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Abstract
In this study, the age-dependent splitting and flexural tensile strength have been investigated by incorporating the various 
percentages of fly ash in the plain concrete mixes. The partial replacement of cement by fly ash was varied from 0 to 60% 
on an equal weight basis. Standard concrete specimens were cast for measuring splitting and flexural tensile strength at dif-
ferent ages, i.e., 7, 28, 56, 90, 150, and 180 days, for all plain and fly ash concrete mixes. Experimental results show that the 
fly ash produced a significant effect on the tensile strength of concrete mixes. It has been observed that the fly ash concrete 
mixes gain considerable tensile strength with respect to age beyond 28 days. In the low-calcium fly ash concrete mixes, the 
rate of development of tensile strength from 28 to 180 was observed higher in comparison with the plain concrete mixes. 
The assessment of the existing models for the estimation of age-dependent tensile strength recommended by design codes 
and researchers with experiments has also been done on various mixes of plain and fly ash concrete. New models to predict 
the age-dependent splitting and flexural tensile strength of concrete having different percentages of fly ash are proposed. The 
present experimental and analytical study will be helpful for the designers and practicing engineers for fixing preliminary 
dimensions of reinforced and prestressed concrete members and mix proportioning of low-calcium fly ash concrete mixes.
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Introduction

The tensile strength of concrete plays an important role in 
the performance of the reinforced concrete structures. The 
deflection and flexural reinforcement in reinforced concrete 
(RC) structures are controlled by the tensile strength of con-
crete. It prevents cracking in the concrete structures, thereby 
increasing the serviceability of flexural elements [1]. In the 
past few decades, the use of high content of fly ash (FA) in 
the concrete industry has increased up to a greater extent. 
The contribution of FA produces some positive results in 
the construction industry by reducing greenhouse gases 
emission and creates various environmental and economic 
benefits. It advances the durability of concrete, reduces 
the overall cost of the structure and water demand, mini-
mizes the various types of shrinkages in the concrete, and 

protects against reinforcement corrosion, sulfate attack, and 
alkali-silica expansion [2]. Sustainable construction can be 
achieved if the percentage replacement of cement by fly ash 
is 50% or more in the concrete mix and the water–cement 
ratio should be kept low in order to achieve the required 
strength for structural application [3, 4]. The concrete made 
with high-content fly ash is believed to be more crack resist-
ant than the conventional concrete because of the low con-
tent of cement and the low water–cement (w/c) ratio [5]. 
Several studies have been carried out on high-volume fly 
ash (HVFA) concrete owing to the pozzolanic behavior of 
fly ash focusing on long-term strength development.

Literature review

Past studies on fly ash (FA) concrete mixes reported that 
the tensile strength of concrete was influenced by the types 
of concrete and its compositions used in making the con-
crete such as mineral admixture [6, 7]. Partial replacement 
of cement with fly ash is usually done on a weight basis, 
and the mass replaced by cement is the same as that of the 
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mass of fly ash. The past researches show that by increas-
ing the percentages of FA in the concrete mixes, various 
strengths like compressive, tensile, and elastic modulus of 
concrete are decreased, especially during the initial age 
(i.e., up to 28 days) [8, 9]. Previous studies also show that 
the high content of FA in the concrete has significantly 
lower initial strength in comparison with cement concrete 
due to the slower rate of pozzolanic response in comparison 
with hydration of cement [10, 11]. Higher strength in FA 
concrete can be achieved by reducing the w/c ratio. Many 
researchers have shown that similar or higher strength in 
FA concrete can be obtained by decreasing the w/c ratio 
and the use of superplasticizer [12–14]. Dragas et al. [15] 
conducted experiments to determine the time-dependent 
properties of FA concrete by partial replacement of cement 
and fine aggregate with fly ash varying from 50 to 70%. 
They concluded that the compressive and tensile strength 
of high-volume fly ash (HVFA) concrete increased with 
time. In another study, the mechanical properties of fly ash 
concrete with steel fiber have been investigated by Singh 
et al. [16]. The optimum dosage of steel fibers and partial 
replacement of cement with fly ash in concrete to get maxi-
mum flexural strength were found as 2% and 10%, respec-
tively. Hashmi et al. [17] conducted an experimental and 
analytical investigation to find the flexural performance of 
HVFA concrete. It was observed that the optimum behavior 
of concrete can be achieved at 40% cement replacement by 
fly ash. Wee et al. [18] observed that the various strengths 
such as compressive and tensile strengths are influenced 
by various types of mineral admixtures. Yoshitake et al. 
[19] conducted experimental findings on direct and split-
ting tensile strength of 50% FA concrete and observed that 
high-volume FA concrete attains equal or greater tensile 
strength as that of normal concrete. Siddique and Khateeb 
[20] performed an experimental investigation on the tensile 
strength of FA concrete and observed that splitting and 
flexural tensile strength of FA concrete was enhanced by 
15–20%. Mimura et al. [21] conducted research to know 
the characteristics of bond and uniaxial tensile strength 
on the prismatic concrete specimens and observed that 
Young’s modulus in tension was more than Young’s mod-
ulus in compression. Yoshitake et al. [22] proposed an 
expression to predict the early-age tensile Young’s modu-
lus of FA-based concrete. A good agreement was obtained 
between the proposed model and the experimental results. 
Swaddiwudhipong et al. [23] performed the uniaxial ten-
sion test on ground granulated blast furnace slag (GGBFS) 
and pulverized FA to know the effect of mineral admixture 
on compressive and tensile properties of concrete. It was 
found that the tensile strength is an independent property 
of concrete that does not depend on compressive strength. 

Zhang et al. [24] reported the increased dynamic splitting 
tensile strength of concrete when fly ash was added to the 
concrete. Sahoo et al. [25] observed significant improve-
ment in the flexural and splitting tensile strength of fly 
ash-based concrete. Rao and Rao [26] carried out experi-
mental investigations on the M30 grade of concrete with 
different percent replacements of cement by fly ash. It was 
observed that 30% of FA content concrete showed good 
tensile strength. Overall, the literature revealed that in 
some cases, the tensile strength increases by using min-
eral admixtures such as fly ash but in some investigations, 
it is also observed that the FA decreases the properties of 
concrete in tension.

From the past studies carried out by different researchers 
into the effect of FA on the tensile behavior of concrete, it 
has been revealed that no definite trend is observed on the 
effect of FA in the development of tensile strength of con-
crete due to limited experimental work and lack of analytical 
solutions. Siddique [27, 28] and Mehta [29] did some experi-
mental investigations on age-dependent splitting and flexural 
tensile strength of class F fly ash concrete but no proposed 
models to predict the age-dependent tensile strength for dif-
ferent percentages of fly ash have been developed so far. 
Shariq et al. [30] also reported that the limited investigations 
have been performed experimentally and analytically on the 
age-dependent tensile strength of mineral admixture-based 
concrete. Therefore, in the present research work, a detailed 
experimental and analytical investigation has been carried out 
to study the splitting and flexural tensile strength of concrete 
prepared with different percentages of FA (0% to 60%) at 
the ages of 7, 28, 56, 90, 150, and 180 days. Three different 
percent replacements of cement by fly ash were considered, 
i.e., 25%, 40%, and 60%, on an equal weight basis. As per IS 
1489 [31], the percentage of fly ash as a partial replacement 
of cement in concrete shall be used up to 35%. In the present 
study, 25% and 40% replacement can be used for ordinary 
reinforced and prestressed concrete works, and focus is also 
given on the use of high volumes of fly ash (60%) in concrete 
to achieve sustainable concrete construction. Hashmi et al. 
[17] studied the elastic behavior of reinforced concrete beams 
and slab by making concrete with the partial replacement 
of cement with 25%, 40%, and 60% of fly ash. Therefore, 
based on the available literature and design codes, these per-
cent replacements have been taken to investigate the tensile 
behavior of HVFA concrete. The novelty aspect includes the 
determination of the long-term age effect of the high content 
of low-calcium fly ash in concrete on the tensile strength by 
proposing different mathematical models for the prediction 
of flexural and splitting tensile strength of concrete at any 
age and at any percent of FA in concrete for the given 28-day 
compressive strength of plain concrete.
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Experimental program

Material properties

The basic properties of the concrete mix ingredient have 
been confirmed to Indian standards and code specifications. 
The mix ingredient includes cement, low-calcium fly ash, 
fine and coarse aggregates, and water. The 43-grade ordi-
nary Portland cement with its properties in compliance with 
IS 4031 [32] and IS 8112 [33] has been used in the pre-
sent investigation. The low-calcium FA was procured from 
Harduaganj Power Station, India, and stored and covered 
with airtight polythene sheets. FA used in the present study 
confirmed the specifications as per IS 3812 [34]. Energy-
dispersive X-ray spectroscopy (EDS) analysis was done to 
know the composition of FA and chemical characterization. 
The technique uses the principle of electromagnetic emis-
sion spectrum which states that each element has a unique 
atomic structure, thereby giving a unique set of peaks. 
Results obtained by EDS analysis are shown in Fig. 1. It is 
found that fly ash used in the experimental investigation has 
a very low content of calcium and a high concentration of 
carbon and oxygen with relatively less concentration of alu-
minum and silicon. Lesser amounts of the elements of potas-
sium, titanium, and iron were also observed in the fly ash.

The SEM analysis has also been carried out on all the 
mixes of plain and fly ah concrete to know the microstruc-
ture of the concrete. It helps in understanding the morphol-
ogy of the material and the distribution of fly ash and cement 
particles in the mix along with its bonding characteristics 
with the aggregates. The SEM images of different percent-
ages of fly ash concrete are shown in Fig. 2. The plain con-
crete specimens have a compact internal structure with a 
minimum number of voids, and the aggregates are tightly 
bound with the cement paste as presented in Fig. 2a. The 
shape of the particles of cement and FA is shown in Fig. 2b 

which would help in anticipating the behavior of composi-
tion materials when cement reacts with FA. The HVFA con-
crete specimens, i.e., in Fig. 2c and d, show more percent-
ages of calcium silicate hydrate (C–S–H) gel in concrete. 
These C–S–H gels are formed when calcium oxide (obtained 
by the hydration of cement) reacts with fly ash. It has good 
cementitious properties and helps in imparting strength to 
the HVFA concrete at later ages.

The locally available river sand passing through IS 480 
sieve and having an aperture of 4.75 mm was used as fine 
aggregate. The crushed stone ballast having a 16 mm aver-
age size was used as coarse aggregate in preparing concrete 
mixes. The water free from hazardous materials and harmful 
salts was used in the mix with other ingredients. The detailed 
physical and chemical properties of the ingredients used for 
preparing different mixes of concrete are shown in Tables 1 
and 2. The properties of fine and coarse aggregates used in 
the design of the mix are shown in Table 3.

Casting and testing methodology

Two mixes of plain concrete designated as M1F0 and 
M2F0 for 28-day target strength not lesser than 20 MPa 
and 30 MPa, respectively, were prepared according to the 
method of trials as per the guidelines given in IS 10262 [36]. 
FA concrete mixes were equipped after re-proportioning of 
the mixes of plain concrete and cement was replaced directly 
based on the equivalent weights of 25, 40, and 60 percents 
of FA to obtain the corresponding FA concrete mixes. To 
determine the flexural and splitting tensile strength of plain 
and FA concrete mixes, three specimens each of prisms 
of size 100 × 100 × 500 mm (B × D×L) and cylinders of 
100 mm diameter and 200 mm height were prepared in the 
laboratory. The details of plain and FA concrete mixes are 
given in Table 4, and the shape and size of the specimens are 
shown in Fig. 3. The entire mix proportioning of concrete 
has been divided into two mix groups (M1 and M2), and in 

Element Weight 
%

Atomic 
%

C 37.05 48.92
O 41.56 41.19
Al 7.11 4.18
Si 8.20 4.63
K 0.48 0.2
Ca 0.24 0.1
Ti 0.76 0.26
Fe 0.79 0.22

Fig. 1   EDS analysis of fly ash showing the percentage of various elements
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each mix group, there are four concrete mixes—one plain 
concrete mix and three fly ash concrete mixes as shown in 
Table 4. The percent replacement of cement by fly ash has 

been decided based on the available literature and IS codes 
[17, 31] to obtain HVFA concrete. Thus, a total of eight con-
crete mixes have been designed and Mix ID is also shown in 

Fig. 2   SEM images of various concrete mixes a 0% FA b 25% FA c 40% FA d 60% FA

Table 1   Physical properties of 
OPC and FA

Properties Materials Experimental values

Specific gravity OPC 3.15
FA 2.28

Soundness (mm) (by Le Chatelier test) OPC 5
FA 1.5

Normal consistency (%) OPC + 0% FA 32
OPC + 25% FA 35
OPC + 40% FA 37
OPC + 60% FA 38

Initial setting time (min.) OPC + 0% FA 65
OPC + 25% FA 75
OPC + 40% FA 120
OPC + 60% FA 150

OPC compressive strength (MPa) 3 days 23.5
7 days 33.6
28 days 43.0

Size of the particle (mm) FA 0.005–0.5
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the table, where the first two letters represent mix group (M1 
and M2) and the next two letters stand for percent replace-
ment of cement by fly ash (F0, F1, F2, and F3 represent 0%, 
25%, 40%, and 60%, respectively). 

A rotating drum-type mixer was used for mixing the 
aggregate, cement, and water for about 2 min before pour-
ing the mix into the molds in three layers and subjected 
to vibrations for about 30 seconds for each layer on an 
electromechanically driven vibration table. The emphasis 
in the present experimental study was to obtain early-age 
and age-dependent flexural and splitting tensile strength 
of HVFA concrete mix. For estimating early-age concrete 
tensile strength, the samples were tested at 7 and 28 days 
of submerged curing (i.e., underwater curing) on surface 
dry conditions. Remaining samples were stored at ambient 
temperature conditions, and age-dependent splitting and 
flexural tensile strength was obtained by performing the 
tests on all dried specimens at 56, 90, 150, and 180 days. 
The flexural and splitting tensile strength test (shown in 
Fig. 4) was carried out as per the guidelines of IS 516 [37] 
and IS 5816 [38], respectively, and the schematic test setup 

Table 2   Chemical properties of OPC and FA

Compositions OPC (%) Fly ash (%)

Lime (CaO) 62.0 3.0
Silica (SiO2) 22.0 60.0
Alumina (Al2O3) 6.0 28.0
Iron Oxide (Fe2O3) 4.0 8.0
Magnesia (MgO) 0.8 0.5
Sulfur Trioxide (SO3) 1.0 –

Table 3   Properties of fine and coarse aggregates

Characteristics Fine aggregate Coarse 
aggre-
gate

Grading Zone II (IS 383 [35]) –
Fineness modulus 2.95 6.95
Specific gravity 2.30 2.75
Water absorption (%) 1.01 0.8

Table 4   Mix proportioning of plain and fly ash concrete mixes

Mix ID Percent 
replacement of 
fly ash (%)

Cement (kg/
m3)

Fly ash (kg/
m3)

Fine aggre-
gate (kg/
m3)

Coarse 
aggregate 
(kg/m3)

w/c ratio Slump (mm) 28-day cylin-
der compres-
sive strength 
(MPa)

180-day cylin-
der compressive 
strength (MPa)

M1F0 0 400 0 850 1050 0.5 55 23.1 29.7
M1F1 25 300 100 58 21.0 28.0
M1F2 40 240 160 60 18.0 25.5
M1F3 60 160 240 70 16.7 23.2
M2F0 0 400 0 750 1200 0.45 40 31.0 35.6
M2F1 25 300 100 42 28.7 34.1
M2F2 40 240 160 45 23.1 29.5
M2F3 60 160 240 50 21.5 28.0

(a) Prism         (b) Cylinder 

Fig. 3   Concrete specimens for flexural and splitting tensile strength of concrete
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is represented in Fig. 5. The load was applied gradually at 
the rate of 180 kg per minute to the specimens in the flex-
ural tensile strength testing, whereas in the splitting tensile 
strength test, the load was applied at the rate of 1.2 to 2.4 N/
mm2 per minute until the failure of the specimens. The aver-
age of three specimens were recorded to define the flexural 
and splitting tensile strength of the concrete mixes. 

Results and discussions

The tensile strength is an essential property of concrete as 
the structural member of concrete highly prone to tensile 
cracking due to the various types of effects and loading con-
ditions. The tensile strength of plain and FA concrete is quite 

low in comparison with the compressive strength of con-
crete. The different types of analysis along with the discus-
sion of test results on splitting and flexural tensile strength 
of plain and FA concrete mixes have been presented in the 
following sections.

Experimental development of tensile strength 
of low‑calcium FA concrete with age

Flexural tensile strength

The development of flexural tensile strength of plain and FA 
concrete obtained experimentally for both the mix groups 
with age is shown in Fig. 6. The strength of 40 and 60 per-
cent FA concretes has been found lower at initial ages in 

Fig. 4   Test setup for flexural 
and splitting tensile strength of 
concrete

(a) Flexural tensile strength test       (b) Splitting tensile strength test 

(a) (b)

P

Effective span = 400 mm

133mm
Prism specimen 

(100×100×500mm)

Roller support
(38mm)

Over hang (50mm)

P (Axial compressive load)

P (Axial compressive load)

Machine platensCylindrical 
Specimen 

(150×300mm)

Fig. 5   Schematic test setup: a flexural tensile strength and b splitting tensile strength
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contrast to conventional concrete but with the passage of 
time, it gains satisfactory strength due to the pozzolanic 
behavior of FA. The 25% replacement gains almost similar 
strength as that of plain concrete at the end of 180 days. 
Fly ash particles chemically react with calcium hydroxide 
(liberated on hydration in the cement) to form compounds, 
i.e., calcium–silicate–hydrate (C–S–H), that possess cemen-
titious properties. As the percentages of FA increased, the 
flexural tensile strength decreased considerably due to the 
slower rate of hydration in comparison with cement. For 
lower percent replacement, FA concrete gains good strength 
with time but for higher cement replacement by FA, there is 
more reduction in the flexural strength of concrete as it can 
be observed in Fig. 6. For mix group M1, at 180 days of age, 
the flexural strength of fly ash concrete mixes containing 
25%, 40% and 60% of fly ash is observed as 91%, 76%, and 

60%, respectively, of plain concrete. For mix group M2, the 
flexural strength of fly ash concrete mixes containing 25%, 
40%, and 60% of FA is obtained as 90%, 72%, and 65%, 
respectively, of plain concrete at the end of 180 days. It is 
found that in higher volumes of FA concrete mixes, there is 
much enhancement in the strength development of concrete 
at the end of 180 days. Further, for mix group M1 concrete 
mixes, the rate of increase in flexural strength from 28 to 
180 days for plain concrete is observed as 23% whereas the 
rate of increase in flexural tensile strength of 40% and 60% 
FA concrete from 28 to 180 days is observed as 44% and 
33%, respectively. For mix group M2 concrete mixes, the 
rate of increase in flexural strength from 28 to 180 days is 
obtained as 27% for plain concrete, 29% and 37% for 40% 
and 60% fly ash concrete mixes, respectively. It indicates 
that the rate of development of the flexural strength of 
HVFA concrete is quite more than that of conventional con-
crete. The flexural tensile strength of concrete depends on 
the water binder ratio, age of concrete, type, and character-
istic of proportioning of the mix. The pozzolanic reactivity 
of FA pays to the gain of strength at later ages. The rate of 
hydration for FA particles is slower than that of the particles 
of cement in all the concrete mixes.

Splitting tensile strength

The influence of low-calcium FA on splitting tensile strength 
of concrete with age for all concrete mix groups is shown in 
Fig. 7. The strength pattern is observed similar to flexural 
tensile strength for all the concrete mixes having different 
percentages of fly ash at all ages. The figure indicates that 
the splitting tensile strength increases with age at a decreas-
ing rate and the pattern of strength development is the same 
in all the concrete mixes. However, the values of the ten-
sile strength of the concrete in splitting are lower than the 
flexural tensile strength of concrete. It is observed that FA 
concrete is weaker in splitting tensile strength than the flex-
ural strength which may be due to testing methodology. At 
28 days of age, the FA concrete splitting tensile strength 
having 25%, 40%, and 60% of FA is observed as 93%, 86%, 
and 66%, respectively, of plain concrete for mix group M1. 
But at the age of 180 days, little higher strength is observed, 
i.e., 96%, 88%, and 74% for 25%, 40%, and 60% of FA, 
respectively, of that of plain concrete strength. Similarly for 
mix group M2, at the age of 28 days, the splitting tensile 
strength of fly ash concrete containing 25%, 40%, and 60% 
of fly ash is obtained as 86%, 79%, and 72%, respectively, 
of plain concrete. At the age of 180 days, the splitting ten-
sile strength of FA concrete mixes containing 25%, 40%, 
and 60% of fly ash is equivalent to 96%, 93%, and 82%, 
respectively, of plain concrete. Further, the rate of increase 
in splitting strength from 28 to 180 days for plain concrete is 
observed as 11–19%, whereas the rate of increase in splitting 

(a) For mix group M1

0

1

2

3

4

5

0 30 60 90 120 150 180

Fl
ex

ur
al

 te
ns

ile
 s

tre
ng

th
 (M

Pa
)

Age (days)

Experimental
25% Fly ash
40% Fly ash
60% Fly ash

(b) For mix group M2

0

1

2

3

4

5

6

7

0 30 60 90 120 150 180

Fl
ex

ur
al

 te
ns

ile
 s

tre
ng

th
 (M

Pa
)

Age (days)

Experimental
25% Fly ash
40% Fly ash
60% Fly ash

Fig. 6   Variation in experimental flexural tensile strength with age for 
all concrete mixes
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tensile strength of HVFA concrete, i.e., 40% and 60% FA 
concrete, from 28 to 180 days is observed as 23–28% and 
25–33%, respectively. It indicates that the rate of develop-
ment of splitting tensile strength of HVFA concrete is more 
than that of plain concrete. On comparing the flexural and 
splitting tensile strength development of various mixes of 
plain and fly ash concrete, it has been observed that there 
is more improvement in the flexural tensile strength than 
the splitting tensile strength of concrete with the passage 
of time.

From the above observations, it is concluded that the 
tensile strength development (i.e., from 28 to 180 days) 
of HVFA concrete has been found higher than the plain 
concrete. This is due to the development of strong bonds 
between the cement, FA, and aggregate and also because 
of the increase in the C-S–H gel at later ages in the HVFA 
concrete.

Assessment of the existing models 
for the prediction of the tensile strength of concrete

The applicability of available age-dependent analytical mod-
els recommended by the design codes and researchers for the 
estimation of the tensile strength of concrete has also been 
made with the present experimental flexural and splitting ten-
sile strength of FA concrete for both concrete mix groups. The 
analytical models used in the prediction of flexural and split-
ting tensile strength of concrete with age are listed in Table 5. 
The experimental flexural tensile strength has been compared 
with the values predicted by using the ACI-209 model [39] 
as presented in Figs. 8 and 9 for all concrete mix groups and 
at various ages. Similarly, the age-dependent experimental 
results of splitting tensile strength of plain and FA concrete 
mixes are compared with the analytical models proposed by 
Larrard and Malier model [40], Zain model [41], and Zhao 
model [42], and the comparison is shown in Figs. 10 and 11.    
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Fig. 7   Variation in experimental splitting tensile strength with age for 
all concrete mixes

Table 5   Analytical models for the prediction of age-dependent tensile strength of concrete

where fr,t = flexural tensile strength of concrete at ‘t’ days; �
c
 = density of concrete in kg/m3; gr = constant (0.012 to 0.021); t = age in days; fspt,t 

is the splitting tensile strength of concrete at ‘t’ days; fc,t
′ = cylinder compressive strength at ‘t’ days; t28 = 28 days; f′c,28 = cylinder compressive 

strength at 28 days

Model ID Formula

ACI-209 [39]
fr,t = gr

(

�cf
�

c,t

)0.5

Larrard and Malier [40] fspt,t = 0.6 + 0.06f �
c,t

Zain [41]
fspt,t = 0.59

√

f �c,t

(

t

t28

)0.04

Zhao [42]
fspt,t = 0.217

(

1 + 0.3 lg
(

t

28

))0.716(

f �
c,28

)0.716
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Fig. 8   Comparison of flexural 
tensile strength of plain and fly 
ash concrete mixes with avail-
able models for mix group M1

(a) 0% Fly ash                            (b) 25% Fly ash

(c) 40% Fly ash                       (d) 60% Fly ash
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Fig. 9   Comparison of flexural 
tensile strength of plain and fly 
ash concrete mixes with avail-
able models for mix group M2
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Fig. 10   Comparison of splitting 
tensile strength of plain and fly 
ash concrete mixes with avail-
able models for mix group M1

(a) 0% Fly ash                                                     (b) 25% Fly ash 

(c) 40% Fly ash                                                   (d) 60% Fly ash 
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Fig. 11   Comparison of splitting 
tensile strength of plain and fly 
ash concrete mixes with avail-
able models for mix group M2
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Further, the empirical power relation recommended by 
the researchers and different countries design codes [1, 30, 
42–46] to calculate the tensile strength of concrete for the 
given compressive strength of that concrete can be written 
as:

where fr and fspt are the flexural and splitting tensile 
strengths of concrete, respectively (in MPa), f ′

c
 and fc are 

the 28-day strengths of cylinder and concrete cube, respec-
tively (in MPa), c1 and c2 are the model constants, and the 
values are varied from and c1 = 0.3 to 0.94 and c2 = 0.5 to 
0.67 for flexural tensile strength of concrete and c1 = 0.185 
to 0.59 and c2 = 0.5 to 0.735; for splitting tensile strength 
of concrete [1, 30, 42–46]. In the present study, only age-
dependent models for the prediction of the tensile strength 
of concrete have been considered to check their applicability 
with the experiments.

Notably, the percentages of FA have not been mentioned 
in any of the age-dependent tensile strength prediction mod-
els given in Table 5. The limitations of the existing models 
for the prediction of the tensile strength of concrete are that 
the Larrard and Zain model can predict only the splitting 
tensile strength of high-performance concrete and it is not 
applicable for the prediction of high-strength concrete tensile 
strength. The Zhao model was developed to predict the split-
ting tensile of concrete designed with manufactured sand. 
Thus, these models are not helpful in predicting the split-
ting tensile strength of concrete containing FA as a mineral 
admixture. Therefore, it is concluded that these models are 
not designed for the concrete containing a variable amount 
of fly ash. The prediction of the age-dependent flexural and 
splitting tensile strength of plain and FA concrete using the 
models given in Table 5 is discussed herein.

Flexural tensile strength

The trend of development of predicted flexural tensile 
strength by using the ACI-209 model is almost similar to the 
experiments for all concrete mixes and at different ages. The 
predicted strength using the ACI-209 model with gr = 0.021 
is close to the experimental strength at later ages and for the 
high grade of plain concrete mix. For fly ash concrete mixes, 
the ACI-209 model overestimates the tensile strength as 
compared to the experimental strength. The tensile strength 
predicted by using the ACI-209 model with gr = 0.012 is 
lower than the experimental flexural tensile strength for 
25% FA concrete mixes at all ages. But the predicted tensile 
strengths of 40% and 60% fly ash concrete are comparable 
with the models for low-grade concrete mix (M1) and the 
predicted values are lower when high-grade concrete (M2) 
is used. The predicted strength (for gr = 0.021) development 

(1)fspt = c1
(

f �
c

)c2 and fr = c1
(

f �
c
or fc

)c2

rate from 28 to 180 days for plain concrete is about 7–13.4% 
and 9–16%, 13–19%, 14.8–18% for 25%, 40% and 60% FA 
concrete mixes, respectively. A similar trend of the devel-
opment of tensile strength is also observed with the pre-
dicted values for gr = 0.012 for all concrete mixes. It is also 
observed that the experimental flexural tensile strength is 
almost lying in between the model constants, i.e., gr = 0.021 
and 0.012, for all concrete mixes and at all ages. Thus, no 
definite trend is observed in the prediction of the flexural 
tensile strength of fly ash concrete mixes by using the 
ACI-209 model. It can be said that the deviation of tensile 
strength predicted by using ACI-209 model may be due to 
the constant (gr) used in the model. Hence, the proposed 
range of constant (gr) used in ACI-209 is not applicable to 
predict the flexural tensile strength of concrete containing 
fly ash.

Splitting tensile strength

The comparison of experimental splitting tensile strength 
development with the predicted strength development cal-
culated by using models (i.e., Larrard and Malier, Zain et al., 
and Zhao et al. models) at different ages for both the con-
crete mix groups (M1 and M2) is shown in Figs. 10 and 11. 
The predicted values at early ages (7 days) by using the Zain 
model are close to the experiments for all concrete mixes. 
Beyond 7 days, the splitting tensile strength predicted by the 
Zain model significantly overestimates the values obtained 
experimentally and underestimates the strength predicted by 
other models for lower grade concrete mix, i.e., M1. How-
ever, for higher grade concrete mix, i.e., M2, the values of 
splitting tensile strength obtained experimentally are higher 
than all the other values predicted by different models. It 
means that the splitting tensile strength predicted by using 
Larrard and Malier model and Zhao model is greatly under-
estimated in comparison with the experimental values for all 
concrete mixes and at all ages. For concrete mixes contain-
ing high content of FA, the experimental values of splitting 
tensile strength up to 28 days are lower than all the model-
predicted values but beyond 28 days, the development in 
tensile strength is quite more and the experimental values 
greatly underestimate the values predicted by different mod-
els. It is due to the fact that the rate of development of the 
tensile strength of HVFA concrete mix is higher with the 
passage of time. The Larrard and Malier model and Zhao 
model predict the lowest values of splitting tensile strength 
for all FA percentage replacement at all ages in both the 
concrete mix groups M1 and M2. The trends of the values 
obtained by different models are the same but the deviation 
between Zain model values is higher than all the other val-
ues. For the lower age of concrete, the prediction of tensile 
strength is close but, however, with the passage of time, 
the variation among all the values increased. The rate of 
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development of splitting tensile strength of plain and FA 
concrete from 28 to 180 days has been found in the range of 
15–25% for the Zain model, 18–24%, 13–18% as predicted 
by Larrard and Malier and Zhao models, respectively. How-
ever, the rate of development of splitting tensile strength of 
experimental values from 28 to 180 days has been found 
as 11–19% for plain concrete, whereas for HVFA concrete 
mixes, the increment in splitting tensile strength is quite high 
which is in the range of 25–33%. Thus, none of the available 
models is found suitable for the prediction of splitting tensile 
strength of concrete containing low-calcium fly ash.

Proposed models for the prediction 
of age‑dependent tensile strength of concrete

It is evident by considering research-based models and 
models recommended by different countries design codes 
for the estimation of the tensile strength of concrete that 
it is inherently related to the compressive strength of that 
concrete. From the above discussion on the literature and 
the applicability of the available models with the experi-
ments, it is revealed that experimental data which are avail-
able on the flexural and splitting tensile strength of concrete 
designed with low-calcium FA are very limited and the ana-
lytical models for the prediction of age-dependent flexural 
and splitting tensile strength of low-calcium FA concrete are 
not available in the literature. The tensile strength of con-
crete obtained experimentally depends upon various factors 
such as the ratio of water to binder (linked with compres-
sive strength), age of concrete and percent replacements of 
cement by fly ash. Therefore, the models are proposed for 
the prediction of flexural and splitting tensile strength of 
low-calcium FA concrete as a function of time, 28-day com-
pressive strength of cylinder, and percent of FA in the con-
crete mix. Based upon the multivariable regression analysis 
using statistical software and by considering experimental 
parameters, the following analytical models are proposed 
which are useful for the prediction of flexural and splitting 
tensile strength of concrete containing low-calcium fly ash. 
These models are given as follows:

where 
(

fr
)

t
 is the flexural tensile of FA concrete at any age 

‘t’ in days; 
(

fspt
)

t
 is the splitting tensile of FA concrete at 

any age ‘t’ in days; 
(

f
′

c

)

28
 is the  28-day cylinder compres-

sive strength of plain concrete; t  is the  age in days; pfa is 
the percentage ratio of fly ash; k1, k2, k3,k4,k5, k6, k7 and k8 
are the model parameters; and the values are 3.838, 0.831, 

(

fr
)

t
= k5

[

exp
(

k3pfa
)

t

k1 + k2 exp
(

k4pfa
)

t

(

f �
c

)

28

]k6

and
(

fspt
)

t
= k7

[

exp
(

k3pfa
)

t

k1 + k2 exp
(

k4pfa
)

t

(

f �
c

)

28

]k8

− 1.460, − 1.063, 0.06, 1.29, 0.12 and 0.99, respectively. 
Hence, the models can be rewritten as:

Figure 12a and b shows the comparison between the age-
dependent flexural and splitting tensile strengths of plain 

(2)

(

fr
)

t
= 0.06

[

exp
(

−1.460pfa
)

t

3.838 + 0.831 exp
(

−1.063pfa
)

t

(

f �
c

)

28

]1.29

(3)

(

fspt
)

t
= 0.12

[

exp
(

−1.460pfa
)

t

3.838 + 0.831 exp
(

−1.063pfa
)

t

(

f �
c

)

28

]0.99
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Fig. 12   Comparison of experimental and predicted flexural and split-
ting tensile strengths of plain and fly ash concrete mixes at all ages
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and FA concrete mixes predicted using the proposed models 
and the experimental results, respectively. It is examined 
that the data points of 93.75% and 95.83% for flexural and 
splitting tensile strengths, respectively, lie within ± 10 per-
cent error band. The validation of proposed models for the 
prediction of age-dependent flexural and splitting tensile 
strengths (Eqs.  2 and 3) with the experimental results is 
shown in Figs. 13 and 14 for concrete mix groups M1 and 
M2, respectively. It can be concluded from these figures that 
the models which are proposed for the prediction of flexural 
and splitting tensile strength of concrete containing different 
percentages of low-calcium fly ash are in good agreement 
with the experiments at all ages.

Figure 15a and b shows the histogram of error carried by 
covering all experimental data for all mixes used in the pre-
diction of flexural and splitting tensile strength, respectively. 

The figure shows that at 90 days, for 87.5% data points, the 
error is less than 5% for flexural tensile strength and for 
87.5% data points at 56 and 90 days, the error is less than 
5% for the tensile strength of concrete in splitting by con-
sidering all data points of all concrete mixes. The error lies 
in the range of 10–15% for only 12.5% data points at 7 and 
56 days for flexural tensile strength and at 7 days for split-
ting tensile strength of concrete by considering all concrete 
mixes. Overall the error of most of the data is less than 10% 
by considering all the data points for both flexural and split-
ting tensile strengths of all concrete mixes. This shows that 
the proposed models used to predict the flexural and splitting 
tensile strengths of various concrete mixes having low-cal-
cium FA were found to fit well with the experimental results 
for all concrete mixes and at different ages varying from 7 
to 180 days. The mean error calculated in the prediction of 
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Fig. 13   Validation of the proposed model with experimental data for 
age-dependent flexural tensile strength for mix groups M1 and M2
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flexural and splitting tensile strength of concrete by using 
proposed models with error bars is shown in Fig. 16 at all 
ages and for all concrete mixes. It can be observed from 
the figure that in the prediction of flexural and splitting 
tensile strength of low calcium FA concrete by using pro-
posed models and for various concrete mixes, the range of 
mean error lying in 3.6–7.2% and 3.3–9.1% at the ages var-
ies from 7 to 180 days, respectively. Thus, the considerable 
agreement of predicted flexural and splitting tensile strength 
with the experimental results for all concrete mixes with a 
high value of the coefficient of determination R2 = 0.96 and 
0.97 for flexural and splitting tensile strengths, respectively, 
shows the applicability of the proposed empirical models 
for the prediction of flexural and splitting tensile strength of 
concrete containing low-calcium FA at any age.

The proposed models for the prediction of splitting and 
flexural tensile strength of fly ash concrete are further vali-
dated with the available experimental data measured by (Sid-
dique [28, 27]; Pal et al. [47]) and the present experimental 
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data with the same model parameters. Figure 17a and b 
shows the comparison between the measured (Siddique [27]; 
Pal et al. [47] and present data) and the predicted values with 
the age varying from 7 to 90 days. It can be seen in Fig. 17a 
and b that 94.4% and 95% data predicted by using the pro-
posed model for the prediction of splitting and flexural ten-
sile strength of fly ash concrete, respectively, lie within an 
error band of ± 15% . This close agreement between meas-
ured and predicted values shows the applicability of the 
proposed models for the prediction of age-dependent split-
ting and flexural tensile strength of concrete containing any 
percentage of fly ash. The proposed models can be used to 
predict the tensile strength of fly ash-based concrete when 
only 28-day plain concrete strength is known. 

Conclusions

The age-dependent flexural and splitting tensile strength of 
FA concrete has been studied keeping in view of the use of 
high content of low-calcium FA in concrete construction. It 
was expected that the FA concrete performs better than the 
plain concrete at different ages beyond 28 days. The follow-
ing conclusions have been drawn from the present experi-
mental and analytical investigation on plain and FA concrete 
mixes.

•	 The flexural and splitting tensile strength of concrete con-
taining low-calcium fly ash is found lesser at initial ages 
(up to 28 days) in comparison with plain concrete but at 
later ages, strength is comparable with the plain concrete 
strength for both mix groups M1 and M2.

•	 The 180-day average flexural tensile strengths of 25%, 
40% and 60% low-calcium fly ash concrete are 90%, 74%, 
and 63% respectively, whereas the average splitting ten-
sile strengths are 96%, 90%, and 78%, respectively, of 
that of 28-day plain concrete strength.

•	 The rate of development of tensile strength from 28 to 
180 days is found higher in concrete mixes containing 
low-calcium FA in comparison with the strength of plain 
concrete for both concrete mix groups M1 and M2. The 
optimum rate of the development of tensile strength from 
28 to 180 days has been obtained in 40% FA concrete 
mixes.

•	 The splitting tensile strength of concrete predicted by 
using the Zain model for all ages is found closer with the 
experimental strength for both the concrete mix groups, 
i.e., M1 and M2, but, however, the strength predicted by 
Larrard and Malier and Zhao models is quite different for 
all the concrete mixes. Thus, none of the existing models 
is found applicable to predict the age-dependent splitting 
tensile strength of low-calcium fly ash concrete.

•	 The experimental flexural tensile strength is lying in 
between the ACI-209 model constants, i.e., gr = 0.021 
and 0.012, for various concrete mixes and at all ages. 
Thus, ACI-209 model cannot be considered for the pre-
diction of the age-dependent flexural tensile strength of 
concrete containing low-calcium fly ash.

•	 The proposed models are found suitable for the prediction 
of age-dependent flexural and splitting tensile strength 
of low-calcium FA concrete and also validated with the 
experimental results for different grades of concrete and 
for variable percentages of fly ash.
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