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Abstract
The picture fuzzy set, briefly as; PFS and its extensions, spherical fuzzy set (SFS), and T-spherical fuzzy set (T-SFS) are all

effective tools to express uncertain and incomplete cognitive information with membership, neutral membership, and non-

membership degrees. The cubical fuzzy set (CFS) introduced in this paper, carries out uncertain and imprecise information

smartly in exercising decision-making than PFS and SFS. Cubical fuzzy set (CFS)is an extension of the picture fuzzy set

and spherical fuzzy set. In CFS, the membership grades satisfy the condition 0� l3ðxÞ þ g3 xð Þ þ m3 xð Þ� 1 instead of

0� l2ðxÞ þ g2 xð Þ þ m2 xð Þ� 1, which is the condition of a spherical fuzzy set (SFS). In the course of this article, we first

devise some operations on CFS, discuss the basic properties, and propose the cubical fuzzy arithmetic and geometric

aggregation operators. We introduce the concept of cubical fuzzy weighted average (CFWA) operator, cubical fuzzy

ordered weighted average (CFOWA) operator, and cubical fuzzy hybrid average (CFHA) operator. In the second section,

we develop cubical fuzzy weighted geometric (CFWG) operator, cubical fuzzy ordered weighted geometric (CFOWG)

operator, and cubical fuzzy hybrid geometric (CFHG) operator. We define the distance measure between two CFSs and

study some of its properties. In the last section, the developed operators are utilized to devise approaches for solving

multiple attribute decision-making problems (MADM) in a cubical fuzzy environment. A practical example of enterprise

resource planning (ERP) system selection is given to verify the developed approach and to demonstrate the practicality and

effectiveness of the proposed operators.

Keywords Cubical fuzzy set � Operational laws � Cubical fuzzy arithmetic operators � Cubical fuzzy geometric operators �
ERP system � Multiple attribute decision-making problems

1 Introduction

The theory of fuzzy sets (FSs) (Zadeh 1965) is a very

powerful tool Zadeh (1996), which has successfully been

applied in many fields Abdulai and Turunen (2021), Calvo

and Recasens (2021) and Garcia-Pardo et al. (2021). Dif-

ferent types of fuzzy set extensions have been introduced to

deal with the uncertainty and fuzziness of data Atanassov

(1986), Cuong and Kreinovich (2013), Yager (2013a) and

Senapati and Yager (2020). In the orthopair fuzzy set the

membership grades of an element x are pairs of values

l xð Þ; m xð Þð Þ in the unit interval, indicating the membership

and nonmembership respectively in the fuzzy set Yager

(2016). Atanassov’s intuitionistic fuzzy sets (IFSs) ( Ata-

nassov 2012, 1989) and the second kind of intuitionistic

fuzzy sets ( Atanassov and Vassilev 2013) are some

examples of orthopair fuzzy sets. The idea of the second
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kind of IFS has been followed by Parvathi and Vassilev

Vassilev et al. (2008). In the case of IFSs, the sum of

membership and nonmembership is bounded by one and

for the second kind, known as Pythagorean fuzzy sets

(PFSs), the sum of the squares of the membership and

nonmembership is bounded by one Yager (2013a), Rahman

et al. (2017). Yag _er generalized the idea in Yager (2016)

and introduced a general class of such types of sets called

the q-rung orthopair fuzzy sets (q-ROFSs). The biggest

advantage of this class of fuzzy sets is that, in q-ROFSs, the

sum of qth power of the membership and nonmembership

is bounded by one. Yager pointed out that the space of

acceptable orthopairs increases directly with an increase in

q which gives the users more freedom to express their

belief about membership grades. On the other hand, in a

cubical fuzzy set, the membership grades of an element x

are in the unit triplet lðxÞ; gðxÞ; mðxÞð Þ; in which lðxÞ
indicates support for membership, gðxÞ indicates neutral

membership, and mðxÞ indicates support in against mem-

bership. Two known subclasses of cubical fuzzy sets are

Coung’s picture fuzzy sets (PFS) Cuong and Kreinovich

(2013) and spherical fuzzy sets (SFS) Ashraf and Abdullah

(2019). In PFSs the sum of the grades for support, neutral

support, and against support is bounded by one, while in

SFSs the square sum of these grades is bounded by 1.

Cuong’s construction of PFSs has a remarkable reputation,

but once again, the condition on membership grades lðxÞ,
gðxÞ, and mðxÞ restricts a decision-maker in assigning

membership values. To resolve this problem and give more

freedom to a decision-maker, Ashraf et. al, applied the

same concept (as by Yager for the Pythagorean fuzzy set)

and introduced a new structure known as the spherical

fuzzy set (SFS). In SFSs the space of membership degrees

lðxÞ, gðxÞ, and mðxÞ is larger as compared to that of PFSs

and the membership grades satisfy the condition

0� l2ðxÞ þ g2ðxÞ þ m2ðxÞ� 1: In addition to that, PFSs and

SFSs have their unique importance in situations where

opinion is not only constrained to yes or no but there is

some sort of abstinence or refusal. Decision-making could

be a suitable example, in the case when each expert has

three different classes of opinions about an alternative.

Another and the most suitable example could be the voting

process where three types of voters can occur who vote in

favor or vote against or refuse to vote. In SFS, the decision-

makers are still restricted to assigning values in the deci-

sion process because of the restrictions on the grades of

memberships that 0� l2ðxÞ þ g2ðxÞ þ m2ðxÞ� 1 should be

satisfied, and the decision-makers are restricted to a par-

ticular domain. For example, if we consider lðxÞ ¼ 0:8;

gðxÞ ¼ 0:5 and mðxÞ ¼ 0:6; which implies that lðxÞ þ
gðxÞ þ mðxÞ ¼ 1:9£1 and definitely it does not satisfy the

condition of PFS. Further, we have 0:8ð Þ2þ 0:5ð Þ2þ 0:6ð Þ2¼

1:25£1: But if we consider 0:8ð Þ3þ 0:5ð Þ3þ 0:6ð Þ3¼
0:853\1; which is an appropriate reason to define another

class of fuzzy sets that has more ability in capturing the

uncertainties and therefore, we defined cubical fuzzy set.

This is to mention here that the CFSs have more potential

to deal with uncertainties than PFSs and SFSs and are

capable to deal with higher levels of fuzziness. Decision-

making problems have been extensively studied by several

researchers all over the world and characterized several

aspects of daily life problems, e.g., (see Xu and Zhang

2013; Yager and Abbasov 2013 and Yager 2013b; Manoj

et al. 1998). For the applications of FSs in different aspects

of man-machine learning and other databases, we refer (see

Chen and Huang 2003; Chen 1996; Chen and Jong 1997;

Manoj et al. 1998).

The objectives of this article are as follows: (1) To

introduce the cubical fuzzy set (CFS), cubical fuzzy

numbers (CFNs), and their operational identities. (2) To

define the score, accuracy, and certainty functions to

compare cubical fuzzy numbers. (3) To propose cubical

fuzzy aggregation operators and investigate their opera-

tional rules. (4) To demonstrate a MADM method based on

the proposed operators in the environment of cubical fuzzy

information. The article is arranged as follows. Section 2

reviews basic ideas related to PFSs and SFSs and their

properties. Section 3, gives comprehensive details about

CFSs and their operational properties. Finally, in Sect. 4, a

decision-making method has been established based on

these operators, for ranking the alternatives by utilizing

cubical fuzzy information. The proposed method has also

been demonstrated with the help of a descriptive example

for investigating its stability, reliability, and effectiveness.

Lastly, some comparisons of the proposed and existing

methods are demonstrated.

2 Preliminaries

Some basic ideas associated with PFS and SFS are

reviewed here. Also, a few more concepts are discussed

which are utilized in the sequential discussions.

Definition 1 Cuong and Kreinovich (2013) A PFS A over

the universe €U is an object of the form,

A ¼ fe; lAðeÞ; gAðeÞ; mAðeÞje 2 €Ug;

where lAðeÞ; gAðeÞ; mAðeÞ 2 ½0; 1] are respectively called

the ‘‘degree of positive membership, neutral membership,

and negative membership of A ’’. Also 0� lAðeÞ þ gAðeÞ þ
mAðeÞ� 1 for all e2 €U. For e 2 €U, pAðeÞ ¼ 1�
lAðeÞ þ gAðeÞ þ mAðeÞð Þ; is known as the degree of refusal

membership of e in A.
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Definition 2 Ashraf and Abdullah (2019) The spherical

fuzzy set defined on a non-empty set €U is a structure of the

form given below

A ¼ e; lA eð Þ; gA eð Þ; mA eð Þh i : e 2 €U
� �

;

such that lA : €U �! ½0; 1], gA : €U �! ½0; 1], and mA :
€U �! ½0; 1], respectively are called the degree of mem-

bership, degree of neutral membership, and degree of

nonmembership of every e 2 €Uto the set A and

0� lA eð Þð Þ2þ gA eð Þð Þ2þ mA eð Þð Þ2 � 1; 8 e 2 €U. For any e 2
€U and a spherical fuzzy set A,

pAðeÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� lA eð Þð Þ2� gA eð Þð Þ2� mA eð Þð Þ2

q

is known as the degree of refusal of e to A. Ashraf et al.

Ashraf and Abdullah (2019), also defined the following

operations on SFSs.

Definition 3 Ashraf and Abdullah (2019) For two SFSs S1
and S2 over the same universe €U, the inclusion, union,

intersection, and complement are defined as follows:

(i) S1 � S2 if lS1 eð Þ� lS2 eð Þ; gS1 eð Þ� gS2 eð Þ and

mS1 eð Þ� mS2 eð Þ; 8 e 2 €U

(ii) S1 ¼ S2 if S1 � S2 and S2 � S1
(iii) S1 \ S2 ¼ e;min lS1 eð Þ; lS2 eð Þ

� �
;

�

min gS1 eð Þ; gS2 eð Þ
� �

;max mS1 eð Þ; mS2 eð Þf gje 2 €UÞ
(iv) S1 [ S2 ¼ e;max lS1 eð Þ; lS2 eð Þ

� �
;

�

min gS1 eð Þ; gS2 eð Þ
� �

;min mS1 eð Þ; mS2 eð Þf gje 2 €UÞ
(v) Sc1 ¼ x; mS1ðeÞ; gS1ðeÞ; lS1ðeÞ

� �
je 2 €U

� �
:

Definition 4 Assume that €U is a universe of discourse. A

cubical fuzzy set (CFS) denoted by C, is a structure of the

form

C ¼ e; f C eð Þ; gC eð Þ; hC eð Þh i : e 2 €U
� �� �

where fC : €U �! ½0; 1�; gC : €U �! ½0; 1�; and hC : €U �!
½0; 1], respectively are known as the degrees of member-

ship, neutral membership, and non-membership of each

element of €U to the set C such that

0� f C xð Þð Þ3þ gC xð Þð Þ3þ hC xð Þð Þ3 � 1; for all e 2 €U.

For any e 2 €U and a CFS C, pCðeÞ ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� fC eð Þð Þ3� gC eð Þð Þ3� hC eð Þð Þ33

q
is known as the degree

of refusal of x to C. For simplicity we shall use the symbol

C ¼ fC; gC; hCð Þ for the CFS e; fC eð Þ; gC eð Þ; hC eð Þh i :hf e 2
€Uig and call it a cubical fuzzy element (CFE).

For a better understanding of the concept of a CFS, we

give an illustration to accept the proposed notion. Suppose

that a person is asked to give his preference degree to an

alternative xi corresponding to a criterion Cj: Let the person

has allowed the degree to which the alternative xi satisfy

the criterion Cj as 0.8, the degree when xi remains neutral

in the criterion Cj as 0.5 and similarly when xi dissatisfies

Cj as 0.6. Definitely, 0:8þ 0:5þ 0:6£1, which does not

follow the condition of PFSs. Also,

0:8ð Þ2þ 0:5ð Þ2þ 0:6ð Þ2¼ 0:64þ 0:25þ 0:36 ¼ 1:25£1;

which does not obey the condition of SFS. But, we can

have 0:8ð Þ3þ 0:5ð Þ3þ 0:6ð Þ3¼ 0:512þ 0:125þ 0:216 ¼
0:853\1 which is an appropriate reason to accept the

notion of CFS. This is to mention that the CFSs have more

potential to capture the uncertainties than picture fuzzy sets

and spherıcal fuzzy sets, and are capable to deal with

information involving high levels of fuzziness (Fig. 1).

We shall mention here that the membership grades

related to a CFS are cubical membership grades (CMGs).

Theorem 1 The space of CMGs is larger than the spaces

of spherical membership grades (S MGs) and picture

membership grades (PMGs).

Proof For any three real numbers a; b; c 2 ½0; 1], we get

a3 � a2 � a; b3 � b2 � b;and c3 � c2 � c: Thus

aþ bþ c� 1 ¼) a2þb2þc2 � 1 ¼) a3þb3þc3 � 1:

Therefore PMG � SMG � CMG: h

There are CMGs that are neither PMGs nor SMGs.

Consider a point
ffiffi
33

p

2
;
ffiffi
23

p

2
;
ffiffi
33

p

2

	 

; we have

ffiffi
33

p

2

	 
3
þ

ffiffi
23

p

2

	 
3
þ

ffiffi
33

p

2

	 
3
¼ 1 and it is a CMG. But

ffiffi
33

p

2

	 
2
þ

ffiffi
23

p

2

	 
2
þ

ffiffi
33

p

2

	 
2
¼ 0:3605þ 0:3149þ 0:3605 ¼

1:0359[ 1 and
ffiffiffi
33

p

2
þ

ffiffiffi
23

p

2
þ

ffiffiffi
33

p

2
¼ 0:7212þ 0:6299þ 0:7212 ¼ 2:0723[ 1:

Therefore
ffiffi
33

p

2
;
ffiffi
23

p

2
;
ffiffi
33

p

2

	 

is neither a PMG nor a SMG.

3 Set operations on cubical fuzzy sets

Definition 5 Let C ¼ fC; gC; hCð Þ; C1 ¼ fC1
; gC1

; hC1
ð Þ;

and C2 ¼ fC2
; gC2

; hC2
ð Þ; be any three CFSs, then their set

operations are defined as follows:

(i) C1 \ C2 ¼ min fc1 ; fc2f g;min gc1 ; gc2f g;ð
max hc1 ; hc2f gÞ;

(ii) C1 [ C2 ¼ max fc1 ; fc2f g;min gc1 ; gc2f g;ð
min hc1 ; hc2f gÞ;

(iii) C1 � C2 if and only if fc1 � fc2 ; gc1 � gc2 and

hc1 � hc2 ivð Þ Cc ¼ hc; gc; fcð Þ.
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Definition 6 Let C ¼ fC; gC; hCð Þ; C1 ¼ fC1
; gC1

; hC1
ð Þ;

and C2 ¼ fC2
; gC2

; hC2
ð Þ; be any three CFSs, and k[ 0;

then some operations are defined as follows:

(i) C1�C2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f 3C1

þ f 3C2
� f 3C1

f 3C2

3

q
; gC1

:gC2
; hC1

:hC2

	 


(ii)

C1�C2 ¼ fC1
:fC2

; gC1
:gC2

;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h3C1

þ h3C2
� h3C1

:h3C2

3

q	 


(iii) kC ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 1� f 3C

� �k3

q
; gkC; h

k
C

� �

(iv) Ck ¼ f kC; g
k
C;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 1� h3C

� �k3

q� �
:

Theorem 2 For three CFSs C ¼ fC; gC; hCð Þ; C1 ¼
fC1

; gC1
; hC1

ð Þ; and C2 ¼ fC2
; gC2

; hC2
ð Þ; the following

properties are valid:

(i) C1�C2 ¼ C2�C1:

(ii) C1�C2 ¼ C2�C1:

(iii) k C1�C2ð Þ ¼ kC1�kC2; k[ 0:

(iv) k1 þ k2ð ÞC ¼ k1C�k2C; k1; k2 [ 0:

(v) C1�C2ð Þk¼ Ck
1�Ck

2 ; k[ 0:

(vi) Ck1�Ck2 ¼ Ck1þk2 ; k1; k2 [ 0:

Proof (i) C1�C2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f 3C1

þ f 3C2
� f 3C1

f 3C2

3

q
; gC1

:gC2
; hC1

:
	

hC2
Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f 3C2

þ f 3C1
� f 3C2

:f 3C1

3

q
; gC2

:gC1
; hC2

:hC1

	 

¼ C2�C1:

(ii) C1�C2 ¼ fC1
:fC2

; gC1
:gC2

;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h3C1

þh3C2
�h3C1

:h3C2

3

q	 


¼ fC2
:fC1

; gC2
:gC1

;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h3C2

þh3C1
�h3C2

:h3C1

3

q	 

¼ C2�C1: (iii)

k C1�C2ð Þ ¼ k
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f 3C1

þf 3C2
�f 3C1

f 3C2

3

q
; gC1

:gC2
; hC1

:hC2

	 


¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 1� f 3C1
�f 3C2

þf 3C1
f 3C2

	 
k
3

r

; gC1
:gC2

� �k
; hC1

:hC2
ð Þk

 !

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 1� f 3C1

	 
k
1� f 3C2

	 
k
3

r

; gC1
:gC2

ð Þk; hC1
:hC2

ð Þk
 !

;

Fig. 1 Range of the cubical

fuzzy set
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kC1�kC2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 1�f 3C1

	 
k
3

r

; gkC1
; hkC1

 !

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 1� f 3C2

	 
k
3

r

; gkC2
; hkC2

 !

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 1� f 3C1

	 
k
1� f 3C2

	 
k
3

r

; gkC1
:gkC2

; hkC1
:hkC2

 !

¼ k C1�C2ð Þ: (iv) k1þk2ð ÞC¼ k1þk2ð Þ fC; gC; hCð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 1� f 3C
� �k1þk23

q
; gk1þk2

C ; hk1þk2
C

� �
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 1� f 3C

� �k1 1� f 3C
� �k23

q
; gk1þk2

C ; hk1þk2
C

� �
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 1� f 3C

� �k13

q
; gk1C ; h

k1
C

� �

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 1� f 3C

� �k23

q
; gk2C ; h

k2
C

� �
¼ k1C�k2C: (v)

C1�C2ð Þk¼ fC1
:fC2

; gC1
:gC2

;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h3C1

þ h3C2
� h3C1

:h3C2

3

q	 
k

¼ fC1
:fC2

ð Þk;
	

gC1
:gC2

ð Þk;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 1� h3C1
� h3C2

þ h3C1
:h3C2

	 
k
3

r

Þ

¼ f kC1
:f kC2

; gkC1
:gkC2

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 1� h3C1

	 
k
1� h3C2

	 
k
3

r !

¼

f kC1
; gkC1

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 1� h3C1

	 
k
3

r !

�

f kC2
; gkC2

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 1� h3C2

	 
k
3

r !

¼ Ck
1�Ck

2 : (vi) Ck1�Ck2 ¼

f k1C ; gk1C ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 1� h3C

� �k13

q� �
�

f k2C ; gk2C ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 1� h3C

� �k23

q� �

¼ f k1þk2
C ; gk1þk2

C ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 1� h3C

� �k1þk23

q� �
¼ C k1þk2ð Þ: h

Theorem 3 For four CFSs C ¼ fC; gC; hCð Þ; C1 ¼
fC1

; gC1
; hC1

ð Þ; C2 ¼ fC2
; gC2

; hC2
ð Þ, and C3 ¼

fC3
; gC3

; hC3
ð Þ; the following properties are valid: (i)

C1\C2¼C2\C1: (ii) C1[C2¼C2[C1: (iii) C1\ C2\C3ð Þ¼
C1\C2ð Þ\C3: (iv) C1[ C2[C3ð Þ¼ C1[C2ð Þ[C3: (v)

k C1[C2ð Þ¼ kC1[kC2: (vi) C1[C2ð Þk¼Ck
1[Ck

2 :

Proof We shall only prove (i), (iii) and (v). Let C ¼
f C; gC; hCð Þ; C1 ¼ f C1

; gC1
; hC1

� �
; C2 ¼ f C2

; gC2
; hC2

� �
, and

C3 ¼ fC3
; gC3

; hC3
ð Þ; be four CFSs and k[ 0: By Defini-

tions 5 and 6, we obtain (i) C1 \ C2 ¼ minð
fc1 ; fc2f g;min gc1 ; gc2f g;max hc1 ; hc2f gÞ ¼ min fc2 ; fc1f g;ð

min gc2 ; gc1f g;max hc2 ; hc1f gÞ ¼ C2\C1: (ii)

C1\ C2\C3ð Þ ¼ fC1
; gC1

; hC1
ð Þ\min fC2

; fC3
f g;min gC2

;fð
gC3

g;max hC2
; hC3

f gÞ ¼

min fC1
;min fC2

; fC3
f gf g;min gC1

;min gC2
; gC3

f gf g; max

hC1
;max hC2

; hC3f gf g ¼ min min fC1
; fC2

f g; fC3
f g;minð

min gC1
; gC2

f g; gC3
f g; max max hC1

; hC2
f g; hC3

f gÞ ¼
min fC1

; fC2
f g;ð min gC1

; gC2
f g;max hC1

; hC2
f gÞ \ fC3

; gC3
;ð

hC3
Þ ¼ C1\C2ð Þ\C3 vð Þ k C1 [ C2ð Þ ¼ k max fC1

; fC2
f g;ð

min gC1
; gC2

f g;min hC1
; hC2

f gÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 1�max f 3C1
; f 3C2

n o	 
k
3

r

;

 

min gkC1
; gkC2

n o
;min hkC1

; hkC2

n o
Þ: kC1 [ kC2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 1� f 3C1

	 
k
3

r

; gkC1
; hkC1

 !

[
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 1� f 3C2

	 
k
3

r

;

 

gkC2
; hkC2

Þ ¼ max

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 1�f 3C1

	 
k
3

r

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 1� f 3C2

	 
k
3

r( )

;

 

min gkC1
; gkC2

n o
;min hkC1

; hkC2

n o
Þ ¼ k C1 [ C2ð Þ: The

remaining assertions can be proved analogously. h

Theorem 4 For three CFSs, C ¼ fC; gC; hCð Þ; C1 ¼
fC1

; gC1
; hC1

ð Þ; and C2 ¼ fC2
; gC2

; hC2
ð Þ; the following

properties are valid: ið Þ C1\C2ð Þc¼ Cc
2[Cc

1: iið Þ
C1[C2ð Þc¼ Cc

2\Cc
1: iiið Þ C1�C2ð Þc¼ Cc

1�Cc
2: ivð Þ

C1�C2ð Þc¼ Cc
1�Cc

2: vð Þ Ccð Þk¼ kCð Þc: við Þ
k Ccð Þ ¼ Ck

� �c
:

Proof We provĕ (i), (iii) and (v). For any three CFSs C,

C1; and C2 and k[ 0; according to Definition 5 and Def-

inition 6, we can obtain (i)

C1\C2ð Þc¼ min fC1
; fC2

f g;min gC1
; gC2

f g;max hC1
; hC2

f gð Þc

¼ max hC1
; hC2

f g;min gC1
; gC2

f g;min fC1
; fC2

f gð Þ ¼
hC1

; gC1
; fC1

ð Þ [ hC2;
gC2

; fC2

� �
¼ Cc

1 [ Cc
2: (iii) C1�C2ð Þc¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f 3C1

þ f 3C2
� f 3C1

:f 3C2

3

q
; gC1

:gC2
; hC1

:hC2

	 
c
¼ hC1

:hC2
;ð

gC1
:gC2

;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f 3C1

þ f 3C2
� f 3C1

:f 3C2

3

q
Þ ¼ hC1

; gC1
; fC1

ð Þ� hC2
; gC2

;ð

fC2
Þ ¼ Cc

1�Cc
2: (v) Ccð Þk¼ hC; gC; fCð Þk¼ hkC; g

k
C;

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 1� f 3C

� �k3

q
Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 1� f 3C

� �k3

q
; gkC; h

k
C

� �c

¼ kCð Þc:

The remaining assertions can be proved analogously. h

Theorem 5 For three CFSs C ¼ fC; gC; hCð Þ; C1 ¼
fC1

; gC1
; hC1

ð Þ; and C2 ¼ fC2
; gC2

; hC2
ð Þ; the following

properties are valid. ið Þ C1\C2ð Þ�C3 ¼ C1�C3ð Þ\
C2�C3ð Þ: iið Þ C1[C2ð Þ�C3 ¼ C1�C3ð Þ[ C2�C3ð Þ: iiið Þ
C1\C2ð Þ�C3 ¼ C1�C3ð Þ\ C2�C3ð Þ: ivð Þ
C1[C2ð Þ�C3 ¼ C1�C3ð Þ[ C2�C3ð Þ:

Proof We will present the proofs of (i) and (iii). For the

three CFSs C1; C2; and C3; according to Definitions 5 and
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6, we obtain ið Þ C1 \ C2ð Þ�C3 ¼ min fC1
; fC2

f g;ð

min gC1
; gC2

f g; max hC1
; hC2

f gÞ� fC3
; gC3

; hC3
ð Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
min f 3C1

; f 3C2

n o
þ f 3C3

� f 3C3
:min f 3C1

; f 3C2

n o
3

r
;min

�
gC1

;f

gC2
g:gC2

;max hC1
; hC2

f g:hC3
Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� f 3C3

	 

min f 3C1

; f 3C2

n o
þ f 3C3

3

r
;

�
min gC1

:gC3
;f

gC2
:gC3

g;max hC1
:hC3

; hC2
:hC3

f gÞ; C1�C3ð Þ \ C2�C3ð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f 3C1

þ f 3C3
� f 3C1

:f 3C3

3

q
; gC1

:gC3
; hC1

:hC3

	 

\

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f 3C2

þ f 3C3
� f 3C2

:f 3C3

3

q
; gC2

:gC3
; hC2

:hC3

	 

¼

min
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f 3C1

þ f 3C3
� f 3C1

:f 3C3

3

q
;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
f 3C2

þ f 3C3
� f 3C2

:f 3C3

3

qn o
;

	

min gC1
:gC3

; gC2
:gC3

f g;max hC1
:hC3

; hC2
:hC3

f gÞ ¼

min

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� f 3C3

	 

f 3C1

þ f 3C3

3

r
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� f 3C3

	 

f 3C2

þ f 3C3

3

r �
;

�

min gC1
:gC3

; gC2
:gC3

f g;max hC1
:hC3

; hC2
:hC3

f gÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� f 3C3

	 

min f 3C1

; f 3C2

n o
þ f 3C3

3

r
;min gC1

:gC3
;f

�
gC2

:gC3
g;

max hC1
:hC3

; hC2
:hC3

f gÞ: So C1\C2ð Þ�C3 ¼ C1�C3ð Þ\
C2�C3ð Þ: (ii) C1 \ C2ð Þ�C3 ¼ min fC1

; fC2
f g;minð

gC1
; gC2

f g;max hC1
; hC2

f gÞ� fC3
; gC3

; hC3
ð Þ ¼

min fC1
; fC2

f g:fC3
;min gC1

; gC2
f g:gC3

;ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
max h3C1

; h3C2

n o
þ h3C3

� h3C3
max h3C1

; h3C2

n o
3

r
Þ ¼

min fC1
:fC3

; fC2
:fC3

f g;min gC1
:gC3

; gC2
:gC3

f g;ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� h3C3

	 

max h3C1

; h3C2

n o
þ h3C3

3

r
Þ; C1�C3ð Þ \

C2�C3ð Þ ¼ fC1
:fC3

; gC1
:gC3

;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h3C1

þ h3C3
� h3C1

; h3C3

3

q	 

\

fC2
:fC3

; gC2:gC3
;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h3C2

þ h3C3
� h3C2

; h3C3

3

q	 

¼

min fC1
:fC3

; fC2
:fC3

f g;min gC1
:gC3

; gC2:gC3
f g;

max
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h3C1

þ h3C3
� h3C1

; h3C3

3

q
;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h3C2

þ h3C3
� h3C2

; h3C3

3

qn o
 !

¼ min fC1
:fC3

; fC2
:fC3

f g;min gC1
:gC3

; gC2
:gC3

f g;ðffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� h3C3

	 

max h3C1

; h3C2

n o
þ h3C3

3

r
Þ: Thus

C1 \ C2ð Þ�C3 ¼ C1�C3ð Þ \ C2�C3ð Þ: Similarly, we can

prove the other assertions. h

In order to rank CFEs, we define score function of the

CFEs.

Definition 7 Let C ¼ fC; gC; hCð Þ be a CFE, then the score

function of C can be defined as sc Cð Þ ¼ f 3c � h3c 2 ½�1; 1�:
In particular score

sc Cð Þ ¼ 1; ifC ¼ 1; 0; 0ð Þ
�1; ifC ¼ 0; 0; 1ð Þ



In the Definitions 8 and 9, we define a new relation

between cubical fuzzy elements.

Definition 8 Let C1 ¼ fC1
; gC1

; hC1
ð Þ; and C2 ¼

fC2
; gC2

; hC2
ð Þ be any two CFEs and let score C1ð Þ and

score C2ð Þ be the respective scores of C1 and C2; then (i) If

sc C1ð Þ\sc C2ð Þ; then C1\C2: (ii) If sc C1ð Þ[ sc C2ð Þ; then
C1 [C2 Let C1 ¼ 0:93; 0:30; 0:50ð Þ and C2 ¼
0:85; 0:45; 0:65ð Þ be any two CFSs, then by Definition 7,

sc C1ð Þ ¼ 0:93ð Þ3� 0:50ð Þ3¼ 0:6793 and

score C2ð Þ ¼ 0:85ð Þ3� 0:65ð Þ3¼ 0:3395: Since sc C1ð Þ[ sc

C2ð Þ; by Definition 8, we get C1 [C2: To provide a

comparison of the family of CFEs, the efficiency of

the score function is accepted in this field. Sometimes it

cannot be applied to have an appropriate decision in which

a better CFE can be selected.

Let C1 ¼
ffiffi
43

p

2
; 1
2
;
ffiffi
43

p

2

	 

and C2 ¼ 0:8; 0:4; 0:8ð Þ, then

score C1ð Þ ¼ score C2ð Þ ¼ 0 and hence final conclusion

can not be drawn from the comparison of CFEs. To rectify

this drawback, we define the accuracy function for CFEs.

Definition 9 Let C ¼ fC; gC; hCð Þ; be a CFE, then the

accuracy function of C is defined as, acc Cð Þ
¼ f 3C þ h3C 2 ½0; 1�. We now give a complete criterion for

the ranking of CFEs.

Definition 10 Let C1 ¼ fC1
; gC1

; hC1
ð Þ; and C2 ¼

fC2
; gC2

; hC2
ð Þ be any two CFEs and let sc Cið Þ and acc Cið Þ
i ¼ 1; 2ð Þ be the respective scores and accuracies of C1 and

C2; then (I) If sc C1ð Þ\sc C2ð Þ; then C1\C2: (II) If

sc C1ð Þ[ sc C2ð Þ; then C1 [C2: (III) If sc C1ð Þ ¼ sc C2ð Þ;
then (i) If acc C1ð Þ\acc C2ð Þ; then C1\C2: (ii) If

acc C1ð Þ[ acc C2ð Þ; then C1 [C2: (iii) If acc C1ð Þ ¼
acc C2ð Þ; then C1 �C2:

Definition 11 Let C ¼ fC; gC; hCð Þ; be a CFE, then the

certainty function of C is defined as, cr Cð Þ ¼ f 3C 2 ½0; 1�:

Definition 12 Let C1 ¼ fC1
; gC1

; hC1
ð Þ; and C2 ¼

fC2
; gC2

; hC2
ð Þ be any two CFEs and let sc Cið Þ and cr Cið Þ
i ¼ 1; 2ð Þ be the respective scores and certainties of C1 and

C2; then (I) If sc C1ð Þ\sc C2ð Þ; then C1\C2: (II) If

sc C1ð Þ[ sc C2ð Þ; then C1 [C2: (III) If sc C1ð Þ ¼ sc C2ð Þ;
then (i) If cr C1ð Þ\cr C2ð Þ; then C1\C2: (ii) If

cr C1ð Þ[ cr C2ð Þ; then C1 [C2: (iii) If cr C1ð Þ ¼ cr C2ð Þ;
then C1 �C2:
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4 Comparison of proposed and existing
operations

In this section, we compare the proposed operations of

CFEs with the existing operations defined in Mahmood

et al. (2019), for spherical fuzzy numbers (SFNs). In

Mahmood et al. (2019), Mahmood et al., proposed the

following operations for SFNs. Let eS1 ¼ flS1 ; gS1 ; tS1g and

eS2 ¼ flS2 ; gS2 ; tS2g be two SFNs with n[ 0. Then,

(1) eS1 	 eS2 ¼ lS1 þ gS1
� �

lS2 þ gS2
� �

� gS1gS2 ; gS1gS2 ;
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 1� t2S1

	 

1� t2S2

	 
r
g;

(2) eS1 
 eS2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 1� l2S1

	 

1� l2S2

	 
r
; gS1gS2 ;



tS1 þ gS1
� �

tS2 þ gS2
� �

� gS1gS2g;

(3) neS1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 1� l2S1

	 
n
r

; gnS1 ; tS1 þ gS1
� �n�gnS1

( )

;

(4) eS
n
1 ¼ lS1 þ gS1

� �n�gnS1 ; g
n
S1
;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 1� t2S1

	 
n
r( )

:

The above operation rules (1) and (2) for SFS, have

some deficiencies, for example if we consider two

SFSs, eF1 ¼ f1; 0; 0g and eF2 ¼ f0:5; 0:5; 0:7g; then
using (1), we have

eS1 	 eS2 ¼ 1; 0; 0f g 	 f0:7; 0:5; 0:5g

¼ 1þ 0ð Þ 0:7þ 0:5ð Þ � ð0Þð0:5Þ;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ð1� 02Þð1� 0:52Þ

pn o

¼ 1:2; 0:0; 0:5f g:

By constraint condition of SFS, we have l2S þ g2S þ t2S ¼
ð1:2Þ2 þ ð0Þ2 þ ð0:5Þ2 ¼ 1:69£1; and the basic condition

of SFS is not satisfied. Similarly, if we consider

eS1�eS2 ¼ 0; 0; 1f g�f0:7; 0:5; 0:5g

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ð1� 02Þð1� 0:52Þ

p
; ð0Þð0:5Þ;

n

1þ 0ð Þ 0:7þ 0:5ð Þ � ð0Þð0:5Þg ¼ 0:5; 0:0; 1:2f g:

By basic condition of SFS, we get l2S þ g2S þ t2S ¼ ð0:5Þ2 þ
ð0Þ2 þ ð1:2Þ2 ¼ 1:69£1; and the constraint condition of

SFS is not satisfied. On the other hand, if we apply our

proposed operations of multiplication and addition devel-

oped in section 4, for above two SFNs, we get

S1�S2 ¼ lS1 :lS2 ; gS1 :gS2 ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 1� t3S1

	 

1� t3S2

	 

3

r� �

¼ ð1Þð0:7Þ; ð0Þð0:5Þ;
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ð1� ð0Þ3Þð1� ð0:5Þ33

q� �

¼ 0:7; 0; 0:5ð Þ

By the condition of cubical fuzzy set, l3S þ g3S þ t3S ¼
0:7ð Þ3þð0Þ3 þ 0:5ð Þ3¼ 0:343þ 0þ 0:125 ¼ 0:468\1;

and the condition of CFS is satisfied. Similarly,

S1�S2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ð1� l3S1Þð1� l3S2Þ

3

q
; gS1 :gS2 ; tS1 :tS2

	 


¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� ð1� 03Þð1� 0:53Þ3

p
; ð0Þð0:5Þ; ð1Þð0:7Þ

	 


¼ 0:5; 0; 0:7ð Þ

By the condition of cubical fuzzy set, l3S þ g3S þ t3S ¼
0:5ð Þ3þð0Þ3 þ 0:7ð Þ3¼ 0:125þ 0þ 0:343 ¼ 0:468\1;

and the condition of CFS is satisfied. It is concluded that

the proposed operations of addition and multiplication of

CFEs are better than the existing operation of spherical

fuzzy sets.

5 Cubical fuzzy arithmetic aggregation
operators

5.1 Cubical fuzzy weighted averaging operators

We are now in the position to define some arithmetic

aggregation operators based on cubical fuzzy information,

like cubical fuzzy weighted averaging (CFWA) operator,

cubical fuzzy ordered weighted averaging (CFOWA)

operator, and cubical fuzzy hybrid averaging (CFHA)

operator.

Definition 13 Let C|̂ ¼ f C|̂
; gC|̂

; hC|̂

	 

|̂ ¼ 1; 2; :::; nð Þ be

a family of cubical fuzzy elements (CFEs) and x ¼
x1;x2; :::;xnð ÞT be the weight vector of C|̂ |̂ ¼ 1; 2; :::; nð Þ

with x|̂ [ 0,
Xn

|̂¼1

x|̂¼ 1: Then the cubical fuzzy weighted

average (CFWA) operator is a mapping CFWAx : Cn �!
C such that

CFWAx C1;C2; :::;Cnð Þ ¼ a
n

|̂¼1
x

|̂
C

|̂

� �
ð1Þ

Theorem 6 The aggregated value by CFWA operator is

again a CFE and is given by,
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CFWAx C1;C2; :::;Cnð Þ ¼ a
n

j¼1
x

|̂
C

|̂

� �

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Yn

|̂¼1

1� f 3C
|̂

	 
xj
3

vuut ;
Yn

|̂¼1

gCj
� �xj ;

Yn

j¼1

hCj
� �xj

0

@

1

A ð2Þ

Proof By mathematical induction on n, Ið Þ When n ¼ 2,

CFWAx C1;C2ð Þ ¼ x1C1
x2C2:

By Theorem 2, we know that both x1C1 and x2C2 are

CFEs and the value x1C1
x2C2; is also a CFE. From the

operational laws of CFEs, we have

x1C1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 1� f 3C1

	 
x13

r

; gC1ð Þx1 ; hC1ð Þx1

 !

;

x2C2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 1� f 3C2

	 
x23

r

; gC2ð Þx2 ; hC2ð Þx2

 !

:

Then

IIð Þ Assume that for n ¼ k, Eq. (2) holds, i.e.,

CFWAx C1;C2; :::;Ckð Þ ¼ a
k

j¼1
xjCj
� �

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Yk

j¼1

1� f 3Cj

	 
xj3

vuut ;
Yk

j¼1

gCj
� �xj ;

Yk

j¼1

hCj
� �xj

0

@

1

A

And for n ¼ k þ 1, by the operational laws of cubical fuzzy

elements,

CFWAx C1;C2ð Þ ¼ x1C1
x2C2

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 1� f 3C1

	 
x13

r

; gC1ð Þx1 ; hC1ð Þx1

 !



ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 1� f 3C2

	 
x23

r

; gC2ð Þx2 ; hC2ð Þx2

 !

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 1� f 3C1

	 
x1

þ1� 1� f 3C2

	 
x2

� 1� 1� f 3C1

	 
x1
	 


: 1� 1� f 3C2

	 
x2
	 


3

r
; gC1ð Þx1 : gC2ð Þx2 ; hC1ð Þx1 : hC2ð Þx2

� �

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 1� f 3C1

	 
x1

1� f 3C2

	 
x23

r
; gC1ð Þx1 : gC2ð Þx2 ; hC1ð Þx1 : hC2ð Þx2

� �

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Y2

j¼1

1� f 3Cj

	 
xj

1� f 3Cj

	 
xj
3

vuut ;
Y2

j¼1

gCj
� �xj ;

Y2

j¼1

hCj
� �xj

0

@

1

A:

CFWAx C1;C2; :::;Ckþ1ð Þ ¼ a
kþ1

j¼1
xjCj

� �

¼ x1C1
x2C2
; :::;
xkCk
xkþ1Ckþ1

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Yk

j¼1

1� f 3Cj

	 
xj

þ1� 1� f 3Cj

	 
xkþ1

� 1�
Yk

j¼1

1� f 3Cj

	 
xj

 !

1� 1� f 3Cj

	 
xkþ1
	 


3

vuut ;

Yk

j¼1

gCj
� �xj : gCkþ1

� �xkþ1 ;
Yk

j¼1

hCj
� �xj : hCkþ1

� �xkþ1

0

BBBBBB@

1

CCCCCCA

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Ykþ1

j¼1

1� f 3Cj

	 
xj3

vuut ;
Ykþ1

j¼1

gCj
� �xj ;

Ykþ1

j¼1

hCj
� �xj

0

@

1

A;
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Therefore Eq. (2) holds for n ¼ k þ 1, thus from (I) and

(II), we conclude that Eq. (2) holds for all n. Following are

some properties of the CFWA operator. h

Theorem 7 (Idempotency) If for all Cj j ¼ 1; 2; :::; nð Þ,
Cj ¼ C, then

CFWAx C1; C2; :::; Cnð Þ ¼ C:

Theorem 8 (Boundedness) Let Cj¼ f Cj ; gCj ; hCj

	 


|̂ ¼ 1; 2; :::; nð Þ be a family of cubical fuzzy elements

(CFEs) and C� ¼min1� j� n Cj

� �
;Cþ ¼max1� j� n Cj

� �
:

Then,

C� �CFWAx C1;C2; :::;Cnð Þ�Cþ:

Theorem 9 (Monotonicıty) Let Cj j ¼ 1; 2; :::; nð Þ and C
0
j

|̂ ¼ 1; 2; :::; nð Þ be two set of CFEs. If Cj �C0

j 8 j, then

CFWAx C1;C2; :::;Cnð Þ�CFWAx C
0

1;C
0

2; :::;C
0

n

	 

:

5.2 Cubical fuzzy ordered weighted averaging
operator

Next, we define Cubical fuzzy ordered weighted averaging

(CFOWA) operator.

Definition 14 Let Cj ¼ f Cj ; gCj ; hCj

	 

j ¼ 1; 2; :::; nð Þ be a

family of cubical fuzzy elements (CFEs). Then the

CFOWA operator of dimension n is a mapping CFOWAx :

Cn�!C defined by,

CFOWAx C1;C2; :::;Cnð Þ ¼ a
n

j¼1
xjCr jð Þ
� �

ð3Þ

such that, ( r 1ð Þ; r 2ð Þ; r 3ð Þ; :::; r nð Þð Þ is a permutation of

1; 2; :::; nð Þ with Cr j�1ð Þ �Cr jð Þ 8 j ¼ 2; :::; nð Þ:

Theorem 10 The aggregated value by the CFOWA oper-

ator is again a CFE, where

CFWAx C1;C2; :::;Cnð Þ ¼ a
n

j¼1
xjCr jð Þ
� �

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Yn

j¼1

1� f 3Cr jð Þ

	 
xj3

vuut ;
Yn

j¼1

gCr jð Þ

	 
xj

;
Yn

j¼1

hCr jð Þ

	 
xj

0

@

1

A:

ð4Þ

It can be easily verified that the CFOWA operator sat-

isfies all the properties discussed for the CFWA operator.

i.e.,

Theorem 11 (Idempotency) If all C|̂ j ¼ 1; 2; :::; nð Þ are

equal i.e., if Cj¼C for all j, then

CFOWAx C1;C2; :::;Cnð Þ¼C:

Theorem 12 (Boundedness) Let Cj¼ f Cj ; gCj ; hCj

	 


j ¼ 1; 2; :::; nð Þ be a family of cubical CFEs and C� ¼
min1� j� n Cj

� �
;Cþ¼ max1� j� n Cj

� �
: Then,

C� �CFOWAx C1;C2; :::;Cnð Þ�Cþ:

Theorem 13 (Monotonicıty) Let Cj and C
0

j where

j ¼ 1; 2; :::; n; be two sets of CFEs. If Cj �C
0

j 8 j, then

CFOWAx C1;C2; :::;Cnð Þ�CFWAx C
0

1;C
0

2; :::;C
0

n

	 

:

5.3 Cubical fuzzy hybrid averaging operator

From Definitions 13 and 14, it is clear that the CFWA

operator only weights the cubical fuzzy elements, whereas

the CFOWA operator weights the ordered positions of the

CFEs instead of weighting the arguments themselves.

Hence, in both CFWA and CFOWA operators, the weights

represent two different aspects. But each of them considers

only one aspect. In the following definition, we shall pro-

pose the cubical fuzzy hybrid averaging operator.

Definition 15 A cubical fuzzy hybrid averaging (CFHA)

operator is a mapping CFHAw;x : Cn�!C defined as,

CFHAw;x C1;C2; :::;Cnð Þ ¼ a
n

j¼1
wj
eCr jð Þ

	 

ð5Þ

such that w ¼ w1;w2; :::;wnð ÞT is an associated weighting

vector, with wj 2 ½0; 1],
Xn

j¼1

wj ¼ 1, and eCr jð Þ is the j-th

largest element of the cubical fuzzy elements eC j

eC j¼ nxj

� �
Cj; j ¼ 1; 2; :::; n

	 

; x ¼ x1;x2; :::;xnð ÞT is the

weighting vector of the cubical fuzzy arguments Cj

j ¼ 1; 2; :::; nð Þ and xj2 0; 1½ �;
Xn

|̂¼1

xj¼ 1; where n is a

blanching coefficient. If w ¼ 1=n; 1=n; :::; 1=nð ÞT then

CFHA is reduced to cubical fuzzy weighted average CFWA

operator. Also, if x ¼ 1=n; 1=n; :::; 1=nð ÞT then CFHA is

reduced to cubical fuzzy ordered weighted average

(CFOWA) operator.

Theorem 14 The aggregated value by using the CFHA

operator is also a CFE, where

Granular Computing (2022) 7:393–410 401

123



CFWAw;x C1;C2; :::;Cnð Þ ¼ a
n

j¼1
wj
eCr jð Þ

	 


¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Yn

j¼1

1� f 3eCr jð Þ

� �wj
3

vuut ;
Yn

j¼1

geCr jð Þ

� �wj

;
Yn

j¼1

heCr jð Þ

� �wj

0

@

1

A:

ð6Þ

6 Cubical fuzzy geometric aggregation
operators

Here, we present some geometric aggregation operators in

the environment of CFS, like cubical fuzzy weighted

geometric (CFWG) operator, cubical fuzzy ordered

weighted geometric (CFOWG) operator, and cubical fuzzy

hybrid geometric (CFHG) operator.

6.1 Cubical fuzzy weighted geometric operator

Definition 16 Let Cj¼ f Cj ; gCj ; hCj

	 

j ¼ 1; 2; :::; nð Þ be a

family CFEs. Then the cubical fuzzy weighted geometric (

CFWA) operator is a mapping CFWGx : Cn�!C defined

as,

CFWGx C1;C2; :::;Cnð Þ ¼ b
n

j¼1
Cj

� �xj ð7Þ

where x ¼ x1;x2; :::;xnð ÞT be the weight vector of Cj

j ¼ 1; 2; :::; nð Þ; and xj [ 0,
Xn

j¼1

xj ¼ 1:

Theorem 15 The aggregated value by using the CFWG

operator is also a CFE and

CFWGw C1;C2; :::;Cnð Þ ¼ b
n

j¼1
Cj

� �wj

¼
Yn

j¼1

fcj
� �wj ;

Yn

j¼1

gcj
� �wj ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Yn

j¼1

1� h3cj

	 
wj3

vuut

0

@

1

A:

ð8Þ

Proof We use mathematical induction to prove the result.

(I) When n=2, we have CFWGw C1;C2ð Þ ¼ C1ð Þw1	 C2ð Þw2

By theorem 2, we know that both C1ð Þw1 and C2ð Þw2 are

CFEs and so C1ð Þw1	 C2ð Þw2 is also a CFE. From the

operational laws of CFEs we have,

C1ð Þw1 ¼ fc1ð Þw1 ; gc1ð Þw1 ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 1� h3c1

	 
w13

r� �
;

C2ð Þw2 ¼ fc2ð Þw2 ; gc2ð Þw2 ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 1� h3c2

	 
w23

r� �
;

then

CFWGw C1;C2ð Þ ¼ C1ð Þw1	 C2ð Þw2

¼
fc1ð Þw1 : fc2ð Þw2 ; gc1ð Þw1 : gc2ð Þw2 ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 1� h3c1

	 
w1

þ1� 1� h3c2

	 
w2

� 1� 1� h3c1

	 
w1
	 


1� 1� h3c2

	 
w2
	 


3

r

0

B@

1

CA

¼ fc1ð Þw1 : fc2ð Þw2 ; gc1ð Þw1 : gc2ð Þw2 ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 1� h3c1

	 
w1

1� h3c2

	 
w23

r� �

¼
Y2

j¼1

fcj
� �wj ;

Y2

j¼1

gcj
� �wj ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Y2

j¼1

1� h3cj

	 
wj3

vuut

0

@

1

A

(II) Suppose that for n ¼ k Eq. 8 holds, i.e.,

CFWGw C1;C2; :::;Ckð Þ ¼ b
k

j¼1
Cj

� �wj

¼
Yk

j¼1

fcj
� �wj ;

Yk

j¼1

gcj
� �wj ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Yk

j¼1

1� h3cj

	 
wj3

vuut

0

@

1

A

Then for n ¼ k þ 1 by the operational laws of CFEs,

CFWGw C1;C2; :::;Ckþ1ð Þ ¼ b
kþ1

j¼1
Cj

� �wj¼ b
k

j¼1
Cj

� �wj

	 


	 Ckþ1ð Þwkþ1

Yk

j¼1

fcj
� �wj ;

Yk

j¼1

gcj
� �wj ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Yk

j¼1

1� h3cj

	 
wj3

vuut

0

@

1

A	

fckþ1

� �wkþ1 ; gckþ1

� �wkþ1 ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 1� h3ckþ1

	 
wkþ13

r� �

Yk

j¼1

fcj
� �wj : fckþ1

� �wkþ1 ;
Yk

j¼1

gcj
� �wj : gckþ1

� �wkþ1 ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Yk

j¼1

1� h3cj

	 
wj

þ1� 1� h3ckþ1

	 
wkþ1

�

1�
Yk

j¼1

1� h3cj

	 
wj

 !

1� 1� h3ckþ1

	 
wkþ1
	 


3

vuuuuuuuut

0

BBBBBBBBBBBB@

1

CCCCCCCCCCCCA

Yk

j¼1

fcj
� �wj : fckþ1

� �wkþ1 ;
Yk

j¼1

gcj
� �wj : gckþ1

� �wkþ1 ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Yk

j¼1

1� h3cj

	 
wj

: 1� h3ckþ1

	 
wkþ13

vuut

0

BBBBBB@

1

CCCCCCA

Ykþ1

j¼1

fcj
� �wj ;

Ykþ1

j¼1

gcj
� �wj ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Ykþ1

j¼1

1� h3cj

	 
wj3

vuut

0

@

1

A

Thus Eq. 8 holds for n ¼ k þ 1: Therefore, from Ið Þ and

IIð Þ we conclude that Eq. 8 holds for all n. h

The following properties of the CFWG operator can

easily be proved.

Theorem 16 Idempotencyð Þ If all Cj j ¼ 1; 2; :::; nð Þ are

equal i.e., Cj ¼ C 8 j, then
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CFWGx C1;C2; :::;Cnð Þ ¼ C:

Theorem 17 Boundednessð Þ Let Cj ¼ f Cj ; gCj ; hCj

	 


j ¼ 1; 2; :::; nð Þ be a family of CFEs and let

C� ¼ min1� j� n Cj

� �
; Cþ ¼ max1� j� n Cj

� �

Then

C� �CFWGx C1;C2; :::;Cnð Þ�Cþ:

Theorem 18 Monotonicityð Þ Let Cj j ¼ 1; 2; :::; nð Þ and C0

j

j ¼ 1; 2; :::; nð Þ be two set of CFEs. If Cj �C
0
j 8 j, then

CFWGx C1;C2; :::;Cnð Þ�CFWGx C
0

1;C
0

2; :::;C
0

n

	 

:

6.2 Cubical fuzzy ordered weighted geometric
operator

Definition 17 Let Cj ¼ f Cj ; gCj ; hCj

	 

j ¼ 1; 2; :::; nð Þ be a

family of CFEs. The cubical fuzzy ordered weighted geo-

metric (CFOWG) operator of dimension n is a mapping

CFOWGx : Cn �! C given by,

CFOWGx C1;C2; :::;Cnð Þ ¼ b
n

j¼1
Cr jð Þ
� �xj ð9Þ

such that r 1ð Þ; r 2ð Þ;r 3ð Þ; :::; r nð Þð Þ is a permutation of

1; 2; :::; nð Þ where Cr j�1ð Þ � Cr jð Þ 8 j ¼ 2; :::; n.

Theorem 19 The aggregated value by using the CFOWG

operator is also a CFE and

CFOWGw C1;C2; :::;Cnð Þ ¼ b
n

j¼1
Cr jð Þ
� �wj

¼
Yn

j¼1

fcr jð Þ

	 
wj

;
Yn

j¼1

gcr jð Þ

	 
wj

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Yn

j¼1

1� h3cr jð Þ

	 
wj3

vuut

0

@

1

A:

ð10Þ

Theorem 20 (Idempotency) If all Cj j ¼ 1; 2; :::; nð Þ are

equal i.e., if Cj ¼ C 8 j, then

CFWOGx C1;C2; :::;Cnð Þ ¼ C:

Theorem 21 (Boundedness) Let Cj ¼ f Cj ; gCj ; hCj

	 


j ¼ 1; 2; :::; nð Þ be a family of CFEs and let

C� ¼ min1� j� n Cj

� �
;Cþ ¼ max1� j� n Cj

� �
:

Then

C� �CFOWGx C1;C2; :::;Cnð Þ�Cþ:

Theorem 22 (Monotonicıty) Let Cj j ¼ 1; 2; :::; nð Þ and C
0
j

j ¼ 1; 2; :::; nð Þ be two set of C FEs, if Cj �C
0
j, 8 j, then

CFOWGx C1;C2; :::;Cnð Þ�CFOWGx C
0

1;C
0

2; :::;C
0

n

	 

:

6.3 Cubical fuzzy hybrid geometric operator

From Definitions 16 and 17, we note that the CFWG

operator only weighs the CFEs themselves whereas the

CFOWG operator weighs the ordered positions of the CFEs

instead of weighting their arguments. This means that in

each case the weight represents two different aspects in

CFWG and CFOWG operators. But both operators take

only one of them. To resolve this problem, we now intro-

duce the cubical fuzzy hybrid geometric (CFHG) operator.

Definition 18 A cubical fuzzy hybrid geometric (CFHG)

operator is a mapping CFHGw;x : Cn�!C, such that

CFHGw;x C1;C2; :::;Cnð Þ ¼ b
n

j¼1
eCr jð Þ

	 
wj

ð11Þ

where w ¼ w1;w2; ::;wnð ÞT is the associated weighting

vector, with wj 2 ½0; 1],
Xn

j¼1

wj ¼ 1, and eCr jð Þ is the j-th

largest element of the cubical fuzzy arguments eC j

eCj ¼ Cj

� �nxj ; j ¼ 1; 2; :::; n
	 


; x ¼ x1;x2; :::;xnð ÞT is

the weighting vector of cubical fuzzy arguments Cj;

j ¼ 1; 2; :::; nð Þ; and xj 2 0; 1½ �;
Xn

j¼1

xj ¼ 1, and n is the

blanching coefficient. If w ¼ 1=n; 1=n; :::; 1=nð ÞT then

CFHG is reduced to CFWG operator; if x ¼
1=n; 1=n; :::; 1=nð ÞT then CFHG is reduced to CFOWG

operator.

Theorem 23 The aggregated value by using the CFHG

operator is also a CFE and
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CFHGw C1;C2; :::;Cnð Þ ¼ b
n

j¼1
eCr jð Þ

	 
wj

¼
Yn

j¼1

fecr jð Þ

	 
wj

;
Yn

j¼1

gecr jð Þ

	 
wj

;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Yn

j¼1

1� h3ecr jð Þ

� �wj
3

vuut

0

@

1

A:

ð12Þ

7 Distance between cubical fuzzy sets
and models for multiple attribute decision
making with cubical fuzzy information

7.1 Distance between cubical fuzzy sets

Definition 19 Let C1 ¼ f C1 ; gC1 ; hC1
� �

; and C2 ¼
f C2 ; gC2 ; hC2
� �

be any two CFSs. Then the distance between

C1 and C2, denoted by d C1; C2ð Þ is defined by

d C1;C2ð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
f 3C1�f 3C2

	 
2
þ g3C1�g3C2

	 
2
þ h3C1�h3C2

	 
2
þ p3C1�p3C2

	 
2� �
3

s

:

ð13Þ

If C1 ¼ 0:8; 0:5; 0:6ð Þ; and C2 ¼ 0:9; 0:4; 0:5ð Þ be any

two CFSs. Then the distance between C1 and C2 is

Based on Definition 19, in the following, we can derive

some properties of the distance between two CFEs.

Theorem 24 Let C1 ¼ fC1 ; gC1 ; hC1ð Þ; and C2 ¼
fC2 ; gC2 ; hC2ð Þ be any two CFSs. Then

(i) d C1;C2ð Þ¼ d C2;C1ð Þ;
(ii) d C1; C2ð Þ ¼ 0 if and only if C1 ¼ C2;
(iii) 0� d C1; C2ð Þ�

ffiffiffi
2

p
:

Proof From Definition 19, we know that

fC1 ; gC1 ; hC1 ; fC2 ; gC2 ; hC2 2 0; 1½ �; f 3C1þg3C1þh3C1 � 1 and

f 3C2þg3C2þh3C2 � 1 then, (i)

d C1; C2ð Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
0:8ð Þ3� 0:9ð Þ3

	 
2
þ 0:5ð Þ3� 0:4ð Þ3
	 
2

þ 0:6ð Þ3� 0:5ð Þ3
	 
2

þ 0:5277ð Þ3� 0:4344ð Þ3
	 
2

� �
3

s

¼ 0:3172154638:

d C1;C2ð Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
f 3C1 � f 3C2

	 
2
þ g3C1 � g3C2

	 
2
þ h3C1 � h3C2

	 
2
þ p3C1 � p3C2

	 
2� �
3

s

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
f 3C2 � f 3C1

	 
2
þ g3C2 � g3C1

	 
2
þ h3C2 � h3C1

	 
2
þ p3C2 � p3C1

	 
2� �
3

s

¼ d C2; C1ð Þ:

d C1; C2ð Þ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
f 3C1 � f 3C2

	 
2
þ g3C1 � g3C2

	 
2
þ h3C1 � h3C2

	 
2
þ p3C1 � p3C2

	 
2� �
3

s

¼ 0

() f 3C1 � f 3C2

	 
2
¼ 0; g3C1 � g3C2

	 
2
¼ 0; h3C1 � h3C2

	 
2
¼ 0; p3C1 � p3C2

	 
2
¼ 0

() f 3C1 ¼ f 3C2 ; g
3
C1 ¼ g3C2 ; h

3
C1 ¼ h3C2 ; p

3
C1 ¼ p3C2 () C1 ¼ C2:
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(ii)h

Theorem 25 Let Ci ¼ fCi ; gCi ; hCið Þ; i ¼ 1; 2; 3ð Þ be three

CFSs, if C1 � C2 � C3; then d C1; C2ð Þ� d C1; C3ð Þ and

d C2; C3ð Þ� d C1; C3ð Þ:

Proof If C1 � C2 � C3; then f 3C1 � f 3C2 � f 3C3 ; g
3
C1 � g3C2 � g3C3

and h3C1 � h3C2 � h3C3 : By Definition 19, we get:

d C1; C2ð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
f 3C1 � f 3C2

	 
2
þ g3C1 � g3C2

	 
2
þ h3C1 � h3C2

	 
2
þ p3C1 � p3C2

	 
2� �
3

s

�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

2
f 3C1 � f 3C3

	 
2
þ g3C1 � g3C3

	 
2
þ h3C1 � h3C3

	 
2
þ p3C1 � p3C3

	 
2� �
3

s

¼ d C1; C3ð Þ:

Similarly, we can prove that d C1; C2ð Þ� d C2; C3ð Þ: h

7.2 Models for multiple attribute decision
making with cubical fuzzy information

This section is devoted to introduce a model for MADM

problems based on CFWA and CFWG operators in the

environment of CFSs. Let A ¼ fA1;A2; :::;Amg be a set of

alternatives that are to be evaluated by the experts, G ¼
fG1;G2; :::;Gng be the set of parameters under the con-

siderations, and x ¼ ðx1;x2; :::;xnÞ be the weighting

vector associated with the parameters Gj j ¼ 1; 2; :::; nð Þ,

with xj 2 ½0; 1],
Xn

j¼1

xj ¼ 1: Assume that eM ¼ mð Þm�n¼

fij; gij; hij
� �

m�n
is the cubical fuzzy decision matrix, where

fij; gij and hij respectively represent the degree of positive,

neutral and nonmembership that the alternative Ai satisfies

the attribute Gj of an expert. Also fij 2 0; 1½ �; gij 2 0; 1½ �
and hij 2 0; 1½ �; fij

� �3þ gij
� �3þ hij

� �3 � 1; i ¼ 1; 2; :::;m,

j ¼ 1; 2; :::; n. Following are the steps to be followed during

the process. Step 1. Collect the data about each alternative

in terms of CFNs and summarize it in the form of cubical

fuzzy matrix eM ¼ mð Þm�n¼ fij; gij; hij
� �

m�n
. Step 2. Nor-

malize the data by converting cost type parameters into

benefit type parameters if any. Step 3. Calculate the overall

preferences Ci i ¼ 1; 2; :::;mð Þ of the alternative Ai by

applying the (CFWA) operator,

Table 1 Cubical fuzzy decision

matrix
G1 G2 G3 G4

A1 0:83; 0:53; 0:63ð Þ 0:89; 0:39; 0:49ð Þ 0:82; 0:22; 0:42ð Þ 0:60; 0:20; 0:80ð Þ
A2 0:80; 0:50; 0:30ð Þ 0:63; 0:23; 0:43ð Þ 0:43; 0:63; 0:33ð Þ 0:43; 0:23; 0:63ð Þ
A3 0:91; 0:21; 0:11ð Þ 0:27; 0:17; 0:87ð Þ 0:24; 0:85; 0:65ð Þ 0:11; 0:91; 0:21ð Þ
A4 0:85; 0:25; 0:45ð Þ 0:84; 0:24; 0:44ð Þ 0:20; 0:89; 0:39ð Þ 0:35; 0:85; 0:25ð Þ
A5 0:90; 0:15; 0:32ð Þ 0:68; 0:58; 0:28ð Þ 0:45; 0:87; 0:35ð Þ 0:11; 0:21; 0:91ð Þ

Table 2 Aggregated results of ERP systems by CFWA and CFWG

operator

(CFWA) operator (CFWG) operator

A1 0:7759; 0:2673; 0:5985ð Þ A1 0:7314; 0:6650; 0:7413ð Þ
A2 0:5902; 0:2673; 0:5985ð Þ A2 0:5058; 0:3524; 0:6812ð Þ
A3 0:6294; 0:3634; 0:4305ð Þ A3 0:2320; 0:4824; 0:5072ð Þ
A4 0:6377; 0:5622; 0:4305ð Þ A4 0:3856; 0:8300; 0:5724ð Þ
A5 0:6539; 0:5945; 0:3400ð Þ A5 0:3066; 0:8084; 0:3715ð Þ

Table 3 The scores values of the ERP systems

(CFWA)

operator

(CFWG)

operator

A1 0.2528 �0:0161

A2 �0:0088 �0:1867

A3 0.1696 �0:1180

A4 0.1796 �0:1302

A5 0.2402 �0:0225

Table 4 Ordering of the ERP systems

Operator Ranking order

(CFWA) A1 [A5 [A4 [A3 [A2

(CFWG) A1 [A5 [A3 [A4 [A2
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emi ¼ CFWAx emi1; emi2; :::; eminð Þ ¼ a
n

j¼1
xj emij

� �

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Yn

j¼1

1� f 3ij

	 
xj3

vuut ;
Yn

j¼1

gij
� �xj ;

Yn

j¼1

hij
� �xj

0

@

1

A; i

Or (CFWG) operator

emi ¼ CFWGx emi1; emi2; :::; eminð Þ ¼ b
n

j¼1
emij

� �xj

¼
Yn

j¼1

fij
� �wj ;

Yn

j¼1

gij
� �wj ;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Yn

j¼1

1� h3ij

	 
wj3

vuut

0

@

1

A; i ¼ 1; 2; :::;m:

ð14Þ

Step 4. Calculate the scores S Cið Þ i ¼ 1; 2; :::; nð Þ of the

overall cubical fuzzy numbers emi i ¼ 1; 2; :::;mð Þ and uti-

lize the accuracy function if required. Rank the alternatives

Ai and Aj in accordance with the accuracy degrees acc( emi)

and accð emjÞ: Step 5. Rank all the alternatives Ai

Table 5 Cubical fuzzy ordered

weighted decision matrix
A1 A2 A3 A4 A5

G1 0:89; 0:39; 0:49ð Þ 0:80; 0:50; 0:30ð Þ 0:91; 0:21; 0:11ð Þ 0:85; 0:25; 0:45ð Þ 0:90; 0:15; 0:32ð Þ
G2 0:82; 0:22; 0:42ð Þ 0:63; 0:23; 0:43ð Þ 0:11; 0:91; 0:21ð Þ 0:84; 0:24; 0:44ð Þ 0:68; 0:58; 0:28ð Þ
G3 0:83; 0:53; 0:63ð Þ 0:43; 0:63; 0:33ð Þ 0:24; 0:85; 0:65ð Þ 0:35; 0:85; 0:25ð Þ 0:45; 0:87; 0:35ð Þ
G4 0:60; 0:20; 0:80ð Þ 0:43; 0:23; 0:63ð Þ 0:27; 0:17; 0:87ð Þ 0:20; 0:89; 0:39ð Þ 0:11; 0:21; 0:91ð Þ

Table 6 The ordering of the

score values corresponding to

these aggregated values are

(CFHA) operator

A1 0.2378

A2 �0:1991

A3 0.1258

A4 0.1745

A5 0.2117

Table 7 Spherical fuzzy

decision matrix
G1 G2 G3

Table 7 (continued)
G1 G2 G3

A1 0:658; 0:427; 0:294ð Þ 0:574; 0:361; 0:339ð Þ 0:492; 0:548; 0:436ð Þ
A2 0:733; 0:489; 0:290ð Þ 0:452; 0:677; 0:249ð Þ 0:658; 0:307; 0:499ð Þ
A3 0:388; 0:663; 0:441ð Þ 0:684; 0:276; 0:273ð Þ 0:433; 0:266; 0:670ð Þ
A4 0:765; 0:332; 0:443ð Þ 0:571; 0:564; 0:367ð Þ 0:314; 0:349; 0:632ð Þ

Table 8 Aggregated values by (SFWA/SFWG)

SFWA SFWG

A1 0:584; 0:456; 0:354ð Þ 0:394; 0:223; 0:992ð Þ
A2 0:664; 0:433; 0:350ð Þ 0:447; 0:154; 0:994ð Þ
A3 0:490; 0:386; 0:474ð Þ 0:216; 0:100; 0:987ð Þ
A4 0:614; 0:376; 0:492ð Þ 0:168; 0:143; 0:969ð Þ

Table 9 Score values of SFWA/SFWG operators

SFWA SFWG CFWA CFWG

A1 0.590 0.393 0.252 �0:016

A2 0.626 0.442 �0:008 �0:186

A3 0.543 0.373 0.169 �0:118

A4 0.581 0.351 0.179 �0:130

Table 10 Ranking orders
Operators Ranking orders

SFWA A2 [A1 [A4 [A3

CFWA A1 [A4 [A3 [A2

SFWG A2 [A1 [A3 [A4

CFWG A1 [A3 [A2 [A4

Table 11 Accuracy values
CFWA CFWG

A1 0.6814 0.7985

A2 0.4198 0.4454

A3 0.3290 0.1428

A4 0.2986 0.2448
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i ¼ 1; 2; :::;mð Þ and select the best one(s) in accordance

with score emið Þ i ¼ 1; 2; :::; nð Þ:

8 Numerical example and comparative
analysis

8.1 Numerical example

We assume a practical example of MADM problems to

illustrate the application of the developed approaches.

Suppose a particular organization wants to implement an

enterprise resource planning (ERP) system (adapted from

Xu and Yager (2006)). First, a team of experts is appointed

that consists of the CEO and two senior representatives

from the user department. By collecting all possible

information about ERP vendors and systems, the project

team chooses five potential ERP systems Ai ı ¼ 1; 2; :::; 5ð Þ
as candidates. The company employs some external pro-

fessional organizations to aid this decision-making. The

team of experts chooses four different parameters under

which the alternatives are to be evaluated as function and

technology G1ð Þ, strategic fitness G2ð Þ, vendor’s ability

G3ð Þ, and vendor’s reputation G4ð Þ. These possible ERP

systems Ai ði ¼ 1; 2; :::; 5Þ are to be evaluated using the

CFNs by the experts under the set of four parameters

whose associated weighting vector is

x ¼ ð0:2; 0:1; 0:3; 0:4Þ. To select the most desirable ERP

systems, we utilize the above step-wise procedure using

CFWA, CFWG operators. Step 1 The CFNs are summa-

rized in the cubical fuzzy matrix eM ¼ emij

� �
5�4

shown in

Table 1

Step 2 Since, the data is already in normalized form thus

step 2 is skipped Step 3 From Table 1, aggregate all

cubical fuzzy numbers emıj j ¼ 1; 2; :::; nð Þ by using the

CFWA or CFWG operator to derive the overall cubical

fuzzy elements emi i ¼ 1; 2; :::;mð Þ of the alternative Ai.

The aggregated results by using CFWA and CFWG oper-

ators are shown in Table 2.

Step 4 From Table 2, the calculated score values of ERP

systems are given in Table 3.

Finally, Table 4 shows that the best alternative (ERP

system) is A1: Moreover, A5 can be selected as the best one

if A1 is not available. Based on CFWA (CFWG) operator,

in the following, we use the cubical fuzzy hybrid average

(CFHA) operator to compute the best ERP system.

8.2 By CFHA operator

The following steps of CFHA operator have been per-

formed for the selection of the best ERP system(s). Step 1
0
: Utilize the CFHA operator given in Theorem 14 on

Table 1, to collect the relative importance ERP system by

supposing the weight vector w ¼
0:2575; 0:3316; 0:1292; 0:1397; 0:1420ð ÞT : From em

�
ij ¼

4wjmij; we have

em
�
11 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 1� 0:83ð Þ3
	 
4�0:25753

r

; 0:53ð Þ4�0:2575; 0:63ð Þ4�0:2575

 !

¼ 0:8351; 0:5200; 0:6213ð Þ;

em
�
21 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 1� 0:89ð Þ3
	 
4�0:25753

r

; 0:39ð Þ4�0:2575; 0:49ð Þ4�0:2575

 !

¼ 0:8944; 0:3791; 0:4796ð Þ;

em
�
31 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 1� 0:82ð Þ3
	 
4�0:25753

r

; 0:22ð Þ4�0:2575; 0:42ð Þ4�0:2575

 !

¼ 0:8252; 0:2102; 0:4092ð Þ;

em
�
41 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� 1� 0:60ð Þ3
	 
4�0:25753

r

; 0:20ð Þ4�0:2575; 0:80ð Þ4�0:2575

 !

¼ 0:6052; 0:1905; 0:7946ð Þ

Similarly, we can get the other weighted arguments. By

using the score function we can get the ordered weighted
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decision matrix given in Table 5.

Therefore, by CFHA operator, we get the aggregated

value emið Þ of each alternative Ai i ¼ 1; 2; :::; 5ð Þ; we have

Step 3
0
. According to the score functions shown in

Table 6 and the comparison formula of score functions, the

ordering of the ERP systems is shown below.

A1 [A5 [A4 [A3 [A2:

As we can see, depending on the aggregation operators

used, the ordering of the ERP systems is slightly different,

but the best ERP system is A1.

8.3 Comparative analysis

In this section, we compare our proposed operators with

those that already exist in the literature. We select the most

relevant aggregation operators. In Mahmood et al. (2019),

spherical fuzzy sets and their application have been com-

pletely studied. Here we consider the spherical fuzzy

aggregation operators developed in Mahmood et al. (2019)

and compare our proposed operators. In Mahmood et al.

(2019), the decision matrix in Table 7 was taken and

applied the weighted spherical fuzzy averaging and geo-

metric operator to get the aggregated values of the pro-

posed alternatives as given in Table 8. The rating values of

SFWA/SFWG and proposed operators are given in Table 9.

The ranking of alternatives obtained by SFWA/SFWG and

proposed operators are given in Table 10. The accuracy

values of CFWA/CFWG operators are given in Table 11.

The certainty values of CFWA/CFWG operators are given

in Table 12. On the other hand, if we drop the abstinence

degree from each triplet of cubical fuzzy information given

in Table 1, then Table 1, is reduced to Fermatean fuzzy

(FF) information and which is discussed in Example 1.

Table 12 Certainty values
CFWA CFWG

A1 0.7759 0.7314

A2 0.5902 0.5058

A3 0.6294 0.2320

A4 0.6377 0.3856

Table 13 Fermatean fuzzy

decision matrix
A1 A2 A3 A4 A5

G1 0:89; 0:49ð Þ 0:80; 0:30ð Þ 0:91; 0:11ð Þ 0:85; 0:45ð Þ 0:90; 0:32ð Þ
G2 0:82; 0:42ð Þ 0:63; 0:43ð Þ 0:11; 0:21ð Þ 0:84; 0:44ð Þ 0:68; 0:28ð Þ
G3 0:83; 0:63ð Þ 0:43; 0:33ð Þ 0:24; 0:65ð Þ 0:35; 0:25ð Þ 0:45; 0:35ð Þ
G4 0:60; 0:80ð Þ 0:43; 0:63ð Þ 0:27; 0:87ð Þ 0:20; 0:39ð Þ 0:11; 0:91ð Þ

Table 14 Aggregated values of alternatives using FFWA and FFWG

operators

FFWA operator FFWG operator

A1 0:7759; 0:5985ð Þ 0:7314; 0:6812ð Þ
A2 0:5902; 0:4305ð Þ 0:5058; 0:6650ð Þ
A3 0:6294; 0:2985ð Þ 0:2320; 0:5724ð Þ
A4 0:6377; 0:3400ð Þ 0:3856; 0:3715ð Þ
A5 0:6539; 0:4927ð Þ 0:3066; 0:7613ð Þ

Table 15 Score values of alter-

natives using FFWA and FFWG

operators

FFWA FFWG

A1 0.6263 0.5375

A2 0.5629 0.4176

A3 0.6113 0.4124

A4 0.6100 0.5030

A5 0.5799 0.2937

Table 16 The ranking order of alternatives

Operator Ranking order

FFWA A1 [A3 [A4 [A5 [A2

FFWG A1 [A4 [A2 [A3 [A5
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Example 1 Reconsider the cubical fuzzy information

matrix given in Table 1 and drop the abstinence degree

from each triplet of CFN. The reduced decision matrix

consists of FF information, given in Table 12.

To obtain aggregated FFNs, we apply FFWA and

FFWG operators in Table 13, and the aggregated FFNs are

given in Table 14. Using the score function, the score

values of the alternatives are given in Table 15.

The ranking order of alternatives are shown in Table 16.

em1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1�
Y4

j¼1

1� ef
�

r 1jð Þ

� �3
 !xj

3

vuut ;
Y4

j¼1

eg
�
r 1jð Þ

	 
xj

;
Y4

j¼1

eh
�

r 1jð Þ

� �xj

0

@

1

A

¼
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9 Conclusion

In this paper, we proposed the concept of cubical fuzzy

information and studied the basic properties of this notion.

we investigated the MADM problem based on the aggre-

gation operators with cubical fuzzy information. Then, we

developed some aggregation operators for aggregating

cubical fuzzy information, including CFWA operator,

CFWG operator, CFOWA operator, CFOWG operator,

CFHWA operator, and CFHWG operator. The special

cases of these proposed operators are studied. Further, we

have utilized these operators to develop some approaches

to solve the cubical fuzzy MADM problems. Finally, a

practical example for the selection of an ERP system is

given to verify the developed approach and to demonstrate

its practicality and effectiveness. In the future, we shall

continue working on the extension and application of the

developed operators to other domains.
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