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Abstract

The objective of this study is to numerically analyse the natural convection of magnetohydrodynamic (MHD) ferrofluid
along a vertical thin cylinder with temperature-dependent viscosity (e). The governing equations are transformed into a
non-dimensional form by using suitable transformation and then solved by the implicit finite difference method through the
Keller box scheme. The model validation was conducted with the literature, and excellent agreement was obtained by varying
fluid characteristics with two different Prandtl numbers (Pr). The numerical results are discussed in terms of velocity (f)
and temperature (@) distribution, local skin friction coefficient (C¢), local Nusselt number (Nu), streamlines, and isotherms.
The rheological influence of nanoparticles and magnetic field has been included in the sensitivity analyses through volume
fraction parameter (¢p) and Hartmann number (Ha), respectively. The presence of nanoparticles was defined by assigning a
non-zero value of ¢; however, the comparison was also made in the absence of ¢ under different circumstances. The findings
from this study suggest that the inclusion of magnetic parameter weakens the convective flow due to the presence of both
electric field and magnetic field, due to the existence of the Lorentz force. Furthermore, the mobility of the fluid was also
restricted, leading to a reduction in the ferroparticle velocity. At a constant Ha, the inclusion of ¢ led to similar corresponding
characteristic curves, yet not as pronounced as Ha. However, under the same Ha, as € increased, the impact on temperature
was the opposite due to a reduction in the boundary layer of the thin cylinder. The findings of this study also suggest that in
any thermal industrial application concerning flow matter, the natural convective flow under variable e could be controlled
by applying a magnetic field at different strengths to maximise the output for the thin-walled cylindrical device, and yet the
whole system can remain stable. The stability of the system is observed and explained through the simulated results on the
fluid velocity and temperature profiles under different parametric conditions.

Keywords Natural convection - Ferrofluid - Magnetohydrodynamics - Temperature-dependent viscosity - Vertical thin
cylinder - Finite difference method
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Subscripts
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Solid

Wall conditions
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1 Introduction

Investigations on improving the thermal efficiency of dif-
ferent heating and cooling devices have been ongoing over
the past few decades (Murshed and de Castro 2016; Wang
et al. 2012). With the advancement of modern engineering
technology, the miniaturisation of electronic components has
seen major improvements. For example, a microprocessor is
a component which drastically increases power consump-
tion. Therefore, an effective method to improve the thermal
efficiency by understanding the mechanism of heat dissi-
pation will be required. Therefore, researchers have been
emphasising more on improving cooling system by analys-
ing heat transfer characteristics of coolants (air, liquid, gas,
to name a few) (Murshed and de Castro 2016; Wang et al.
2012; Palm et al. 2006; Swalmeh et al. 2018). The concept
of considering small metal particles to form a suspension by
mixing with common fluids has been proven to significantly
improve the thermal conductivity of the fluid as well as the
thermal efficiency of the electronic equipment. The idea of
ferrofluid came into being from these investigations.

A ferrofluid is a colloidal suspension or is sometimes
referred to as a magnetic colloid. It consists of monodo-
main magnetic particles with dimensions usually between 10
to 100 nm suspended within an electrically non-conductive
fluid (Kefayati 2014; Marin and Malaescu 2020; Afsana
et al. 2021). The smaller fraction of fluid particles ensures
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higher stability in the suspension, making ferrofluid an ideal
candidate in multifarious industrial applications (Shojaeiza-
deh et al. 2020; Vasilakaki et al. 2020; Kole and Khandekar
2021; Sints et al. 2022). In addition, the impact of ferrofluids
in environmental or agricultural science has been described
in terms of vegetation and micro-organisms, removal of con-
taminated particles from drinking water streams, recovery
of hazardous and toxic materials from the environment, and
heat transfer/dissipation, to name a few (Cotae and Creanga
2005; Scherer 2005; Meng et al. 2019; Oehlsen et al. 2022).
The liquid can either be polar or non-polar. Ferrofluid was
developed by NASA in 1960 when natural magnetite was
required for liquid transportation through space (weight-
less environment). In general, ferrofluids consist of either
iron salts or iron oxides. The composition of ferrofluid
has been reported as 85% liquid, 10% surfactant, and 5%
magnetic particles (Waqas 2020). Both fluid viscosity and
Brownian motion of the particles play significant roles in
restricting the deposition of the magnetic particles through-
out the fluid; hence, the essential impact of fluid viscosity
cannot be ignored in any industrial application. One of the
major issues faced by industries is the interruption of ther-
momagnetic convection due to the presence of a magnetic
field in the heat transfer unit or relevant devices. Although
qualitatively acceptable results have been reported in the
literature with marginal magnetic field either as a variable
or constant, the approach is not realistic (Sints et al. 2015).
While the magnetic field has a negative impact on applica-
tions more aligned with the separation process, the inclusion
of permeable walls in the considered geometry has been
attributed to resolving the concerns, particularly in heat
transfer applications (Blums 2004). As a result, researchers
have been trying to analyse the behaviour of fluids in dif-
ferent regular or irregular geometries for the last few dec-
ades. Among different geometries, vertical permeable cones,
flat plates, exponentially accelerated radiative Riga plates,
thin cylinders, wavy-walled cavities, and regular cubic or
square enclosures with adiabatic walls are the most popular
(Himika et al. 2021; Hassan et al. 2022; Djebali et al. 2021;
Asogwa et al. 2022; Mebarek-Oudina 2019; Madasu and
Bucha 2020; Abouelregal et al. 2021). Many studies mostly
determined Nusselt numbers (Nu) to understand the heat
transfer characteristics of fluid under the influence of mag-
netic field including the effect of variable thermal conduc-
tivity, radiation, velocity and thermal slip effects and other
thermophoresis aspects (Himika et al. 2021; Rashidi et al.
2014; Hassan et al. 2019; Himika et al. 2020; Swain et al.
2021).

In heat transfer applications, natural convection is widely
considered in the numerical study of physical sciences. The
behaviour of ferrofluid under natural convective conditions
has been considered in the past (Kefayati 2014; Mehryan
et al. 2018; Siddiqui and Turkyilmazoglu 2020; Chu et al.
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2020). However, most of the published works focused on
square cavities. In general, studies of fluid flow along a cyl-
inder are conducted in two-dimension due to the considera-
tion of radius being more extensive than the boundary layer
thickness. Thin cylinders or any thin-walled geometries are
mostly used for low-pressure processing equipment. Some
of the previous works done by researchers on cones or cyl-
inders are worth mentioning. Hossain et al. (2002) studied
natural convective flow along a vertical circular cone with
uniform surface heat flux and temperature in a thermally
stratified medium, but elaborate discussions on different flu-
ids or various Prandtl numbers (Pr) are still required. Hos-
sain and Alim (1997) included the effect of radiation within
the boundary layer of a thin vertical cylinder for fixed Pr,
but the findings were limited to the uniform surface tem-
perature. The presentation of Gori et al. (2006) was a much-
improved version as they considered both high (Pr = 730)
and low (Pr = 0.7) Pr to demonstrate the versatility of their
approach. Nevertheless, the changes in viscosity required
more attention. In a typical numerical analysis, Pr can also
provide information on the type of fluids by correlating vis-
cosity with thermal conductivity. A higher Pr(> 5) indicates
the heat transfer influenced by the fluid momentum rather
than by the thermal diffusion (Smith et al. 2013). Therefore,
varying Pr at different scales establishes more confidence
in accepting a numerical approach to the relevant industry.
Furthermore, the viscosity is a function of temperature in
the presence of a magnetic field to make the applicability
of ferrofluid more pragmatic. Hasan et al. (2022) recently
worked with vertical permeable cones within the boundary
layer and provided threefold solutions by varying fluid char-
acteristics and associated parameters. The implications of
temperature-dependent viscosity provided more options for
state-of-the-art research in applied sciences. However, the
work of Hasan et al. (2022) only considered regular fluids.
Under the influence of the magnetic field, the correlation
between the electromagnetic and viscous forces should be
considered. This relation is defined by the Hartmann num-
ber (Ha), and by varying Ha, the strength of the magnetic
field could be observed. Numerous works are available in the
literature where researchers shifted their focus to different
types of nanofluids (Kefayati and Bassom 2021; Sadeghi
et al. 2021; Rostami et al. 2020; Reddy et al. 2022; Sivaraj
et al. 2018; Hassan et al. 2022) or implications in state-of-
the-art technology in an industrial setup such as for the man-
ufacturing of viscoelastic functionally graded nanostructures
(Jalaei et al. 2022; Dastjerdi et al. 2020; Civalek et al. 2022).
Sivaraj and Sheremet (2018) investigated natural convection
in a cavity under the influence of magnetohydrodynamics
(MHD) by considering the finite volume method. Reddy
et al. (2022) recently studied the heat transfer characteristics
of magnetic nanofluid inside a square cavity with a smaller
range of Rayleigh (Ra) numbers. The inclusion of carbon

nanotubes outlines interesting findings for industrial applica-
tions. Hamzah et al. (2021) also investigated magnetic nano-
fluid behaviour inside a rotating conductive cylinder by finite
element analysis and proposed further research directions
in this field. In most cases, much literature did not widely
investigate the effect of temperature-dependent viscosity. In
practical applications, the temperature variations are evident,
and hence viscosity of the fluids will change. Therefore, it is
necessary to investigate the significant role of temperature in
industrial applications. Furthermore, there should be a clear
understanding on mixing ferroparticles into the base fluid.
An arbitrary mixing of ferroparticles to form the suspension
may do more harm than good such as clogging engineering
equipment, loss of efficiency, and erosion of other physical
components. Therefore, the effects of varying the volume
fraction of ferroparticles needs to be comprehensively inves-
tigated to analyse the characteristics. In order to reach this
milestone, a standard and efficient numerical method needs
to be selected.

A numerical analysis requires selecting an appropriate
method to solve a problem based on advantages and efficacy.
The implicit finite difference method through the Keller box
scheme is considered to be robust, reliable, numerically effi-
cient, and unconditionally convergent in obtaining a second-
order spatio-temporal solution of a boundary layer problem
(Esfahanian and Torabi 2006; Hussain et al. 2018; Habib
et al. 2018). In addition, the Keller box method also uses a
non-uniform step size of the spatio-temporal equation which
makes solving parabolic partial differential equations more
efficient and appropriate (Habib et al. 2018). It also has the
ability to handle high-performance computing on fluid flow
equations containing heterogeneous clusters. Some of the
complex grid requires working with unknown functions and
their associated derivatives at each node concurrently. This
process can be simplified numerically by implementing the
Keller box method through defining boundary conditions
as well as interface conditions, if needed (Esfahanian and
Torabi 2006; Hussain et al. 2018; Habib et al. 2018).

Based on the above discussions, it could be inferred that
there is still a requirement to investigate the heat transfer
characteristics of ferrofluid and associated phenomena to
manifest a theoretical understanding for the purpose of
integrating into engineering applications. This requirement
could be obtained by conducting sensitivity analyses of the
influential parameters on the heat transfer parameters by
choosing an efficient numerical method. The current study
aims to answer the aforementioned shortcomings in the lit-
erature by considering the efficient Keller box technique
as a representative method of implicit finite difference. A
vertical thin cylinder has been considered as the geometry
for the investigation which could be aligned with the con-
figuration of a simple heat exchanging device. Ferrofluid
is considered as the subject fluid to test the attributes and
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effects to represent a more pragmatic approach to tune the
volume fraction of ferroparticles. In addition, Ha is included
in the study to incorporate the effect of the magnetic field
strength as well as the Lorentz force. For the ease of numeri-
cal analysis, the governing boundary layer equations were
non-dimensionalised. The conducted numerical study shows
the results in illustrative descriptions with streamlines and
isotherms, as well as the velocity and temperature profiles
within the considered geometric boundary. Numerical code
validation was conducted at both low and high Pr (0.72 and
10) to determine the non-dimensional Nu. The obtained
results showed a good comparison with well-cited literature.

2 Theoretical Formulation
2.1 Problem Statement

The geometry considered in this study is a two-dimensional
vertical thin cylinder immersed in a ferrofluid, which is
shown in Fig. 1. Here, the viscosity of the fluid is a func-
tion of fluid temperature. The fluid flow is assumed to be
laminar and incompressible with Pr = 6.2, and the fluid is
a mixture of water and Fe;0, ferroparticles. It is assumed in
the present study that the nanofluid is a single-phase fluid,
where the nanoparticles are added to the base fluid in order
to change its thermal properties, e.g. changes of viscosity,
thermal conductivity, rate of heat transfer as well as other
basic characteristic. The pertinent thermophysical properties
are given in Table 1.
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Fig. 1 Schematic diagram of a vertical thin cylinder immersed in fer-
rofluid
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Table 1 Thermophysical properties of the base fluid and solid ferro-
particles (Sivaraj and Sheremet 2018; Dogonchi 2019; Shenoy et al.
2016; Sheikholeslami et al. 2015)

Physical properties Base-fluid (H,0) Ferropar-
ticles (Fe;
04)

c,(J kg' K™ 4179 670

p(kg m 3] 997.1 5200

KW m~'k™ 0.613 6

Bx 105K 20.7 1.18

o(Sm™h 0.05 25,000

u(kg m s 0.001003

The coupled momentum and energy equations govern
the flow by temperature or mass gradient for natural con-
vection. Under the Boussinesq approximation, the density
variation occurs only in the buoyant force, which introduces
in the body force term. Therefore, the effective density, heat
capacitance, and thermal expansion of nanofluid can be
expressed as:

Py = —P)ps + bp, )
(pc,)g = (1 = d)(pc,); + Plpc,); )
and

By = (1 — §)B; + PB; 3)

The empirical formula for temperature dependent viscosity
(Ling and Dybbs 1987; Molla et al. 2005) is combined with
Brinkman model (Brinkman 1952) for the ferrofluid is given
as follows:

- Ky
eI+ T - T @

The Maxwell-Garnetts (MG) models (Afsana et al. 2021) are
used for the thermal conductivity k; and electric conductiv-
ity oy, respectively, as follows:

k, + 2k, — 29k — k)
ki = ky )
k, + 2k, + ks — k)

(z-1)e
() )e

Here, ¢ is the particle volume fraction, subscripts f and s are,
respectively, represented the base fluid and solid particle.
Therefore, the thermal diffusivity of the nanofluid is

o = oy 1+ 6)
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(Pcp)ﬁ’

(N

2.2 Governing Dimensional Equations
and Boundary Conditions

For the boundary layer problem, the dimensional governing
equations under the Boussinesq approximation are the equa-
tions for continuity (8), momentum (9) and energy (10), which
are as follows (Hossain and Alim 1997):

aix(ru) + %(rv) =0 8

10 ou - e ©)
_;E_<rﬂﬁ“a )+g(Pﬂ)ﬁ( )_Gj{f U

oT T 19/ 0T

”E”E‘“ﬁm( 6r> (10)

where u and v are the velocity components in the x and r—
directions, respectively, 7T is the temperature of the ferro-
fluid, T, is the ambient temperature, B, is the magnetic field
imposed normal to the plate, and g is the acceleration due
to gravity.

The appropriate boundary conditions to solve (8)-(10) are

1,[=\}=0, T=TW at r=0 (113)

u—=-0v-0T->T, as r— o

(11b)

To non-dimensionalise the above equations, the following
non-dimensional variables are used
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The non-dimensional governing equations become as
follows:

AL (14 e0)1 + ey
pr (1—¢)>
+E(1+ e0)f” — e(1+En)f"0'] + (1 + €0)°.
3oy P8 Prg %8 Py 52],,} @1
[
of ., of
= (1 +€b) g[f % —f £]
1

2 / 109 /af
17 [(1+§n)0 +§0]+3f9_§[fa—§—6%] (22)

where € = y(T,, — T,,) is the viscosity variation parameter.
The non-dimensional boundary conditions are

ff=0, 6=1 at n=0 (23a)

ff=0,06-0 as n— oo

(23b)

The calculation of the shearing stress in terms of the
skin-friction coefficient and the rate of heat transfer in
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terms of the Nusselt number, which can be expressed in
non-dimensional form as the following:

C. = RGr=3/*L _ RGr— /4L
I Ty, kAT 1 24
where
ou oT
T, = ”f'<5>?=R’4w = —kﬁ'(g)m (25)

Therefore, the obtained boundary conditions using variables
are:

CfL 1

= =0 (26)
Nu__tg,

iy = €0 @7

2.3 Numerical Methods

The implicit finite difference method (Keller box method
1978) is considered in this study to solve the non-linear
method of partial differential equations (21)—(22) that con-
trol the flow. The set of equations (21)—(22) are written
in terms of a system of first-order equations in #, which
are then presented in finite difference form (FDF) by their
derivatives and approximating the functions given the
principal variations in the direction of both coordinates.
Signifying the net scores in the (&) plane by &; and 7,
where i=1, 2, 3, 4,...., M and j=1, 2, 3, 4,...., N, principle
variation guesses are prepared such that the equalisations
concerning & explicitly are gathered at (§;_; ,,7;_ ,) and
the rest at (§;,m;_y ), where n;_,= (n;+n;_)/2. This
creates a set of non-linear differential equations in &;_; in
terms of their value for strangers in &;. Then, Newton’s
semi-linearisation technique is used to linearise these
equations and take the converged solution at § = ¢&;_; as
the primary repetition. To start the method at & = 0, first,
we implement the inferential forms for the five variables
and apply the Keller box method to determine the abso-
lute common differential equations. It is effective to pro-
ceed step by step along the boundary zone after getting
the solution to the low stagnation event. For a supplied
value of &, the repetitive system is closed when the vari-
ation in velocity and temperature calculations in the sub-
sequent repetition is smaller than 10~ when |5f!| < 107>,
where the superscript expresses the repetition quantity.
The calculations were not accomplished by applying an
equal layer in the direction of y, but a non-stable layer
n = sinh((j — 1)/p) was applied with j=1,2,3,4,.....,301 and
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p=100. This method was elaborately explained by Molla
et al. (2006a, 2006b, 2009). A brief summary of the Keller
box method is presented in Fig. 2.

=)

Conversion of higher order
to first order differential
equations

[ Domain discretisation ]

Linearised by Newton's
method and input the
converged solution

Y

Block tri-diagonal formation ]‘7
/ ~
Solution of tri-diagonal
block formation by Thomas
algorithm No
. J
Updating solution vector

Termination/convergence
criteria

Yes
[ Finish ]

Fig.2 Flowchart of the Keller box method demonstrating the steps
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3 Model Validation

The present FORTRAN 90 code is validated with available
results of Aziz and Na (1982), Wang and Kleinstreuer (1989)
and Takhar et al. (2002) in terms of the ratio of local Nus-
selt number to local Nusselt number at the leading edge, as
shown in Table 2. This table shows that the present results
agree well with the above-mentioned results.

4 Results and Discussion

The magnetohydrodynamic natural convection of ferrofluid
with temperature-dependent viscosity along a heated vertical
thin cylinder has been investigated using the implicit finite
difference method. In this section, computational results of
streamline, isotherms, local skin friction, local Nusselt num-
ber, velocity and temperature distribution with the effect of
various parameters such as nanoparticle volume fraction,
¢ (=0.0, 0.02, 0.04, 0.06), viscosity variation parameter €
(=0.0, 0.2, 0.5, 0.8), Hartmann number, Ha (=0, 1, 2, 3, 4,
5), and Prandtl number at Pr = 6.2 are presented and ana-
lysed in the following subsections.

Table 2 The results of Nu/(Nu) . = 0 for different Pr

4.1 Effect of Ha Number

The effect of Ha has an adverse effect on natural convec-
tion. As Ha increases, the magnitude corresponding to heat
transfer should decrease due to the weakened convective
flow inside the geometry. In addition, an increased Ha also
increases the thickness of the boundary layer.

4.1.1 Changes in Local Skin Friction and Nu Number

In Fig. 3, computed values of local skin friction (C;) and
local Nusselt number (Nu) against axial coordinate & for
different values of Ha (=0, 1, 2, 3, 4, 5) are represented.
The analysis was conducted under homogeneous conditions
with ¢ = 0.04. In general, it was found that as Ha increased
from a non-zero value, the local skin friction decreased
concurrently, thus confirming the statement mentioned ear-
lier. However, the complete absence of Ha from the sys-
tem (Ha = 0) caused C; to increase continuously, which
confirms the negative impact of increasing boundary thick-
ness if Ha is present in any system. This behaviour is attrib-
uted to the fact that with increasing Ha, the Lorentz force
opposes the flow, and the magnetic force is an obstacle to
the velocity. As a result, the thickness of the momentum

Pr=0.72 Pr=10.0

I3 Aziz and Na Cebeci Takhar et al. Present results Aziz and Na Cebeci Takhar et al. Present results

(1982) (1989) (2002) (1982) (1989) (2002)
0 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
0.503 1.219 1.210 1.210 1.213 1.096 1.096 1.096 1.097
1.064 1.445 1.422 1.424 1.422 1.196 1.196 1.196 1.197
2.093 1.821 1.778 1.781 1.779 1.367 1.373 1.371 1.374
3.364 2.232 2.177 2.183 2.179 1.560 1.575 1.569 1.577
4.000 2.419 2.366 2.378 2.369 1.650 1.672 1.665 1.675
Fig.3 _Effect of Ha on a local (@ 1r Ha (b) 2
skin friction (C), and b local i 0
Nusselt numbers (Nu) at | 1
e =0.5,¢=0.04 0.8 F =imimimim 2 1.6
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! - "\*:.‘~-_r—=“""— oa
[ T e !
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boundary layer decreases. The continuous increase in Ha is
anticipated to increase further restriction to the fluid within
the boundary layer, thereby leading to a further reduction
in the C values as £ increased concurrently. On the other
hand, the local Nu also decreased with increasing Ha. If
Ha = 0 was considered from the beginning, Nu increased
linearly. However, an increase in Ha from a non-zero value
decreased Nu up to one stage before increasing abruptly.
The sharp changes are attributed to the position where the
thickest boundary is overcome. As the fluid overcame the
thickest position within the boundary layer and approached
a comparatively thinner layer, Nu increased concurrently, as
if Ha was absent from the system. This change occurs much
earlier for higher Ha. For example, at Ha = 5, in Fig. 3b, Nu
started to increase around & = 1, whereas it was observed at
a much later stage for Ha = 1, which was at approximately
& = 4. The observed results from this section suggest that
the increasing C; has an adverse impact on Nu, i.e., numeri-
cal representative of heat transfer. Therefore, as C; started
to decrease at the initial stage due to the impact of Ha, Nu
started to decrease gradually. Nevertheless, at & > 1, the
effect of C; diminished from the system, providing more
degrees of freedom for Nu to increase. In the absence of
Ha, C; does not change significantly because the magnetic
field is non-existent; however, Nu increases rapidly due to
the absence of the obstacles to the heat transfer that were
generated due to the Lorentz force.

4.1.2 Influence on Velocity and Temperature Profiles

The effects of Ha were later subjected to analysis concerning
velocity (f’) and temperature (@) profiles against a pseudo-
similarity variable (#) as depicted in Fig. 4. The influence
of magnetic parameters on both profiles has different trends,
as the temperature is more affected by the presence of Ha.
At the same time, the velocity profile corresponding to the
highest Ha in the analysis is less affected.

Fig.4 Effect of Ha on a veloc-
ity profile (f’) and b tem-
perature profile (9) ate = 0.5,

(a) 0.15¢
¢ =0.04 0.12:_

0.09

0.06

As per Fig. 4a, the local maxima for each curve rep-
resenting velocity profiles were found to be between
0.025 < n <£0.135 at different Ha, with Ha,,, on the input
leading to the lowest peak value of velocity. In other
words, the peak with the highest value was found to be
the fluid without the influence of any Ha, i.e., Ha = 0.
This behaviour can be linked with the discussion of the
Lorentz force earlier, which eventually hinders the fluid
velocity. Therefore, as 7 increased, f’ decreased simultane-
ously before heading towards the quasi-static condition at
n = 8. Meanwhile, no peak was recorded in terms of the
temperature profile, as illustrated in Fig. 4b. The tempera-
ture profiles were found to be improved under the presence
of magnetic parameter, and the temperature profile cor-
responding to Ha = 0 exhibited the lowest values before
reaching almost 0 at # = 3. While 8 = 0.45 was obtained
atn = 2 for Ha = 5, the value was around 0.05 forHa =0
and 0.1 for Ha = 1, which are much lower. In other words,
with an increase in Ha from 1 to 5, at # = 2, the value
of 6 increased almost 350%, which represents the signifi-
cant impact of Ha on the temperature profile. The velocity
distribution cannot be uniform within the boundary layer
due to the shape of the geometry and the boundary condi-
tions. The separation due to the thermal boundary layer
and momentum boundary layer are also evident. A peak
velocity will be developed regardless of the Ha values.
However, it could be understood from the aforementioned
analysis that the absence of Ha provides more mobility to
the fluid flow. Therefore, the velocity curve representing
Ha = 0 exhibited the highest peak value. It can also be
postulated from this analysis that a further increase in Ha
will eventually impose a higher degree of restrictions and
eventually the mobility of the fluid flow will be close to
0, i.e., static flow condition. Meanwhile, the temperature
profiles will continue to demonstrate a consistent trend
in the values due to heat dissipation. As # increases, the
distribution of temperature will continue to plummet due

(b) 1
0.8
0.6

D
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0.2
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to the dominance of variable viscosity as well as the inclu-
sion of Ha. In the absence of magnetic field strength, the
temperature profile will not be able to create the distribu-
tion and eventually, it will reach O quicker than any other
curve representing a non-zero Ha. Therefore, in order to
prolong the temperature distribution within the boundary
layer, it is recommended to consider a non-zero Hathat will
be adequate to face the obstacles created by the Lorentz
force as well as 5 to show a complete temperature profile.
As per the results from Fig. 4a, b, Ha = 1 — 3 seems to be
an appropriate choice.

4.2 Influence of Volume Fraction (¢)) Number

This section aims to discuss the results in terms of the
effect of the volume fraction parameter (¢), which dis-
tinguishes between the carrier fluid (¢ = 0) and ferro-
fluid (¢ > 0). At first, the effect of ¢ on C; and Nu will
be discussed (Fig. 5), and then both velocity (f’) and
temperature () profiles (Fig. 6) will be analysed. In all

Fig.5 Impact of ¢ on a local (a) 0.7
skin friction (C ), and b local H
Nusselt (Nu) at Ha = 2, 0.6

e=0.5
0.5

circumstances, Ha has been kept constant at 2, and e = 0.5
were considered.

4.2.1 Impact on Local Skin Friction and Nu Number

Figure 5 (a) examines the effect of ¢p on C. In general, it was
found that C; continued to decrease as ¢ increased, regard-
less of the rheology of the fluid. However, carrier fluid or
pure fluid, i.e., fluid with ¢ = 0 had the highest peak value of
C, indicating the negative impact of ferromagnetic particles
on the boundary layer. The inclusion of ¢ effectively reduced
the local maxima of C; marginally due to the higher density
of ferromagnetic particles. The highest ¢ was considered
0.06 in this segment, and the corresponding curve exhibited
the lowest peak value as seen in Fig. 5a. The considera-
tion of ¢ eventually improved the fluid viscosity within the
system; hence, the surface shear stress got reduced, leading
to decreasing C; values. Combining this situation, it was
expected that an enhancement in the effective heat transfer
would take place, which was manifested at the later stage.
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On the other hand, different trends were observed for
Nu as ¢ varied as illustrated in Fig. 5b. In general, it was
observed that initially, Nu increased and reached peak values
as ¢ increased from O, irrespective of ¢ values. However,
after reaching the peak, the values of Nu started to decrease
continuously, indicating the reduction in the heat transfer
due to the dominance of the ferromagnetic particles. Includ-
ing ferromagnetic particles tends to restrict fluid mobility
inside the cylinder, which eventually decreases Nu, repre-
senting heat transfer. However, the maximum peak value of
Nu was observed in the absence of a ferromagnetic particle,
i.e., at ¢ = 0, indicating the negative impact of ¢ on the
heat transfer. The findings from this segment suggest that
the inclusion of ¢ can eventually be good to overcome the
hindrance created by C;; however, that should also decrease
the heat transfer phenomena marginally. Nevertheless, it will
be prudent to tune ¢ as per the requirement of a device con-
taining ferrofluid as coolant. The marginal inclusion of ¢
could improve the heat transfer characteristics within the
boundary layer.

4.2.2 Influence on Velocity and Temperature Profiles

As mentioned earlier, the inclusion and increasing values
of ¢ restrict the fluid movement. Further evidence was
observed while studying the response of the velocity (f*)
as depicted in Fig. 6a. The increasing ¢ values indicate the
increasing viscosity, which also increased concurrently with
the thermal conductivity. Therefore, as # increased initially
from O, the fluid exhibited mobility from the complete static
condition. Once the values of # increased and crossed 7 > 1,
the velocity dropped sharply due to increased restriction of
fluid movement inside the cylinder. It was also observed that
the peak value of f’ corresponding to ¢p = 0 was marginally
more significant than any of the peak f’ values representing
other non-zero values of ¢. Since only one Ha was con-
sidered in this part of study, the bigger difference was not
noticed. However, the impact of Ha was already discussed
while explaining Fig. 4.

The impact of ¢ on the temperature profile has been
included by observing the changes in temperature repre-
sentative 0, as shown in Fig. 6b. While the difference was
not completely visible at first glance, the magnified image
of a specific area of interest has been added inside a frame
for a better visualisation. As per the magnified image, the
increased values of ¢ increased the temperature of the ferro-
fluid. In other words, at a specific value of #, the temperature
was higher for ¢ = 0.06 than for ¢ = 0. The increasing ¢
values indicate the ferrofluid’s improved thermal conductiv-
ity; hence, 8 will be higher as ¢ increases. However, it was
also observed that as # increased, 6 decreased continuously,
regardless of the values of ¢, due to the increased viscosity.
If » increased, the temperature started to fall; therefore, 6

32
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started to decrease rapidly. The observed results from this
analysis showed that the inclusion of ¢ within the bound-
ary layer impacted the C; and Nu, the velocity and tem-
perature distribution are seldom impacted. Any electronic
cooling device containing ferrofluid can benefit from this
observation as the heat transfer capability can be improved
or downgraded as per the requirement, without creating any
major change in the fluid velocity or temperature profile.
Improving heat transfer at the cost of increased fluid veloc-
ity is not advantageous, as it may cause the whole system
to become unstable, which will create another challenge to
tackle. Therefore, the mixing of nanoparticles or ferromag-
netic particles should be performed by observing the afore-
mentioned sensitivity analyses.

4.3 Impact of Viscosity

The parametric sensitivity analyses so far have been con-
ducted in terms of varying Ha and ¢. This section will
explore the behavioural changes in the target variables as a
function of viscosity.

4.3.1 Impact on Local Skin Friction and NuNumber

The influence of € was demonstrated in Fig. 7 by observ-
ing the changes in local skin-friction coefficient (C;) and
local Nu in Fig. 7a and b, respectively. It was observed that
the C; values decreased as & increased. However, at a fixed
¢ = 0.04, the inclusion of e accelerated the peak values of
fluid with the highest e value (in this case e = 0.8). While
the local maximum of the curve corresponding to fluid with
e = 0.8 was observed to be around 0.65, the value plum-
meted to around 0.42 in the absence of ¢. The increasing
values of e reinforced the reduction of the C values as the
reduced shear stress accelerated resistance within the cylin-
der. Technically, € = 0 does not exist in practical fluid, as the
second law of thermodynamics requires fluids to have posi-
tive viscosity. However, fluid with e = 0 is generally defined
as ideal fluid/superfluid or inviscid.

Similar behaviour was observed regarding local Nu with
fluid with the maximum e exhibiting the highest peak value.
This behaviour was linked with the previous observation
where the increasing fluid viscosity reduced the boundary
layer thickness and shear stress leading to improved viscos-
ity, which is also responsible for increasing the heat transfer.
However, as the peak values were overcome, the curves rep-
resenting Nu started to fall to local minima before increasing
again. Since the effect viscosity initially decreased, Nu began
to increase due to the dominance of natural convection. The
graphs obtained from the numerical simulation describe the
significant contribution of temperature-dependent viscosity
on C; and Nu. Because of the consistent value of Ha within
the system, the Lorentz force played a key role in increasing
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the peak values of both C; and Nu. It could also be observed
that the presence of ¢ along with Ha in fact increased the
peaks of Nu, which was the highest for an increased viscos-
ity. The increased viscosity values within the boundary layer
would have restricted the fluid mobility in the absence of
Ha and if only carrier fluid was present in the system, i.e.,
¢ = 0. However, due to the presence of those parameters, the
increasing € in fact improved the heat transfer of the fluid
within the boundary layer. The findings highlight the need to
consider the temperature-dependent viscosity within a sys-
tem rather than considering it as a constant, where the latter
does not necessarily represent a practical example.

4.3.2 Behavioural Changes in Velocity and Temperature
Profiles

In Fig. 8, the effects of varying viscosity, €
(=0.0,0.2,0.5,0.8), on the velocity (f’) and temperature
(0) profiles against the pseudo-similarity variable () are dis-
played in Fig. 8a and b, respectively. As observed in Fig. 8a,
the velocity profiles increased at the leading edge, and after

that, they started to decrease with increasing values of #.
Viscosity is inversely equivalent to dimensional viscosity.
Therefore, as a result of increasing the viscosity parameter,
the non-dimensional viscosity decreased, and as a conse-
quence, the viscous energy decreased, which was responsi-
ble for opposing the fluid flow. This consequence eventually
affected the viscous forces and translated into inertia energy;
therefore, the liquid mobility was accelerated. On the other
hand, in Fig. 8b, the 6 values decreased with increasing e.
Like the previous sections, it was also observed in Fig. 8§ that
for each value of e, there exists local maxima in velocity near
the leading edge, and later the corresponding parametric val-
ues started to decrease. This behaviour can be explained by
the fact that the reduction of excess viscosity is interpreted
as a reduction in viscous energy. As a result, this viscous
energy reduced friction between the liquid and the surface,
leading to reduced heat wastage within the boundary layer.
The characteristic curves illustrated in Fig. 8a, b accord with
the findings described in Fig. 7a, b, where the increased €
increased the velocity peak marginally. However, the tem-
perature profiles remained almost unchanged. The changes
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could only be observed through magnification on a specific
point. Based on this part of the analysis, the implications of
variable viscosity should be conducted in such a way that the
thermal efficiency is improved within the system and at the
same time, the fluid mobility remains stable. The constant
input values of Ha and ¢ played the pivotal role in main-
taining such consistency. Therefore, in order to improve the
heat transfer phenomena at a variable viscosity, it is recom-
mended to keep constant magnetic field strength and volume
fraction of ferromagnetic particle. However, the velocity is
likely to plummet consequently as fluid flow crosses the
thermal boundary layer and approaches the end point of the
momentum boundary layer.

4.4 Streamlines and Isotherms

The impact of different parameters on the streamlines and
isotherms is visualised here. Therefore, the analyses in this
section will be discussed in terms of varying viscosity (€),
volume fraction of nanoparticles (¢) and Ha. In all cases, the
differences in the patterns of streamlines and isotherms are
observed keeping pseudo-similarity variable or representa-
tive viscosity 7 as a dependent variable.

4.4.1 Impact on Streamlines and Isotherms at Variable
Viscosity

The focus of this section is the influence of the streamwise
axial parameter (£) on the streamlines and isotherms of
the ferrofluid within the boundary layer. At first, the role
of & under the influence of varying viscosity (e) has been
observed under constant Ha and ¢. It was anticipated that
under the lower values of &, there would not be a significant
impact on 7, regardless of the presence of € near the wall.
It was observed that in terms of streamlines, as £ increased
further, the starting values of # continued to increase before
plummeting or exhibiting constant values of 1. It was also
found that at lower & when fluid particles are near the wall, it
sharply fell from the starting value and maintained consist-
ent values throughout regardless of the increasing values of

&. However, at & > 6, the steady values were not observed
immediately due to the impact of the free-stream surface.
The isotherms obtained in Fig. 9b show the streamline pat-
terns, as it was observed that the isotherms began from# = 1
since & was 0. However, as £ increased from 0, the isotherms
began to spread out, and the difference between each mod-
ule started to increase from the top. Nevertheless, the dif-
ferences were not significant. To summarise, the obtained
graphs in Fig. 9 suggest that the variation of flow rate or
temperature is insignificant to ¢p. However, marginal differ-
ence in the streamlines could be noticed at & > 8, yet those
do not represent any dominance or impact of e¢. Further
explanations could be included in the light of the discus-
sion above. Because of the constant Ha and ¢ values within
the boundary layer, the values of stream function remained
almost identical at the beginning because they were close to
the wall. However, as & increased gradually, the flow edged
away from the boundary layer and consequently, marginal
differences in the stream function (flow rate) values could be
observed at & > 8. While peak values representing different e
increased the peak values of Nu before, the stream function
does not change significantly regardless of the e value due to
the less influential impact on fluid mobility and temperature
profile as depicted in Fig. 8. Since Ha remained constant,
the thickness of the boundary layer did not increase. There-
fore, the changes in the stream function values and isotherms
could only be impacted due to the variable viscosity (€).

4.4.2 Impact on Streamlines and Isotherms Due
to Ferroparticles

Meanwhile, the immediate impact of ¢ was noticed as &
increased to a significantly higher value (for example, & > 8)
near the free-stream surface under a constant e since it was
found that porosity variation was not influential in varying 7.
Figure 10 supports the aforementioned theory as illustrated
for both streamlines (Fig. 10a) and isotherms (Fig. 10b). It
was expected that the effect of ¢p would have less influence
near the wall, regardless of the condition implied within the
geometry. However, as £ increased further to 3, the impact
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of ¢ was observed. In fact, at & = 4, the streamline exhib-
ited twice the value at ¢» = 0.06 than that at ¢» = 0.0. It was
anticipated that the difference would keep expanding at fur-
ther increased & as well, indicating the simultaneous effect
of ¢ on the flow rate. Nevertheless, the influence of ¢ or €
will still have less influence than & due to less impact on the
temperature variation. According to Fig. 10b, the obtained
curves support the hypothesis. Compared to the findings
from Fig. 9, it could be seen that the changes in the stream
function are more visible in this analysis. This evidences the
impact of ¢ on the stream function which was more influ-
ential than e. The increasing value of ¢ means the fraction
of the ferromagnetic particles increased which eventually
increased the skin-friction coefficient. Therefore, the fluid
mobility is restricted and the stream function decreases.
Initially, there was no difference in the stream function.
However, as & increased gradually, the distance from the
wall increased and difference in the stream function value
increased. As & continued increasing, the difference in the
stream function values between the curves corresponding to
¢ = 0 and ¢ = 0.06 continued increasing.

4.4.3 Changes in Streamlines and Isotherms Due to Ha
Number

Finally, the effect of varying Ha is observed in Fig. 11. The
presence of Ha always creates an obstacle or downgrades

Fig. 11 Influence of varying Ha
numbers on a streamlines and

b isotherm for Ha = 0 (solid
lines), Ha = 5 (dashed lines)
while ¢ = 0.5, ¢ = 0.04
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the streamlines and temperature to a greater extent due to
the presence of the magnetic field. As per Fig. 11a, at lower
£ (< 1), there was no prominent impact of Ha. However,
as & increased, the curves representing Ha = O0and Ha =5
started to lose alignment. The curves of Ha started to exhibit
quasi-horizontal characteristics. In contrast, the curves of
Ha = Oremained in a consistent state at the beginning due to
the presence of the wall. This behaviour could be attributed
to the fact that in the presence of Ha inside the cylinder, the
ferrofluid is influenced significantly by the magnetic field,
which decreases the flow rate. Because of this, it was also
expected that the temperature variation would be substan-
tially different at the free-stream surface due to the weakened
convective flow. The curves illustrated in Fig. 11b confirm
these characteristics. It can be seen that the differences in the
isothermal lines at £ > 3 are so wide that two different col-
ours were obtained separately instead of overlapped curves,
implying the significant role of Ha in the isothermal lines as
well as 7. At &€ = 3and & = 4, the differences (%) in the peak
values of the curve representing Ha = 0 and Ha = 5 were
46.66% and 52.63%, respectively. In other words, the viscos-
ity increased to a large extent, which eventually restricted
the flow movement leading to comparatively less-significant
convective flow inside the boundary layer of the thin cyl-
inder. The impact of Ha within the thin cylinder suggests
that the magnetic field strength significantly downgrade the
stream flow of the fluid if € and ¢ remain constant. This
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negative impact could be overcome by imposing variable
viscosity within the system as described earlier. On the other
hand, if it is a necessity to keep stream function lower within
the system, increasing magnetic field strength should suffice
which could provide an option on the controlling mechanism
of the ferrofluid within a system.

5 Conclusions

In this research, the natural convection of ferrofluid along a
vertical thin cylinder with temperature-dependent viscosity
has been studied by implicit finite difference by considering
the Keller box method. The viscosity function is inversely
proportional to temperature. The study has been conducted
by varying four key parameters, namely, ferroparticle vol-
ume fraction 6%, (¢ € [0, 0.06]), temperature-dependent vis-
cosity, € € [0, 0.8], and Hartmann number (0 <Ha< 5). The
computational code was written in the FORTRAN language,
and model validation was conducted by comparing the
obtained results with three well-cited literature studies. The
physical correlations among the ferroparticles, heat transfer,
and the influence of the external magnetic field were investi-
gated by sensitivity analyses. The concepts within this study
can be used in industries working with nanofluids, where
stabilising the fluid flow within the defined geometries poses
an inherent challenge. With the further addition of Ha, the
flow can be stabilised within geometry, and at the same time,
elevated temperature can be recorded. The major outcomes
of the study are listed below:

e The inclusion of Ha weakens the convective heat transfer
within the thin cylinder. As a result, the local skin fric-
tion (C), Nusselt number (Nu), and velocity distribu-
tion (f’) will decrease concurrently if Ha increases. By
increasing Ha, the Lorentz force is free to dominate the
ferrofluid flow within the thin boundary layer, and hence
the momentum is hindered.

e As the volume fraction of ferroparticles (¢) increases,
the local skin friction decreases due to the reduction
in particle mobility due to the increased viscosity and
decreasing surface shear stress. A similar trend is also
seen in terms of Nu at the leading edge, but after a local
minimum, it starts to increase. However, if Ha remains
constant throughout, there is no significant impact of ¢
on velocity (f”) and temperature () distributions.

e Increasing viscosity (¢e) leads to increasing the peak val-
ues of C ; and Nu under the presence of Ha. However, f’
exhibits a similar behaviour at the edge of the cylinder
and later plummets to quasi-static conditions.

e A significant variation is observed in the free-stream sur-
face for varying Ha within the geometry. The inclusion

@ Springer

of the magnetic parameter almost doubles the pseudo-
similarity variable (n) at a constant € and ¢ (non-zero).
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