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Abstract

In our daily life, we encounter many problems with uncertainty and vagueness in nature. Mathematical formulations and
solutions of these problems are not easy and appear to be a challenging task to the researchers. Crisp sets and fuzzy sets
suffer to deal with these. Hesitant fuzzy set—a protracted version of fuzzy set—comes into the fore to bridge over the gap.
The set of all possible values of membership of hesitant fuzzy set might be considered as a set of possible intervals. Non-
membership functions are also added therein to get intuitionistic interval-valued hesitant fuzzy numbered sets. In the
literature, several aggregation operators exist, and here we consider a new one which is easy to apply in our formulated
problems. Here, a matrix game whose payoffs are intuitionistic interval-valued hesitant fuzzy numbers is solved using our
proposed aggregation operator. A tangible management problem with numerical values is demonstrated here to verify the
applicability of the new aggregation operator over the matrix game.

Keywords Game theory - Fuzzy set - Hesitant fuzzy set - Aggregation operator - Management problem

1 Introduction

Decision-making problems associated with game theories
have wide applications in sciences, engineering, manage-
ment science and social sciences. Fuzzy set (FS) (Zadeh
1965) serves an excellent and marvelous role to explore the
inner phenomena of problems related to everyday’s life.
But it has some limitations to deal with imprecise data and
hazy information when different types of vagueness and
uncertainty crop up simultaneously. Researchers have
nurtured fuzzy sets and extended fuzzy sets to intuitionistic
fuzzy set (IFS) (Atanassov 1986), hesitant fuzzy set (HFS)
(Torra 2010), interval-valued fuzzy set (IVFS) (Turksen
1986) and their inter-collaborations have been established.
Hesitant fuzzy set is more applicable to the discussion over
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vagueness and fuzziness of the characters of the variables
connected to the problems on real-life situations.

In the fuzzy set, members are characterized by mem-
bership degrees and in intuitionistic fuzzy set, members
have membership degrees as well as non-membership
degrees and the hesitancy degrees. Several articles (cf.
Chen 2016; Chen et al. 2012a, b; Gabroveanu et al. 2016)
are devoted in the intuitionistic fuzzy set, interval-valued
intuitionistic fuzzy set theories since their appearances into
different fields. But, all are limited in case of flexibility of
choices of membership and non-membership degrees of the
elements to the considered set. HFS has been successfully
implemented into the cases of decision-making where FS
or IFS fails to describe the problems about the vagueness
and the uncertainty. HFS depicts a set of membership
values in [0, 1] rather than a single one against each
member of the set. In many decision-making problems of
various fields with a variety of vagueness, HFS is used
when decision-makers feel a hesitant environment like
disaccord, discrepancy situations (cf. Farhadinia 2013; Yu
et al. 2013). Basic set theoretic operations and the exten-
sion principle on HFS were proposed by Torra (2010). Xia
and Xu (2011) defined some new operations on HFS. Xu
and Xia (2011) proposed some distance measures on HFS.
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Chen et al. (2013) proposed the concept of interval-valued
hesitant fuzzy set IVHES) which represents the member-
ship values of an element to a set with several possible
interval values and then presented some interval-valued
hesitant fuzzy aggregation operators. Several articles have
been published in different hesitant fuzzy environments (cf.
Rodriguez et al. 2012; Zhu 2012) in different distance
measures (Peng et al. 2013) and aggregation operators
(Peng and Wang 2014). In decision-making, the aggrega-
tion operators are frequently used and successfully applied
to get performances among all alternatives to aggregate
information. Xia and Xu (2011) developed a series of
aggregation operators for hesitant fuzzy information and
applied to multi-criteria decision-making. Zhou (2014)
introduced and developed several types of hesitant fuzzy
aggregation operators which are the extended version of
weighted geometric (WG) and ordered weighted geometric
(OWG) operators having hesitancy environments. Yager
(1988) and Xu and Yager (2006) presented some intu-
itionistic fuzzy aggregation operators. Wei et al. (2014)
introduced hesitant triangular fuzzy aggregation operators
such as hesitant triangular fuzzy weighted averaging
(HTFWA) operator, hesitant triangular fuzzy weighted
geometric (HTFWG) operator, hesitant triangular fuzzy
ordered weighted averaging (HTFOWA) operator, hesitant
triangular fuzzy ordered weighted geometric (HTFOWG)
operator, hesitant triangular fuzzy hybrid geometric oper-
ator (HTFHG) and averaging operator (HTFHA). Wei
(2013) presented interval-valued hesitant fuzzy Choquet
ordered averaging (IVHFCOA) operator, interval-valued
hesitant fuzzy prioritized aggregation (IVHFPrA) operator,
and interval-valued hesitant fuzzy power aggregation
(IVHFPoA) operator. In this work, we introduce a new
aggregation operator simply to apply in intuitionistic
interval-valued hesitant fuzzy environment.

Neumann and Morgenstern (1944) invented Game
Theory as a mathematical way to discover the situation
related to the turns done by decision-makers. A game
involves a variety of players, a set of strategies plus a
payoff that shows quantitatively the outcome of each play
of the game in terms of the amounts that each player gains
or loses. A player who chooses a pure strategy randomly
selects a row or a column according to the probability
process that specifies the chance with each pure strategy.
These probability orient strategies are known as mixed
strategies for players. In probability expected sense, the
calculated payoffs suggest each player’s expectation to
receive and the player will actually receive on average
provided that the game is played a number of times. Matrix
game and duality theory in linear programming problem
(LPP) possess a bondage in crisp nature of complexities of
problems but reality prefers to different uncertain natures.
Due to the uncertainty and imprecision characteristics
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involved and occurred in the system and the anomaly of the
judgment of players or decision-makers, the reflection of
hesitance characters are marked in our problem. Campos
(1989) first used fuzzy linear programming models to solve
fuzzy matrix games. Jana and Roy (2018) formulated and
solved dual hesitant fuzzy matrix games based on new
similarity measure. Li (2014), in his classic, solved matrix
games with different uncertainties using Atanassov’s IF
environments. Bhaumik et al. (2017), Roy and Bhaumik
(2018), Roy and Mula (2014), Roy and Mula (2016) and
Roy and Mondal (2016) solved matrix games, bi-matrix
games and successfully applied them in real-life situations.
Several articles have been published in game theory (cf.
Ammar 2019; Cheng et al. 2016; Das and Roy 2010; Jana
and Roy 2018; Khan 2019; Roy and Mula 2013; Roy and
Das 2009; Xia 2018).

Here, we develop a matrix game model with uncertain
payoff elements. Sometimes Atanassov’s IFS fails under
limitations with respect to the hesitancy involved in the
problem. Generally, we use IVHFS whose members are
usually hesitant interval elements. Hesitant numbers
emphasize liberty on the hesitancy of the choice of ele-
ments. Intuitionistic interval-valued hesitant fuzzy number
facilitates more close choice of membership values and
non-membership values based upon decision-makers’
intuition, assumption, judgement, behavior, evaluation,
decision, etc. In this paper, matrix game with payoffs
represented by intuitionistic interval-valued hesitant fuzzy
numbers (IIVHENs) is formulated. A methodology is
developed mathematically to solve matrix game with
payoffs IIVHFNs by considering a pair of LPPs.

Main contributions of this paper are:

e Intuitionistic interval-valued hesitant fuzzy matrix
game model is designed.

e A fast-objective game model is achieved using a new
aggregation operator.

e Our proposed game is solved considering a pair of
linear programming problems.

e Management problem is exercised involving the matrix
game in proposed environment.

In Sect. 2, the basic preliminaries related to fuzzy set,
intuitionistic fuzzy set, intuitionistic fuzzy number, interval
number and interval-valued intuitionistic fuzzy set are
briefly discussed. Section 3 describes hesitant fuzzy set,
interval-valued hesitant fuzzy set and their properties. In
Sect. 4, we discuss on intuitionistic interval-valued hesitant
fuzzy set. In Sect. 5, we define a new aggregating operator,
say, generalized intuitionistic enveloped interval-valued
hesitant fuzzy weighted aggregation operator. Matrix
games with intuitionistic interval-valued hesitant fuzzy
environment are described in Sect. 6. A management
problem, having roots in society and economy, is discussed
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in Sect. 7. Section 8 considers the results of the corre-
sponding problem and Sect. 9 concludes this paper with
future research works.

2 Preliminaries

We first look back on the definitions of fuzzy set, intu-
itionistic fuzzy set, intuitionistic fuzzy number, interval
number and interval-valued intuitionistic fuzzy set with the
corresponding examples and their respective properties in
this part.

Definition 2.1 (Zadeh 1965) Let X be a universe of dis-
course. A fuzzy set A in X is characterized by a member-
ship function p; : X — [0, 1]. A fuzzy set A in X can be
A = (i) i) € [0,1),
x € X}. And the membership degrees p;(x) of A are crisp
numbers.

expressed as follows:

Definition 2.2 (Atanassov 1986) Let X denote a universe
of discourse, then an intuitionistic fuzzy set (IFS), A in X is
given by a set of ordered triplet described as: A =
{(x, 1i(x),y4(x)) - x € X}, where both p; and 7y, map-
ping of the elements of X to [0, 1], are functions such that
0 <puy(x) +7y4(x) <1,Vx € X. For each x, j4(x) and y¢(x)
represent the degree of membership and degree of non-
membership respectively. Again, the value 7 (x) =1—
wi(x) —v4(x) is called “degree of hesitation” of the ele-
ment x in the set A. If n;(x) = 0,Vx € X, then the IFS
becomes a fuzzy set.

Definition 2.3 (Atanassov 1986) An IFN, A is an intu-
itionistic fuzzy subset of real numbers R if:

@) A is normal, i.e., Ix € X such that
ui(x) =1,

(i) A is convex for the membership function p;(x),
e g+ (1= 2hx) > min{pg(v), ()}
for X1,X € R, /€ [07 l],

(iii) A is concave for the non-membership function
74(x), i yi(Zx + (1 = A)x) < max{y;(x1),74
(x2)} for x1,x, € R, 2 €10,1],

@iv) A is piecewise continuous.

Definition 2.4 (Moore 1979) Let a = [d/,a"] = {x : a' <
x<a"}, then a is called an interval number. If a' >0, then
a is called positive interval number.

For any two positive interval numbers a = [a/,a"] and
b=[b,b"] and . €[0,1], the following operations are
defined.

() a+b=I[d+b a" + b

i) o = ([d,a")* = [(@)", (@));
(ii) Jla = Ad',a"] = [Ad', Ja"];
(iv) a-b=I[d,a"] [p,b"] = [a - b a".b";
(v)  aUb = [max{d,b'}, max{a*, b"}];
(vi) anb = [min{d,b'}, min{a", b"}].

Definition 2.5 (Atanassov and Gargov 1989) Let X =
{x1,%2,...,x,} be a finite universal set. An IVIFS A in X
may be expressed mathematically as: A = {(x, [} (xx),
14 ()], v (o), v (x)]) s € Xk =1,2,...,n}, where,
1, (o) ()] € [0.1] and. v (), v ()] € [0, 1], (k =
1,2,...,n) are membership and non-membership degrees
of xi, expressed in interval form to A. If g, (x) = 14 (x¢)
and v/, (x;) = v% (x;) for every x; € X(k =1,2,...,n), then
the IVIFS set A is converted into Atanassov’s intuitionistic
fuzzy set.

We consider two IVIFSs A and B and also
and we get the following relational

Property 2.1
choose 4 >0,
properties.

@ A= {{[vi, vil. [y i)}
(i) AUB= {<[,“An“A] [VA’VAD <[.“1137HB] [WIB
= {<[MAVﬂ37ﬂA V gl [VA /\VBaVA AVl s
(i) ANB = {{[y, k], Vi, va1) O ([t 1), [V, vED) }
:{<[:UA/\:uBhuA/\#B]v[VA\/V%’VZ\/VBD}
@iv) A®B ([t 14 ], [V + Vg — Viyvig, v+
Vg — Vavi))

5}

};
) A®B={([) + uy — iy, 1y + g — pipig],
[VAvavAvBD}’
(vi) A= {<[1—(1—#A) A= (1— “))“] (V) (VZ))“D};
(vii)  A%= () ()] (1= (=) 1= (1 =) ]},

and “\/”

9

where the symbols “N” are min and
max operators, respectively; “®”, “®” are meant
for direct sum and tensor product operators,
respectively.

Definition 2.6 Assume a = [d/,a"] = {x: 0<da' <x<a"}
is defined as an interval number, then the expected value of
a is defined as E(a) = (1/2)(d' + a*).

Definition a=ld,a]={x:a<x<a",
d =infd,d" =supd} is defined as an interval fuzzy

number, then the expected value of a is defined as
E(a) = (1/2)(d + a").

Definition 2.8 (Chen et al. 2013) Let G, = [d,',d] and
a = [az, 3] be two interval fuzzy numbers and let /(d;) =

2.7 Assume

@' —d, and (@) = a4 — @, then the degree of possibility
of d| > a, is defined as follows:

@ Springer
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a — a

Pos(d, > a,) = max{l —max{m,o}ﬂ}.

Similarly, the degree of possibility of @, > a; is defined as:

~u ~
a —a

(@) 1 @) 0},0}.

Pos(a; > a;) = max {1 - max{

From Definition 2.8, we easily obtain the following results:

() 0<Pos(d >d»)<1;

(i) O0<Pos(a,>ada;)<1;
(ili) Pos(d; >ay) + Pos(a, > ay) = 1; and specially,
(iV) POS(d] > d]) = POS(dz > dz) =0.5.

Definition 2.9 (Ishibuchi and Tanaka 1990) Let a =
[d,a"] = {x:a'<a"} be an interval. The maximization
problem with the interval objective function is described as
follows:

maximize a

subject to  a € Qy,

which is equivalent to the following bi-objective mathe-
matical programming problem:

maximize a', E(a)

subject to a € Q,

[Pt}

where ) is a set of constraints in which the variable “a
should satisfy according to the requirements in real
situation.

Similarly, the minimization problem with the interval
objective function is treated as follows:
minimize a

subject to  a € »,

which is also converted into the following bi-objective
programming problem as:
minimize a",E(a)

subject to  a € .

[Pt}

Here, ©, is a set of constraints in which the variable “a
should satisfy according to the requirements of reality.
Now, we consider a new interval which can be defined
as an envelope of given set of intervals. In the following
definition, we define such interval as enveloped interval
(EI).
Definition 2.10 Let S = {[ay, b1], [az, b2], . . ., [an,bs]} be
a set of intervals. Then Es, defined as Es = [min}_, (a;),
max__, (b;)], such that a; < min’_,(a;) < max’_,(b;) <b,

(for particular k and /), is called the enveloped interval (EI)
of S.

@ Springer

3 HFS, IVHFS and their properties

In this section, we define elaborately the HFS, IVHFS and
their related properties with supporting examples.

Definition 3.1 (Torra 2010) A hesitant fuzzy set Agr on a
reference set X is characterized in terms of a function /4 (x)
when is applied to X, give a subset of [0, 1],
ie., Agr = {{x,ha(x)) : x € X}, where hu(x) is termed as
hesitant fuzzy element (HFE), a basic unit of HFS, is a set
of some different values in [0,1] represents the membership
degrees of the element x € X.

Example 3.1 Suppose Apr = {{x1,0.1,0.4,0.3),
(%2,0.3,0.35), (x3,0.2,0.4,0.6,0.69,0.8) } is a HFS, where
{x1,%2,x3} € X, a reference set and hu(x;) = {0.1,0.4,
0.3}, ha(x2) = {0.3, 0.35}, ha(x3) = {0.2,0.4,0.6,0.69,
0.8} are hesitant fuzzy elements.

Property 3.1 Given three HFEs represented by h,h, and
h, on which some operations are defined by Torra (2010)
as follows:

1) h={1—y:y € h}, complement of h;
(i) MU ={yVy:y €h,y €l
(i) hiNha={y Ay:7 €My, €}
Furthermore, to aggregate hesitant fuzzy infor-
mation, Xia and Xu (2011) defined some new
operations on h,hy and hy with . > 0 as below:
(iv) m@®&h={y)+rn—7n:7 €h,7Eh}
V) h®@h={yy 7 €h, €}
(i) W ={y:yech};
(i) Ah={1—(1—9)":y€h}.
To compare the magnitudes of HFEs, Xia and Xu (2011)
defined the following comparison laws:

For any HFE h, S(h) =3, ﬁ, called the score
function of h, where ey, is the set of all elements in h and
len| denotes the cardinality of ey,

For any two HFEs, hy and hy, S(h1) > S(h,) implies that
hy > hy; S(hy)<S(hy) implies that hy, > hy; otherwise,
S(h) = S(hy) implies that hy = h;.

Definition 3.2 (Chen and Xu 2014) Specific membership
degrees against an element of the reference set are not
appropriate to describe the acceptance of the element. To
overcome this complexity, Chen et al. (2013) defined
IVHFS as: Bivurs = {<x;,11~3(x;) :x; € X)} and h~3(x,<)
denotes fuzzy interval in [0,1], i.e., Bryuars = {{x;, 7;) : x; €
X, 5 = [7,7"] € hg(x;)} and hp(x;) is called interval-val-
ued hesitant fuzzy element IVHFE), where ' = inf j, " =
sup ) represent the lower and upper limits of 7, respec-
tively. As HFE is connected to HFS, IVHFE is connected
to IVHFS.
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Example 3.2 We consider an IVHFS as:

A = {(x1;]0.1,0.3]), (x2; [0.1,0.4], [0.3,0.8]),
(x3;]0.4,0.6]), (x4;[0.1,0.4],[0.5,0.7],[0.75,0.9]) }.

Property 3.2 (Chen et al. 2013) defined the operations
and illustrated the comparison results among any interval-

valued hesitant fuzzy elements (IVHFESs), say, h =
{U“;Eh{?l’ ?u”’ h = {U“fl €h [)7117 ?If]} and  hy = {U"f’zéhz
[75, 7]} as described below:

i) K ={1—-71-7]:7€h}, complement of h;
(i) hn Uk = {[max(7}, 75), max (74, 7)) : 7, € hu,
XS h~2}§
(i) Ay N hy = {[min(F, 75), min(7, %)) : 5y € hn,
N2 € h~2};
(V) b @ hy = {Uj s e[y + 75 = T 7+ 5
Tl
V) h1 ® hy = {U e e (1172 71781}
(vi) = {Useil (), ()}, where k € [0, 1];
(Vi) kh = {Usll = (1= 7)1 = (1 =79}, where
k €[0,1].

Property 3.3 (Chen and Xu 2014) Let hy, hy, and h3 are
IVHFEs and let A€ [0,1]. Then, some properties of
IVHFEs can be depicted as below:

(i) hUhy =hy Uhy;
(i) h~1 ﬂh~2:/’l~2ﬂh~1;
(iii) 1 U (ha Uhs) = (hy Uhy) Uhs;
(iv) AN (hyNhs) = (hy Nhy) N hs;
V) h @ (h®hs) = (h @ hy) @ h;
Vi) b ® (h ®h3) = (I ® hy) @ hs;
(vil)  A(hy Uhy) = 2hy U Ahy;
(viii) i(/’;l N h~2) = /Ul~1 n /1};2;
(ix) (b Uhy)* =} UK
) (mnNh) =N

Definition 3.3 For any 7 = {Ufeﬁ[ﬁl,?“}} and if e, is the

set of all elements in 4, and le;] denotes the cardinality of

ey then S(h) = = ‘Z ehy =1 ‘Ze” (’ Rk ), is defined as
h

yeh

the score function of .

For any two IVHFEs h; and hy, S (h~1) > S(h}) implies
that h, > hy; S(h~2) > §( ~) implies that hy > hy; other-
wise, S(hy) = S(h,) implies that h; = h;.

4 Intuitionistic interval-valued hesitant
fuzzy set

When IVFES or IVIES is considered, both the membership
and non-membership functions are bound by the characters
of intervals. But if these intervals are not taken fixed and
the decision-makers use flexible intervals for the expres-
sion of reality, IVHFS with intuitionistic character, i.e., our
consideration of intuitionistic interval-valued hesitant
fuzzy set IIVHFS) is generated.

Definition 4.1 Let A be an intuitionistic interval-valued
hesitant fuzzy set with intuitionistic interval-valued hesi-

tant fuzzy element as hy,. Then,

ha = {{[ha (x), hant (30)])} = {(U
hZM(xi)]a S[I/Z:NM(XI')’hZNM(xi)D}a
where x; belongs to reference set X and hNLlM|x(i) X —
DI[0,1] and HaNM'x(i) : X — D[0,1]. Where, ‘M’ denotes
membership and ‘NM’ denotes non-membership; U;
denotes the set-union of all interval-valued hesitant fuzzy
elements.

For each i, we, respectively, get the membership and the
non-membership functions of the related intuitionistic

interval-hesitant fuzzy set and D[0, 1] denotes the domain
of the closed interval [0, 1].

[ aM(xl)

Example 4.1 Let C = {(x1;[0.10,0.50]; [0.25,0.40]),
(x2;10.30, 0.50], [0.50, 0.65], [0.60, 0.80]; [0.35, 0.50],
[0.15, 0.25], [0.10,0.20]), (x3; [0.40,0.50], [0.10, 0.60];
[0.30,0.50], [0.20,0.30])} be an intuitionistic interval-val-
ued hesitant fuzzy set.

Definition 4.2 (Extension principle of IIVHFS) Let H =
{h,ha,...,h,} be asetof n € N, IVHFEs and let © be a
function on H such that @ : [0,1]" — [0, 1] satisfies the
following: @y = Uy, ¢, p{O (i)}

Property 4.1 (Mathematical operations on IIVHFEs)

Given three IIVHFEs represented by Ea],lfaz,ﬂ@; and U
denotes the set of all interval-valued hesitant fuzzy ele-
ments and consider A > 0, then the following mathematical
operations can be performed as:

() —{<[ aM» alNMD}C = {(U_Y[hl]M,EZ]M],UX
[hanMthlNMD}C = {<Ux%1NMah~ZINM]aUs[hquv
hNZIMD};

(i) hay Uhay = {(Baymy Baymt) U (g, Bagn) = {(Us
[I/ZJIM’]/;ZIMLU [I/ZleM’hZINMD (Ul g i ], Us
oty Pl ]) Y = {CUs VBl g V Bl
Uil

h7 h MU [xNM hf}\lM

@ Springer
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(i) ha, Nhay = { (haynt, Bayn) N (Bapmts haonn) } = {(Us GIEIVHFWAO(hy, ha, . . ., )

[h?le7HZlM]7U [hulNMthINMD <U5[l,leM7};ZzM] Us " L

[thNM’ azNM]>} = {(u [ aM /\hvahulM/\hZzM] = < (1 - H(l - min(hZM))W’) )

USV/Z;]NM = ]
(V) Pay @ hay = { {hayms ) @ (aywts g } = (U )

VZ;IM}? M’hlehZZM] Us [hl N T hazNM }?a]NM ( 1:[ (1 = max(fiy)) l) ’

s Pt o — P il ) 35 ) )
) hay ®hay = {(haysts Bayxw) @ (g, ) } :~{<Us 1— <1 _ H(min(thM))wi ;’

ot + Bt = i P g — 1] i=1

[hZINMhlzNM7HZINM}ZZZNM]>} n . I o )

i) Mg = 2{{{haym, haan))} = {(U[1 = (1 fhz,]M);“, 1— (1 - H(max(h?NM))wi> > iy hinm €

u A u A
1 - (1 - ha M) s s[(hZ“NM) 7(ha1NM) Dh
.. U\ ! )
(vit) = {{Us[( alM) 7(halM) J,Us[1 = (1 = hZleM) ) If A =1, we get gipivarwao Which is defined as below:

u A
1 - ( - halNM) ]>} SIEIVHFWAO

- {< [l 11— min(y )",

5 A new aggregation operator i=1

Based on Definitions 2.10, 4.1, 4.2 and Property 4.1, we 1= H(l — max(#ijy) 1]’
create here a new operator on intuitionistic interval-valued a ;

hesitant fuzzy sets for aggregating the corresponding [1 _ (1 _ H(min(hZNM))w,) :
hesitant fuzzy elements and this is termed here as Gener- i1

alized Intuitionistic Enveloped Interval-Valued Hesitant n

Fuzzy Weighted Aggregation Operator, abbreviated as 1 - (1 - H(max(f;ﬁ\]M))w’>1>
GIEIVHFWADO. i=1

. = ([hky, he ], (s Ao ]) -
Definition 5.1 (GIEIVHFWAO) Let h;(i = 1,2,...,n) be (U B Vs Bl

a collection of IVHFEs and w = (wy,w,...,w,) be the
weight vector of hi(i=1,2,...,n) with w; € [0,1] and

" - . . n = Proof Since,
> w,w;=1. An GIEIVHFWAO is a mapping H" — H,

(H denotes the set of all hesitant fuzzy elements) such that (1 — min(h71 W) (1 — min(b,,))"?
GIEIVHFWAO (hy, hy, . . ., h,) = O, (h').

If the weights w;(i = 1,2,...,n) are equally distributed H (1 — min(h
to each h;(i = 1,2,...,n) then GIEIVHFWAO reduces to =l
intuitionistic enveloped interval-valued hesitant fuzzy  and
aggregation operator (IEIVHFAO) as: IEIVHFAO

where k is the optimized i among n values.

Wi

(1 — max(h{y)" (1 — max(Ks, )"

~ o~ ~ ~L
<h15h27"'7hn) = @7:1(11;) 2
Here, ‘()’ is used for the proposed aggregation =TT - max(}{?M))wj
operator. il
Theorem 5.1 Let h~z(l =1,2,...,n) be a collection of  then using the laws of mathematical induction, the proof is
IIVHFEs and w = (w1, wy, ..., w,) be the weight vector of ~ simple and obvious.
hi(i =1,2,...,n) with w; € [0,1] and S wi =1, then, Now, we define, respectively, the score and accuracy

the aggregated values of hi(i=1,2,...,n), calculated functions approach on giervirwao as:

using generalized intuitionistic enveloped interval-valued SIEIVHFWAO
hesitant fuzzy weighted aggregation operator (GIEIVHF- — (7 it
= + R, — (K + R 2
WAO) is an IIVHFE as (where ). > 0): (e (v + i) /2
and
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7 i 7 7
giervarwao = (ar =+ By + i + i) /2,
for particular i = k.
Here, we get the following relations, where we consider

two IIVHFSs as, Ql and Qz (where ‘s’ indicates ‘score’ and
‘a’ indicates ‘accuracy’)

) when ngIVHFWAo(Ql) > ngIVHFWAo(Q2>7 then
Q1 > Qz;

(i) when glervirwao(Q1) < glervirwao(Q2), then
Ql < Qz; R

(i) when Siervarwao(Q1) = &iervarwao (Q2),
then

L. gilElVHFWAO(Ql) > nglVHFWAo(QZ) implies 01 > 0y;
2. g?EIVHFWAO(QAl) <g?E1VHFWAO(Q2) implies 01<0y;

3. gilEIVHFWAO(QAl) = g?EIVHFWAO(QZ) implies Ql = Qz-
Removing the weight variables, we consider the general-

ized intuitionistic enveloped interval-valued hesitant fuzzy
aggregation (GIEIVHFA) operator, defined as below. [

Definition 5.2 Let h;(i =1,2,...,n) be a collection of
ITVHFEs. Then, the aggregated values of h~,~(i: 1,2,
..,n), calculated using generalized intuitionistic envel-

oped interval-valued hesitant fuzzy aggregation operator
(GIEIVHFAO) is an IIVHFE as (where A > 0):

GIEIVHFAO (hy, hy, . .., hy)

_ < (1—f[<1—min<h"£m>>/;

x

(1 To- max(/im) ,

ll —(1- ﬁ(min(thM)))%»

- (1 - H(max(l/;’;NM))> > hivty hixw €

i=1

If 1 =1, we get giervarao Which is described as,

SIEIVHFAO

- {< [1 [0 - minGiy)). 1 - T - maxu%;am],

i=1 i=1

[l - (1 - ﬁ(min(hZNM»)

1— <1 - f[(max(%)))b  hav, hixm € h:}

= <[hf<M7 hZML [h;cNM7 hZNM]>‘

Property 5.1 GIEIVHFWAO, when applied on IIVHFEs
f;;(i =1,2,...,n), follows idempotent, bounded and

monotonic properties.

Proof Proofs are easy to achieve. U]

6 Intuitionistic interval-valued hesitant
fuzzy matrix game

In this section, two subsections are allowed. First one
describes the matrix games in crisp environment, whereas
the second depicts the situation in IIVHF environment.

6.1 Matrix game in crisp environment

A finite two-person zero-sum game in matrix form,
(Y, Z, A), sometimes called a matrix game, means that
there is a matrix A = (a;)(i =1,2,...,p,j = 1,2,...,q) of
real numbers, called payoff matrix as

a dzpp a4z ... dyg
A =
apl Qp2 ap3 ... dQpg

When the player I, the row player, choose to play row i and
player II, the column player, choose to play column j, then
the payoff to player I is a;;. The payoff to player I is a; and
that of player II is —a;; due to the zero-sum condition,
imposed upon the two-person game. Both players want to
choose strategies that will benefit their individual payoffs.

Consider the matrix game with the set of pure strategies
o and f§ and that of mixed strategies Y and Z for two players
I and II, respectively, are defined as:
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o= {or,00,. .., 0} and f={B,f,,..., B}, !

v sz =1, (7)
Y= {y_ (y|7y27"'ay[’)T : Zyl = 17Yi20’i: 1727"'ap}7 =1

- 200 = 1(1)q) (8)

q
7= {Z: (21,22, 02) Y 5 =1,5>0,j= 1,2,...,q},

j=1

where y;(i=1,2,...,p) and z;(j = 1,2,...,q) are proba-
bilities in which the players I and II choose their pure
strategies o; € (i = 1,2,...,p)and ; € B(j = 1,2,...,9),
respectively. Basically, we find the value of the game and
the optimal strategy(ies) for each player. The value of the
game is defined to be the maximum guaranteed gain to the
maximizing player I or the minimum possible loss to the
minimizing player II when the best strategies are used by
both the players. If a player lists the worst possible out-
comes of all his or her potential strategies, he or she will
choose that strategy, the most suitable for him or her. This
concept is treated as maximin or minimax principle. If in a
game, maximin for player I and minimax for player II be
equal, then the game is said to have a saddle point [Neu-
mann and Morgenstern (1944) used the term ‘saddle
point’]. Assume that player I uses any mixed strategy
y € Y. Obviously, player I's expected gain-floor is
min(y'Az : z € Z) and if shortly be denoted by v, we have to
maximize v, say v* for certain y* € Y, as v(y*) = max(vy :
y€Y)=max(min{} " ayy:j=1,2,...,q}).

Such y* and v*, respectively, called player I's maximin
strategy and game value, are obtained from the following
linear programming problem in Model 1.

Model 1
maximize v (1)
P
subject to Za,;,-yi >v(j = 1(1)q), (2)
i=1
p
Zyi = 17 (3)
i=1
¥ > 0(i = 1(1)p). ()

And with same argument, player II’s optimal or minimax
strategy, say z" € Z, and the game value, say w* are
derived from Model 2 as:

Model 2

minimize w (5)

q
subject to Zaijzi <w(i=
=1

1(1)p), (6)

@ Springer

6.2 Matrix game in IIVHF environment

Due to the imprecision of the available information, fuzzy
sets, interval numbers, rough sets, etc. are used as tools to
construct the model of the problem. As a special case of
fuzzy sets, Atanassov’s IFS considers the non-membership
characters of the elements of corresponding set. Interval
number-based set also elaborately describes elements’
flexibility over a range of numbers. But in the above-
mentioned situations, decision-makers use boundaries of
fixed choices. So, hesitancy character can be concluded
with the above characters to freely choose the elements
within several boundaries incorporated with membership
and non-membership degrees. Firstly, we generate matrix
game models when elements are interval in nature, as
Model 3 and Model 4.

Model 3

!

maximize [V',V]

P
subject to Z ai, u

the constraints (3) and (4).

>l V]G = 1(1)g),

and

Model 4

maximize [w', w']

q
subject to Z a;, aglz <uw,w(i = 1(1)p),
the constraints (7) and (8).

where both denote the interval
inequalities.

Value of the game is defined to be the maximum
guaranteed gain to the maximizing player I or the mini-
mum possible loss to the minimizing player II when the
best strategies are used by both the players. If a player lists
the worst possible outcomes of all his or her potential
strategies, he or she will choose that strategy, the most
suitable for him or her.

Secondly, from Model 1 and Model 2, we degenerate
hesitant fuzzy matrix game (Y, Z, h,,) as depicted in Model

5 and Model 6.
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Model 5

maximize &,

»
subject to Zha,:/-yi > prrhy(j = 1(1)q),
i=1

the constraints (3) and (4).
and

Model 6

minimize h,,

q

subject to Zha;jzi < wrrhy (i = 1(1)p),
=1

the constraints (7) and (8).

where both “ > yg” and “ < g denote the hesitant fuzzy
inequalities; h,, represents hesitant fuzzy payoffs of the
game; h, and h,, represent the game values of two players
to be optimized. Now, maximin value of player I is
obtained after solving Model 5 and minimax value of
player II is reached on solving Model 6.

Let H=
hesitant fuzzy decision matrix to the matrix game by the
players or decision-makers, then according to Defini-
tion 4.1 and using interval constraints relations, the

(ha,/)pX , be the intuitionistic interval-valued

expected payoff of player I can be written as E (ﬂaﬁ), given
by

0
~

Il Il
= I[)=
MQ M-
(- _&F’
S
B
z_

Y [hiz,;,vNM7 hZ,,NM]) YiZj

0
~.
I

[
-/MT
MQ

Il
_
~.
Il
—_

AL

I
Z Us ha,,NMv ha, M) >y,z,

1 j=1

Mw

And using our proposed aggregating operator, i.e.,
GIEIVHFWAQO, defined in Sect. 5, we convert the intu-
itionistic interval-valued hesitant fuzzy elements into
intuitionistic interval-valued fuzzy elements and then the
expected payoff of player I is defined and written as,

[E(};Lli;)

p__4q p_4q
§ § a,,M7 a,, v§ § aNM7 a,,NM )Yigj-

i=1 j=1 i=1 j=1

Since intuitionistic interval-valued hesitant fuzzy matrix
game (IIVHFMG) is zero-sum, therefore using Defini-
tion 4.1 and interval constraint relations, we get for player II,

E(=h

I

<.

/\ N
:‘1

—ha,)z

(—ha,)yizs)

[
M-
MQ

0
~.
I

[
M~
MQ

<US [hla,-jMv hZ,yM]?

1 j=1

N
Il

}‘

Us [ a;NM> hZ,vaMD YiZj

U ht
S a,,M’ a,,

1 j=

Mw

i

-3

i=1 j

MQ

i
Us ha,,NM? a; ayNMJ >YIZI
1

Again applying our proposed aggregation operator
(GIEIVHFWAO) of Sect. 5, we reduce the intuitionistic
interval-valued hesitant fuzzy elements into intuitionistic
interval-valued fuzzy elements and the corresponding
expected payoff of player II is written as,

P9 ST

1 j=
P4 1
Z Z[—hZ,.,NMa _ha‘-,-NM] Yigj-

Both E(h, ;) and E(— ha ;) are IIVENs.

Player II is eager to find a mixed strategy z € Z which
minimizes E(y, z). This can be denoted as min,¢z (E(y, z)). But
as player I should choose a mixed strategy y € Y maximizing
min,cz(E(y, z)) of playerII, i.e., v* = max,cy min ¢z (E(y, z))
and this v* is called sometimes as the player I’s gain-floor.
Similarly, player I wishes to get a mixed strategy y € Y which
maximize E(y, z), denoted as max,cy (E(y, 2)).

Thus, player II should choose a mixed strategy z € Z
which minimizes max,cy(E(y,z)) of player I, i.e., w* =
min,cz(maxycy(E(y,z))) and this w* is called player II's
loss-ceiling. Obviously, player I's gain-floor and player II’s
loss-ceiling should be intuitionistic interval-valued hesitant
fuzzy numbers. So, the solution of the game may be
defined in a similar way to that of the Pareto-optimal
solution as follows.

—_

-

Definition 6.1 (Solution of I[IVHFMG) Let

<[YM7VM]7 [XNMﬂvNM)D and w* = <[EM7WM]1 [WNMvaM)D
be two ITVHFEs. Assume that there exist y* € Y and z* € Z.
Then (y*,z",v*,w*) is called a pragmatic solution of the
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intuitionistic interval-valued hesitant fuzzy matrix game
(IIVHFMG) H if for any y € Y and z € Z, (y*,2*,v", w")
satisfies the conditions y*lﬁz > varv, and Y HZ < qpyppw*
Definition 6.2 (Game value of IVHFMG) Assume that
there exist vi € V and w} € W. If there exist no other v; €
V(vi #v;) and wi € W(w} # wj) such that vi < pyumvs
and w} > pyurws, then, (y*, 2%, v, w}) is called a solution
of the intuitionistic interval-valued hesitant fuzzy matrix
game H; y* is called a maximin strategy for player I and z*
is called a minimax strategy for player II. v} and w] are
called player I’s gain-floor and player II's loss-ceiling and
y*Hz" as a game value.

According to Theorem 5.1, we derive Model 7 and
Model 8 for players I and II, respectively, from Models 5
and 6 using Models 3 and 4, respectively, as,

Model 7

(sl (i), g ()],

Us [’%NM (xi), hN,\jNM (x:)])

subject to Z

Us [l/?a;/NM (xi), ha[/NM (x:)])vi
> nvar (U VINIVM (xi), hN:M (x:)],

Us [l (60) i (20)]) G = 1(1)q),
the constraints (3) and (4).

maximize

a M X, ’ a M(xl)]

and
Model 8

(Us g (50 By (1),
Us [h7wNM (xi), thMvNM (x:)])

q
subject to Z m (X ,hZ mx)],
Us [hZz[/NM (i), ha[jNM (x1)])z

< uvarr{Us WwM (xi), l/;»uvM (x:)],

Us [Pl (35), Pl (60)]) (i = 1(1)p),
the constraints (7) and (8).

minimize

where both “ ZHVHFI” and “ SHVHFI” denote the intu-
itionistic interval-valued hesitant fuzzy inequalities. Now
maximin value of player I is obtained after solving Model 7
and minimax value of player II is reached on solving
Model 8. Based on the introduced ranking approach of
IIVHFE and established models of the game problems for

@ Springer

the players, the next upcoming para establishes an
approach to solve the intuitionistic interval-valued hesitant
fuzzy matrix game which addresses the situation where
elements are IIVHFEs. Now applying grvarwao from
Theorem 5.1, we obtain the models as Model 9 and Model
10 respectively from Model 7 and Model 8 as below:

Model 9

maximize <[h§< s Ml [hi NM> hZ‘,NMD
subject to Z M ZU

[hfzijNMv haijNM] )i

> nvrr [hfcvw B wls
[hivahzvNMD(i = 1(1)q),
the constraints (3) and (4).

and

Model 10

minimize ([hiww hllﬁM} ) [hiWNM> hZWNMD
q
subject to Z<[hfzijM7 hgnls [hiz,-,-NMv hg )z
=

< rver (e s B ) T s 2 o)

(i=1(1)p),

the constraints (7) and (8).

Here, > vir and < pygr indicate the abbreviated form of
intuitionistic interval-valued fuzzy inequalities and the
index k is used to signify the particular positional value,
introducing after the aggregation operator.

Model 9 and Model 10 are reduced into bi-objective
linear programming problems as Model 11 and Model 12,
given below.

Model 11
maximize [hfcva i m)
minimize [ xus 2 )
subject to Z agM> ZU Vi > [hjcvMathM}
(j=1(1)g),
L /
Z s PalYi < [ s B o)

i=1

(=1(1)g),

the constraints (3) and (4).

and
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Model 12
minimize [hfcwMa B ml

maximize [hi e P )

LS

. ! u
subject to 2. [ha,,M7 hg,mlzi
M> kM] l_l(1>p)’

MQ I/\

!
[ha,,NM’ hZ,»,»NM]Zj

~.
Il

1
[ ko NM> k NM](i = 1(1)P)a
the constraints (7) and (8).

Now we simplify the equations of Model 11 and Model 12
in the following format as:

Model 13
maximize [vy, Vum]
minimize [V, V]

subject to Z Mo M)y

(=1(1)g),
P
Z aNM> Pl 1vi < [V VM)

i=1
U =1(1)q),
Ym <VM, Yam < VM,
VM + VM = 0, vm + M < 1,
the constraints (3) and (4).

= [VM7 VM]

and

Model 14

minimize  [wy, Wm]
maximize  [wyy, Wam]

q
subject to Z[hzﬁM, Rz

a
Z [hi,/NMﬂ haUNM]ZJ

> [wam, Waml (i = 1(1)p),

Wy < WM, W < WM,

\/T

WM + WM > 0, Wy + wiam < 1,
the constraints (7) and (8).
Now using Definitions 2.4, 2.5, 2.8 and 2.9, the equations

of Model 13 and Model 14 are changed and we get Model
15 and Model 16 respectively as:

Model 15

maximize ((vy +Vm)/2 —
subject to Z Mo M)

> [EM? VM](] =

(vam + VM) /2)

1(1)q),

=

I
[hai,-NM’ h:i,NM]yi

i=

1

< [vam: m](f = 1(1)g),

VM <WM, Vv < VM,

M+ VM 20, vm +Vnm < 1,
the constraints (3) and (4).

and
Model 16

minimize ((wy +Wwm)/2 —

q
subject to Z[hfIUM, haml%

(ENM + WNM)/Z)

q
!
Z [hu,jNMﬂ hz,,-NM]Zj

1

> [wams Wam (i = 1(1)p),

Wy S WM, Wam < WM,

Wp + Wwnm > 0, Wy + wnm < 1,
the constraints (7) and (8).

Now solving Model 15 and Model 16, we calculate the
required results of our formulated problem.

7 A real-life management problem

Not only the developed or developing countries, but also
the whole world are facing the problems of strikes, lock-
outs, work stoppages everyday in both the hemispheres.
From the very beginning of industrial revolution, the
relations among workers, employers and wages, draw the
attention of all concerned. When the workers are denied
with some beneficial treatments, an unusual situation arises
between the employees and the employers. Sometimes, we
call it as a strike or lockout or work stoppage. A strike is
the most popular, established, allowed and sometimes
criticized component of a workplace dispute. A strike can
be defined as concerted suspension of work by a group of
employees or a group of laborers for the purpose of
obtaining or resisting or improving in the conditions of
employment or the existing disputes over the terms of the
labor contract.
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Here, we consider strike as a matrix game problem.
Consider, there are a company or an employer A and a set
of workers or employees B. Workers contribute their labors
to the company for producing the production materials,
say, Xs. Generally the production of Xs engages both
employers and employees and naturally some management
criteria arise. Company A wishes to earn more profit using
B, whereas, B wishes to earn for better livelihood by
producing Xs in the company and vice versa. Therefore, a
management problem arises. When company earns more
without paying the wages properly to laborers and workers,
or company loses its profit but laborers are given their
wages periodically, then disputes arise. Then company
expresses its unwillingness to pay wages. So, a clash begins
between employers and employees. Strike sometimes
appears as an arm of workers to express their demand. To
earn the labor right, workers do strikes, lockouts, work
stoppage, etc. Workers want to maximize their wages,
whereas company wishes minimum loss for itself. So, we
can describe it as a game phenomena considering its two
players as workers (player I) and company (player II).
Player I is a maximizing player and player II is a mini-
mizing player.

We consider player I's strategies as: do strike for wage
increase ({;), do strike for wage cut ({,) and do strike for
changes of daily-hours ({3). Similarly, player II’s strategies
are: cutting off wages of workers who sought for wage
increase (1), stopping off wages of workers crying for
wage cut (7,) and employing new workers against those
shouting for changing in daily-hours labor (3).

Table 1 Demand for wage increasing in 3 days

Under the circumstances, workers call out a work
stoppage through 3-days-12-h strike. The strike persists
from 6 am to 6 pm in three sections, say, from 6 to 10 am,
from 10 am to 2 pm and thereafter till 6 pm. We concen-
trate the data in Tables 1, 2 and 3. Here,

c‘f’l‘ = ([0.50,0.60], [0.20, 0.30])([0.40, 0.50], [0.20, 0.30])

([0.50,0.65], [0.10,0.20]),

c‘l”z‘ = ([0.50,0.60], [0.04, 0.10])([0.40, 0.60], [0.03,0.10])

([0.40,0.50], [0.04,0.10]),

C‘1N31 = ([0.30,0.40], [0.50, 0.60])([0.20, 0.30], [0.60, 0.70])

([0.10,0.20], [0.60,0.70]),
c‘z’“l1 = (]0.70,0.80], [0.10,0.20]){[0.30, 0.50], [0.10, 0.20])

([0.40,0.50], [0.10,0.20]),

c;g‘ = ([0.60,0.80], [0.10, 0.20])([0.50, 0.80], [0.05, 0.20])

([0.10,0.20], [0.10,0.20]),

c%‘ = ([0.05,0.10], [0.40, 0.50])(]0.30, 0.40], [0.40, 0.50])

([0.20,0.40], [0.40,0.50]),

63“’1‘ = ([0.20,0.40], [0.40, 0.50])(]0.35, 0.40], [0.40, 0.50])

([0.20,0.60], [0.10,0.30]),
c3“’21 = ([0.40,0.60], [0.00, 0.01]){[0.30, 0.60], [0.03, 0.04])

([0.00,0.02], [0.01,0.02]),
cgvg = (]0.60,0.70], [0.10,0.20]){[0.20, 0.50], [0.20, 0.30])

([0.30,0.40], [0.10,0.30]);

G
m U5 3
For wage increase (wi) (6-10 am) (10-2 pm) (2-6 pm) (6-10 am) (10-2 pm) (2-6 pm) (610 am) (10-2 pm) (2-6 pm)
st day o St o
2nd day
1d day
Table 2 Demand for strike in 3 days against wage cut
&
m Lp) 3
Against wage cut (wc) (6-10 am) (10-2 pm) (2-6 pm) (6-10 am) (10-2 pm) (2-6 pm) (6-10 am) (10-2 pm) (2-6 pm)
Ist day oy cty s
2nd day o cyy cyy
3rd day 3y 3y (24
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Table 3 Demand for strike in 3 days for changing working hours

P

63

m b UKl
For change in hour (ch) (6-10 am) (10-2 pm) (2-6 pm) (610 am) (10-2 pm) (2-6 pm) (6-10 am) (10-2 pm) (2-6 pm)
st day cff cfs cfs
2nd day csh csh csh
3rd day csh ch o

¥ = ([0.30,0.40], [0.50,0.60])([0.20, 0.30], [0.60, 0.70])
([0.10,0.20], [0.60, 0.70]),
% = ([0.60,0.70], [0.20,0.30])([0.40, 0.70], [0.20, 0.30])
([0.40,0.50], [0.20, 0.30]),
¥ = ([0.50,0.60], [0.04,0.10])([0.40, 0.60], [0.03, 0.10])
([0.40,0.50], [0.04,0.10)),
¢ = ([0.05,0.10], [0.40, 0.50])([0.30, 0.40], [0.40, 0.50])
([0.20, 0.40], [0.40, 0.50]),
e = ([0.40,0.50], [0.20, 0.30])([0.30, 0.60], [0.30, 0.40])
(0.20,0.50], [0.30, 0.40]),
¢ = ([0.60,0.80], [0.10, 0.20])([0.50, 0.80], [0.05, 0.20])
([0.10,0.20], [0.10, 0.20]),
¢ = ([0.40,0.50], [0.10,0.20])([0.20, 0.50], [0.20, 0.30])
([0.10,0.30], [0.30, 0.40]),
% = ([0.40,0.50], [0.30,0.40])([0.30, 0.50], [0.30, 0.50])
([0.20, 0.40], [0.50,0.50]),
¥ = ([0.40,0.60], [0.00,0.01])([0.30, 0.60], [0.03, 0.04])
([0.00,0.02], [0.01,0.02])
<" = ([0.30,0.40], [0.50,0.60])([0.20, 0.30], [0.60, 0.70])
([0.10,0.20], [0.60, 0.70]),
St = ([0.30,0.60], [0.00, 0.10])([0.10, 0.50], [0.30, 0.30])
([0.10,0.20], [0.40, 0.40]),
St = ([0.60,0.70], [0.20, 0.30])([0.40, 0.70], [0.20, 0.30])
([0.40,0.50], [0.20, 0.30]),
St = ([0.05,0.10], [0.40, 0.50])([0.30, 0.40], [0.40,0.50])
([0.20, 0.40], [0.40, 0.50]),
Sh = ([0.30,0.40], [0.40,0.50])([0.20, 0.40], [0.30, 0.50])
([0.40,0.50], [0.10, 0.30]),
St = ([0.40,0.50], [0.20, 0.30])([0.30, 0.60], [0.30, 0.40])
([0.20,0.50], [0.30, 0.40)),
St = ([0.60,0.70], [0.10, 0.20])([0.20, 0.50], [0.20, 0.30])
([0.30,0.40], [0.10, 0.30]),
St = ([0.20,0.40], [0.20, 0.30])([0.10, 0.40], [0.50, 0.60])
([0.30,0.40], [0.40,0.50]),
St = ([0.40,0.50], [0.30, 0.40])([0.30, 0.50], [0.30, 0.50])
([0.20, 0.40], [0.50, 0.50]).

From Table 1, we describe that when player II uses strat-
egy n, (i.e., cutting off the wages of workers demanding
the increase of the wages), and player I uses strategy (|,
then at 2nd day of 12-h strike, from 6 to 10 am, willingness
to do strike lies between 70 and 80%, whereas 10-20% are
not ready for that; from 10 am to 2 pm, eagerness to do
strike lies between 30 and 50%, whereas workers have
10-20% reluctancy for that; and from 2 to 6 pm, workers
are prone to do strike with willingness between 40 and
50%, whereas 10-20% hesitancy arise among them for the
particular movement. Similarly, other cells of three tables,
i.e., Tables 1, 2 and 3 can be illustrated.

Now, we apply the proposed aggregation operator
giervarwao from Theorem 5.1 as a ranking technique to
Tables 1, 2 and 3 to make a compact form which is rep-
resented in Table 4. Again, we consider that all strategies
from both sides are not equally weighted. Here, we choose
the weights 0.4, 0.3, and 0.3 in three consecutive days to
the demand strategies. Now, utilizing data from Table 4 in
Model 15, we have Model 17 as follows:

Model 17

— 0.5vnm

subject to 0.31y; + 0.08y, + 0.11y3 > vy,
0.21y; +0.28y, 4+ 0.13y3 > vy,
0.11y; +0.21y; + 0.28y3 > vy,
0.69y; + 0.43y, + 0.51y3 >V,
0.67y; + 0.61y, + 0.51y3 > vy,
0.51y; + 0.67y, + 0.61y3 > vy,
0.10y, 4 0.28y, + 0.28y3 < vams
0.22y <vams
0.28y; + 0.22y3 < vnwms
0.30y; + 0.53y, + 0.49y3 <Vnm,
0.09y; + 0.38y, + 0.08y3 <Vnm,
0.49y; + 0.09y, + 0.38y3 < Vnm,
1>vm + VM >0,

VMZZM;

maximize 0.5vy; + 0.5vm — 0.5v\m

VNM = YNM»
yi+y»n+y=1,
Y1 ZO;)’220»Y320
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Solving Model 17 using LINGO 14.0 iterative scheme with

32-bit machine, we obtain the solutions as:

(Vars "M Vs VM) = (0.1491304, 0.5726087,
0.1704348,0.3900000)

and
(y1,¥2,y3) = (0.6086957,0.3913043, 0.0000000).

Thus, we get,

v = {[vms M), [P, Pam]) = ([0.1491304, 0.5726087],
[0.1704348,0.3900000]), i.e., throughout all 3 days with
12-h each day in strike period, eagerness for strike lies
almost in between 14 and 57%, whereas, apathetic situation
arises in 17-39%, nearly. Again using Table 4 in Model
16, we get Model 18 as:

Model 18
minimize 0.5wy; + 0.5wy — 0.5wxy — 0-5Wnm
subject to 0.31z; +0.21z; + 0.11z3 <wyy,

0.08z1 + 0.28z + 0.21z3 <wyy,
0.11z3 + 0.13z + 0.28z3 <wy,
0.69z1 +0.67z5 + 0.51z3 <wi,
0.43z; 4 0.61z; + 0.67z3 <wyy,
0.51z; + 0.51z2 + 0.61z3 <wy,
0.10z; 4 0.28z3 > wyw»
0.28z1 + 0.2222 > wams
0.28z; + 0.22z3 > wyw,
0.30z; + 0.092; + 0.49z3 > Wy,
0.53z; + 0.38z2 + 0.09z3 > wWnm,
0.49z; 4 0.08z, + 0.38z3 > W,
1>wm + WM >0,
WM = Wi,
WNM = WNM
unt+n+z=1,
7120,22>0,23>0.

Using LINGO 14.0 iterative scheme, we calculate the
solutions from Model 18 as:

(War, W, Wi Wam) = (0.2317391,0.6195652,
0.1704348,0.3578261),

and

(z1,22,23) = (0.6086957,0.0000000,0.3913043).

Here we get, w* = ([wy, Wm), [Wa, Wm]) = ([0.2317391,
0.6195652],[0.1704348,0.3578261]), i.e., in strike period,
eagerness for non-membership of strike almost lies in
between 23 and 61%, whereas, apathetic situation arises
from, nearabout, 17-35%.

8 Results and discussion

In this part of the paper, we infer that when we consider the
demands of the strike supporters have weights in percent-
ages 40%, 30% and 30% corresponding to the strategies for
wage increase, for wage cut and for the changes of daily-
hours, respectively, throughout all 3 days with 12-h each
day in strike period, eagerness for strike lies almost in
between 14 and 57%, whereas, apathetic situation arises in
17-39%, nearly; although, for the whole of 3 days with
12-h each day in strike period, eagerness for non-mem-
bership of strike almost lies in between 23 and 61%, and
apathetic situation arises from, nearabout, 17-35%. In
Table 5, we choose different weights imposed on different
demands of the strike supporters. From Table 5, we say
that when we consider the demands of the strike supporters
with weights in percentages 30%, 40% and 30% corre-
sponding to the strategies for wage increase, for wage cut
and for the changes of daily-hours, respectively, throughout
all 3 days with 12-h each day in strike period, eagerness for
strike lies almost in between 13 and 58%, when, apathetic
situation arises in 17-37%, nearly; while, for whole of 3
days with 12-h each day in strike period, eagerness for non-
membership of strike almost lies in between 22 and 62%,
given that, apathetic situation arises from, nearabout,
17-35%. From third line of Table 5, we say that when
demands of strike supporters have weights in percentages
50%, 30% and 20% corresponding to the strategies for
wage increase, for wage cut and for daily-hours-change,
respectively, in strike period, eagerness for strike lies
almost in between 15 and 55%, while, apathetic situation
arises in 19-40%, nearly; whereas, for whole of 3 days
with 12-h each day in strike period, eagerness for non-
membership of strike almost lies in between 24 and 60%,
whilst, apathetic situation arises from, nearabout, 20-38%.
Even, when we consider no weights assigned to three
consecutive days, we notice that, in 3 days 12-h strike,

Table 4 Aggregated payoff

matrix for IVHFMG '71 T2 13
¢ ([0.31,0.69], [0.10,0.30]) ([0.21,0.67], [0.00,0.09]) ([0.11,0.51],0.28,0.49])
¢ ([0.08,0.43],[0.28,0.53]) ([0.28,0.61], [0.22,0.38]) ([0.21,0.67], [0.00,0.09])
t ([0.11,0.51], [0.28,0.49]) ([0.13,0.51], [0.00, 0.08]) ([0.28,0.61], [0.22,0.38])
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Table 5 Different weights on 3 days to different demand-strategies

Weights on the 3 days (s VM)s o VM)

<[EM7WML [ENM? WNMD

Game values for the maximizing and the minimizing players
(0.3, 04, 0.3)

(05,03, 0.2)
(0.4, 0.3, 0.3)

([0.1334783,0.5804348], [0.1704348, 0.3760870]
(0.4, 0.4, 0.2) ([0.1451786,0.5603571], [0.1944643, 0.3867857]
([0.1575000, 0.5521429], [0.1944643, 0.4008929)]
([0.1491304,0.5726087], [0.1704348, 0.3900000]

[0.2291525,0.6291525],[0.1755932,0.3571186)
[0.2346269,0.6168657], [0.2019403,0.3692537|
[0.2412857,0.6051429], [0.2027143,0.3825714]
[ ]

)
)
)
0.2317391,0.6195652], [0.1704348, 0.3578261])

= = =

(
(
(
(

Table 6 Comparative study with other literature

Literature Application area Domain

representation

Domain of aggregated
results

Computational methods

Reder and Neumann Conflict, contract cases of strike

(1980)
Card (1990)
Kaufman (2010)

Strike, wages

Labour problem, employment
relationship

Lin-Hi and Blumberg Labour standards

(2017)

Cooke et al. (2019) Industrial management

Our proposed work Wage, working hours of labours

Real numbers

Real numbers
Real numbers

Real numbers

Real numbers

IIVHF numbers

Stochastic processes Stochastic data

Probability theory Real numbers
Graphical methods N/A

Secondary data analysis Real numbers

Survey study, multi-disciplinary N/A
data analysis

Intuitionistic interval
numbers

Game theory approach, Aggreation
method

eagerness for strike lies almost in between 47 and 91%,
despite the fact that apathetic situation arises in 1-7%.
From Table 5, we observe that different weights when
assigned to different days, give different results. Strike
supporters and strategy makers may draw their attention
into the fact that same demands when issued in different
days have different impacts in socio-economic situations.
From above analysis, we see that hesitant fuzzy set is a
very useful tool to deal with uncertainty. Further, hesitant
fuzzy set with intuitionistic interval-valued nature has a
great impact when these are used to describe reality. The
intuitionistic interval-valued hesitant fuzzy set, a substan-
tial and important consequences of hesitant fuzzy set,
intuitionistic hesitant fuzzy set and interval-valued hesitant
fuzzy set, with the proposed aggregation operator have a
great significance to tackle the managenent situation, here.

9 Conclusion

Many decision-making problems under hesitant fuzzy
environment have been developed. The proposed methods
are under the assumption that hesitant fuzzy set permits the
membership having a set of possible exact and crisp values.
However, under several conditions, for the group decision-
making problems, the informations are usually uncertain or
fuzzy due to the increasing complexity of the realistic

environment and the vagueness of inherent subjective
nature of human perception. Thus, exact as well as crisp
values are inadequate or insufficient to model real-life
decision-making problems. Indeed, human judgments
including preference information may be stated which
allow the membership having a set of possible hesitant
fuzzy linguistic values. Several articles have been written
on strikes, stoppages, labor organization, wages, etc. A
comparative study with some existing literature is given in
Table 6.

We summarize our achieved results in the following
points:

(i) This paper has been presented with a detailed
analysis of real-life management problem applied
with a new aggregation operator on intuitionistic
interval-valued hesitant fuzzy set.

(i)  Our analysis began with a simple observation that
in disputes arising over demands for a wage
increase, successful strikes resulted in a tendency
of significant wage gain, while failed strikes had
tendency with no change in wages.

(iii)  Our proposed operator and methods can be applied
to decision-making problems, mainly in game
problems, in which the problem-data are in the
form of intuitionistic interval-valued hesitant
fuzzy numbers. Whereas, the existing methods of
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aggregation have a little bit difficulty to execute
but our proposed aggregation method has much
wider applications for its simple execution-
process.

Analysis of strike problems using game theory is a new
approach when hesitancy characters are included in nature.
Applications of IIVHF matrix game situation with pro-
posed aggregation operator are possible in various fields of
decent work, decent industrial relations and decent social
relations. Not only that, the proposed management problem
can be applied to urban labor market, toy and car indus-
tries, educational hub management, global production
networks, strategies and human resource management,
quality management of employees, migrant workers’ situ-
ations, management of collective bargaining, legal policy
support systems of workers, etc. Researchers may explain
such management problems using our proposed game
problem as future studies.
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