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Abstract
In the classical linear viscoelastic framework, materials exhibit more significant creep and stress relaxation at high tempera-
tures, making thermoviscoelastic analyses of materials essential in the design of some polymers. In this paper, a new gen-
eralized thermo-viscoelastic model is developed by introducing the Kelvin-Voigt theory of viscoelasticity, and the transient 
response of an elastic rod under the action of a magnetic field and a moving heat source is investigated in the context of the 
three-phase lag heat conduction model and the Eringen nonlocal theory. The Kelvin-Voigt model is used to characterize the 
viscoelastic behaviour of the rod, and the analytical solution is obtained by the Laplace transform and its numerical inverse 
transform to show the distribution trends of temperature, displacement, and stress of the rod in a graphical way. The effects 
of time, moving heat source speed, delay time, memory-dependent effects, viscosity, nonlocal effects, and magnetic field on 
temperature, displacement, and stress are also discussed in detail.

Keywords  Memory-dependent derivatives · Three-phase lag model · Magneto-thermo-elasticity · Viscosity · Nonlocal · 
Laplace transform

1  Introduction

The classical theory of thermoelasticity assumes that ther-
mal waves propagate at infinite velocity, however, this is 
contrary to the experimental observation that thermal 
waves propagate at finite velocity. To eliminate this differ-
ence, Lord and Shulman (1967) made the first revision of 
the classical thermoelastic theory. They introduced the flux 
rate expression into the Fourier's law of heat conduction 
equation, making it a heat transfer equation with hyperbolic 
properties, which ensures that the heat wave propagates at 
a finite velocity. Subsequently, several scholars introduced 
a series of generalized thermoelasticity theories, namely, 
Green and Lindsay (1972) thermoelasticity theory, Green 
and Naghdi (1991, 1992, 1993) thermoelasticity theory, 
two-phase lag thermoelasticity theory (Tzou 1995a), and 
three-phase lag thermoelasticity theory (Choudhuri 2007).

However, the lag behaviour within the heat conduction of 
solids deserves the attention of researchers when studying 
some practical problems. Especially during transient pro-
cesses of solid heating, the number of slips is particularly 
small or the heat flow is very large (Singh et al. 2020). The 
three-phase lag model has important research value in prob-
lems such as heat conduction and heat diffusion. Zhang et al. 
(2021) used a three-phase lag model to analyse the thermoe-
lastic response of biological tissues subjected to tempera-
ture loading. Zenkour (2022) discussed thermal diffusion 
vibrations in an infinite medium utilizing a three-phase lag 
G-N model. Abd-Elaziz et al. (2022) analysed the effect of 
diffusion and rotation on porous thermoelastic media in the 
context of a three-phase lag thermoelastic model.

With the wide application of fractional order calculus in 
various scientific fields such as viscoelasticity, bioengineer-
ing, and mechanics, scientists have gradually developed a 
strong interest in it (Ezzat 2011, 2013, 2016a, 2018; Stani-
sauskis et al. 2022; Ali and Katoch 2023; Abouelregal et al. 
2022). Wang and Li (2011) proposed memory-dependent 
derivatives (MDD) inspired by fractional order derivatives. 
Compared with the fractional order derivative, the MDD 
can describe the memory effect more accurately and express 
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its physical meaning more intuitively. Subsequently Ezzat 
et al. developed a generalised thermo-viscoelastic model 
with MDD (Ezzat et al. 2014) and a magneto-thermo-vis-
coelastic model with dual-temperature MDD (Ezzat and EI-
Bary 2016b).

In recent years, some scholars have carried out a series of 
studies combining phase lag and memory-dependent models. 
Ezzat et al. (2017a) established a dual-phase lag generalised 
thermoelasticity model with MDD. Sarkar and Mukhopad-
hyay (2021) discussed thermal viscoelastic interactions in 
infinite space subject to moving heat sources using a gener-
alized thermal viscoelastic dual-phase lag model with mem-
ory-related derivatives. Kumar et al. (2023) mathematically 
analysed a micropolar generalized thermoelastic plate with a 
three-phase lag model based on memory-related derivatives. 
Kaur et al. (2022) investigated the reflection and refraction 
of plane waves at the imperfect boundary between two dis-
similar transversely isotropic piezo-thermoelastic (PT) solid 
half-spaces with diffusion and two-temperature using the 
three-phase lag thermal diffusion model of MDD. Tiwari 
et al. (2021) investigated the nonlocal behaviour of a piezoe-
lectric half-space subjected to a magnetic field in the context 
of a three-phase lag heat conduction theory with memory-
related derivatives by introducing a nonlocal theory.

It is well known that micron- and nanoscale structured 
materials have received widespread attention due to their 
excellent multifunctionality (Odegard et al. 2002). For some 
high-performance nanostructures such as nanoelectrome-
chanical systems, accurate analysis of the intrinsic stress, 
strain, and heat conduction is essential during design or 
safe transportation (Kambali et al. 2017; Yu et al. 2016; 
Dehrouyeh-Semnani 2017, 2018, 2021). However, the char-
acteristic sizes of nanostructured materials are so small that 
the intrinsic properties of nanoscale structured materials 
differ significantly from block materials (Li et al. 2014). To 
bridge this gap, scholars have proposed the following mod-
els of continuum media mechanics: strain gradient elastic-
ity theory (Lam et al. 2003), coupled stress theory (Yang 
et al. 2002), and nonlocal elasticity theory (Eringen 2002). 
Among them, the nonlocal theory proposed by Eringen is 
more widely used. Pranavi et al. (2022) used Eringen's non-
local theory for the analysis of functional gradient beams, 
plates, and shells and presented the nature of nonlocal 
moduli and their internal length scale dependence. Yang 
and Chen (2020) proposed a generalized uncoupled nonlo-
cal thermal viscoelastic theory based on Eringen's nonlocal 
theory and applied it to finite plate 1D analysis subjected to 
thermal shock.

Studies have found that many materials that do not exhibit 
viscoelasticity at room temperature, or have insignificant 
viscoelasticity, both exhibit significant viscoelasticity at 
high temperatures. In engineering applications, large ther-
mal stresses can be effectively avoided and the strength of 

structures can be improved by analyzing the thermo-viscoe-
lastic behaviour of materials. Therefore, it is important to 
consider the viscoelastic behaviour of such materials when 
studying or designing them (Guo et al. 2022a). With the 
wide application of ultra-fast heating techniques in viscoe-
lastic materials, the analysis of thermal stresses in viscoe-
lastic materials has gradually become an important topic of 
interest for researchers in areas such as polymer science and 
the plastics industry (Abouelregal and Ahmad 2021; Ezzat 
et al. 2022a, 2022b, 2022c; Guo et al. 2021, 2022b; Li et al. 
2019, 2021, 2023).

This paper aims to construct a new model of three-phase 
lag thermoviscoelasticity incorporating memory-depend-
ent derivative by introducing Kelvin-Voigt viscoelasticity 
model. The model is applied to the analysis of the transient 
response of an elastic rod under the action of a magnetic 
field and a moving heat source. Modification of the classi-
cal theory of elasticity using Eringen's theory of nonlocal 
elasticity, taking into account size effects. The model is an 
improvement of the conventional coupled thermoelastic the-
ory. Analytical solutions for temperature, displacement and 
stress are obtained by solving the governing equations by 
Laplace integral transform and its numerical inverse trans-
form. The effects of time, heat source velocity, magnetic 
field, viscosity, and memory-dependent effects on the physi-
cal quantities inside the rod were investigated. The results 
of this work have certain reference value for the research 
of nonlocal material science researchers, low-temperature 
physicists and new material designers.

2 � Eringen's Theory of Nonlocal Elasticity

In the theory of nonlocal elasticity, the stress–strain relation-
ship is (Eringen 2002):

where, �ij is the nonlocal stress tensor, �ij is the local stress 
tensor, eij is the classical local strain tensor, ui

(
�
′
)
 is the 

local displacement component, � and � are Lamé constants, 
|� − �

�| denotes the distance in Euclidean space. The nonlo-
cal kernel function �∗
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�|
)
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where, e0 is the material constant, ∇2 is the Laplace function, 
and e0a is the nonlocal parameter.

3 � Basic Equation of the Problem

In the present problem, we consider the initial magnetic field 
H in the elastic rod, as well as the induced magnetic field h, 
the induced electric field E and the Lorentz force F = J × H. 
For linear thermoelasticity, we take smaller values for h and 
E. However, due to the Lorentz force, half of the particles on 
the rod will be displaced through the displacement vector u. 
The Maxwell equation is:

where, J denotes the current density, �0 and �0 denote the 
magnetic and electrical permeability. The motion equation 
is set up through the magnetic field defined in Maxwell’s 
equations:

When considering Kelvin-Voigt type viscoelasticity, the 
relationship between stress and strain is

where, �0 , �0 and �0 are viscoelastic parameters, and 
�e =

(
3�e + 2�e

)
�t , �0 =

(
3�e�0 + 2�e�0

)
�t∕�e , �t is the 

coefficient of linear thermal expansion.
Substituting Eqs. (4) into (10) yields:

The relationship between strain and displacement is given 
by:

(4)�ij = [1 −
(
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)2
∇2]�ij
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(12)eij =
1

2

(
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)

Ezzat et al. (2015) notated the memory-dependent deriva-
tive Fourier's law of heat conduction as:

where, qi is the heat flux component, K is the thermal con-
ductivity, �,i is the heat flux component. Simplifying Eq. (13) 
to the heat conduction equation of LS type (Lord and Shul-
man 1967):

where, � is the density, T0 is the reference temperature, CE is 
the constant strain-specific heat, �� is the time factor. Fou-
rie's law of three-phase lag with memory-dependent deriva-
tives in isotropic and homogeneous media is (Mondal et al. 
2019):

where, K is the thermal conductivity, K∗ is the additional 
material constant, �� is the delay time of the temperature 
gradient, �� is the delay time of the thermal displacement 
gradient, �q is the delay time of the heat flow vector.

When the heat source is present, Eq. (15) can be simpli-
fied to the heat equation of the three-phase lag model as:

4 � Formulation of the Problem

In this paper, a nonlocal thermo-viscoelastic rod of length l 
(0 ≤ x ≤ l) is studied. The rod is assumed to be subjected to 
a moving heat source and a magnetic field, where the initial 
magnetic field is H with component (0, 0, H0 ). In addition, 
the induced magnetic and induced electric fields are h = (0, 
0, h) and E = (0, E, 0), respectively. The dynamics of a rod 
can be viewed as a one-dimensional problem. Assuming that 
the length of the rod is along the positive direction of the 
x-axis, its physical field depends only on time t  and space 
x . Therefore, the displacement component has the follow-
ing form:
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According to Maxwell's system of equations, the mag-
netic and electric fields in the one-dimensional case can be 
written as:

Equations (9), (11) and (16) can be simplified as:

where, � = 1 +
�2
0
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Fig. 1   The values of temperature � and stress � are comparison with those of Bayones et al. (2023). a temperature distribution, b stress distribu-
tion

After omitting the primes, the Eqs. (21–23) can be taken 
in the following dimensionless form:
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where
K∗ =

CE[�e+2�e+(�e�0+2�e�0)s]
4
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2
e
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 ,  � =
�CE

K
 , 
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0
=

�e+2�e

�
,and V = c0∕c . The mobile heat source can take 

the following dimensionless form:

Since the ends of the rod are fixed and insulated, the 
boundary conditions can be written as:

Ezzat et al. (2014) used the definition of a selection kernel 
function to reflect the memory effect (instantaneous rate of 
change depending on the past state):
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where, a and b are constants.

5 � Solving Method

The Laplace transform is defined as shown below:

Using the Eq. (33), we perform Laplace transform on 
Eqs. (27) and (28), and then obtain:
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K(t − � ) = 1 − 2b
�
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Fig. 2   Effect of MDD and viscosity in the absence of magnetic field at t = 1 . a temperature distribution, b displacement distribution, and c stress 
distribution
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where, A = 1 +
(

�e�0+2�e�0

�e+2�e

)
s , C =
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)
 , D =

�

�x
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Applying Laplace transform to memory dependent deriv-
ative, we get

The expression of the function G(s,�) is:
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Applying the Laplace transform of Eqs. (36–29) yields:
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 in Eq. (38), the heat conduction equation in the 

Laplace transform domain, when not affected by memory-
dependent effects, is obtained as follows:
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Fig. 3   Effect of MDD and viscosity in the absence of magnetic field at � = 1 . a temperature distribution, b displacement distribution, and c stress 
distribution
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When K∗ = 0 , we can obtain the heat conduction equation 
for the dual-phase lag:

For the LS model (as a special case of the dual-phase lag 
model with �� = 0 and retaining the first term of �q ), Eq. (38) 
can be written as:

In the Laplace transformation domain, the boundary condi-
tion for this problem is:

(40)

[
1 + s�q +
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2
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6 � Solution in the Laplace Transform Domain

Combining Eqs. (34) and (38), and eliminating � , it follows 
that:

where
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The general solution of u(x, s) is expressed in the following 
form:
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Fig. 4   Effect of MDD and viscosity in the presence of magnetic field at t = 1 . a temperature distribution, b displacement distribution, and c 
stress distribution
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where u5 = m3

/[
(s∕�)

4
− m1(s∕�)

2
+ m2

]
 , k1 and k2 are the 

roots of the characteristic equation k4 − m1k
2 + m2 = 0 . The 

expression of the characteristic root is:

Similarly, the general solution for �(x, s) and �(x, s) takes 
the following form:
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Substituting Eqs. (44), (46) and (47) into (34) and (35), 
respectively, it follows that:
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Fig. 5   Effect of MDD and viscosity in the presence of magnetic field at � = 1 . a temperature distribution, b displacement distribution, and c 
stress distribution
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Now, applying the boundary condition (42) to deter-
mine ui(i = 1, 2, 3, 4) , bringing the boundary condition into 
Eqs. (44) and (46) yields:

By solving Eq. (50), we can obtain:
(50)
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7 � Laplace Inverse Transform

To obtain the distribution of temperature, displacement, and 
stress in the physical domain, Laplace inverse transformations 
of � , u , and � are required. Since the expressions for � , u , 

(51)
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Fig. 6   Effect of magnetic field and viscosity in the presence of memory-dependent effects at t = 1 . a temperature distribution, b displacement 
distribution, and c stress distribution
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and � are complex, we use the Riemann-sum (Tzou 1995b) 
approximation method for its numerical inverse transforma-
tion. With the help of this method, any function f (x, s) in the 
Laplace domain can be transformed into the time domain with 
the following equation:

where, Re is the real part, i is the imaginary unit. To be able 
to converge faster, a large number of numerical experiments 
have shown that � needs to satisfy the relation �t ≈ 4.7 
(Tzou 1995b).

8 � Numerical Results and Discussion

In this subsection, our main purpose is to illustrate the numeri-
cal results of the analytical expressions for each physical quan-
tity after Laplace inverse transformation. Here, we consider 

(52)f (x, t) =
e�t

t

[
1

2
f (x, �) + Re

N∑

n=2

f
(
x, � +

in�

t

)
(−1)n

]

the material properties of copper with the following relevant 
material parameters (Ezzat et al. 2017b):

8.1 � Numerical Verification

In Sect. 1, we simplify the model of this paper to that of 
Bayones et al. (2023) to verify the accuracy of the proposed 
model.

K = 386N∕Ks, �t = 1.78 × 10−5K−1, CE = 383.1m2∕K,
� = 8954kg∕m3, T0 = 293K,

�0 =
10−9
36�

C2/Nm2, e0a = 0.045, �q = 0.05s,

�� = 0.07s, �� = 0.09s, Q0 = 10, l = 10,

�e = 3.86 × 1010Nm−1, �e = 7.76 × 1010Nm−1,

�0 = 0.1s, �0 = 0.05s, H0 =
10−7
4�

Am−1

Fig. 7   Effect of magnetic field and viscosity in the presence of memory-dependent effects at � = 1 . a temperature distribution, b displacement 
distribution, and c stress distribution
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In this section, we have chosen to compare the present 
study with Bayones et al. (2023) in the absence of viscosity 
and magnetic fields. From Fig. 1 we can see that when the 
material study parameters, boundary conditions, and study 
objects are the same as in Bayones et al. (2023), the distri-
butions of dimensionless temperatures and dimensionless 
stresses in Fig. 1 are the same as in Bayones et al. (2023).

Next, the paper is divided into the following five subsec-
tions that discuss the variation of dimensionless temperature, 
displacement and stress for each case.

8.2 � Effect of Viscosity and MDD in the Absence 
of a Magnetic Field

In Sect. 2, the first case (Fig. 2) we study the effects of MDD 
and viscosity, when no magnetic field is present and time 
remains constant. From Fig. 2 we can see that the speed of 
the moving heat source plays an important role in all distri-
butions. At the same time, due to the increase in the speed 
of the moving heat source, the time to release heat per unit 
length of the rod is shorter, so less heat is released, and the 

temperature inside the rod decreases. As the temperature 
inside the rod decreases, the thermal expansion and deforma-
tion of the rod are reduced, and therefore the displacement 
and compressive stress in the rod are subsequently reduced. 
However, since the ends are fixed, this results in the greatest 
deformation from thermal expansion near the rod end. As 
a result, the displacements and compressive stress achieve 
their maximum values close to the end of the rod. In addition 
to this, we can see from Fig. 2 that the temperature inside the 
rod decreases in the presence of memory-dependent effect 
as compared to the case where memory-dependent effect 
is not present. On the contrary, when viscosity is present, 
the temperature inside the rod increases, and the thermal 
expansion deformation and thermal compressive stresses of 
the rod increase consequently.

In the second case (Fig. 3), we investigated the effects of 
MDD and viscosity, when no magnetic field is present and 
the velocity of the moving heat source remains constant. 
From Fig. 3 we can see that time plays an equally important 
role in all distributions. With the velocity held constant, the 
longer the time the slower the heat source and the deeper the 

Fig. 8   Effect of delay time �� in absence of magnetic field at t = 2 , � = 2 . a temperature distribution, b displacement distribution, and c stress 
distribution
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region of thermal disturbance develops in the rod. Therefore, 
the temperature increases with time. However, due to the 
action of the applied heat source, thermal expansion and 
deformation occur in the rod. With the increase of time, the 
thermal expansion and deformation inside the rod increase, 
and the displacement becomes larger. Since the ends of the 
rod are fixed, the compressive stress in the rod increases with 
the displacement. It is also clear from Fig. 3 that tempera-
ture, displacement, and stress are all reduced when mem-
ory-dependent effect are present compared to when they are 
absent. On the contrary, the presence of viscosity increases 
the value of the physical quantity in the rod.

8.3 � Effect of Viscosity and MDD in the Presence 
of a Magnetic Field

In Sect. 3, the first case (Fig. 4) demonstrates the effect of 
MDD and viscosity, when the magnetic field is present and 
time is kept constant. From Fig. 4 we can see that as the 
speed of the moving heat source increases, the temperature 

inside the rod gradually increases, which leads to an increase 
in the thermal expansion and deformation of the rod, and a 
gradual increase in the displacement and stress in the rod. 
Similarly, it is evident from Fig. 4 that the MDD predicts 
smaller temperatures, displacements, and stresses when a 
magnetic field is present. Conversely, the presence of vis-
cosity has a tendency to increase the distribution of physi-
cal quantities within the rod compared to the absence of 
viscosity.

In the second case (Fig. 5), we investigated the effect of 
MDD and viscosity when the magnetic field is present and 
the speed of the moving heat source is kept constant. From 
Fig. 5, it can be seen that temperature, displacement and 
strain show a positive correlation with time, respectively. It 
is also evident that smaller physical field distributions can 
be obtained when MDD are present. In addition, the pres-
ence of viscosity is able to obtain a larger physical quantity.

Fig. 9   Effect of delay time �� in the absence of magnetic field at t = 2 , � = 2 . a temperature distribution, b displacement distribution, and c stress 
distribution
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8.4 � Effect of Viscosity and Magnetic Field 
in the Presence of MDD

In Sect. 4, for the first case (Fig. 6) we investigate the influ-
ence of the magnetic field and viscosity on each physical 
quantity when there is a memory-dependent effect and time 
is kept constant. From Fig. 6 we can see that faster heat 
source speeds result in smaller temperatures. This is because 
in as the speed of the moving heat source increases, the time 
per unit length of the rod to release heat is short, the less heat 
the rod releases, the smaller the rod temperature rises. Due 
to the decrease in rod temperature, the thermal expansion 
deformation of the rod becomes smaller, and the displace-
ment and hot compressive stress in the rod also decrease. 
We can also see from Fig. 6 that the presence of an applied 
magnetic field has no significant effect on the tempera-
ture. In addition, it is not difficult to see that the presence 
of magnetic fields has a significant effect on displacement 
and stress. Compared to the absence of a magnetic field, the 
presence of a magnetic field can significantly reduce the 
displacement and thermal stress within the rod. Similarly, 

from Fig. 6, it is clear that the presence of viscosity tends to 
significantly increase the physical quantity in the rod com-
pared to the absence of viscosity.

In the second case (Fig. 7), we study the effect of the 
magnetic field and viscosity when the MDD is present and 
the speed of the moving heat source is kept constant. From 
Fig. 7, we can clearly see that the heat absorbed by the unit 
rod increases at longer times, and the thermal expansion and 
deformation in the rod increases, so the displacement and 
thermal compressive stresses in the rod increase. As can be 
seen in Fig. 7, when the speed of the moving heat source is 
constant, the variation of the temperature inside the rod is 
almost unaffected by the magnetic field. However, the pres-
ence of magnetic field significantly affects the displacement 
and thermal stress inside the rod. The presence of magnetic 
field was able to obtain smaller displacements and thermal 
stresses. On the contrary, the presence of viscosity has a 
tendency to increase the physical quantity under study.

Fig. 10   Effect of delay time �q in absence of magnetic field at t = 2 , � = 2 . a temperature distribution, b displacement distribution, and c stress 
distribution
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8.5 � Impact of Delay Time

In Sect. 5, we examine the effects of three delay times in 
memory-dependent TPL models, as shown in Figs. 8, 9 and 
10. From Figs. 8, 9 and 10 we can clearly see that in all the 
distributions, the variation of the delay time has a significant 
effect on the distribution of each physical field.

From Fig. 8 we can see that the physical field inside the 
rod varies with the delay time of the temperature gradient 
�� . As the delay time of the temperature gradient increases, 
the temperature and compressive stresses in the rod increase. 
From Fig. 9 we can clearly see that the physical quantities 
inside the rod fluctuate significantly with the delay time of 
the thermal displacement gradient �� . As the delay time of 
the heat displacement gradient increases, the physical quan-
tity inside the rod decreases significantly. On the contrary, 
we can see from Fig. 10 that the physical quantity inside the 
rod increases significantly with the increase of the delay time 
of the heat flow vector �q.

8.6 � Impact of Nonlocal Effects

For Sects. 2–5 (Figs. 2, 3, 4, 5, 6, 7, 8, 9 and 10) we take 
e0a = 0 , i.e., the local thermoelasticity model. In Sect. 6, we 
study the effect of nonlocal effects when there is no memory-
dependent effect, viscosity, and magnetic field (the nonlocal 
parameter e0a is taken to be 0.045).

In this section, in the first case we study the influence of 
nonlocal effects under different moving heat sources. From 
Fig. 11 we can clearly see that the physical quantities in the 
rod increase with the speed of the moving heat source. In 
addition, from Fig. 11 we can also see that the values of dis-
placements and stresses in the nonlocal elasticity theory are 
smaller than those under the local theory. In addition to this, 
we can also observe that there is almost no difference in the 
distribution of temperature under the influence of nonlocal 
effects. This is due to the fact that we have introduced the 
nonlocal terms into the constitutive equations rather than 
into the heat conduction equations, and hence there is no 
significant difference in the temperature distribution within 
the rod.

Fig. 11   The influence of non-local effects, in the absence of magnetic field and memory-dependent effects at t = 1 , � = 1 . a temperature distribu-
tion, b displacement distribution, c stress distribution
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In the second case, we investigate the influence of non-
local effects when time is different. From Fig. 12 we can 
clearly see that the physical quantities in the rod change sig-
nificantly with increasing time. As time increases, the values 
of temperature, displacement and stress in the rod gradually 
increase. What is also evident is that non-local effects have 
little effect on the change in temperature. In addition, the 
values of displacements and stresses are smaller under the 
non-localised theory as compared to the localised theory.

9 � Conclusions

In this paper, the thermoelastic response of a viscoelastic rod 
subjected to a magnetic field and thermal shock is analysed 
using the Kelvin-Voigt viscoelastic model, three-phase lag 
heat transfer model, and the Eringen nonlocal theory. The 
control equations of the problem are solved by using the 
Laplace transform and the inverse numerical transformation, 

and the dimensionless temperature, displacement and stress 
are obtained and displayed graphically. The results show 
that:

(1)	 Moving heat source velocity and time had a signifi-
cant effect on all distributions. At smaller moving heat 
source velocities and larger times, the physical quanti-
ties in the rods increased significantly.

(2)	 Magnetic fields and non-local effects have almost no 
effect on temperature, but significantly affect displace-
ment and thermal stresses. The presence of magnetic 
field significantly reduces the displacement and stress 
in the rod. On the contrary the presence of non-local 
effects significantly enhances the displacement and 
stress in the rod.

(3)	 The presence of viscosity has a tendency to increase 
the distribution of physical quantities within the rod 
compared to the absence of viscosity.

Fig. 12   Influence of non-local effects in the absence of magnetic fields and memory-dependent effects at t = 1 , � = 1 . a temperature distribution, 
b displacement distribution, and c stress distribution
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(4)	 Memory-dependent effects reduce the distribution of 
the physical quantities considered compared to the 
absence of memory-dependent effects.

(5)	 Changes in the three delay times of the memory-
dependent TPL model will have different effects on all 
distributions.

Acknowledgements  This work was supported by the National Natural 
Science Foundation of China (12062011 and 11972176).

Declarations 

Conflict of interest  The authors have no competing interests to declare 
that are relevant to the content of this article.

References

Abd-Elaziz EM, Othman MIA, Alharbi AM (2022) The effect of dif-
fusion on the three-phase- linear thermoelastic rotating porous 
medium. Eur Phys J plus 137(6):1–20. https://​doi.​org/​10.​1140/​
epjp/​s13360-​022-​02887-1

Abouelregal AE, Ahmad H (2021) Thermodynamic modeling of vis-
coelastic thin rotating microbeam based on non-Fourier heat con-
duction. Appl Math Model 91:973–988. https://​doi.​org/​10.​1016/j.​
apm.​2020.​10.​006

Abouelregal AE, Akgöz B, Civalek Ö (2022) Nonlocal thermoelastic 
vibration of a solid medium subjected to a pulsed heat flux via 
Caputo-Fabrizio fractional derivative heat conduction. Appl Phys 
A 128(8):660. https://​doi.​org/​10.​1007/​s00339-​022-​05786-5

Ali MF, Katoch N (2023) Heat-conduction in a semi-infinite fractal bar 
using advanced Yang-Fourier transforms. Math Method Appl Sci 
46(5):5893–5899. https://​doi.​org/​10.​1002/​mma.​8875

Bayones FS, Mondal S, Abo-Dahab SM, Atef Kilany A (2023) Effect 
of moving heat source on a magneto-thermoelastic rod in the 
context of Eringen’s nonlocal theory under three-phase lag with 
a memory dependent derivative. Mech Based Des Struct Mach 
51(5):2501–2516. https://​doi.​org/​10.​1080/​15397​734.​2021.​
19017​35

Choudhuri SKR (2007) On a thermoelastic three-phase- model. J 
Therm Stresses 30(3):231–238. https://​doi.​org/​10.​1080/​01495​
73060​11309​19

Dehrouyeh-Semnani AM (2017) On boundary conditions for ther-
mally loaded FG beams. Int J Eng Sci 119:109–127. https://​doi.​
org/​10.​1016/j.​ijeng​sci.​2017.​06.​017

Dehrouyeh-Semnani AM (2018) On the thermally induced non-linear 
response of functionally graded beams. Int J Eng Sci 125:53–74. 
https://​doi.​org/​10.​1016/j.​ijeng​sci.​2017.​12.​001

Dehrouyeh-Semnani AM (2021) On bifurcation behavior of hard 
magnetic soft cantilevers. Int J Non-Linear Mech 134:103746. 
https://​doi.​org/​10.​1016/j.​ijnon​linmec.​2021.​103746

Eringen AC (2002) Nonlocal continuum field theories. Springer, 
New York

Ezzat MA (2011) Magneto-thermoelasticity with thermoelectric 
properties and fractional derivative heat transfer. Physica B 
406(1):30–35. https://​doi.​org/​10.​1016/j.​physb.​2010.​10.​005

Ezzat MA, Al-Muhiameed ZIA (2022a) Thermo-mechanical 
response of size-dependent piezoelectric materials in thermo-
viscoelasticity theory. Steel Compos Struct 45(4):535–546

Ezzat MA, El-Bary AA (2016a) Effects of variable thermal conductiv-
ity and fractional order of heat transfer on a perfect conducting 

infinitely long hollow cylinder. Int J Therm Sci 108:62–69. https://​
doi.​org/​10.​1016/j.​ijthe​rmals​ci.​2016.​04.​020

Ezzat MA, El-Bary AA (2016b) Magneto-thermoelectric viscoelas-
tic materials with memory-dependent derivative involving two-
temperature. Int J Appl Elect Mech 50(4):549–567. https://​doi.​
org/​10.​3233/​JAE-​150131

Ezzat MA, El-Bary AA, Fayik MA (2013) Fractional fourier law 
with three-phase lag of thermoelasticity. Mech Adv Mater Struct 
20(8):593–602. https://​doi.​org/​10.​1080/​15376​494.​2011.​643280

Ezzat MA, El-Karamany AS, El-Bary AA (2014) Generalized thermo-
viscoelasticity with memory-dependent derivatives. In J Mech Sci 
89:470–475. https://​doi.​org/​10.​1016/j.​ijmec​sci.​2014.​10.​006

Ezzat MA, El-Karamany AS, El-Bary AA (2015) A novel magneto-
thermoelasticity theory with memory-dependent derivative. J 
Electromagn Waves Appl 29(8):1018–1031. https://​doi.​org/​10.​
1080/​09205​071.​2015.​10277​95

Ezzat MA, El-Karamany AS, El-Bary AA (2017) On dual-phase-lag 
thermoelasticity theory with memory-dependent derivative. Mech 
Adv Mater Struct 24(11):908–916. https://​doi.​org/​10.​1080/​15376​
494.​2016.​11967​93

Ezzat MA, El-Karamany AS, El-Bary AA (2017b) Thermoelectric 
viscoelastic materials with memory-dependent derivative. Smart 
Struct Sys 19(5):539–551

Ezzat MA, El-Karamany AS, El-Bary AA (2018) Two-temperature 
theory in green-Naghdi thermoelasticity with fractional phase-lag 
heat transfer. Microsyst Technol 24:951–961. https://​doi.​org/​10.​
1007/​s00542-​017-​3425-6

Ezzat MA, Ezzat SM, Alkharraz MY (2022) State-space approach 
to nonlocal thermo-viscoelastic piezoelectric materials with 
fractional dual-phase lag heat transfer. Int J Numer Method H 
32(12):3726–3750. https://​doi.​org/​10.​1108/​HFF-​02-​2022-​0097

Ezzat MA, Ezzat SM, Alduraibi NS (2022b) On size-dependent 
thermo-viscoelasticity theory for piezoelectric materials. Wave 
Random Complex. https://​doi.​org/​10.​1080/​17455​030.​20435​69

Green AE, Lindsay KA (1972) Thermoelast J Elast 2(1):1–7. https://​
doi.​org/​10.​1007/​BF000​45689

Green AE, Naghdi PM (1991) A re-examination of the basic postu-
lates of thermomechanics. Proc R Soc Lond Ser A Math Phys 
Sci 432(1885):171–194. https://​doi.​org/​10.​1098/​rspa.​1991.​0012

Green AE, Naghdi PM (1992) On undamped heat waves in an elastic 
solid. J Therm Stresses 15(2):253–264. https://​doi.​org/​10.​1080/​
01495​73920​89461​36

Green AE, Naghdi PM (1993) Thermoelasticity energy dissipation. J 
Elast 31(3):189–208. https://​doi.​org/​10.​1007/​BF000​44969

Guo H, Shang F, Tian X, He T (2022a) An analytical study of transient 
thermo-viscoelastic responses of viscoelastic laminated sandwich 
composite structure for vibration control. Mech Adv Mater Struct 
29(2):171–181. https://​doi.​org/​10.​1080/​15376​494.​2020.​17565​44

Guo H, Yaning L, Li C, He T (2022b) Structural dynamic responses of 
layer-by-layer viscoelastic sandwich nanocomposites subjected to 
time-varying symmetric thermal shock loadings based on nonlo-
cal thermo-viscoelasticity theory. Microsyst Technol 28(5):1143–
1165. https://​doi.​org/​10.​1007/​s00542-​022-​05272-1

Guo H, Shang F, Tian X, Zhang H (2021) Size-dependent generalized 
thermo-viscoelastic response analysis of multi-layered viscoelas-
tic laminated nanocomposite account for imperfect interfacial con-
ditions. Wave Random Complex. https://​doi.​org/​10.​1080/​17455​
030.​2021.​19177​93

Kambali PN, Nikhil VS, Pandey AK (2017) Surface and nonlocal 
effects on response of linear and nonlinear NEMS devices. Appl 
Math Model 43:252–267. https://​doi.​org/​10.​1016/j.​apm.​2016.​10.​
063

Kaur I, Lata P, Singh K (2022) Reflection and refraction of plane 
wave in piezo-thermoelastic diffusive half spaces with three 
phase memory dependent derivative and two-temperature. Wave 

https://doi.org/10.1140/epjp/s13360-022-02887-1
https://doi.org/10.1140/epjp/s13360-022-02887-1
https://doi.org/10.1016/j.apm.2020.10.006
https://doi.org/10.1016/j.apm.2020.10.006
https://doi.org/10.1007/s00339-022-05786-5
https://doi.org/10.1002/mma.8875
https://doi.org/10.1080/15397734.2021.1901735
https://doi.org/10.1080/15397734.2021.1901735
https://doi.org/10.1080/01495730601130919
https://doi.org/10.1080/01495730601130919
https://doi.org/10.1016/j.ijengsci.2017.06.017
https://doi.org/10.1016/j.ijengsci.2017.06.017
https://doi.org/10.1016/j.ijengsci.2017.12.001
https://doi.org/10.1016/j.ijnonlinmec.2021.103746
https://doi.org/10.1016/j.physb.2010.10.005
https://doi.org/10.1016/j.ijthermalsci.2016.04.020
https://doi.org/10.1016/j.ijthermalsci.2016.04.020
https://doi.org/10.3233/JAE-150131
https://doi.org/10.3233/JAE-150131
https://doi.org/10.1080/15376494.2011.643280
https://doi.org/10.1016/j.ijmecsci.2014.10.006
https://doi.org/10.1080/09205071.2015.1027795
https://doi.org/10.1080/09205071.2015.1027795
https://doi.org/10.1080/15376494.2016.1196793
https://doi.org/10.1080/15376494.2016.1196793
https://doi.org/10.1007/s00542-017-3425-6
https://doi.org/10.1007/s00542-017-3425-6
https://doi.org/10.1108/HFF-02-2022-0097
https://doi.org/10.1080/17455030.2043569
https://doi.org/10.1007/BF00045689
https://doi.org/10.1007/BF00045689
https://doi.org/10.1098/rspa.1991.0012
https://doi.org/10.1080/01495739208946136
https://doi.org/10.1080/01495739208946136
https://doi.org/10.1007/BF00044969
https://doi.org/10.1080/15376494.2020.1756544
https://doi.org/10.1007/s00542-022-05272-1
https://doi.org/10.1080/17455030.2021.1917793
https://doi.org/10.1080/17455030.2021.1917793
https://doi.org/10.1016/j.apm.2016.10.063
https://doi.org/10.1016/j.apm.2016.10.063


Iranian Journal of Science and Technology, Transactions of Mechanical Engineering	

1 3

Random Complex 32(5):2499–2532. https://​doi.​org/​10.​1080/​
17455​030.​2020.​18564​51

Kumar S, Partap G, Kumar R (2023) Memory-dependent derivatives 
effect on waves in a micropolar generalized thermoelastic plate 
including three-phase-model. Indian J Phys. https://​doi.​org/​10.​
1007/​s12648-​023-​02705-z

Lam DCC, Yang F, Chong ACM, Wang J, Tong P (2003) Experi-
ments and theory in strain gradient elasticity. J Mech Phys Sol-
ids 51(8):1477–1508. https://​doi.​org/​10.​1016/​S0022-​5096(03)​
00053-X

Li XF, Zhang H, Lee KY (2014) Dependence of Young׳ s modulus of 
nanowires on surface effect. Int J Mech Sci 81:120–125. https://​
doi.​org/​10.​1016/j.​ijmec​sci.​2014.​02.​018

Li C, Guo H, Tian X, He T (2019) Size-dependent thermo-electro-
mechanical responses analysis of multi-layered piezoelectric 
nanoplates for vibration control. Compos Struct 225:111112. 
https://​doi.​org/​10.​1016/j.​comps​truct.​2019.​111112

Li C, Tian X, He T (2021) Nonlocal thermo-viscoelasticity and its 
application in size-dependent responses of bi-layered composite 
viscoelastic nanoplate under nonuniform temperature for vibra-
tion control. Mech Adv Mater Struct 28(17):1797–1811. https://​
doi.​org/​10.​1080/​15376​494.​2019.​17096​74

Li C, Lu Y, Guo H, Tian X (2023) Non-Fick diffusion–elasticity 
based on a new nonlocal dual-phase-lag diffusion model and 
its application in structural transient dynamic responses. Acta 
Mech. https://​doi.​org/​10.​1007/​s00707-​023-​03519-0

Lord HW, Shulman Y (1967) A generalized dynamical theory of 
thermoelasticity. J Mech Phys Solids 15(5):299–309. https://​
doi.​org/​10.​1016/​0022-​5096(67)​90024-5

Mondal S, Pal P, Kanoria M (2019) Transient response in a thermoelas-
tic half-space solid due to a laser pulse under three theories with 
memory-dependent derivative. Acta Mech 230:179–199. https://​
doi.​org/​10.​1007/​s00707-​018-​2307-z

Odegard GM, Gates TS, Nicholson LM, Wise KE (2002) Equivalent-
continuum modeling of nano-structured materials. Compos Sci 
Technol 62(14):1869–1880. https://​doi.​org/​10.​1016/​S0266-​
3538(02)​00113-6

Pranavi D, Rajagopal A, Reddy JN (2022) A note on the applicability of 
Eringen’s nonlocal model to functionally graded materials. Mech Adv 
Mater Struct. https://​doi.​org/​10.​1080/​15376​494.​2022.​21503​40

Sarkar I, Mukhopadhyay B (2021) Thermo-viscoelastic interaction 
under dual-phase- model with memory-dependent derivative. 
Wave Random Complex 31(6):2214–2237. https://​doi.​org/​10.​
1080/​17455​030.​2020.​17367​33

Singh B, Pal S, Barman K (2020) Eigenfunction approach to general-
ized thermo-viscoelasticity with memory dependent derivative 
due to three-phase- heat transfer. J Therm Stresses 43(9):1100–
1119. https://​doi.​org/​10.​1080/​01495​739.​2020.​17706​42

Stanisauskis E, Miles P, Oates W (2022) Finite deformation and frac-
tional order viscoelasticity of an auxetic foam. J Intel Mater Syst 
Struct 33(14):1846–1861. https://​doi.​org/​10.​1177/​10453​89X21​
10643​42

Tiwari R, Kumar R, Abouelregal AE (2021) Analysis of a magneto-
thermoelastic problem in a piezoelastic medium using the non-
local memory-dependent heat conduction theory involving three 
phases. Mech Time Depend Mater. https://​doi.​org/​10.​1007/​
s11043-​021-​09487-z

Tzou DY (1995a) A unified field approach for heat conduction from 
macro-to micro-scales. J Heat Transfer 117(1):8–16. https://​doi.​
org/​10.​1115/1.​28223​29

Tzou DY (1995b) The generalized ging response in small-scale and 
high-rate heating. Int J Heat Mass Transf 38(17):3231–3240. 
https://​doi.​org/​10.​1016/​0017-​9310(95)​00052-B

Wang JL, Li HF (2011) Surpassing the fractional derivative: Con-
cept of the memory-dependent derivative. Comput Math Appl 
62(3):1562–1567. https://​doi.​org/​10.​1016/j.​camwa.​2011.​04.​028

Yang W, Chen Z (2020) Nonlocal dual-phase- heat conduction and 
the associated nonlocal thermal-viscoelastic analysis. Int J Heat 
Mass Transf 156:119752. https://​doi.​org/​10.​1016/j.​ijhea​tmass​trans​
fer.​2020.​119752

Yang F, Chong ACM, Lam DCC, Tong P (2002) Couple stress 
based strain gradient theory for elasticity. Int J Solids Struct 
39(10):2731–2743. https://​doi.​org/​10.​1016/​S0020-​7683(02)​
00152-X

Yu YJ, Xue ZN, Li CL, Tian XG (2016) Buckling of nanobeams under 
nonuniform temperature based on nonlocal thermoelasticity. Com-
pos Struct 146:108–113. https://​doi.​org/​10.​1016/j.​comps​truct.​
2016.​03.​014

Zenkour AM (2022) Thermal diffusion of an unbounded solid with 
a spherical cavity via refined three-phase-Green-Naghdi mod-
els. Indian J Phys 96(4):1087–1104. https://​doi.​org/​10.​1007/​
s12648-​021-​02042-z

Zhang Q, Sun Y, Yang J (2021) Thermoelastic responses of biologi-
cal tissue under thermal shock based on three phase model. Case 
Stud Therm Eng 28:101376. https://​doi.​org/​10.​1080/​01495​73920​
89461​36

Springer Nature or its licensor (e.g. a society or other partner) holds 
exclusive rights to this article under a publishing agreement with the 
author(s) or other rightsholder(s); author self-archiving of the accepted 
manuscript version of this article is solely governed by the terms of 
such publishing agreement and applicable law.

https://doi.org/10.1080/17455030.2020.1856451
https://doi.org/10.1080/17455030.2020.1856451
https://doi.org/10.1007/s12648-023-02705-z
https://doi.org/10.1007/s12648-023-02705-z
https://doi.org/10.1016/S0022-5096(03)00053-X
https://doi.org/10.1016/S0022-5096(03)00053-X
https://doi.org/10.1016/j.ijmecsci.2014.02.018
https://doi.org/10.1016/j.ijmecsci.2014.02.018
https://doi.org/10.1016/j.compstruct.2019.111112
https://doi.org/10.1080/15376494.2019.1709674
https://doi.org/10.1080/15376494.2019.1709674
https://doi.org/10.1007/s00707-023-03519-0
https://doi.org/10.1016/0022-5096(67)90024-5
https://doi.org/10.1016/0022-5096(67)90024-5
https://doi.org/10.1007/s00707-018-2307-z
https://doi.org/10.1007/s00707-018-2307-z
https://doi.org/10.1016/S0266-3538(02)00113-6
https://doi.org/10.1016/S0266-3538(02)00113-6
https://doi.org/10.1080/15376494.2022.2150340
https://doi.org/10.1080/17455030.2020.1736733
https://doi.org/10.1080/17455030.2020.1736733
https://doi.org/10.1080/01495739.2020.1770642
https://doi.org/10.1177/1045389X211064342
https://doi.org/10.1177/1045389X211064342
https://doi.org/10.1007/s11043-021-09487-z
https://doi.org/10.1007/s11043-021-09487-z
https://doi.org/10.1115/1.2822329
https://doi.org/10.1115/1.2822329
https://doi.org/10.1016/0017-9310(95)00052-B
https://doi.org/10.1016/j.camwa.2011.04.028
https://doi.org/10.1016/j.ijheatmasstransfer.2020.119752
https://doi.org/10.1016/j.ijheatmasstransfer.2020.119752
https://doi.org/10.1016/S0020-7683(02)00152-X
https://doi.org/10.1016/S0020-7683(02)00152-X
https://doi.org/10.1016/j.compstruct.2016.03.014
https://doi.org/10.1016/j.compstruct.2016.03.014
https://doi.org/10.1007/s12648-021-02042-z
https://doi.org/10.1007/s12648-021-02042-z
https://doi.org/10.1080/01495739208946136
https://doi.org/10.1080/01495739208946136

	Investigation of the Thermoelastic Behaviour of Magneto-Thermo-Viscoelastic Rods Based on the Kelvin-Voigt Viscoelastic Model
	Abstract
	1 Introduction
	2 Eringen's Theory of Nonlocal Elasticity
	3 Basic Equation of the Problem
	4 Formulation of the Problem
	5 Solving Method
	6 Solution in the Laplace Transform Domain
	7 Laplace Inverse Transform
	8 Numerical Results and Discussion
	8.1 Numerical Verification
	8.2 Effect of Viscosity and MDD in the Absence of a Magnetic Field
	8.3 Effect of Viscosity and MDD in the Presence of a Magnetic Field
	8.4 Effect of Viscosity and Magnetic Field in the Presence of MDD
	8.5 Impact of Delay Time
	8.6 Impact of Nonlocal Effects

	9 Conclusions
	Acknowledgements 
	References


