; children, the following will be
written: vy 1,Vi2,..., Vi, . Inductively, if v, ; ;, €V is
not the root and has n, children, the children are v; ;, ., ,
<y ViLin,..igng- When there is no chance of confusion, we
shall write the subindices without commas, that is v;;,
instead of v;, i, i\ na-

Here, N will be segmented into N = No UN; U ... U Ny
from which &k = max{l(vo,v) | v € V} =d(G), Ny =g
as well as we get N,={veV]|I(v,v)=h} here
he{l,2,....k}. It is worth noting that all nodes in Ny
have precisely h subscripts. The first denoting the subscript
of the ancestor node that is a direct child of the root. The
first and second producing the subscript of the ancestor,
that is a grandchild of the given root.

----- iang

Example 4.1 Consider G be a rooted tree with d(G) = 2,
with  nodes V= {vg,v1,v2,Vvi1,V21,V22,V23}, leaves
L = {vi1,v21,v2,v23}, and inner nodes N = {vg,vy,v,}.
The root vy has two children, v; and v,, and the node v, has
two children, v{; and vy,. The node v, has three children,
Va1, V22, and vp3. The tree can be presented graphically
using this notation. This rooted tree is shown in Fig. 7,
from which we can determine the sets Ng = {vo} and N =
{v1,v,} that fulfill N = Ny U N;.

Assuming the fuzzy My degrees p;,it12, tot> Hoos o3 €
[0,1] applied to the leaves L, the bundle of aggregation
operator families {A>(G), A, A3(P)} is defined as fol-
lows: A, (G) is the aggregation operator family constructed
from the Godel t-norm with 2 variables; A; is the
aggregation operator family constructed from the Godel

@ Springer
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(a) Rooted tree G (b) Structure S; of Example 4.1

Fig. 7 Rooted tree & its fuzzy signature structure

t-conorm with 2 variables; and A3(P) is the family of
aggregation operators is made up of the product t-norm
with 3 variables. Each inner node in N is allotted with the
aggregation operators 0y € Ay(G), 0, € A;, and
0, € .A3 (P )

Oo(p,q) = min{p, q}
01 (pa CI) = max{p, q}
02(p,q,r) =pxq*r.

The fuzzy signature, S=(N,L,{00,0,0,},
{8115 12, Mays ooy oz }) 1s outlined in Fig. 7. The structure
(Sy) of the fuzzy signature can also be seen in this diagram,
where 6 is allocated to the root, and 0y, 0, are assigned to
the children. In Fig. 8a, a specified set of My degrees is
evaluated, and the variables are substituted with constant
values to yield the fuzzy signature, S = ( N,L, {00, 01,0,},
{0.76, 0.86, 0.6, 0.5, 0.4}).

Definition 4.2 (Koczy et al. 2021) The evaluation of a
fuzzy signature S associated with G = (V,E), denoted as
E(S), is the My degree assigned to v, obtained by executing
all the general aggregation operators in S, starting from the
My degrees in the leaves.

Example 4.2 Returning to Example 4.1, we can determine
the evaluation of the fuzzy signature, S =
(N,L,{00,0,,0,},{ 0.76, 0.86, 0.6, 0.5, 0.4 }) shown in
Fig. 8a. Using basic computations, we can assess that the
evaluation of the fuzzy signature, E(S)=0.12. This
approach is presented in Fig. 8b and c.
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(b) Evaluation of the fuzzy

(a) Fuzzy signature S signature in Example 4.2 (¢) £(S) =0.12

in Example 4.1

Fig. 8 Fuzzy signature and its evaluation

Definition 4.3 Let {Aj,...,A,} denote a collection of
aggregation operator families. Given a set of interval-val-
ued fuzzy M degrees (i, 1] € [0, 1], with j € {1,...,1},
allocated to each leaf in L; and the collection of aggrega-
tion operators ; € A; is applied to each inner node in N,
where i€ {l,...,n}. The tuple Is=(N,L,{yq,...,
‘pn}’{[ﬂfvﬂfr]v' = [#;7“;r]}> is known as an IVFSig
associated with G, the tuple Is, = (N, L, {{/{, ¥, .. ¥, })
is called the of Is; {luy.ufl, 15,157,
<o [y, w1} is the Mp degree intervals set of s.

structure

We will use the following example to demonstrate the
concept of an IVFSig and the preceding concerns about the
notation.

Example 4.3 Consider G be a rooted tree with d(G) = 2,
with nodes V = {V(), Vi, V2, V11, V21, V22, V23} leaves L =
{V“,V21,V227V23} and inner nodes N = {Vo,vl,VZ}. The
root vy has two children, v; and v,, and the node v; has two
children vy; and v{>. The node v, has three children, v,;,
vy, and vy3. The tree may be presented graphically using
this notation. This rooted tree is shown in Fig. 9, from
which we can determine the sets Ny = {vo} and N; =
{V],Vz} that fulfill N = Ny U Nj.

Assuming the interval-valued fuzzy My degrees
s 1] s 1) [y 11 (g, 0] (a3 1135] € 10, 1]
applied to the leaves L, the bundle of aggregation operator
families {A4,(G), A, A3(P)}, here A3(G) is the aggrega-
tion operator family constructed from the Godel t-norm
with 2 variables, A; is the aggregation operator family
constructed from the Godel t-conorm with 2 variables, and
the A3 (P) is the family of aggregation operators is made up
of the product t-norm with 3 variables. Each inner node in
N is allotted with the aggregation operators /, € A>(G),
W, € Ay, Y, € A3(P), are defined as follows:

1087
//h\\,
‘:}\’}’ﬁ»/‘m )
’ k-‘-\\// \\"'"//
7,./\// \

(b) Structure I, of
Example 4.3

(a) Rooted tree G

Fig. 9 Rooted tree & its structure

¥o(p,q) = min{p, g}
¥1(p,q) = max{p,q}
Ya(p,q,r) =p*gqx*r.

Y, is allocated to the root, whereas V), , are assigned to
the children. Then the IVFSig, Is = (N,L,{y, ¥, ¥5},
{0, 1) [tar, 1)) (1295 132), (123, 135]}) s also outlined
in Fig. 9. The structure (I5,) of the IVFSig, Is may be seen
in this diagram.

In Fig. 10a, a specified set of My degrees is evaluated,
and the variables are substituted with constant values,
yielding the suitable IVFSig, Is = {( N,L,{yo, ¥, ¥}, { [
0.76, 0.88], [ 0.86, 0.96], [ 0.65, 0.92], [ 0.55, 0.78], [0.42,
0.69] }).

Another intriguing concept in this paper is the assess-
ment of an IVFSig.

Definition 44 An IVFSig entrusted with G = (V, E) is to
vo acquired and evaluated by performing all of the general
aggregation operators in I, beginning with the M degrees

—
[ [0.86.0.96]

‘1:/11 15.0.50)) \
N s { [0.15,0.50)
\.
(b) Evaluation E/(Is) of the —

(a) Interval-valued fuzzy -
IVFSig, Is in Example 4.4  (c) E(Is) =[0.15, 0.50]

signature /s in Example 4.3

Fig. 10 Interval-valued fuzzy signature and its evaluation
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in the leaves. E(Is) represents the assessment of the
IVFSig.

Example 4.4 Returning to Example 4.3, we will determine
the evaluation of the IVFSig, Is = { N, L, {{/o, V1, ¥}, { [
0.76, 0.88], [ 0.86, 0.96], [ 0.65, 0.92], [ 0.55, 0.78], [0.42,
0.69] }) shown in Fig. 10a. Using basic computations, we
assess that the evaluation of the IVFSig, Ig is
E(Is) = [0.15,0.50]. This approach is presented in Fig. 10b
and c.

The concepts and examples that follow will help us
grasp the concept of IVFSig’s. They also allow partial
assessments of IVFSig’s to be computed.

Note 1 Based on Examples 4.2 and 4.4, we have evaluated
the comparison study. Figure 8 of Example 4.2 shows the
evaluation of the fuzzy signatures as well as Fig. 10 of
Example 4.4 provides an evaluation of the IVFSig. In this
context, both examples utilized the aggregation operators
accordingly. Then, the findings of both examples give the
best results, but Fig. 8 does not consists the membership
intervals; therefore, it obtained the result as low value. On
the other hand, in Fig. 10, the outcome of the evaluation is
[0.15, 0.50], which presents the intervals as well as
advanced one compared to the existing one. Therefore, we
conclude that the IVFSig performed better in the evaluation
of fuzzy signature.

Definition 4.5 Let G be the rooted tree, with N repre-
senting the inner node collections and /s being the IVFSig
associated with G.

e The leaf subtree of G associated with v € N is the tree
whose root is v and which contains the descendant
nodes of v as well as the related edges. Ls(v) is a leaf
subtree of G related to v € N.

e The leaf subtree Lg(v) contains the aggregation oper-
ators and My degree intervals for each node in the
IVFSig Is. It is referred to as the leaf interval-valued
fuzzy sub-signature of Iy associated with v € N. The
new signature is known as Ly, (v).

Because a leaf interval-valued fuzzy subsignature is a
specific IVFSig, evaluating it is as simple as E(L;(v)), as
shown in Definition 4.4.

Example 4.5 Turning to Example 4.3, we now construct
the leaf subtree of G associated with v,, namely Lg(v2), as
seen in Fig. 11. L;(v,), the leaf interval-valued fuzzy
subsignature of Ig correlated with v, € N, is shown in
Fig. 12; Furthermore, the leaf interval-valued fuzzy sub-
signature of Iy associated with v, € N, E(L;(v,)) is clearly
W,([ 0.65,0.92], [ 0.55, 0.78], [ 0.42, 0.69]) = [ 0.15, 0.50].
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(a) Rooted tree G

(b) Leaf subtree L (v2)
of Example 4.5

Fig. 11 Rooted tree and its one of the leaf subtrees Lg(v;)

The leaf interval-valued fuzzy subsignature’s dual def-
inition is similarly valuable, and it is discussed next.

Definition 4.6 Suppose Is be an IVFSig connected with G.

e The root subtree Rg(v) of a tree G is formed by
removing all descendants of v from G, and it is
connected to v € N.

e The root interval-valued fuzzy sub signature of an Iy
associated with v € N in the root subtree Rg(v) includes
the evaluation of the leaf interval-valued fuzzy sub
signature in the node v, where the aggregation operators
and membership degrees of the original IVFSig I are
preserved in the other nodes of the graph. This signature
is called Ry (v).

Unlike the leaf subtree, the evaluation of Ry (v) in this
instance fulfils R;(v) = E(Is) for every v € N. We will
return to Example 4.3 to explain the concepts mentioned
before.

Example 4.6 We would calculate the root subtree of the
graph G and the root interval-valued fuzzy subsignature of
Is corresponding to v € N in the surroundings of Exam-
ple 4.3, which seems to be Rg(vo) in Fig. 13 and Ry, (vp) in

77N
(10.76.0.88))
A/
(oY S -
S NP N
/ (10:86,0.90) ( (065,092
r/ \ /
/ N/ -
!
N _ _
( ¥ — R
( . e
~ \/ // N ’/ N/ \
\ 0.65,0.92]) [ w2 —[0.55,0.78]
\ \ ] \ / \ /
o o N
\ — — —
"/ \
( Ym 78]) Va
N (. \
» [ [0.42,069]
\

/ o N\
0.42,0.69]) N
\ /

N4

(b) Leaf interval valued fuzzy
subsignature L;g (v2) of
Example 4.5

(a) IVFSig Is

Fig. 12 IVFsig’s and leaf interval valued fuzzy subsignature Ly (v;)
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Fig. 14. In this
R[S(Vo) = E([s) = [015,050]

circumstance,

Remark 4.1 Suppose G = (V,E) indicate the rooted tree,
with N designating the set of inner nodes.

e Definitions 4.5 and 4.6 show that for each v € N,
Rc(v)ULg(v) =G and Rg(v) NLg(v) =v. In Rg(v),
an inner node v becomes a leaf.

e Even if the root interval-valued fuzzy sub signature of
Is linked to one of its leaves does not produce any
change in I, Definition 4.6 may be extended to any
node.

5 Join and meet operators in a family
of IVFSig

IVFSig was made to describe things or events that let
different structures with uncertain properties be used. The
main benefit of modeling with IVFSig is that different
IVFSig may appear in the same issue due to missing data
on one or more of the features defined by the leaves, or
even on whole feature groups defined by leaf subtrees.

A basic illustration is when an IVFSig describing a
patient’s body temperature is considered, as shown in the
application. It may be an IVFSig’s with three inner nodes,
each of which has four leaves. The temperatures on the day
before yesterday, yesterday, and today are represented by
the three potential leaf subtrees. Each leaf in a leaf subtree
represents body temperature in the morning, noon, after-
noon, and evening.

The very first leaf subtree is lacking for patients who
were admitted yesterday. Today’s new arrivals will miss
the first and second leaf subtrees, and depending on the
time, one or more leaves of the last subtree. A patient may
have fewer than four temperature measurements on those
days.

Even so, some individuals may only have average body
temperatures throughout the whole duration. In this

\\\Ql 2
/\/ // o
/I'n
V23 )
N

(a) Rooted tree G (b) Root subtree R¢ (vo)

of Example 4.6

Fig. 13 Rooted tree and its root subtree Rg(vo)

/// \\

[ [0.76,0.88])

_ A /
N NS

(v )
NN

\:// \
| [0.86,0.96])
\ |

c// \\
(10.86.0.96]
NNl
Jo -
VAN
) \ ([015,0 5]
( 0-42.0.69) NS

(b) Root interval valued fuzzy
subsignature R (vo) of
Example 4.6

(a) IVFSig Is

Fig. 14 IVFSig’s and root interval valued fuzzy subsignature R (vo)

manner, whole subtrees might be missed, or just a few
leaves from some of the subtrees, or they may be replaced
by single leaves assigned interval-valued fuzzy My degrees
expressing the degree of getting “high body temperature”,
or simply fever, on a specific day, or in the period under
inspection in general.

Considering these things, Building a database of possi-
ble IVFSig’s may be very helpful that might represent
information related to a certain situation. In addition, if you
want to combine two or more IVFSig’s, you will need to
specify the meet and the join operators on them. In the
following parts, we will provide a more in-depth expla-
nation of the aforementioned ideas.

We will begin by defining a family that is constructed
using a rooted tree and the sets of families of aggregation
operators.

Definition 5.1 Assume that G=(V,E). N=
{vo, V1, ..., vy} is a collection of inner nodes for a tree with
aroot vg, and A = { Ay, Ay,. .., A,} is a sets of families of
aggregation operators. The F(G, .A) family of IVFSig’s,
which are derived from G and A, is defined as follows:

{ISk = <Nk7L/<, {wiw' c l//i],}7 {[I'Lli?//tf]? B [H;»ﬂ;]}HGk
C G and ‘//i,- € A, for all v;; € Ni},

where Gy, = (N U Ly, Ey) is a subgraph of G that satisfies
that vo € Ny, and Is, is an IVFSig associated with Gy.

Definition 5.2 Let /s be an IVFSig for the rooted tree Gy,
and the collection of aggregation operator families Aj,.
The F(Gy,, As,) family of IVFSig’s is defined as the family
of IVFSig’s created from Ig.

Definition 5.3 Let /5 be an IVFSig for the rooted tree Gy,
and the collection of aggregation operator families .Aj,. Let
Is,, Is, € F(Gy,, Aj,) represent [VFSig’s associated with

@ Springer
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G, = (V1,E;) and G, = (V,, E»), respectively, where L,
L, are leaf collections and Ny, N, are inner node collections
of each tree G; and G,. The IVFSig linked with the rooted
tree Gy NG, = (Vi NV2,E; NE,), where Ng,ng, repre-
sents the collection of inner nodes and L¢, ¢, the collection
of leaves, is the meet of the IVFSig’s I5, and Is,, which will
be designated as Is, A Is,. The following rules will deter-
mine the My degrees allocated to each leaf in Lg,ng, and
the aggregation operators applied to each inner node in
NG,nG,:

o If ve NG, the aggregation operator for v is
v, = il’Elf {wi, x//f}, where l/J‘l) is the aggregation operator

for v € Ny in I5, and npf is the aggregation operator for
v EN, in Is,.

It’s interesting to note that if iy, has fewer leaves
than variables, the missing variables will have a value
of zero when the IVFSig Is, A Is, is evaluated.

o If ve Lgng,, Mp degree given to v is computed by
taking into account the following scenarios:

(i) IfvelLandv € L, are present, v's M degree
equals  [1;, 7] = inf{[u) 7, "], 15, 1511}
where [u!™, ul*] represents the Mp degree
allocated to v € L and [u>~, >*] represents
the My degree allocated to v € L.

(i) Ifv e L;andv € N, are present, the My degree
given to v is [w , ] = [ul", wT], where
(=, Wt is v € Li’s Mp degree.

(iii) Ifv € Ny andv € L, are present, the My degree
assigned to v is [u,, 1] = [p2~, 1**], where
(127, u>*] is the Mr degree assigned to v € L.

(iv) IfveN;andv e N, are true, v's My degree is
[, 1] =0. When the arguments of the
aggregator of v in N, differ from the arguments
of the aggregator of v in N,, this situation
might occur.

To understand the concept of meet of two IVFSig’s, we
shall present an example.

Example 5.1 Assume the rooted tree G, = (V,E) in
Fig. 15, where the set of nodes, the set of leaves, and the
set of inner nodes are V = {vo, vy, va, V3, Vi1, V12, V13, Va1,
V227V317V32}, L= {V117V12,V13,V21,V227V317V32}, and
N = {V(),Vl7 V2, V3}.

Consider A;, = {A,(G), A3(G), A3(P)}, a collection of
aggregation operator families, where 4,(G) is the aggre-
gation operator family derived from the Godel t-norm and
two variables, and A;(G) is a family of aggregation
operators described by the Godel t-norm and three
variables. The A3(P) operator family is defined by the
product t-norm and three variables.
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(a) Rooted tree G'r4 (b) IVFSig Is

Fig. 15 Rooted tree Gy, and IVFSig Is of Example 5.1

The aggregation operators Y, € A3(G), Y, € A;(P),
Wy, W5 € A>(G) that are provided to each inner node in N
are as follows:

lpO(Pvar) :min{pacbr}
Vi(p.g,r) =prqxr
Wz(P»Q) = Ws(qu) = min{paQ}7 fOI' e\’er}’ quv” S [07 1]

Figure 15 also shows the IVFSig Iy = (N,L,
{‘p07lpl7l/j2}{[o'2? 0'5]5 [0'6’ 0'8]7 [0'33 0'75]» [0'49 0-56]’
[0.5, 0.89], [0.8, 0.95], [0.5, 0.82]}).

Let Is,,Is, € F(Gy,,Ay) represent the IVESig’s for the
rooted trees. Gy = (V1,E;) and G, = (V,,E,), respec-
tively. These are shown in Figs. 16 and 17 and are defined
by the tuples Is, = (N1, Li,{¥, ¥, ¥, } {[0.5, 0.82],
[04, 0.69], [0.1, 092], [02, 0.78]}) and Is, =
(Na, Lo, AW, W s s 3 {103, 0,61, [0.6, 0.75], [0.7,
0.91}), respectively, where N1 = {vo,vi, 2},
Ly = {vs,vi1,v13,va1}> Ny = {vo,v1,v2,V3}, L, =
{vi1,v2, v32}. For every p,q,r € [0,1], the aggregation
operators nplo,lpfo € A3(G), lﬁl],lpfl € A3(P), lﬁlz,lpiw

l//%3 € Ay(G) allocated to every inner node are defined as:
Vo (pya,7) = 3, (P2 g, ) = max{p, q,r}
l//\lz, (p,q) =p*q
Uy, () =W, () = p
L@ =V (@) =q
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Fig. 16 Rooted tree G and IVFSig I, of Example 5.1
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Fig. 17 Rooted tree G, and IVFSig I, of Example 5.1

We will now determine the meet of the IVESig’s I, and
Is,. According to Definition 5.3, G; N G is the rooted tree
corresponding to the IVFSig I, A ls,, as seen in Fig. 18.
The set of inner nodes is Ng,nG, = {vo, 1}, and the set of
leaves is Lg,nG, = {v2,v3,v11}. Using the criteria con-
tained in Definition 5.3, the Mp degrees allotted to each
leaf in Lg,ng, and also the aggregation operators assigned
to each inner node in Ng,ng, Will be calculated. With
regard to the nodes in Lg,ng,, we identify the following
instances:

e v €Ly and vi; € Ly, then vi;’s My degree is
[#;“ , ,uj“] = inf{[0.4,0.69], [0.3,0.6]} = [0.3,0.6].

® v, € Njand vy € Ny, then p,, = [0,0] is the M degree
ascribed to v;.

e v3€L; and v3 € No, then p,, = [0.5,0.82] is the Mp
degree ascribed to vj.

Consider the ordering relation provided on A3(G) and
A3(P) using the complete lattice shown in Fig. 5 for the
nodes in Ng,ng,. The aggregation operators v, and v,
given to vy and vy, respectively, are as follows:

s | 2y 1
l//vo - ll'Elf {lpv(ﬂ lva} - lpv(ﬂ

1091
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(a) G1 N Ga ) Is, Ng,

Fig. 18 Rooted tree G; N G, and IVFSig Is, A Is, of Example 5.1

— 3 1 29 1
l//v] *Hif {lpvlv vl}*lpvl'

Figure 18 depicts the IVFSig I, N1, =
(NG,n6,+ L,nGy> (W, ¥y, } {10, 01, [0.5, 0.82], [0.3, 0.6]}).

Look at the fact that s, has fewer leaves than variables.
As a result, in the assessment of the IVFSig I, A Is,, the
value of the missing variables will be 0. To acquire the
assessment of the IVESig I, A Is,, we will do the necessary
computations ¥, = ([0.3,0.4] % [0,0]) = [0,0] and ¥, =
max ([0,0], [0, 0], [0.5, 0.82]) =[0.5, 0.82]. As a result, we
arrive at the conclusion that E(Is, Alg,) = [0.5,0.82].
Figure 19 shows the step by step evaluation of I, A Ig,.

In addition, the join of two IVFSig’s Is,Is, €
F(Gy, Agg) will be computed by combining the rooted
trees associated with Is,, Is, and assigning suitable labels to
the nodes in the resulting tree. The labels of the nodes will
be generated using the supremum operator in this example.

Definition 5.4 Let I5 be an IVFSig linked to the rooted
tree Gy, and, the collection of aggregation operator families
Aj. Let I, Is, € F(Gy, A) be IVESig’s for G| =
(V1,Ey) and G, = (V,, Ey), respectively, where Ly, L, are
leaf sets and Ny, N, are inner node sets of each tree G and
G,. The join of the IVFSig’s Is, and I5,, denoted as
Is, VI, is the IVFSig associated with the rooted tree
G1 UG, = (V1 UV, E; UE;,), where Ng, g, represents the
set of inner nodes and Lg,ug, the set of leaves. The

7N
4 i 05,0.52
\. ,/”

/
([0.5,0.82])
\ )
\

(b) Evaluation E(Is, A Is,)
of the IVFSig, Is, A Is,
in Example 5.1

(@) Is, N1s, (©) E(Is, AIs,) = [0.5,0.82]

Fig. 19 Evaluation E(Is, A Is,) of the IVFSig I, A Is, in Example 5.1
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following rules will determine the M intervals allocated to
each leaf in L, ¢, and the aggregation operators applied to
each inner node in Ng,uc,:

e If Ng,uc,, the aggregation operator allocated to v is
determined by taking into account the following cases:

(i) If ve Ny and v € N, are both true, then the
aggregation operator assigned to Vv is:

W, = sup {2}, where ! is the aggrega-
C

tion operator allotted to v € N; in I, and wf is
the aggregation operator given to v € N; in Iy, .

(i) If v e N; and v € L, are true, the aggregation
operator for v is y, = 1//l, where lpi is the
aggregation operator for v € Nj.

(i)  Symmetrically, if v € L; and v € N, are true,
the aggregation operator for v is Y, = lﬁ%,
where lpi is the aggregation operator for
v EN,.

(iv) Ifv e N;and v € V,, the aggregation operator
forvis ¢, = xpl, where lﬁ‘l, is the aggregation
operator allocated to v € N;.

(v) Ifv¢&N, and v € V,, the aggregation operator
for vis ¥, = x//g, where lﬂ% is the aggregation
operator allocated to v € Nj.

e Ifve Lgug,, the Mp degree given to v is determined
taking into account the following scenarios:

(i) IfvelL; and v € L, are used, the My degree
assigned to v is
[y, ] = sup{ )~ 7, (197, 7]}, where
(=, w*] is the Mp degree ve€L; and
(127, 127] is the MF degree v € L.

(i) IfvelLandv¢g Vy, [, uw]=[ul", "], is
the Mr degree granted to v, where ,u‘l, is the Mg
degree granted to v € L;.

(i) IfvgVyandve Ly, [p,uw] =2, 12", is
the My degree granted to v, where [12~, ;i>*] is
the My degree granted to v € L,.

Example 5.2 In the setting of Example 5.1, we will cal-
culate the join of the IVFSig’s Is, and I5,, which are
associated with the rooted trees G; and G, shown in
Figs. 16 and 17, respectively. By applying Definition 5.4,
we can see that the union of G; and G, is the rooted tree
corresponding to the IVFSig’s Is, VIs,, as shown in
Fig. 20. We can determine the set of inner nodes Ng,ug, =
{vo,vi,v2,v3} and the set of leaves
Lg,u6, = {vi1,v13, V21, V22,32 }. The membership degrees
assigned to each leaf and the aggregation operators
assigned to each inner node will be determined by using the

@ Springer

rules in Definition 5.4. With respect to the vertices in
Lg,uc,, we can distinguish the following cases:

e vy €L; and vy € L, then vi;’s My degree is
[,uv_”,uj”] = sup{[0.4,0.69],[0.3,0.6]} = [0.4,0.69].

e v3€L; and vi3 €vy, then vi3’s Mp degree is
1,5 5] = [0.1,0.92].

o v €L, and vy €vy, then vy’s My degree is
1,5 11 =10.2,0.78].

® V) € vi and vy € Ly, then vyp’s Mp degree is
[, 1] = 10.6,0.75].

o vy &v; and vip € L, then v3’s Mp degree is

[y, 145, = [0.7,0.9].

Considering the ordering relation defined on A43(G) and
A3 (P) by means of the complete lattice shown in Fig. 5,
we can assign aggregation operators to the vertices in
NG,\nG:

® vy € N and vy € N,, then vy’s aggregation operator is
g = sup{is, ¥} = Ui, = Ui

e V€ Nl_and Vi € N,, then v,’s aggregation operator is
Y, = sup{ vy} = v

e nc Nl_and v € Ny, then v,’s aggregation operator is
v, = sgp{l//iz, ¥} = Waups Where Yy, = sup{a, b}, for

all a,b € [0, 1].
e v3 €Ly and v3 € N,, then v3’s aggregation operator is

lva = lp\i

N

( [0.4,0.69])

/’/

// —
/ N
([0-2,0.78])

\

(o /‘j‘\/\,,,,/

NERNGI NP
%u. 0.75))

\_
l\:/ "\.l- “/”

(a) G1 U G2 (b) Is, V Is,

Fig. 20 Rooted tree G U G, and IVFSig Ig, V Is, of Example 5.2
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Fig. 20 shows the IVFSig’s Is, V Is,, which is represented
by the tuple 15] \% ISz = <NG1UG27LG1UG27
W ¥, ¥, ¥, 1, {104, 691, [0.1, 0.92], [0.2, 0.78], [0.6,
0.751, [0.7, 0.91}).

The evaluation of this IVFSig’s is E(ls VIs,)=
max{tpgl ([0.4,0.69], [0.1,0.92]), ,,([0.2,0.78],  [0.6,

0.75]),¥;,([0.7,0.9])}.

E(Is, V Is,) = max{[0.4,0.92],0.6,0.78],[0.7,0.9]}
=1[0.7,0.92].

The results demonstrate that the meet and join operators
of the family F (G, Aj) give rise to a lattice structure as
an abstract algebra (Birkhoff 1940).

Theorem 5.1 Let Is be an IVFSig for the rooted tree G
and the collection of aggregation operator families Aj,. A
lattice is formed by the family F(Gy,, Al), the meet
operator A, and the join operator V.

Proposition 5.1 Let Is={(N,L,{Yo,¥,..., ¥,},
{lur, s - g, w'1}) be an IVFSig, linked to the rooted
tree G, and the collection of aggregation operator families
Aj = { Ao, A1, ..., Ay} Then, for each i € {1,2,...,n},
the tuple (F(Gy,, AL), A\, V) is a bounded lattice, with the
least element being the IVFSig Is, = (¢, {vo}, ¢,{[0,0]})
and the biggest element being the IVFSig Is. =

(NSL AW U1 o 3 AT, 1 10, with | being

the greatest element in A,.

6 Relations of partial ordering in an IVFSig
family

We concentrate on ordering two IVFSigs from the same
family after introducing the join and the meet operators.
We will now analyze an IVFSig I associated with a rooted
tree Gy, and a collection of aggregation operator families
Aj. Let I, Is, € F(G, A) be IVFESig’s for G| =
(V1,Ey) and G, = (V,, Ey), respectively, where Ly, L, are
leaf sets and Ny, N, are inner node sets of each tree G and
G,. Perhaps it is far natural to assume that the most direct
manner to outline the ordering relation, < among Is, and
Is, is to compare any two IVFSig’s only by their evalua-
tions, that is by equivalence: Is, <[5, if and only if
E(Is,) <E(Is,). In any case, the assessment is not the
foremost important feature of each IVFSig. This is often
why we attempt to function with the IVFSig’s from their
graphs. Hence, it appears that a conceivable request based
on the evaluations does not make sense when we need to
operate with the proper IVFSig’s. Without a doubt, this

definition isn’t compatible with the supremum and infimum
operators, as we are going to show next.

Example 6.1 Let G, = (V,E) be the rooted tree repre-
sented in Fig. 21, where the nodes V = {vy,vy,v,,
Vi1, Vi2, Va1, V22, V23 }, the leaves L = {vi1, vi2, Va1, V22, V23 },
and the inner nodes N = {vy, v, v2} may be identified. Let
A = {A,(G), A3(P)} be a set of aggregation operator
families, where A,(G) is the aggregation operator family
formed from the Godel t-norm and 2 variables, and Az(P)
is the aggregation operator family formed from the product
t-norm and 3 variables. Every inner node in N is assigned
the  aggregation  operators ¥, € A2(G)  and
W, € A3(P), which are specified as

lpO(]’vQ) = lpl(pﬂq) = mln{pvq}
Yo(p,q,r) =p*qx*r.

Figure 21 also shows the IVFSig, Is= (N,L,{{,,
‘pl ’ W2}7 {[0'27 0.5],
[0.5,0.7],[0.7,0.82],[0.5,0.65],[0.3,0.78]}).

Let Is,, Is, € F(G, Aj,) represent the IVFSig’s shown
in Figs. 22 and 23, which are connected with G| =
(V1,E,) and G, = (V», E;), respectively. These IVFSig’s
are Is, = <N1,L1,{lplo}{[O.él,O.SS], [0.62,0.98]}) and
Is, = (N2, Lo, {lpg(p lﬁ%] ) lpgz}{[o'& 0.9],10.6,0.8], (0.7,
08], [05,07]}>, where Nl = {V()}, Ll = {Vl,\/g},
Ny = {vo,vi1,v2}, Ly = {v11,Vv12,Vv21, V22 }, and the aggre-
gation operators wiwx//io,lpf] € A,(G), and wfz € A;(P),
given to each inner node are defined as:

i, (p.g) = Vo (p.q) = Vi, (p.q) = min{p, q}
Ve (p,q) =p*q.

\
|
/

N
[0.2,0.5] |
TN //)\1_//
( ¢
AL
f<3.11.7 }
@ [
/
Ougr
® 8 o
{0.7.082])
& \
() )
(\(-_,;- 1 10.5,0.65] |
OO
[ [03.0.78])
(=) &
(a) Rooted tree G (b) IVFSig, Is of
Example 6.1

Fig. 21 Rooted tree and its IVFSig
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From Definition 5.3, we are able to compute the meet of
the IVFSig’s I, and Is,, acquiring the IVFSig Ig A,
proven in Fig.24. Note that I5, Als, = (Ng,nG,,
L6,nG,, {¥,,11[0.61,0.88],[0.62,0.98]}), wherein the inner
node set is Ng,ng, = {vo}, the leaf set Lg,ng, = {vi,v2}
and the aggregation operator is \, (x,y) = min{x, y}.

With a few basic calculations, we can find that
E(I5,) = [0.61,0.88], E(Is,) = [0.35,0.56], and E(Ly r,
(vo)) = [0.61,0.88]. We can confirm that Is, < I, using
the ordering relation between IVFSig’s given just above
this example, because E(Ig,) =[0.35,0.56] <E(I,) =
[0.61,0.88]. Therefore, as seen below, the equality E(Is, A
Is,) = inf{E(Is,), E(Is,) } is not derived:

E(Is, As,) = [0.61,0.88] > [0.35,0.56]
= inf{[0.61,0.88],[0.35,0.56]}
= inf{E(ls,), E(s,)}.

Because we are interested in ordering =< so that
(F(Gy,, Ajg), =) is a lattice, the natural ordering from the
supremum and infimum operators, as described in lattice
theory, will be addressed in the following.

Definition 6.1 Consider Is,,Is, € F(Gy,, Aj) to be an
IVFSig’s. From the meet operator, the ordering relation <
between I, and [, is defined as:

IS1 = 152 if and only if IS| A 152 = IS| .

From the join operator, the ordering relation < between
Is, and [, is defined as:

Is, =X,
if and only if I, V I, = I,.

As a result, this is the ordering that permits the lattice of
the F(G, Aj,) family to be seen as an ordered set in a
clear manner. The following proposition gives a descrip-
tion of this ordering relation.

Proposition 6.1 Consider Is,Is, € F(Gy,, A,) to be
IVFSig’s connected with the rooted trees, G| = (Vi,E)

[0.61,0.88]

[0.62,0.98]

(b) IVFSig, Is, of
Example 6.1

(a) Rooted tree G

Fig. 22 Rooted tree and its IVFSig Is,
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(a) Rooted tree G2 (b) IVFSig, Ig, of

Example 6.1

Fig. 23 Rooted tree and its IVFSig Is,

0.62,0.98]

(a) Rooted tree G1 N G2 (b) Is, NIs,

Fig. 24 Rooted tree G| N G, and IVFSig I5, A I, of Example 6.1

and G, = (V, Ey), respectively, where Ly and L, are the
leaf sets and N1, N; are the inner node sets of each tree, Gy
and Gy. Therefore, if Is, = Is,, if and only if the following
assertions are true:

(@ G CGo.

(b) If v € Ny is present, then wi;wf, where w‘l, repre-
sents the aggregation operator allocated to v € N; in
Is, and l//f represents the aggregation operator
allocated to v € N, in Is,.

() If veLiNLy, then [W~, u!*) <[, 2], where
[u!=, ul*] represents the Mr degree allotted to v € L;
in Is, and [p2~,u>"] represents the Mp degree
allotted to v € L, in Is,.

Proof To begin, we will assume that 5, <I5, and
demonstrate that the propositions (a), (b), and (c) are
satisfied:
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(a) AsforIs, = I, we have Iy, Als, = Is,. As a result,
the rooted tree G| N G, relating to the IVFSig Is, A
Is, is equivalent to the rooted tree G relating to the
IVFSig Is,, that is, G; N G, = G. This brings us to
G, C G,.

(b) Because Is, AIs, =15, if v € N is true, then v € N,
and v € Ng,ng, are true. According to Definition 5.3,
the aggregation operator ¥, allocated to v € Ng,na,
inIs, AL, is , = inf{y}, 2}, ! is the aggregation
operator allocated to v € Ny in I, and 1//3 is the
aggregation operator given to v € N, in Is,.

Taking into consideration that I, A Is, =I5, we
find that ¥, = inf={y/},y?} = !, and so, because
the family (A,, L) associated with v is a lattice, the
inequality ! 2 holds.

(c) IfvelL NnLythenv € Lgng, follows. According to
Definition 5.3, the My degree [, ] allocated to
v E Lgneg, in Is, N1, is [/.L‘)_,,uj_] = inf {[,ulﬂ
W 2 12 1)Y, [ul, pit] is the Mp degree allo-
cated to v € Ly in Is, and [p2~, u>*] is the M degree
allocated to v € L, in I5,. Taking into mind that
Is, NI, = Is,, we have [u, uf] = inf{[u;”, 1],
(127, 127} = [, ul*] and, as a result, the inequal-
ity (i)™, )] <[uf~, 13" holds.

We shall now describe the counterpart. Assuming that
claims (a), (b), and (c) are accurate, we will demonstrate
that Is, < Is, is true.

We know from assertion (a) that G; C G,, thus we
may be certain that G; N G, = Gy. If v € N; is true, then
v € Ng,ng, 1s true, so G; N G, = G;. Using assertion (b)
and Definition 5.3, we can calculate that ¥, =
inf{y), Y2} = .. As a result, the aggregation operator
W, given to v € Ng,ng, in Is, Als, is equivalent to the
aggregation operator allocated tov € Ny in Is,. If v € L; is
present, then v € N, is present, and finally v € Lg,ng, is
present. Because [p;, ] = [ul™, u!*] according to Defi-
nition 5.3, then the My degree [u;, ;] allocated to v €
Lg,nG, in Is, A5, corresponds to the My degree allocated
tov €Ly in 151.

Both values also correspond in the last instance, that is,
if veLi NL, then v € Lg,nG,» since G; NG, = Gy, and
we  have [, ] = inf{{u) 0] [ 10T ]) =
[]=, u!*] using statement (c) and Definition 5.3. Taking
these factors into account, we can be certain that I, A I, =
I, and, as a result, I, = I,. ]

The above description is quite obvious. Two IVFSig’s,
Is,, Is, € F(Gyq, Al), can be evaluated if G, is a subtree of
the tree G,. Furthermore, It is possible to verify that Is, is
lesser than or equivalent to Is,. If the My degree allotted to
I, is lesser than or equivalent to the one designated to the

corresponding leaf in Ig, in all coinciding leaves, If the
aggregation operators in the inner nodes of Iy, are lesser
than or equivalent to the ones designated for the corre-
sponding inner nodes of Is,. Returning to Example 6.1, it’s
clear that the IVFSig’s in Figs 22 and 23 are comparable.
We have I5, <Ig, because Definition 6.1 holds.

7 Conclusion

In this paper, we designed a new framework like IVFSig
rely on the IVFS environment. Firstly, we explored some
definitions, including leaf and root interval-valued fuzzy
sub-signatures. Further, we created a family of IVFSig’s
associated with a graph and a family of aggregation oper-
ators; furthermore, join-and-meet operators, a partial
ordering, an ordered set, and a lattice structure were
employed to define the family of IVFSig’s. Moreover,
some of the numerical examples are supplied to compare
the proposed method with the existing one. Lastly, these
illustrations prove the efficacy of the suggested method.

The authors declare that the join and meet operators as
well as partial ordering are enough for the lattice structure
verification. In the future, we will explore some other
operations at the next level. Likewise, the authors plan to
investigate the interval-valued intuitionistic fuzzy signature
and its applications.
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