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Abstract

A Pythagorean fuzzy set model is more useful than intuitionistic fuzzy set model to handle the imprecise information
involving both membership and nonmembership degrees, and a soft set is an other parameterized point of view for handling
the vagueness. A Pythagorean fuzzy soft graph is considered more capable than intuitionistic fuzzy soft graph for
representing the parametric relationships between objects, and the Dombi operators with operational parameters have
creditable extensibility. Based on these two notions, we propose the concept of Pythagorean Dombi fuzzy soft graph
(PDFSG). We describe certain concepts of graph theory under Pythagorean Dombi fuzzy soft environment. Further, we
define the degree sequence and degree set in PDFSG, and the concept of edge regular PDFSG with consequential
properties. Moreover, we illustrate the examples in decision making including selection of suitable ETL software for a
business intelligence project and evaluation of electronics companies. Finally, we present the comparison analysis of our
proposed model to show the superiority than existing model.

Keywords PDFSG - Regularity of PDFSG - Strongly regular PDFSG - Bipartite and biregular PDFSG

1 Introduction

Several operators were interpolated and most important
among them are min-max, Finstein, Hamacher, Frank,
product, Lukasiewicz, Azcel-Alsina and Dombi operators
that appeared in different graphs with fuzzy logic. The
product and minimum operators were used by Zadeh
(1965) to characterize fuzzy set. The rational format of
disjunctive and conjunctive operators in accordance with
Kuwagaki’s results (1952) was obtained by Hamacher
(1978). Then, many researchers studied more generic form,
i.e., triangular norms (-norms) and triangular conorms (#-
conorms). Menger (1942) revived f-norms and f-conorms
within probabilistic metric framework. Many postulates
and results relevant to -norms and z-conorms were made
by Schweizer and Sklar (1983). Klement et al. (2013)
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introduced a lot of extensions and summarizations of
beneficial outcomes of T-operators for the similar cause. In
many decision-making applications, Zadeh’s min and max
operators have been broadly adapted. Especially in deci-
sion-making problems, other T-operators may work better
in some cases such as product operator may tend to choose
over min operator (Dubois et al. 2000).

To delineate the imprecision and obscureness in differ-
ent fields, Zadeh (1965) introduced fuzzy set (FS) theory.
But sometimes the membership function of the FS is not
sufficient to declare the complexity of data. To overcome
this difficulty, Atanassov (1986) extended FS to an intu-
itionistic fuzzy set (IFS) by adding a nonmembership
function and a hesitancy function. As a development of
IFS, Yager (2013) recommended the notion of Pythagorean
fuzzy set (PFS) satisfying the condition y? + v> < 1. The
space of PFSs membership degree is greater than the space
of IFSs membership degree. For instance, when a decision
maker gives the evaluation information whose membership
degree is 0.5 and nonmembership degree is 0.7, then the
IFN fails to evaluate this situation because 0.5 + 0.7 > 1.

However, (0.5)* + (0.7)* < 1. To handle fuzziness, Akram
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et al. (2019, 2020) proved that PFS has much stronger
ability in multi-criteria group decision-making problems.

For the parameterized point of view, Molodtsov
(1999) proposed soft set (SS) for uncertainty modeling
and soft computing. For the hybrid models, Feng et al.
(2011a, b) joined the SSs with rough sets (RSs) and FSs.
Ali et al. (2009) studied many new operations in SS
theory. Som (2006) popularized the idea of soft relation
and fuzzy soft relation. Fuzzy soft sets (FSSs) were
defined by Maji et al. (2001a) and using this concept in
decision-making problems, Roy and Maji (2007) estab-
lished many applications. The idea of FSs and FSSs
induced by SSs was handled by Ali (2011). Maji et al.
(2001b) elaborated the theory of intuitionistic fuzzy soft
set (IFSS). A graph is a pictorial representation that
bonds the items together. To handle the haziness
occurring in these bonding, graph can be considered as
fuzzy graph (FG). The formation of FGs was introduced
by Rosenfeld (1975) using min and max operators. Par-
vathi and Karunambigai (2006) imported the view of
intuitionistic fuzzy graphs (IFGs). Akram and Davvaz
(2012) described IFGs. Naz et al. (2018) presented the
notion of Pythagorean fuzzy graphs (PFGs). Thumbakara
and George (2014) studied the soft graphs. The idea of
fuzzy soft graphs (FSGs) was established by Akram and
Nawaz (2016). Shahzadi and Akram (2017) illustrated
the concept of IFSGs.

In 1982, Dombi (1982) initiated Dombi operator with
flexible operational parameter. For different values of
operational parameters, different results can be made in
decision-making problems, depending upon the require-
ment. Chen and Ye (2017), Jana et al. (2019), Shi and Ye
(2018) used Dombi operations and presented MCDM
problem in single-valued neutrosophic, neutrosophic cubic
and bipolar fuzzy environments, respectively. Liu et al.
(2018) presented MCGDM problem using Dombi Bonfer-
roni mean operator on IFSs. In graph theory, use of Dombi
operator is rare. Ashraf et al. (2018) introduced the idea of
Dombi fuzzy graphs (DFGs). Akram et al. (2019) intro-
duced the PDFGs. For other terminologies not discussed in
the paper, the readers are suggested to Liu and Wang
(2020), Liu et al. (2017), Mishra et al. (2020), Chen
(1996), Bai and Chen (2008a, b), Chen et al.
(2013, 20164a, b), Chen and Cheng (2016), Zhang and Xu
(2014) and Akram and Ali (2019, 2020).

The motivations of this article are outlined as follows:

1. The judgment of a perfect alternative in a Pythagorean
fuzzy environment corresponding to various parame-
ters is a laborious problem. In existing techniques,
assessment information is characterized by IF and PF
environments which promote to do work in
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Pythagorean fuzzy soft environment to discuss pair-
wise relationship.

2. PDFSGs expose extraordinary decapitation in giving
vague and imprecise assessment information.

3. With the help of Dombi operators and score function,
we get actual and correct decision.

4. The proposed work overcomes the restrictions of
existing work.

The main contributions of this article are:

1. The concept of Dombi operators under Pythagorean
fuzzy soft environment describes the relationship
between objects and investigates its properties.

2. To handle complex realistic problems, an algorithm is
developed when data are given in Pythagorean fuzzy
environment corresponding to different parameters.

3. At the end, the benefits and characteristics of proposed
approach are discussed by comparison analysis.

The organization of this research article is as follows:

In Sect. 2, we propose various terms including PDFSG,
complement of PDFSG, the concept of homomorphism
between two PDFSGs, regular, totally regular and strongly
regular PDFSG, bipartite PDFSG, biregular PDFSG, edge
regular and totally edge regular PDFSG. We propose the
results related to these terms. In Sect. 3, we provide the
decision-making problems and discuss the comparison
analysis to show the importance of proposed model. In
Sect. 4, we have concluded our results.

Definition 1.1 (Peng et al. 2015) Let X be a universe of
discourse and WV be the set of all parameters, &/ C W.
P(X) denotes the set of all Pythagorean fuzzy subsets.
(M, U) is called an PFSS over X, where PF approximation

function is given by M = (M,, M,) : U — P(X).

e The Dombi’s t-norm 1 —,7 > 0.
() +(5) T
e The Dombi’s t-conorm ———1——— 9 > 0.
1[50 7 +05) 7
One more set of T-operators is T(a,b) = +Z’f — and

T*(a,b) = “= which can be obtained by substituting
y=1 in Dombi’s #norm and t-conorm. Also,
M*(a,b) < “—Tb*“b
— —ab

P(a,b) S #b—ah S M(a,b) and

<P*(a,b).

Definition 1.2 (2018) A Pythagorean fuzzy preference
relation (PFPR) on the set X = {ay,ay,...,a,} is denoted
by a  matrix  O=(0y),,,,  Where
(aja1, u(asa;), v(ajap)) for all j,1=1,2,. .., n. For easiness,
let 0y = (w;, vjr) where p; indicates the degree to which the

0j1 =

object g; is preferred to the object a;, v;; denotes the degree
to which the object g; is not preferred to the object a; and
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my = /1 — w5 —vj is interpreted as a hesitancy degree, Clearly, H(u) = (M), N (1)), H(u,) =

with the following condition:

Kips Vit € [Ov l]hujzl + V]21§ la,ujl = Vij; W = Vjj
=0.5,for allj,[=1,2,...,.n

2 Pythagorean Dombi fuzzy soft graphs

Definition 2.1 A PDFSG on X is a tuple Pp = (M, N, U)
such that

1. U is a nonempty set of parameters,

2. (M,U) is a PESS subset over X,

3. (N,U) is a PFSS subset over £ C X x X,

4. (M(u),N(u;)) is a PDF
weU,i=1,2,...,m, that is,

N u(ui)(ab)

subgraph for all

L (M (@) My () (0)

~ M) (@) + My (i) (b) = (M () (@) (M) ()
J\/N'V(ui)(ab)
M (i) (@) + M () (b) = 2(M () (@) (M () (b))

= = 5

1= (M (wi)(a)) (M, () (b))

<

and 0 <N (u;)(ab) + N'o(u;)(ab)  <1,Yu; €U,
a,beX.
The PDF subgraph (M (i), N'(u;)) is denoted by

H(u;) = (Hy (u;), H, (u7)).

Remark (M, U) is the Pythagorean Dombi fuzzy soft

(PDFS) vertex set of Pp and (A, %) the PDFS edge set of
Pp.

Example 2.2 Consider nonempty sets X = {ay, as,a3,d4}
and & ={ajay,aja3} C X x X. Let U = {uj,u} be a
parameter set and (M,2{) be a PDFS vertex set over X
given by

M(uy) = {(a1,0.3,0.8), (a2,0.9,0.2), (a3,0.8,0.5)},

M(uz) = {((11 y 06, 06), ((12, 0.7, 05), (03, 067 07)}

Let (N ,U) be a PDFS edge set over £ with PDF approx-
imation function N : & — P(X) given by

N () = {(a1a2,0.28,0.80), (a1a3,0.25,0.82)},

N () = {(a1a2,0.47,0.70), (ayas,0.42,0.70)}.

(M(uz), N (u2)) are PDFGs to the attributes u; and uy,
respectively, as shown in Fig. 1.

Hence Pp = {H(u;),H(uy)} is a PDFSG.
Definition 2.3 The complement of a PDFSG Pp=

(M, N,U) is a PDFSG Pp, = (M, N,2) which is defined
by

. U=U.
2 Myu)(a) = My(u)(@)  and M, (w)(a) =
M, (u;)(a)
3.
N u(u;)(ab)
(,'E;l,‘(u )((‘)>(~'\;15(l‘:)(17)) ] i N () (ab) = 0
_ Ml )(ﬂ)Jr-’Vlf(ur)(b *(/}4»(M:)(@)(Mu(":)(h)) a
] M) (@) (M () (b)) ~ N (ab),  iFO<N () (ab) < 1.
Miu(ui)(@) + Myu(ui) (B) = (My (i) (@) (Mu(ui) (b))

N (i) (ab)
M) (@) + M (1) (B) = 2(My (1) (@) (M (1) (5)) i N () (ab) = 0
1= (M (1) (@) (M (1) (b))
Mu(w)(a) + M) (b) = 2M() @M 2 s 100 < N () (ab) < 1.
1= (M () (@) (M (1) (5)

Example 2.4 Consider nonempty sets X =
{ai,a2,a3,a4,as} and & = {ajay,aras,aias,a1as,a;
az} CXx X. Let U={u;} be a parameter set and
(M,U) be a PDFS vertex set over X’ given by

M(ul) = {(al, 06, 06)7 (a27().5,0.7), (Cl3, 0.7, 06),
(a4,0.8,0.4), (as,0.7,0.7)}.

Let (./\~/' ,U) be a PDFS edge set over £ with PDF approx-
imation function A/ : U — P(X) given by

N (1) = {(a1a2,0.30,0.75), (a1a3,0.40,0.70),
(a1as,0.50,0.60), (a1as,0.45,0.72), (azas, 0.40,0.70)}.

H(u,) is the PDFG as shown in Fig. 2. Hence, Pp is a
PDFSG. Now the complement of PDFSG is the comple-

ment of PFSG H(u, ), which is shown in Fig. 3.

Theorem 2.5 If Pp = (M,N,U) is a PDFSG, then
Pp = Pp.

Proof Suppose that Pp is a PDFSG. Then by complement
of PDFSG,
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Fig. 1 PDFSG
Pp = {H(u1), H(u2)}

H(u; ) corresponding to the parameter u;

Q)
N %,
- (0.40, 0.70) N
o %
N 2
(a5,0.7,0.7) (a4,0.8,0.4)

H(u;) corresponding to parameter uy

Fig. 2 PDFG H(u;)
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(a1,0.6,0.6)

(a2,0.7,0.5)

H(us) corresponding to the parameter us

If NV, (u;)(ab) = 0 and N, (u;)(ab) = 0, then

If 0 <N, (u;)(ab), Ny (u;) (ab) < 1, then

(M) (@) (M) (b))
My (i) (@) + M (1) (b) = (M () (@) (M (1) (b))

<
=
=

=
&
+

‘i ]
=
s

=
=

|

&)
g
<
=
=

=
S
=
<
=
=

=
=
=

Yu; € U,a,b € X. Hence, ?D:PD. O

Definition 2.6 A homomorphism Q : Py, — Pp, of two

PDFSGs Pp, = (My,N1,U) and Pp, = (Ma, N, U) is a
mapping Q : X} — X, satisfying
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1. Mm( i
M

VYa,be X, ab €

Definition 2.7 An isomorphism Q:Pp, — Pp, of two
PDESGs Pp, = (M, N1,U) and Pp, = (M, N2, U) is a
bijective mapping Q : X; — X, satisfying

1. MIN( i leu(ui)(Q(a))v Mlv(ui)(a) =

) (ab) = Nz () (Q(a)Q(b)),  Ni1,(u;)(ab) =
)(Q(a)Q(b)),Ya,b € X, ab € &, u; € U.

Definition 2.8 A weak isomorphism Q : Pp, — Pp, of two
PDFSGs Pp, = (M1,N1, U) and Pp, = (Mz,Nz, U)isa
bijective mapping Q : X' — X satisfying

1. Q@ is a homomorphism.
2. Miy(ui)(a) = Mo, (ui)(Qa)),
My, (u:)(Q(a)), Va,b € X, u; € U.

M, (ui)(a) =

Definition 2.9 A co-weak isomorphism Q : Pp, — Pp, of
two PDFSGs Pp, = (Ml,Nl, ) and Pp, = (./\/lz,./\/z, U)
is a bijective mapping Q : X; — X, satisfying

1. QNis a homomorp}}ism.
2. Ni(wi)(ab) = Ny (ui) (Q(a)Q(b)),
N2y (u:)(Q(a)0(b)),Vab € &, u; € U.

N1y () (ab) =

Definition 2.10 A PDFSG P, = (M, N, U) is called self-
complementary if Pp, & Pp.

Proposition 2.11 If Pp = (M,/\N/,Z/l) is a self-comple-
mentary PDFSG, then

>N (wi)(ab)
a#b
Iy (M (1) (@) (M (i) (0)
75 M) (@) + M) (b) — My (i) (@) M () (b)
(1)
Z/\f\,(ui)(ab)
a#b
Iy @) + M (u3) (b) — 2M (1) (@) M (1) (b)
por 1 — M () (@) M (1) (b)
(2)

Proof Suppose that Pp is a self-complementary PDFSG;
then there occurs an isomorphism Q:X — X such

that M, (u:)(Q(a)) = Mu(w)(a), M, (u:)(Q(a)) =
./\;lv(u,»)(a),Vui €U,a,bec X.

N o) (Q@Q(8)) = N'y(u) (ab), N ) (0(a) 2(6)
= N,(u;)(ab),Yu; € U,ab € E.

By complement of Pp, we have

N (u)(Q(@)Q(b)

(M (:)(Q(@))) (M) (Q(D))
My () (Q(a)) + Mu(:)(Q(b)) — (Myu(1)(Q(a))) (M) (Q(b))
Nu(ui)(Q(a)Q(b))

(M (1) (@) (M) (b))

M) (@) + M) (b) — (M) (@) (M (1) (b))

a#b a#b

oy (M) (@) (M) (B))
% M) (@) + M) (b) = (M () @) (M) (b))

Similarly,

N () (Q(a)Q(b))

_ M ()(Q(a)) + M, () (Q(b)) — 2(M (1) (Q(a)) (M, (1) (Q(5)))
) 1 — (M (1:)(Q(a)) (M, () (Q(b)))

— N () (Q(a)Q(b))

N\ (u;)(ab)

_ M\'(”!‘)(“) + M\‘(”i)(b) - 2(M\(”!)(a))(M\(u1)(b)>

1 — (M () (@) (M (1) (b))

N ( )(Q( )Q(b))

)+ >N () (Q(a)Q(b))
a#b
M, (i) (@) + My () (b) = 2(M, (u;) (@) (M () (b))
1 —

(
(M (1) (@) (M () (b))

I
*ZM

O
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Proposition 2.12 Let Pp = (/\31,/\7 ,U) be the PDFSG. If Similarly , N, () (I(a)I(D))

N (u;)(ab) = N\ (u)(ab)
_ (/};lu(ui)(a))(/\;ig(ui)(b)) _ ~ N
2 \ My (ui)(@) + M, (i) (b) — (M (ui)(a)) (M () (D)) _ My(i)(@) + M) (b) = 2(My ()(@)) (M (1) (b)) — N () ab)
1 — (M) (@) (M () (b))
(3)
Nv(ui)(ab) ) ) ) M) + ( 1) (6) = 200, 1) (@) (M 1) (8))
1 (M‘,(u,-)(a) + M, (u;)(b) — 2(./\/1‘,(u,-)(a))(./\/lv(u,-)(b))> M (i) (@) (M (i) (b))
2 L= (M () (@) (M (i) (b)) 1 <M\‘< u)(a) + My(u) (b) ~ 2(M <u><a)><Mv<u,->(b>)>
(4) 2 1= (M () (@) (M () (b))
Va,b € X, then Pp is self-complementary. . B N N
o 1 (M-(u,-)(a) + M, (1) (b) = 2<M;<u,-)<a>>(M(m)(b)))
Proof Suppose that Pp = (M, N ,U) is the PDFSG that 2 1= (M (w) (@) (M () (b))
satisfies
N () (ab) = NV () ab)
= l( _ (M) (@) (M) (B)) ) Since the conditions of isomorphism A, (u;)(I(a)I(b)) =
2 \ M (ui)(a) + M) (b) — (M (ui)(a)) (M (ui) (b)) = — = .
W) (ab) N u(u;)(ab) and N, (u;)(I(a)I(b)) = N\ (u;)(ab) are satis-
vlUui)la

fied by I, Pp = (M,N ,U) is self-complementary. U]

1 (Mv(ui)(a) + M, (1) (b) — Z(Mv(ui)(a))(/\;lv(ui)(b))>
2 1—

( .
2 (M, () (@) (M, () (b)) Proposition 213 If Pp, = (M, N,U) and Pp, =

(/\/le,J\?bZ/l) are two isomorphic PDFSGs, then Pp, = Pp,
Va,b € X, then the identity mapping /: X — X is an  gnd conversely.

isomorphism from Pp to Pp that fulfilled the following .
conditions : Proof Suppose that Pp, = (M, N,U) and Pp, =

/\;l,t(ui)(a) - Mﬂ(ui)a(a))’ /\/va(u,')(a) — (./\./lz,/\/z,'?/l) are two .1s0m0rphlc PDFSGs. Then, there
——————— ) exists a bijective mapping Q : X} — A&, that satisfies
M, (u;)(I(a)), Va € X. Since

o M) @) = M ) (@) M () @) =
1 ( (@) 0 Moy()(Q(a)),Ya € X ui €U
Mla) @) + My(a) (6) — (M 0) @) (M ) 2) N (1) (ab) = N (1) (Q(@)Q(B)), N1 1) (ab)
= Ny (1)(Q(a)Q(b)), Yab € €, u; € U.

>,Va,beX.

we have, m

= N u(u:)(ab)

By the complement of PDFSG, the membership value of

_ (,/Ylu(u,»)(a))(/\;li,(u,»)(b)) ] N ab) an edge ab is
Ny(ui)(ab)

Miu(ui)(a) + M (i) (b) = (M (ui) (@) (M (i) (b))

~ ~ M]‘ Ui M AU b
(M) (@) (M (1) () Wiy} ) (Miy(1a)0)

= - :M“uia /\/fuul-b—/\/f,,uia Muu
M) (@) + M) (b) — (M () (@) (M () (b)) ) @)+ Mui)(6) = (Ml (@) Ml

1 < ] (M (1) (@) (M) (b)) )
M)

— N (i) (ab)

0}
L (M (1) (Q(0)) (Mo (1) (@)
Mo (1)(0(@)) + Moy (1) (Q(6)) — (M) (Q(@) (M (1) (0(5)))

2 \ V05 o))+ M0 5) — (M) (@) M ) ) oot
u\Ui
:1< ] (M (0)(@) (M () ) ) =Nl (@00)
(1)(@) + M) () — (M) (@) (M, () ()

The nonmembership value of an edge ab is

= N u(u)(ab).
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N1, () (ab)
_ M, () (a) + M, (ur) (b) — 2(M, () (@) (M, () (b))
i 1 — (M, () (@) (M, () (b))
— N, (u:)(ab)
_ Mo, ()(Q(a) + Moy () (Q(b)) — 2(May (1) (Q())) (Mo, () (Q(h)))

~ 1 (Mo, (1) (Q(@))) (M, (1) (Q())
A w@la0l)
= Ny () (Q(a)Q(b))

Hence, Pp, = Pp,. Similarly, the converse part can be
proved. O

Proposition 2.14 [f Pp, = (/\;ll,./\fl,l/{)
(Mz,Nz,M) are two weak isomorphic PDFSGs, then the
complements of Pp, and Pp, are also weak isomorphic.

and Pp, =

Proof Suppose that Pp, = (M;,N|,U) and Pp, =

(/\;lz,/\f 2,U) are two weak isomorphic PDFSGs. Then by
definition of weak isomorphism, there exists a bijective
mapping Q : X} — A&, that satisfies

Miy(ui)(a) = Moy, (u:)(Q(a)), My, () (a) =
Mo, (u;)(0(a)),Va € Xy,u; € U.

N1y () (ab) < N, (u:) (Q(a) (b)), N, (ui) (ab) <
Ny (1)(0(a)Q(b)),Vab € €, u; € U.

As

N 1) (ab) < N, (u;) (Q(a)Q(b))
— N1 (ab) > — Ny (u;) (Q(a)Q(b))
T(M (i) (@), My, () (b)) — N1, (ui) (ab)
> T(Mi (i) (@), Miu (i) (b)) — Nay(u:) (Q(a)Q(b))
T(M () (@), My, (1) (b)) — N1, (ui) (ab)
> T(M,(u;) (Q(a)), Moy () (Q(b)))
— N2y () (Q(a)Q(b))
N (i) (ab) > N, (i) (Q(a) O (b))

Similarly, as

N, ,(u;)(ab) SJ\/:Zv(ui)(Q(a)Q(b))
— Ny(w)(ab) > — Ny (u;)(Q(a)Q(b))
T(M, () (a), Mi,y () (b)) — N1, (u;) (ab)

> T(My, () (@), My, (1) (b)) — Ny (u;) (Q(a)Q(b))
T(M, () (a), My, (ui) (b)) — N1, (u:) (ab)

> T(Ma, () (Q(a)), Ma, () (Q(D)))

— Nay(u;)(Q(a)Q(b))

N1 () (ab) > N, (1) (Q(a) Q(b))

Hence, Pp, and Pp, are weak isomorphic. O

Definition 2.15 Let Pp be a PDFSG on X. Then Pp is
regular PDFSG if I:I(ui) is a PDFG,
Yu;eld,i=1,2,....m

regular

Definition 2.16 Let Pp be a PDFSG on X. Then Pp is
totally regular PDESG if H(;) is a totally regular PDFG,
Yu, € U.

Theorem 2.17 Let P, = (M, N, U) be a regular PDFSG.
Then the size of PDFGs S(H(u;)) = (“& 7n§) where | X| =
n and (R, R)) is the degree of a vertex in H(u;),Yu; € U.

Theorem 2.18 Let Pp = (./\~/l,J\~/', U) be a totally regular
PDFSG. Then 2S(H(w)) + O(H(w)) = (nfi,nf!), where
|X| =n and (fi,f]) is the total degree of a vertex in
H(w,),Yu; € U.

Proof Suppose that Pp is a PDFSQG, i.e., I:I(ui) is PDFG;
the total degree of a vertex is

> Nou(ui)(ab)

a,b#acX

(TD), (a), (TD), (@) = (
+ Myu(u)(@), Y N(ui)(ab)

abFacX

+Mv(ui)(a)>,Vu,- cU.

Since Pp is totally regular PDFSG, i.e., H(w) is (f.,f!)
totally regular PDFG, so

(f,-,ﬂ)( Y Nu(ui)(ab)
ab#acX
+ Myu(ui)(@), > N (u)(ab)

a,b#acX

FAL ()@

O fiy f)= (Z > Nu(u)(ab)

acX  aeX acX ab#acX
3 M@, S S N ab)
acX ab#acX

acX

+ZM‘,<ui><a>>

acX

Since each edge is double time counted, one time for vertex
a and one time for vertex b, so
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(nﬁ’nfi,) = (2
+ 3 My(u)(a),2 Y No(ui)(ab)

acX a,bFacX

+ Mv(ui)(a)>

acX

(nﬁ7nﬁ)=2< S Nulw)ab), Y m(u,-)(ab))

a,bF#acX a,b#acX

+ (Z My(ui)(a), Y Mv(”i)(“)>

ackX acX
(nfi, nf!) = 2S(H(u;)) + O(H(w;))
= 28(H(u;)) + O(H(u;))
O

Theorem 2.19 Let Pp = (M,N,U) be a regular and
totally regular PDFSG. Then O(H(w)) = n{(f; — R),
(ff —R))}, where |X| =n and (R;,R}) is the degree and
(fi.f]) is the total degree of a vertex in H(u;),¥ u; € U.

Proof Suppose that Pp, is a regular PDESG, i.e., H(;) is a
regular PDFG. Then size of H(y;) is

S(A()) = ("R "R
2S(H(u;)) = (nR;, nR.)

Also, Py, is a totally regular PDFSG, i.e., H(e;) is a totally
regular PDFG, from Theorem 2.18

25(H(u;)) + O(H(u:) = (nfi, nfy)
O(H(u;)) = (nfi,nf;) — 2S(H(u:))
O(H(w;)) = (nfi,nf}) — (nRi, nR})
O(H(u) = n{(fi.f}) — (Ri, R)}
O(H () = n{(f; — R:), (ff — R))}.

O

Theorem 2.20 Consider Pp, = (./\;ll,./\?l,Z/l) is isomor-

(Mo, N, U):

1. If Pp, is regular PDFSG, then Pp, is also regular
PDFSG.

2. If Pp, is totally regular PDFSG, then Pp, is also totally
regular PDFSG.

phic to Pp, =

Proof Suppose that Pp, is isomorphic to Pp,, i.e., each
H| (1;) is isomorphic to Hy(u;) and Pp, is regular PDFSG;
then the degree of each vertex in Hj (i;) is given by

@ Springer

(D1u(a), Diy(a))
(ZNU‘ )(ab) ZN“

abe& abe&
= (R, R)).

) Yu, €Y.

Since Pp, = Pp,, i.e., H; (1;) = H,(u;), we have
(1)1#(a),1?lv(a))

= (Z ,/\/:lﬂ(u,-)(ab)7 Z/V:l v(ui)(ab)>

abel abe&
), D Nay () (Q(a)Q

- (Z Naula) (@(@)0(b

abef abef

= (D2,(0(a)), D1,(0Q(a))).

(RivR;) =

(b)))

Therefore, H}(u,) is (R;, R})-regular PDFG. Hence, Pp, is
regular PDFSG.
Assume that Pp, is totally regular PDFSG; then the total

degree of each vertex in H; (;) is

((TD),, @), (TD), (@)

- (Z]\flﬂ(u,)(ab
abe&
+/\/l1ﬂ ZN“ u;)(ab) + My, (u;)(a )),Vu;eu‘
abe&
= (fif})

Since Pp, = Pp,, i.e., H; (u;) = Hy(u;), we have

(-)) = ((TD),, (@), (TD), (@)
- (Z N (1) (ab)

abe&
+ M, (u; Zva )(ab) + M, (u;)(a ))
abe&
_ (z Nou)(Q(a)0())
abe&
+M2,u ZNZV ( ))
abe&
+ Mo, (1;)(Q(a)))

= ((TD),,(0(@). (TD),,(0(@))).

Therefore, H(u;) is (f;,f!)-totally regular PDFG. Hence,
Pp, is totally regular PDFSG. O

Theorem 2.21 Let Py = (M, N, U) be a PDFSG. If M is

a constant function in H(u;),Yu; €U, then following
statements are equivalent:
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1. Pp is regular PDFSG. (f; — ci,f| — ¢))

2. Pp is totally regular PDFSG.
(3 At

Proof Suppose that M is a constant function in H(i;), i.e., abFacX
M, (u;)(a) = ¢; and M, (u;)(a) = ¢|. Also, suppose that -
b T , > No(u;)(ab)
p is regular PDFSG, i.e., H(u;) is (R;, R})-regular PDFG, b
then ’
(Du(a), Dy(a))
D(a) = ( S Nu)ab), Y Ah(u,-)(ab)) =i~ cufi = <)
ab#acX a,b#acX = (R,,R:)
- (Rlle) = . , .
i Therefore, H(u;) is (R;, R})-regular PDFG. Hence, Pp is
The total degree of a vertex is regular PDFSG. Therefore, (2) = (1) is proved. O

Theorem 2.22 Let Pp be a PDFSG. If Pp is regular and

totally regular PDFSG, then M is a constant function,

Yu;, € U.

+/\/~lﬂ(ui)(ll), Z -/\7 v(ui)(ab)+MV(ui)(a>> Proof Suppose that Pp is regular and totally regular
abracX PDFSG, i.., H(u;) is regular and totally regular PDFG.

m(a)=< Y Nou(w)(ab)

a,b#acX

= (Ri+ci, R+ c)) Then the degree of vertex is
= (fl’ﬁ,) (D,,(a),Dv(a))
Therefore, H(w;) is (f;,f!)-totally regular PDFG. Hence, P, _ N, () (ab Ny (u;)(ab
is totally regular PDFSG. Therefore, (1) = (2) is proved. <u’b;a€)( i)l )7617,,%;@‘; (1) (ab)
Now suppose that Pp is totally regular PDFSG, i.e.,
H(w) is (f;,f/)-totally regular PDFG, then — (R, R)
TD(a) o
and the total degree of vertex is
= ((TD),(@),(TD),(0))
f) (D), (), (7D), (@)
- ( S W) ab) - ( S o) ab)
a,b#acX a,b#acX
+ M, (u)(a), Ny (u;)(ab) § N §
' aﬁb;ae/l’ +Mu(w)(a), D No(u)(ab) + M‘,(ui)(a)>
~ a,b#acX
+Mv(“i)(a)> = (f.f)).
(finf)) Now, ((TD) (a),(TD)V(a))
= ( > Nu(u)(ab) = <f~f>
abract (Ri + My (u) (@), R + M, (i) (a))
FMy(w)(a), D No(ui)(ab) + Mv<ui><a>> - W -
, abFacX (Mu(ui) (a)7 M"(“i) (a))
Vint) = (fi — Ri.f{ — R)
] < > Nou(w)(ab) = (e
abFtack = M is a constant function, Vu; € U. O
+ci, Z N v(u;)(ab) +c§> Remark Converse of Theorem 2.22 may not be true in
apFacX general:
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Consider a PDFSG P = {H(u;)} as shown in Fig. 4. Clearly, in H(u;), D(a;) = (1.4,2.4) = D(ay) =
Since D(a;) = (1.6,1.8) # D(a3) = (1.4,1.8). Also, D(az) = D(as) = D(as) = D(ae) and M} = (1.2,1.1) and
TD(ar) = (2.2,2.5) # TD(a3) = (2.0,2.5).  Therefore, ~ N; = (2.4,2.2). This implies that H(u; ) is a strongly regular

H(u,) is neither regular nor totally regular PDFG. Hence, =~ PDFG. So, P;, = {H(u,)} is a strongly regular PDFSG.

Pp is neither regular nor totally regular PDFSG. . i L
Definition 2.25 A PDFSG Pp is known as bipartite if X =

Definition 2.23 A PDFSG Pp on n vertices is said to be {a1,ay,...,a,} can be partitioned into two nonempty disjoint
strongly regular if the following properties hold: sets X, and X, such that /\fu(ul)( aja) =0 and

1. Pp is regular PDFSG, i.e., H(e;) is regular PDFG of N, (u;)(ajax) = 0 if aj,ar € X or a;, ax € X». Furthermore,
degree (R;,R)), if
2. the sum of the membership and nonmembership values =

Nu (’41) (ajak)

of the common neighboring vertices of any pair of -

adjoining vertices of H(u;) is equal and represented by = (M“(ui)(aj ))(M’f (i) (ax)) - ,
M = (M;, M), M (ui)(a;) + My (ui) () — (M (i) (@) (M (i) (ax))
3. the sum of the membership and nonmembership values (5)
f th ighbori ti f ir of =
0 e. c.oTnmon 1.1e1g oring Yer ices of any pair o N () ajar)
nonadjoining vertices of H(u;) is equal and represented Mo () (@) + Mo () () — 20V ) (@) (M () (@)
by Nf = (N;,N!),Yu; € U. Shabl LA A Bt AP A
Y = (M) ) OV o) )
Example 2.24 Consider a PDFSG P;, = {H(u;)} as shown (6)
in Fig. 5. Vaj€ Xy and ap € Xp,u; €U, then Pp is complete
bipartite PDFSG.
(a1,06,0.7) Definition 2.26 A bipartite PDFSG Pp = { M, N, U} is

known as biregular if each vertex in X'} and X, has equal
degree of = (o;,0}) and B = (B;, B.), respectively, where
of, B are constants, Vu; € U.

Example 2.27 Consider a nonempty set X" which is parti-
tioned into two nonempty sets X; = {a;,a;,a3} and X, =
{as,as,as} such that & = {ajas,aias,aray, aras,azay,
H(u) aszag}. In Xy and X, each vertex has equal degree. So,

H(u;) is biregular PDFG. Hence, Pp is a biregular PDFSG
as shown in Fig. 6.

(a3,0.6,0.7)

N a2,0.5,0.6
8 a (a2 )
o2 (0.30, 0.60) 5 "
2 D) 50 ‘6
¥ Q.’\p'm.@w“‘b ) 4
Abb‘\
H(u) H(uy)
Fig. 5 Strongly regular PDFSG Pp = {H(u;)} Fig. 6 Biregular PDFSG Pp = {H(u;)}
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Theorem 2.28 Let Pp = (M,J\N/, U) be a PDFSG. If Ppis N (u)(ab)
complete and M, N are constant functions, then Pp = . (M) (@) (M (1) (5)) , if N u(ui)(ab) =0

~ o~ . = q My (i) (a) + My () (b) — (M () (@) (M () (b))
(M, N U) is strongly regular PDFSG. 0 0 <N () (ab) < 1.
Proof Suppose that Pp is a complete PDFSG with

~ ~ . N (u;)(ab)

X ={ay,a,...,a,}. As M and N\ are constant functions, M) (@) + () (6) — 200 (@) A () (5) )

~ ~ ! if N'v(u;)(ab) =
M, (i) (a) = ci, My (i) (a;) = ¢l ,Vu; €U, a; € X and —{ 1 — (M, () (@) (M (1) (b)) FN (w)lab) =0
Nou(w)(ajar) = diy Ny (i) (aja) = di,Yu; € U, ajay € E. o oSN (u)(ab) <

To prove that Pp = (M, N, U) is a strongly regular
PDFSG, we show that Pp is regular PDFSQG, i.e., I:I(ui) is
(R;,R))-regular PDFG, Vu; €Y{. Furthermore, the
adjoining and nonadjoining vertices have equal common
neighborhood M} = (M;,M!) and N} = (N;,Nj),
respectively.

As Pp is complete PDFSG, i.e
PDFG, Vu; € U. So

((TD), (@), (TD),(@))

, H(u;) is complete

= X N

ajar#aeX
+ M) (@), Y Now)(aar)
ajaFa;eX
+M, () ()

—«n—wmmn—n¢>

= H(;) is ((n— 1)d;, (n — 1)d})-regular PDFG. Hence,
Pp is regular PDFSG. Furthermore, the sum of the mem-
bership and nonmembership values of common neighbor-
ing vertices of any pair of adjoining vertices of any pair of
adjoining vertices M; = (M;,M]) = ((n — 1)c;, (n — 1)c})
is equal. As H(u;) is complete, the sum of the membership
and nonmembership values of common neighboring ver-
tices of any pair of nonadjoining vertices of any pair of
adjoining vertices N = (N;,N}) = (0,0) is equal. As all
conditions are fulfilled, so I:I(ui) is strongly regular PDFG,
YVu; € U. Hence, Pp is a strongly PDFSG. 0

Theorem 229 Let Pp, = (M, N,U) be a PDFSG. If Pp
is strongly regular and strong, then Pp is a regular
PDFSG.

Proof Suppose that Pp is strongly regular PDFSG;
then by definition Pp is regular, i.e., ﬁ(u,) is regular,
Yu; € U. Also, Pp is strong, and then Pp is also strong.
Therefore,

n ﬁ(u) the degree of vertex a is

Y /\/N'V(u,-)(ab)>

a.b#acX
u(u:) (D)

( ] (M (1) (a)) (M (1) (b)) _
aizatar Mul) @) + Mya) () = (M) (@) (M) )
(1) (b >>>

(a), D
< Z /\/’Mu, )(ab),

ab#acX

(
M (u5) (@) + M) (b) — 2(My(3)(@)) (M
1= (M, (ui)(a)) (M, () ()

ab#acX

(R”Rl)
= H(u;) is (R;,R})-regular PDFG. Hence, Pp is regular
PDFSG. ]

Corollary 2.30 Let P = (M, N ,U) be a PDFSG. If Py, is
strongly regular and strong, then Pp is a regular PDFSG.

Theorem 2.31 Consider Pp = (M, N,U) be a PDFSG,;
then Pp is strongly regular PDFSG if and only if Pp is a
strongly regular PDFSG.

Proof Suppose that Pp is strongly regular PDFSG; then,
Pp is regular PDFSG. Also, the adjoining and nonadjoining
vertices of ﬁ(u,) have equal common neighborhood M} =
(M;,M}) and N} =
is a strongly regular PDFSG, we show that Pp is regular
PDFSG. Since Pp is strongly regular and strong PDFSG,
then by Theorem 2.29, Pp is regular PDFSG. Moreover,
suppose that S; = {(aj,a)|(aj,ax) € E} and S =
{(aj,a) | (aj,ar) € E} be the sets of all adjoining and
nonadjoining vertices of I:I(ui), where g; and a; have equal
common neighborhood M} = (M;, M) and Ni = (N;, N}),
respectively. Then S; = {(aj,a)|(aj,a;) € E} and S} =
{(aj,ar) | (aj,ar) € E} be the sets of all adjoining and

(N;,N}),, respectively. To prove that Pp

nonadjoining vertices of I:I(ui), where a; and a; have equal
common neighborhood Ni = (N;,N}) and M} = (M;, M),
respectively. Hence, Pp is strongly regular PDFSG.
Conversely, Pp, is strongly regular PDFSG; then, Pp is
regular PDFSG. Also, the adjoining and nonadjoining
vertices of H(u;) have equal common neighborhood N =
(N;,N!) and M} = (M;, M), respectively. To prove that Pp
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is a strongly regular PDFSG, we must show that Pp is
regular PDFSG. Since Pp is strongly regular and strong
PDFSG, then by Corollary 2.30, Pp is regular PDFSG.
Moreover, suppose that S; = {(a;,a)| (aj,ar) € €} and
Si = {(aj,a)| (aj,ar) € E} be the sets of all adjoining and
nonadjoining vertices of I:I(ui), where g; and a; have equal
common neighborhood Nf = (N;,N}) and M} = (M;, M),
respectively. Then S; = {(a;,ax) | (aj,ax) € £} and S} =
{(aj,ar) | (aj,ar) € E} be the sets of all adjoining and
nonadjoining vertices of vertices of H(x;), where a; and a
have equal common neighborhood M; = (M;,M!) and
N} = (N;,N)), respectively. Hence, Pp is strongly regular
PDFSG. U

Definition 2.32 Let Pp = (M, N,U) be a PDFSG and

(D)1, (D), -, (D), be the degree of vertices in H(e;)
of Pp. Then the degree sequence is expressed
by (D), (Dgs s (D)) = (D), (D), - (D), 5
(D),,, (D),,s--- (D), ), where (D)#i1 > (D)Hi2 >
D),z ---=(D),, ~—and (D), >(D),,> (D),
> >(D),

Definition 2.33 The set of different positive real values
arising in the degree sequence of H(i;) of a PDFSG Py is
known as the degree set of H(u;).

Example 2.34 Consider a PDFSG Pp = {H(u;)} as shown
in Fig. 7.

In H(u;), the degree of vertices is D(a;) = (1.4,2.0),
D(ap) = (1,1.1),D(a3) = (2.1,1.5), D(a4) = (1.6,1.9),
D(as) = (0.85,1.4), D(ag) = (1.75,1.9).  Hence, the
degree sequence of the membership values and nonmem-
bership values in Fig. 7 is (2.1, 1.75, 1.6, 1.4, 1, 0.85) and
(2.0, 19,19, 1.5, 1.4, 1.1), whereas the corresponding
degree  sets are {2.1,1.75,1.6,1.4,1,0.85} and
{2.0,1.9,1.5,1.4,1.1}.

Fig. 7 PDFSG Pp = {H(u;)}

@ Springer

Theorem 2.35 Let Pp be a strongly regular PDFSG; then

the degree sequence of n elements of ﬁ(u,) is a constant
sequence (R;,R;,...,R; R\, R;,...,R)).

Proof Suppose that Pp is a strongly regular PDFSG; then,
Pp is a regular PDFSG, i.e., H(x,) is a (R;,R})-regular
PDFG. Thus the degree of all vertices in H(i;) is D(a) =
(Ri,R)),¥ a € X. Hence, the degree sequence of H(;) is a
constant sequence (R;,R;,...,R;; R, R,...,R}). O

l

Theorem 2.36 Let Pp be a strongly regular PDFSG; then
the degree set of the membership and nonmembership
values of H(u;) is a singleton set {R;} and {R!},
respectively.

Proof Suppose that Pp, is a strongly regular PDFSG; then
by definition, Pp is a regular PDFSG, i.e., ﬁ(u,) is a
(R;, R})-regular PDFG. Thus the degree of all vertices in

H(u;) is D(a) = (R;,R}),Va € X. As the degree sequence
of H(w) is a constant sequence (RiR;,...,
Ri;iR,,R;,...,R)), then the corresponding membership and
nonmembership degree set is {R;} and {R}},
respectively. O

Remark Converse of Theorems 2.35 and 2.36 may not be
true in general.

Consider a PDFSG Pp, = {H(u;)} as shown in Fig. 8.

It can be seen from Fig. 8 that H(u;) has constant mem-
bership and  nonmembership  degree  sequence
(1.2,1.2,1.2,12,12,1.2) and (1.5,15,15,15,1.5,
1.5), respectively, whereas the corresponding membership
and nonmembership degree set is {1.2} and {1.5}, respec-
tively. But the sum of membership and nonmembership
values of the common neighboring vertices of any pair of
adjoining vertices of H(u;) is not equal. Hence, Pp is not
strongly regular PDFSG.

(
0910'& 04
2o A—10.40,0.50) &
S
Q‘p 050\
(\\ Q- QAQﬂ )
S (0.40, 0.50) =
NY (0.7 0,50\ <,‘)Q Q{\.\
(b‘o“ Q kQ‘A;Q“ Q; Q"
& &, AN
(0.40, 0.50)
(a2 0
410.8 Q(:)ﬂ
»0.q) (22

H(u)

Fig. 8 PDFSG Pp = {H(u;)}
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Definition 2.37 Let N = {(ab, N, (u;)(ab), N, (u;)(ab)) |
ab € £} be a PDFS edge set in PDSFG Pp; then

e The degree of edge ab € £ is denoted by D(ab) and
defined by D(ab) = ((D),(ab), (D), (ab)), where
(D), (ab) = Dy(a) + Dyu(b) — 2N u(ab),Yu; € U

(7)
(D), (ab) = D,(a) + Dy(b) — 2N (ab), Y u; € U.

(3)

e The total degree of edge ab € & is denoted by 7 D(ab)
and defined by 7D(ab) = ((7D),(ab),(TD),(ab)),

where

(TD),(ab) = Du(a) + Dyu(b) — N (ab),Yu; € U.
9)

(TD),(ab) = Dy(a) + Dy(b) — N ,(ab),Vu; € U.
(10)

Example 2.38 Consider a PDFSG P, = {H(u;)} as shown
in Fig. 9.

In H(u,), the degree of an edge aja; is (D)(ajay) =
((Dul@r) + Dul@) = 2N (@), (Dyfa) +Dylaz) -

2./\7‘,(a1a2))) = (0.8, 1.45) and the total degree of an edge
(D), (@) + () (a2)-

amay; is  (TD)(aa) =

(0.30,0.70) _Q©"

> 06 \‘bﬂ\

Fig. 9 PDFSG Pp = {H(u)}

Nularar)), ((D),(a1) + (D),(a2) — A?‘v(alaz))) =
(1.4,2.15).

Remark 1f Pp is a strongly regular PDFSG, then the
membership and nonmembership degree sequence of edge

in H(u;) need not to be constant sequence.

Consider a PDFSG Pp = {H(u;)} as shown in Fig. 10.

It can be seen from Fig. 10 that Pp is strongly regular
PDFSG because H(u;) is strongly regular PDFG with
Ry =(2.3,1.4), M, = (1.8,0.8) and N; = (0,0). The edge
degree sequence of the membership values and nonmem-
bership values is (3.2,32,3,3,3,3) and
(2,2, 1.8, 1.8, 1.8, 1.8), respectively, whereas the corre-
sponding edge degree sets {3.2,3} and {2,1.8} are not
constant sequence.

Theorem 2.39 Let Pp be a strongly regular PDFSG with

N is a constant function; then the edge degree sequence
and edge degree set are constant sequence and singleton
set, respectively.

Proof Suppose that ./\h(u,-)(ab) = ¢i, Ny () (ab) =
ci,Yu; €eU,ab € € and Pp is a strongly regular PDFSG;
then Pp is regular PDFSG, i.e., H(x;) is (R;,R})-regular
PDFG such that
D@ = 3 Nu(w)ab) =R,

a,b#acX

N, () (ab) = R,V u; € U,a € X.
a,b#acX

Dy(a) =

Therefore, the degree of an edge is

Fig. 10 Pp = {H(u;)}
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(D), (ab) = Dy(a) + Dyu(b) — 2Ny (u;)(ab)
=R+ R; — 2¢;
=2(Ri —¢).

(D), (ab) = D,(a) + Dy(b) — 2N ,(;)(ab)
= R; + R? — ZC;
=2(R,—c}),Yu; €eU,ab € E.

Hence, the edge degree sequence of membership and
nonmembership values is constant sequence and its corre-
sponding edge degree sets {2(R; —¢;)}, {2(R} — c})} are
singleton sets. O

Definition 240 A PDFSG Pp is edge regular PDFSG if

H(u;) is edge regular PDFG of degree (¢;,4}),Vu; € U.

Example 2.41 Consider a PDFSG Py, = {H(u;)} as shown
in Fig. 11.

The degree of each edge in I:I(ul) is (1.4, 1.2). So, Pp is
a edge regular PDFSG.

Definition 2.42 A PDFSG Pp is totally edge regular
PDFSG if H(y;) is totally edge regular PDFG of degree
(wi, w}),Yu; € U.

Example 2.43 Consider a PDFSG Pj as shown in Fig. 12.

The total degree of each edge is (1.05, 1.8) in H(u;).
Hence, Pp = {H(u;)} is a totally edge regular PDFSG.

Theorem 2.44 Let Pp be a regular PDFSG such that ./\N/ is
a constant function; then Pp is edge regular PDFSG.

Proof Suppose that Pj, is a regular PDESG, i.e., H(x;) is
(R;, R}) regular PDFG such that

(a3,0.9,0.4)

Fig. 11 Edge regular PDFSG Pp = {H(u;)}
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Fig. 12 Totally edge regular PDFSG Pp = {H(u;)}

Dlt(a) =R,
Dy(a) =R.,Yu; eU,a € X.
Let ./\fﬂ(ui)(ab) =¢; and /\ﬁ,(u,-)(ab) =c,Yu; €U, ,ab €
E. The degree of edge is
(D), (ab) = Dy(a) + Dy(b) — 2NV, () (ab)
= Ri + Ri — 2C,‘
= 2(R, — Cl')
=di-
(D),(ab) = Di(a) + Dy (b) — 2N (u) (ab)
= R; + R? — 2c;
= 2(R <)
=q.,Yu; €U,ab € E.
Hence, Pp is an edge regular PDFSG. v

Theorem 2.45 Let Pp be both edge regular and totally
edge regular PDFSG; then N is a constant function.

Proof Suppose that Pp is an edge regular and totally edge
regular PDFSG. Then the degree of an edge in H(y;) is
(D), (ab) = Dy(a) + D(b) — 2N () (ab)

= 4i-
(D), (ab) = Dy(a) + Dy(b) = 2N',(u;) (ab)

=q.,Yu; €U,ab € E.

The total degree of an edge is

(TD),(ab) = (D), (a) + (D), (b) — N (u;)(ab)
(TD),(ab) = (D),(a) + (D), (b) — N, (us)(ab)
=wi,Vu; €U,ab € E.

Further, it follows that
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(TD),(ab) = w;
(D),(@) + (D), (b) = N (i) (ab) = wi
(D), (ab) + Afu(ui)(ab = w;
= ./\fﬂ(u, (ab) = w; — R,
(TD),(ab) = w!
(D),(@) + (D), (b) = N (u) (ab) = W]
(D), (ab) + N ,(u;)(ab) = W
= N, (u;)(ab) = w! — R..
Hence, N is a constant function. O

3 Application to decision-making problem

In this section, we propose the decision-making problems
using PDFSG environment. To handle the decision-making
problems, we adopt some steps given in the following
algorithm.

Algorithm

1. Input:
Possible alternatives,
Possible parameters.
2. Construction of the PFPR O = (0;) corresponding to
given parameters.
3. Use PDFAA operator to calculate the combined PFE
corresponding to each parameter

0 = PDFAA(th 0j2y -+« Ojn)
1
= 1 — i)
1 n 1 ,u?k e
+ Zk:lﬁ(l_uj?_k) (]1)
1
1 yJ = 1727 ces

n 1—vj\”? v
1+ l:Zk—I%( va)*]

4. To find the combined overall preference value
0j(j =1,2,...,4), compute the score functions ©(o;)
given by (Zhang and Xu 2014).

®(0) = ()" = ()° (12)

5. Output: The decision is
i=1,2,...mk=12,....n}.

max{min® (o) (u;),

3.1 Selection of suitable ETL software
for a business intelligence project

Business intelligence (BI) helps to convert raw data into
meaningful information for informed business decisions.
BI helps to gain insights into consumer behavior. It is
necessary for a business to understand the demands of
customers so that resources can be invested into beneficial
products. The central part of BI is established on data
warehouses powered by ETL (Extract, Transform and
Load). With the continuous development of BI usage, ETL,
the initial point of the project, has become a key factor that
affects the failure or success of the BI project. The main
work of BI project is the selection of most suitable ETL
software which maximizes the profits, limits the costs and
is flexible to accommodate future advancements in the
project. Mr. X wants to select a ETL software for BI
(adopted from Akram et al. 2019, 2020). Let X =
{a1,az,a3,a4,as} be the set of five ETL software as the
universal set. Mr. X compares the five ETL software a;(i =
1,2,...,5) pairwise for the selection and provides its
preference information in the form of PFPR O = (0;)s,s.
where o0 = (u;, viy) is the Pythagorean fuzzy element
assigned by the Mr. X (an expert) with y; as the degree to
which the ETL software a; is preferred over the other ETL
software a; and v;; as the degree to which the ETL software
a; is not preferred over the other ETL software a;. The
PFPR O = (0;)5,5 is expressed in the following tabular
form in Table 1.

The PF directed network corresponding to PFPR O is
given in Table 1, presented in Fig. 13.

In order to compute the combined PFE o; =
(Wi, vir), (i,1 = 1,2, ...,5) of the ETL software a;, over all
the other ETL software, we use Pythagorean Dombi fuzzy
arithmetic averaging (PDFAA) operator given by (Akram
et al. 2019, 2020) given in Eq. 13.

0j= PDFAA(OJ'], 025+ Ojn)

1 1

2
no 10 Mg
1+ |:Zk_lﬁ(1ﬂ/2k

= 1— 7

Y %’ n 1—vin7 |7
)}:| 1+ {Zkil%( v/kk)
(13)

Take y=1 in Eq. 13 to obtain the combined overall pref-
erence value 0;(j=1,2,...,4).
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Table 1 PFPR

0 ay a as a, as

a 0.5, 0.5) 0.7, 0.5) (0.5, 0.6) (0.3, 0.8) (0.4, 0.3)
a 0.5, 0.7) (0.5, 0.5) 0.2, 0.9) (0.8, 0.4) (0.1, 0.8)
as 0.6, 0.5) (0.9, 0.2) 0.5, 0.5) (0.6, 0.6) 0.5, 0.4)
ay (0.8, 0.3) 0.4, 0.8) (0.6, 0.6) 0.5, 0.5) (0.6, 0.7)
as (0.3, 04) (0.8, 0.1) 0.4, 0.5) (0.7, 0.6) 0.5, 0.5)

Fig. 13 Directed network of PFPR

o1 = (0.5264,0.4878),
02 = (0.5770,0.6032),
03 = (0.7401,0.3798),
04 = (0.6377,0.5166),
0s = (0.6341,0.2752).
The score functions ©(o;) of the combined overall pref-

erence value o;(j =1,2,...,5) are calculated by using
score function given by Zhang and Xu (2014).

®(0) = ()" = (v)?
®(01) = 0.0386,(02) = —0.0262,)(03) = 0.3603,
®(04) = 0.1211,(05) = 0.3589.

(14)
On the basis of score functions, ranking is
as > ds > aq > dp > ap

Hence, a3 is the most suitable ETL software.
3.2 Evaluation of electronics companies

In this modern area of life, electronics has too much
importance in different aspects of our life. It is difficult to

@ Springer

find an electrical item in our home that does not have
electronics partnered with it, in some way. Electronics or
electronic components can be found everywhere from
music to cooking in some way. There are many electronic
devices which have made our daily life too much easy, for
example, television, camera, laptop, fridge, oven, etc.

Mr. X wants to purchase some electronic devices for his
home like oven, fridge and television. There are different
electronics companies which supply these things. But he
wants to select that company for purchasing of things
which is most “affordable” and having “best quality.” Let
X = {ay,az,a3,a4} be the set of four electronics compa-
nies as the universal set and U = {u;,u,} be the set of
parameters that particularize the electronics companies, the
parameters u#; and u, stand for “affordable,” “best qual-
ity,” respectively. Mr. X compares the four companies
a;(i=1,2,...,4) pairwise for the selection on the basis of
the parameters “affordable” and “best quality” and pro-
vides its preference information in the form of PFPR
O = (0i1) 44> Where 0y = (p, vir) is the Pythagorean fuzzy
element assigned by the Mr. X expert with y; as the degree
to which the company «; is preferred over the company a;
with respect to the given parameter and v;; as the degree to
which the company q; is not preferred over the company a;
with respect to the given parameter. The PFPR O =
(0i1) 44 for the given parameters is expressed in the fol-
lowing tabular form in Tables 2 and 3, respectively.

The PF directed network corresponding to PFPR O is
given in Tables 2 and 3, presented in Figs. 14 and 15.

In order to compute the combined PFE o; =
(wy, vir), (i,1 = 1,2,...,4) of the company ay, over all the
other companies, we use Pythagorean Dombi fuzzy arith-
metic averaging (PDFAA) operator given by Akram et al.
(2019, 2020) given in Eq. 13. Take y =1 in Eq. 13 to
obtain the combined overall preference value
0j(j=1,2,...,4).

For parameter u,
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Table 2 PFPR for parameter u;

o a a az as

a 0.5, 0.5) (0.8, 0.6) 0.8, 0.3) (0.4, 0.6)
a 0.6, 0.8) 0.5, 0.5) (0.4, 0.9) 0.5, 0.7)
as (0.3, 0.8) 0.9, 0.4) 0.5, 0.5) 0.7, 0.4)
as 0.6, 0.4) 0.7, 0.5) 04, 0.7) 0.5, 0.5)

Table 3 PFPR for parameter u,

o aj (2] as as

a (0.5, 0.5) 0.2, 0.9) (0.4, 0.8) 0.9, 0.4)
a 0.9, 0.2) (0.5, 0.5) (0.5, 0.6) (0.5, 0.7)
az 0.8, 0.4) (0.6, 0.5) (0.5, 0.5) 0.7, 0.4)
ay 0.4, 0.9) (0.7, 0.5) 0.4, 0.7) (0.5, 0.5)

Fig. 14 Directed network of PFPR corresponding to parameter u;

o1(u1) = (0.710,0.461),
02(ur) = (0.512,0.691),
o3(u1) = (0.765,0.485),
os(u1) = (0.582,0.505).

For parameter u,,

o1(up) = (0.710,0.461),
02 (u2) = (0.512,0.691),
03(12) = (0.765,0.485),

(u2) = ( )

04 (U 0.582,0.505).

The score functions ©)(o;) of the combined overall pref-
erence value o;(j=1,2,...,4) are calculated by using
score function given in Eq. 14.

Fig. 15 Directed network of PFPR corresponding to parameter u,

For parameter u,

®(o1)(u;) = 0.290,

®(02)(u1) = —0.215,
®(03)(ur) = 0.350,
®(04)(uy) = 0.084.

For parameter u,,

®(01)(u2) = 0.208,

©(02)(u2) = 0.412,
©(03)(u2) = 0.279,
©(04)(u2) = — 0.082.

The decision is max{min®(ox)(u;),i=1,2, k=
1,2,3,4} = max{0.208,-0.215,0.279,—0.082} = 0.279.
So, Mr. X will select the a3 company to purchase the
electronics.

3.3 Comparison analysis

In this section, we discuss the importance and logic behind
the development of our proposed model. The example
shown in Sect. 3.1 taken from the existing model (Akram
et al. 2019, 2020) shows that we can get a best alternative
by comparing pairwise these alternatives using preference
values and after ranking by score function, we get the best
alternative. But this model does not handle the situations
when we have a list of parameters for the selection of any
alternative. It is clear from application Sect. 3.1, we cannot
take a set of attributes for the judgment of any alternative.
Then we need our proposed model. The logics behind this
model are:
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1. A Pythagorean fuzzy soft graph, as an extension of
intuitionistic fuzzy soft graph, is useful in representing
the parametric relationships between objects where
relationship is ambiguous, while Dombi operators with
operational parameters have creditable flexibility.

2. PDFSG model provides us information, about various
parameters for the selection of any attribute.

3. Proposed model reduces to PDFG model, when we
consider only one parameter.

4. The application in Sect. 3.2, describes the importance
of proposed model.

4 Conclusion

Soft set is considered useful tool for the parameterized
point of view, whereas the Pythagorean fuzzy set is taken
as the more general concept as compared to the intuition-
istic fuzzy set, because the space of Pythagorean fuzzy
values is greater than the space of intuitionistic fuzzy
values. A Pythagorean fuzzy soft graph, an extension of
intuitionistic fuzzy soft graph, is a powerful tool to handle
the pairwise relationships between objects corresponding to
different parameters, while Dombi operators are more
helpful to handle decision-making problems. Using these
two concepts, we have introduced the idea of Pythagorean
Dombi fuzzy soft graph (PDFSG) in this paper. We have
described certain properties of PDFSGs. Further, we have
studied the idea of edge regular PDFSG with consequential
properties. We have also solved the decision-making
problems using the Pythagorean Dombi fuzzy arithmetic
averaging (PDFAA) operators. We aim to extend our
studies to: (1) complex Pythagorean Dombi fuzzy soft
graphs; (2) complex Pythagorean Dombi fuzzy soft
hypergraphs; (3) a study on Dijkstra algorithm for a net-
work with complex picture trapezoidal fuzzy numbers.
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