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Abstract This paper presents a numerical model based on

explicit finite difference method for contaminants transport

under electrokinetic remediation process. The effect of

adsorption, precipitation and water auto-ionization reac-

tions was considered with a set of algebraic equations. Also

the effect of electrolysis reaction in anode and cathode

cells was considered with appropriate boundary conditions.

The model predictions are compared with experimental

results of electrokinetic lead removal from kaolinite in the

literature. The coefficient of determination and index of

agreement between the lead concentration of experimental

result and model prediction were 0.974 and 0.884,

respectively. The coefficient of determination and index of

agreement between the pH value of experiment and the pH

prediction were 0.975 and 0.976, respectively.

Keywords Finite difference � Electrokinetic � Lead �
Kaolinite � Sensitivity analysis

1 Introduction

Heavy metals, organic pollutant and radionuclides are the

common pollutants in the soil. Decontamination of con-

taminated soils with heavy metals and radionuclides is a

great concern in several countries [1]. For remediation of

polluted soil, different methods exist. Some of these

methods are (1) bioremediation, (2) thermal remediation,

(3) soil vapor extraction, (4) soil washing, (5) soil

flushing, and (6) electrokinetic remediation (EKR) [2].

Biological remediation which has been mainly used to

detoxify organic contaminants [3] and soil washing, soil

flushing, and EKR are mainly used for heavy metal pol-

lutant [2]. In EKR, the contaminants transportation is due

to the different physical phenomenon, including electro-

migration, electroosmosis, electrophoresis, and diffusion.

Ionic contaminant transport to anode and cationic con-

taminant transport to cathode [4]. The EKR method has

advantages: (1) flexibility to use as ex situ or in situ

methods, (2) applicability to low-permeability and

heterogeneous soils, (3) applicability to saturated and

unsaturated soils, (4) applicability for heavy metals,

radionuclides, and organic contaminants, as well as in any

of their combinations [5]. Because of these advantages,

uses of this method are extended worldwide. For under-

standing the fundamental of EKR process, some mathe-

matical studies have been proposed. Alshawabkeh and

Acar [6] introduced model to remediate lead. They con-

sidered the chemical reactions (water auto-ionization,

precipitation and adsorption) using set of algebraic

equations and they stated their model presented good

results. Haran et al. [7] developed model for transport

hexavalent chromium in sandy soil and ignored the term

of electro-osmosis because of low surface charge of soil.

Jacobs et al. [8] used numerical method to simulate

remediation of soil contaminated with zinc. They con-

sidered retardation term to include adsorption and pre-

cipitation reactions and they stated that their model is in

excellent agreement with experimental results. Kim et al.

[9] developed model for cadmium removal using EKR

process and also Kim et al. [10] generated another model

for lead polluted soil. In both models, they considered the

effect of chemical reactions by set of algebraic equations;

however, they assumed constant electric field in their
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model for simplicity and reached good results. Park et al.

[11] studied the process of EKR on phenol-contaminated

kaolinite and in their work they introduced equations for

counting proton and hydroxyl ions concentration in anode

and cathode cells as boundary conditions. Hafiz Ahmad

[12] presented experimental tests of EKR and modeled

the copper transport in soil based on one of his test. He

did not consider the chemical reaction except electrolysis

in anode and cathode cells and adsorption with retardation

factor. Vereda-Alonso et al. [4] presented model for two-

dimensional EKR of copper spiked kaolin. Their model

was based on Kirchoff’s laws of electricity to calculate

the voltage drop distribution and assuming local equilib-

rium conditions within the compartments. They could

obtain good agreement between experimental results and

prediction. Mascia et al. [13] modeled EKR of cadmium

with electroneutrality assumption and considered surface

reactions and they reached good result. Al-Hamdan and

Reddy [14] presented a model for removing cadmium,

chromium and nickel from kaolinite with assuming elec-

troneutrality condition coupled with chemical equilibrium

reactions and their model could predict the experiment

reasonably. Yeung et al. [15] modeled decontaminating

lead from two kinds of kaolinite (Georgia, Milwhite) by

EKR method and they indicated that their model was in

good agreement with experimental measurements.

This paper presents a numerical model for unenhanced

EKR process based on explicit finite difference method

(FDM). The effect of electrolysis reaction in anode and

cathode cells, adsorption, precipitation, and water auto-

ionization reactions is considered. Sensitivity analysis on

retardation factor, electric field and tortuosity factor was

deliberated.

2 Materials and Methods

In our model, we considered the following assumptions: (1)

one dimensional, (2) isothermal conditions, (3) elec-

trophoresis neglected, (4) the saturated porous medium, (5)

kaolinite surface is negatively charged, (6) electric field

assumed constant during simulation, (7) using Nernst–

Einstein equation for calculating ionic mobility of species

[6, 8, 10, 11].

2.1 Transport Equation

The advection–dispersion equation has been used to

describe solute transport in porous media [16]. Different

transport phenomena exist in EKR which considered in the

present mode: (1) advection pore fluid due to electro-os-

mosis flow; (2) diffusion due to concentration gradients;

and (3) electro-migration due to the ionic mobility of

charged ions. Based on Helmholtz–Smoluchowski (H–S)

theory, which describes the flux of fluid under electric field,

electro-osmosis flux is [7–9]:

Jeo ¼ �keo
o;
ox

ð1Þ

where keo (m
2 V-1 s-1) is the electro-osmosis permeability

coefficient, which is the function of zeta potential and

viscosity of fluid, porosity and electrical permittivity of the

soil medium and ; (V) is the electrical potential. The for-

mulation of keo was generated by Mitchell [17] and Eykholt

and Daniel [18]:

keo ¼ n
ef
l

ð2Þ

where l (C V s m-3) is the viscosity of fluid, n (–) is the

porosity of soil medium, e (F m-1) is the permittivity of the

medium and f (V) is the zeta potential. The zeta potential is
the function of pH of soil medium; however, in a number

of studies, zeta was assumed constant [6, 8–10, 19]. The

relationship between zeta potential and pH was evaluated

by the empirical work of Lorenz [20]:

f ðmVÞ ¼ �38:6þ 281e�0:48pH: ð3Þ

Equation (4) describes the flux of ion migration which is

the major transport process for ionic contaminants [5]:

Jemi ¼ u�i ci � o;
ox

� �
ð4Þ

where Jemi (mol m2 s-1) is the mass flux because of ion

migration of the ith chemical species, ci (mol m3) is the

concentration of specific ion, and u�i (m2 V-1 s-1) is the

effective ionic mobility of specific ion.

u�i ¼ nsui ð5Þ

where n (–) is the porosity of soil medium, s (–) is the

tortuosity factor and ui (m
2 V-1 s-1) is the ionic mobility

of the specific ion that was estimated by Nernst–Einstein

relation [21]:

ui ¼
Di zij jF
RT

ð6Þ

where Di (m
2 s-1) is the diffusion coefficient, zi is the

charge of ith chemical species, F (96485 C mol-1) is the

Faraday’s constant, R (8.3144 J K-1 mol-1) is the uni-

versal gas constant, and T is the absolute temperature.

The flux because of chemical gradient is described by

Fick’s first law of diffusion:

Jdi ¼ D�
i � oci

ox

� �
ð7Þ

where Jdi (mol m-2 s-1) is the mass flux of the specific ion

because of diffusion, D�
i (m

2 s-1) is the effective diffusion
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coefficient of the specific ion. Effective diffusion coeffi-

cient in a porous medium has relation with the diffusion

coefficient [21, 22]:

D�
i ¼ nsDi ð8Þ

Then, the total mass flux because of the applying electric

field in saturated porous media of soil is

Ji ¼ D�
ir �cið Þ þ ciðu�i þ keoÞrð�;Þ ð9Þ

Using the mass conservation law, the partial differential

equation (PDE) that describes the transport of mass in

porous media of soil under electric field is evaluated:

n
oci

ot
¼ D�

i

o2ci

ox2
þ u�i þ keo
� � oci

ox

o;
ox

þ u�i þ keo
� �

ci
o2;
ox2

� nRi

ð10Þ

With assuming constant electric field during the simu-

lation, therefore, Eq. (10) leads to Eq. (11) [8–10, 12, 13]:

n
oci

ot
¼ D�

i

o2ci

ox2
þ u�i þ keo
� � oci

ox

o;
ox

� nRi: ð11Þ

Ri ¼ Rad
i þ R

p
i þ R

aq
i ð12Þ

Equation (12) describes the chemical reaction which

consists of three parts: the first one is the adsorption

reaction because of negative surface charge of clay parti-

cle, the second one is the precipitation reaction and the

third one is the aqueous phase reaction.

2.2 Adsorption Reaction

Adsorption reaction for lead and proton is interactive when pH

value is the effective parameter in adsorption species on soil.

Alshawabkeh and Acar [6] used the empirical data of Yong

et al. [23] for the lead adsorption isotherms at different pH

values andconcentration.Cao [24],Kimet al. [9], andKimet al.

[10] used the procedure of Alshawabkeh and Acar [6] to con-

sider the adsorption process. For considering lead adsorption

isotherm as a function of pH of the soil medium, we used the

empirical relation of Yong et al. [23], in which Fig. 1 indicates

the experimental result of lead adsorption in their experiments.

For proton adsorption, we did not use pH-dependent

adsorption; therefore, constant retardation factor during the

simulation was considered [6, 8–10].

c�i
ci

¼ Kdi ð13Þ

Rdi ¼ 1þ qKdi

n
ð14Þ

nRdi

oci

ot
¼ Deff

i

o2ci

ox2
þ ueffi þ keo
� � oci

ox

o;
ox

; i ¼ 1; 2; . . .;N

ð15Þ

where c�i (mol kg-1) is the amount of solute absorbed/ad-

sorbed onto a unit weight of solid, ci (mol m-3) is the

concentration of solute, Kdi (m
3 kg-1) is the distribution

coefficient, q (kg m3) is the bulk dry density of the soil and

Rdi is the dimensionless retardation factor. Equation (15)

represents the transport of ith species with considering

retardation factor.

2.3 Precipitation Reaction

Equations (16)–(18) indicate the hydroxide and lead pre-

cipitation reaction.

PbðOHÞ2 � Pb2þ þ 2OH� ð16Þ

C2
OHCPb � KPb OHð Þ2

sp ¼ 1:2� 10�15 ð17Þ

ðCOH � 2DCÞ2 � ðCPb � DCÞ � KPbðOHÞ2
sp ð18Þ

where K
PbðOHÞ2
sp (mol L-1) is the solubility product of the

reaction and DC is the amount of ion participated in the

precipitation reaction.

2.4 Aqueous Reaction

For considering aqueous reaction, we considered water

auto-ionization reaction in the process. Water auto-ion-

ization reaction is described by

Hþ þ xw½ � OH� þ xw½ � ¼ Kw ð19Þ

where Kw (mol L-1) is the water equilibrium constant, and

xw is the meaningful root of this reaction.

xw ¼
� Hþ½ � þ OH�½ �ð Þ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Hþ½ � þ OH�½ �ð Þ2�4 Hþ½ � OH�½ � � Kwð Þ2

q
2

ð20Þ

where xw describes the number of water molecules

Fig. 1 Experimental result of lead linear adsorption isotherm onto

kaolinite in different pH values [21]
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dissociate (if xw[ 0) and the number of water molecules

create (if xw\ 0) [19]. Equations (21) and (22) indicate the

concentration of proton and hydroxyl after equilibrium.

Hþ½ �eq¼ Hþ½ � þ xw ð21Þ

OH�½ �eq¼ OH�½ � þ xw ð22Þ

3 Experimental Data

We used the data of Kim et al. [10] which was lead (II)

nitrate. Figure 2 indicates the schematic diagram of their

pilot test. The anode and cathode cells located on the both

sides of the box and the electrolyte solution in the anode

and the cathode cell were distilled water. The volume of

water in anode and cathode cells was 500 mL and the

dimensions of soil specimen are 10 cm 9 10 cm 9 15 cm

with a volume of 1500 cm3 and cross-sectional area of

electrodes is 100 cm2. Also, Table 1 indicates the experi-

mental parameters of Kim et al. [10].

4 Numerical Analysis

Equation (11) describes the ion transfer through saturated

porous media of soil under electric field. The concentration

of each ion such as H?, OH- and Pb(II) can be obtained by

solving the Eq. (11). We used explicit finite difference

method (FDM), forward time and centered space (FTCS) to

solve Eq. (11).

The form of the equation that was used in numerical

study is

oci

ot
¼ A

o2ci

ox2
þ B

oci

ox
ð23Þ

where A ¼ D�
i

n
and B ¼ u�i þkeoð Þo;ox

n
. Therefore, the discretized

form of equation is

ctþDt
i;n � cti;n

Dt
¼ A

cti;n�1 � 2cti;n þ cti;nþ1

Dx2
þ B

cti;nþ1 � cti;n�1

2Dx
ð24Þ

ctþDt
i;n ¼ S� 0:5Cð Þcti;n þ 1� 2Sð Þcti;n þ ðSþ 0:5CÞcti;nþ1

ð25Þ

where S ¼ A Dt
Dx2, C ¼ B Dt

Dx and Dx and Dt are spatial and

time increments, respectively. To solve each partial dif-

ferential equation numerically, we introduced an initial and

two boundary conditions for each species.

4.1 Proton (H1) and Hydroxyl (OH2)

Proton and hydroxyl ions are produced in anode and

cathode cells due to the applying electric field.

Equation (26) describes the water oxidation reaction in

anode cell:

H2O $ 1

2
O2 þ 2Hþ þ 2e�;E0 ¼ �1:299V ð26Þ

Equation (27) indicates the water reduction reaction in

cathode cell:

2H2Oþ 2e� $ H2 þ 2OH�; E0 ¼ �0:828V ð27Þ

We used the algebraic equation that introduced by Park

et al. [11] as boundary conditions which considered the

oxidation/reduction reactions in each cell. Equations (28)

and (29) indicate the boundary conditions developed by

Park et al. [11] that we used in our simulation. The same

procedure also used by Ahmad [12]. Equations (28) and

(29) are proton boundary conditions at anode and cathode

cells, respectively.

cHþ ¼ 2Kw � IADt
FVreservoir

þ IADt
FVreservoir

� �2

þ4Kw

 !1=2
2
4

3
5
�1

ð28Þ

Fig. 2 Schematic diagram of experimental box [10]

Table 1 Experimental parameter of test [10]

Kaolinite clay Type of soil

Contaminant Lead (II) nitrate

Initial concentration of lead 7000 mg/kg

Initial soil pH 5.4

Length of soil cell 15 cm

Area of soil cell 100 cm2

Applied current 100 mA

Applied current density 1 mA cm-2

Electric potential gradient 40 V m-1

Time duration 96 h

Anode electrolyte solution Distilled water

Cathode electrolyte solution Distilled water
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cHþ ¼ 1

2
� IADt
FVreservoir

þ IADt
FVreservoir

� �2

þ4Kw

 !1=2
2
4

3
5

ð29Þ

where I (A) is the current applied along the soil, A (m2) is

the cross-sectional area of the system, Dt is the time step

between the new point and old point and V (m3) is the

volume of the reservoir. Hydroxyl concentration at each of

anode and cathode cell could be calculated based on

Eq. (30):

Hþ½ � OH�½ � ¼ Kw ð30Þ

Initial concentration of proton and hydroxyl is 10-5.4

and 10-8.6 (mol L-1), respectively, based on initial soil pH

[10].

4.2 Lead [Pb(II)]

The initial lead concentration is 7000 mg kg-1 of dry soil

[10]. The anode end of the soil is in contact with distilled

water throughout the test. At the cathode, the concentration

of water just outside the sample can be assumed equal to

the concentration at the end. These boundary conditions

could be expressed mathematically as [14, 25]:

C 0; tð Þ ¼ 0 ð31Þ
o

ox
C L; tð Þ ¼ 0 ð32Þ

Equations (31) and (32) indicate the lead boundary

condition in soil medium in the vicinity of anode and

cathode cells, respectively. Tables 2 and 3 represent the

parameters used in numerical simulation and intrinsic

parameter of each species, respectively. We considered

proton retardation factor equal to 4.6 the value that rec-

ommended by Alshawabkeh and Acar [5]. The

electroosmosis permeability according to the Helmholtz–

Smoluchowski theory is dependent mainly on the zeta

potential of the soil-pore fluid interface [26] and as well

zeta potential is pH dependent but in most of model which

has been proposed, this parameter was kept constant equal

to the initial electroosmosis permeability during the sim-

ulation [5, 8–10, 17, 22]. Therefore, we assume elec-

troosmosis permeability constant equal to the value that

Table 2 indicates.

5 Results and Discussion

Figure 3 demonstrates the pH change over time in anode

and cathode cells. Oxidation reaction causes proton gen-

eration in anode and reduction reaction also causes to

generate hydroxyl in cathode. As a result, the electrolyte in

anode become acidify and electrolyte in cathode becomes

alkaline.

Figure 4 illustrates the comparison between numerical

prediction and pH measurement in the experimental test.

As indicated in Fig. 4, the jump in pH near the cathode

zone was occurred. This phenomenon happened because

acid and base front meet each other and the sharp change

was occurred in pH of the soil matrix. The pH jump is close

to the cathode compartment because the ionic mobility of

proton is greater than hydroxyl ionic mobility and, in

addition, the electroosmosis flow direction was from anode

to cathode cell. The coefficient of determination (R2) and

index of agreement (IA) between experimental results with

numerical prediction were 0.975 and 0.976, respectively.

Considering R2 and IA, our prediction results are

acceptable.

Figure 5 illustrates the experimental and numerical

prediction of lead residual in soil. According to the linear

and pH-dependent adsorption isotherm (Fig. 1), at the

beginning of the test, all lead species in soil were in

adsorbed form. By running the program, Proton from anode

cell move to the soil medium and causes reducing pH and

the adsorbed lead are able to desorb from the negative

surface charge of the soil. Similar to Fig. 4, we observed a

jump in lead concentrations close to cathode cell. This

phenomenon causes when acid and base front meet each

Table 2 Parameters used in numerical simulation

Spatial increment length 1 mm

Time step increment 10 s

Porosity of soil (n) 0.48

Tortuosity factor (s) 0.4

Initial electro-osmosis permeability (keo) 3.66 9 10-9 m2 V-1 s

Table 3 Intrinsic parameter of

each species
Species Di (m

2 s-1)a ui (m
2 V-1 s)a D�

i (m2 s-1)b u�i (m2 V-1 s)c

Pb2? 9.4 9 510-10 7.36 9 10-8 1.81 9 10-10 1.41 9 10-8

H? 93.1 9 10-10 36.25 9 10-8 17.88 9 10-10 6.96 9 10-8

OH- 52.7 9 10-10 20.58 9 10-8 10.12 9 10-8 3.95 9 10-8

a Extracted from Ref. [28]
b Calculated from Eq. (8)
c Calculated from Eq. (5)
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other and soil medium becomes alkaline and rate of

adsorption and precipitation increases [5, 8, 9]. In alkaline

zone, aqueous lead reacts with hydroxyl and generates the

precipitated form of lead as Pb(OH)2. Because of alkaline

condition, high pH, aqueous lead adsorbs onto the negative

surface charge of kaolinite again.

One of the most important effects of precipitation

reaction near cathode is increase in the energy expenditure.

Erratic precipitation of lead in alkaline region generates

high resistivity zone which causes fluctuations of electrical

potential difference across the electrodes. Disordered

oscillation in electrical gradient increases energy expen-

diture [28].

As indicated in Fig. 5, the coefficient of determination

(R2) and index of agreement (IA) between the experimental

results and our model prediction for lead concentration

were 0.974 and 0.884, respectively. It could be concluded

that our prediction is reasonable and acceptable.

6 Sensitivity Analysis

We carried out the sensitivity analysis by changing retar-

dation factor of proton, electric field and tortuosity factor to

identify the rule of each mentioned parameter. We

increased or decreased each of the parameters by 20 %,

while the other input parameter data were kept unchanged,

then the rule of each parameter in the prediction of the lead

concentration and pH was identified. Figure 6 presents the

effect of changing retardation factor in the pH prediction.

By increasing the retardation factor, the velocity of proton

in the aqueous form was decreased and the base front

progresses more in the soil medium.

Figure 7 demonstrates the result of variation of retar-

dation factor on lead concentrations. When retardation

factor was equal to 3.7, the whole soil was acidified and the

rate of adsorption and precipitation decreased and lead

transportation in the soil was increased and accumulated

close to the cathode cell. By increasing retardation factor,

the base front moves further in soil medium and alkaline

condition cause to more adsorption and precipitation.

Fig. 3 pH prediction in anode and cathode chambers

Fig. 4 Comparison between the numerical prediction and the exper-

imental results for the pH after 4 days of treatment

Fig. 5 Comparison between the numerical prediction and the exper-

imental results for lead concentrations after 4 days of treatment

Fig. 6 The effect of changing a retardation factor on pH prediction

after 4 days of treatment
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Figures 8 and 9 indicate the effect of different electric

filed in our simulation. By increasing the electrical field

(Fig. 8), the contribution of ionic-migration caused a sim-

ilar effect on proton and hydroxyl transportation. However,

the electroosmosis flow caused an increase in the rate of

proton velocity. By increasing the electrical field (Fig. 9),

the contribution of ionic-migration and electroosmosis flow

caused an increase in lead concentrations movement

toward the cathode.

Figures 10 and 11 illustrate the effect of changing tor-

tuosity factor in our model. By increasing tortuosity factor,

the pH did not change greatly because the tortuosity had

the same effect on proton and hydroxyl velocity (Fig. 10).

However, by increasing the tortuosity factor, the movement

of lead concentrations in the soil increased and the removal

efficiency of lead concentrations increased.

7 Conclusions

We developed an electrokinetic soil remediation model

using explicit finite difference method. The summary of

our simulation results is as follows:

1. The coefficient of determination (R2) and index of

agreement (IA) between the observed and the predicted

pH in electrokinetic soil remediation were 0.987 and

0.976, respectively

Fig. 7 The effect of changing a retardation factor on the lead

prediction concentrations after 4 days of treatment

Fig. 8 The effect of changing an electrical field on pH prediction

after 4 days of treatment

Fig. 9 The effect of changing an electrical field on the lead

prediction concentrations after 4 days of treatment

Fig. 10 The effect of changing a tortuosity factor on pH prediction

after 4 days of treatment

Fig. 11 The effect of changing a tortuosity factor on the lead

prediction concentrations after 4 days of treatment
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2. The coefficient of determination (R2) and index of

agreement (IA) between the observed and the predicted

lead concentrations in electrokinetic soil remediation

were 0.986 and 0.884, respectively, which indicate that

our model predictions are acceptable.

3. According to the result of sensitivity analysis, when

retardation factor decreased, it causes improving the

model efficiency. When the retardation factor was

increased, the EKR for lead removal was retarded.

4. By increasing the electrical field and tortuosity factor,

the simulation result indicated increasing the lead

removal efficiency in soil. By declining the mentioned

parameters, the lead removal efficiency decreased.
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