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Abstract
In this paper, a pitching NACA 0012 airfoil is simulated in the slip flow regime by solving the Navier–Stokes equations 
subjected to the Maxwell slip and Smoluchowski jump boundary conditions. The rhoCentralDyMFoam solver of the Open-
FOAM software has been modified to handle these boundary conditions. The effects of several parameters such as reduced 
frequency, mean angle of attack, amplitude of oscillation and the Knudsen (Kn) number on aerodynamic coefficients are 
investigated. It was shown that Kn has no significant effect on lift coefficient but changes drag coefficient significantly. 
Moreover, the reduced frequency changes the lift coefficient considerably but its effect on the drag coefficient is negligible.

Keywords Maxwell slip · Pitching airfoil · Slip flow regime · Smoluchowski jump · OpenFOAM · NACA 0012

1 Introduction

In the recent years, many researchers have studied rare-
fied gas flows such as flows in micro- or nano-devices and 
fluid flows near hypersonic aircraft at high elevation. The 
rarefied gas flow is defined as flow that has a large value 
of Knudsen number (Kn). This number is described as the 
molecular mean free path (λ) divided by the characteristic 
length of the flow (L). Fluid flows can be categorized by the 
Knudsen number into four different regimes (Chambré and 
Schaaf 1961; Zhang et al. 2012). The first is the continuum 
regime with Kn of smaller than 0.001. In this regime, the 
Navier–Stokes (N–S) equations with the no-slip boundary 
condition are the governing equations. The second is the 
slip regime with Kn between 0.001 and 0.1. Similar to the 
continuum regime, in the slip regime, governing equations 
of flow are the N–S equations. However, the slip-velocity 
and temperature-jump boundary conditions should be used 
instead of no-slip boundary conditions (Gad-el-Hak 1999; 
Ho and Tai 1998). The third flow regime is the transition 
flow with 0.1 < Kn < 10, and the last flow regime is the 
free molecular flow with Kn > 10. In the transition and free 
molecular regimes, the N–S equations are not valid and other 
numerical methods such as the direct simulation Monte 

Carlo (DSMC) (Bird 1976) or Boltzmann equation (Lilley 
and Sader 2008) should be used for simulating fluid flows.

Amini et al. (2012) simulated different types of nose cone 
shapes in the rarefied gas condition by using the DSMC 
method. They considered fluid flows as a mixture of gases. 
In another work, Amini et al. (2018) investigated the aero-
dynamics of the NACA 0012 airfoil with connected Gurney 
flap in the rarefied gas condition and Mach number of 2. 
They studied the effects of different parameters such as the 
Knudsen numbers, Gurney flap height and angles of attack. 
Fan et al. (2001) simulated gas flows around the NACA 0012 
airfoil in the rarefied gas condition at different Mach num-
bers by using both the N–S equations with slip/jump bound-
ary conditions and the DSMC method. In order to remove 
statistical fluctuations of DSMC results in subsonic flows, 
they used the information preservation type of the DSMC 
method. Shoja-Sani et al. (2014) calculated the lift and drag 
coefficients of the NACA 0012 airfoil at high Knudsen num-
bers by using both the N–S equations with slip/jump bound-
ary conditions and the DSMC method. They utilized the 
dsmcFoam solver of the OpenFOAM package. They showed 
that by increasing the Knudsen number, the drag coefficient 
increases. Le et al. (2015) investigated the rarefied gas flows 
around NACA 0012 by solving the N–S equations subjected 
to the first and second orders of the slip and jump boundary 
conditions. They considered two different Mach numbers 
of 0.8 and 2. They have shown that in comparison with the 
first-order boundary conditions, the lift and drag coefficients 
calculated by second-order boundary conditions have better 
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agreement with the lift and drag coefficients obtained by the 
DSMC method. Allegre et al. (1986, 1987) studied the sub-
sonic and supersonic flows around the NACA 0012 airfoil 
at a Knudsen number of 0.026.

The dynamic stall denotes unsteady flow separation 
arising on airfoils during a pitching motion and have been 
investigated extensively in recent years (Favier et al. 1988; 
Ko and McCroskey 1997; Martin et al. 1974; Wang et al. 
2010). When the airfoil rotates in the upward direction, a 
leading-edge vortex (LEV) is developed and moves along 
the upper surface of the airfoil. This vortex reduces pres-
sure on the upper surface and causes the maximum lift 
coefficient to increase. At the onset of downward rotation 
of the airfoil, this vortex is quickly separated from the 
upper surface and leads to a great reduction in the lift. 
This phenomenon is called dynamic stall and produces a 
hysteresis loop of force and moment on the airfoil that can 
lead to a break in the wing. Therefore, occurrence of the 
dynamic stall limits the performance of wings, substan-
tially. Wernert et al. (1996) and Leishman (1990) indi-
cated that a second local maximum in the lift coefficient’s 
curve is created due to generation of a second vortex in the 
down stroke phase of the airfoil rotation. Amiralaei et al. 
(2010) studied performance of the NACA0012 airfoil for 
a pitching motion in laminar flows, numerically. Effects 
of different factors such as frequency of motion, ampli-
tude of motion and the Reynolds number on the lift and 
drag coefficients were studied. Wang et al. (2010) mod-
eled the dynamic stall of a pitching NACA0012 airfoil 
at low Reynolds number and turbulent flow, numerically. 
Gharali and Johnson (2013) studied the effects of pulsat-
ing inlet velocity on the aerodynamic performance of the 
NACA0012 airfoil in a pitching motion and turbulent flow.

In this paper, unsteady flow around the NACA0012 air-
foil during a pitching motion in a rarefied gas condition is 
simulated, numerically. The dynamic stall is occurred in 
a pitching motion and affects the lift and drag coefficients, 
significantly. The effects of Knudsen number, pitching 
amplitude, mean angle of attack and pitching frequency 
on the lift and drag coefficients are examined.

2  Governing Equations

In the slip regime, the N–S equations subjected to the slip/
jump boundary conditions are valid. These equations for 
unsteady and compressible flow are written as follows:

Conservation of mass

(1)
��

�t
+ ∇ ⋅ [�V] = 0

Conservation of momentum

where V, � and � are the velocity, the gas density and the 
shear stress tensor. For the Newtonian fluid � is defined as:

where µ is the dynamic viscosity
Conservation of total energy

where E, cV and T are the total energy, constant volume spe-
cific heat and temperature, respectively. q is the heat flux and 
it is evaluated by q = −kf∇T  . Here kf  represents the thermal 
conductivity. In the current study, perfect gas behavior is 
assumed. Therefore, the following relation is considered in 
all simulations

where R is the specific gas constant.

2.1  The Velocity Slip and Temperature Jump 
Condition

For simulating the slip regime by using the N–S equations, 
imperfect momentum and energy accommodation over the 
surface should be modeled in the boundary conditions. 
These boundary conditions are the Maxwell slip and the 
Smoluchowski jump and are defined as follows (Karniadakis 
et al. 2006):

where n, σu and σT represent the unit normal vector of the 
surface, the tangential momentum accommodation factor 
and thermal accommodation factor, respectively. The sub-
script w refers to the wall properties and the tensor S is 
defined as S = I − nn, where I is an identity tensor and Π is 
defined as:

(2)
�(�V)

�t
+ ∇ ⋅ [�VV] = −∇P + ∇ ⋅ �

(3)� = �
[
∇V + (∇V)T

]

(4)

�(�E)

�t
+ ∇ ⋅ [V(�E)] + ∇ ⋅ (VP) + ∇ ⋅ (� ⋅ V) + ∇ ⋅ q = 0

(5)E = cVT + 0.5|V|2

(6)P = �RT

(7)

V − Vw = −
2 − �u

�u
�∇n(S ⋅ V) −

2 − �u

�u

�

�
S ⋅

(
n ⋅ Π

)
−

3

4

�

�

S ⋅ ∇T

T

(8)T − Tw = −
2 − �T

�T

2�

(� + 1)Pr
�∇nT

(9)Π = �(∇V)T −
2

3
Itr(∇V)
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where subscript tr signifies the trace of tensor. In the present 
study, both accommodation factors are considered equal to 
one.

3  Numerical Method 

3.1  Discretization of the NS Equations

In this study, rhoCentralDyMFoam solver in the Open-
FOAM package is used for solving the governing equa-
tions subjected to the slip/jump boundary conditions 
(Greenshields et al. 2010). This is an explicit and density-
based solver for solving the compressible and Newtonian 
flows with dynamic mesh motion. In this paper, the Max-
well slip and Smoluchowski jump boundary conditions 
of OpenFOAM are modified to handle the dynamic mesh 
capability. In rhoCentralDyMFoam, the second-order 
semi-discrete, non-staggered schemes of Kurganov and 
Tadmor (2000) and Kurganov et al. (2001) are used to 
interpolate field values in cell centers and discretiza-
tion of a general tensor variable (�) is defined as follow 
(Greenshields et al. 2010).

The convective terms of the N–S equations can be dis-
cretized as (Kurganov et al. 2001; Kurganov and Tadmor 
2000):

where Sf  and �f  are the face area vector and diffusive volu-
metric flux, respectively. �f = Sf ⋅ uf  is the volumetric flux. ∑

f  represents a summation over all faces of the cell. In 
the Kurganov-Tadmor (KT) and Kurganov-Noelle-Petrova 
(KNP) methods, the interpolation is divided into two direc-
tions, namely the flow inlet to the cell faces ( f+ ) and flow 
outlet to the cell faces ( f− ). In this equation, �f+

 and �f−
 

represents the flux calculations at the f+ and f− directions, 
respectively. These fluxes are evaluated as:

where �f+
 and �f−

 are interpolated using the first-order 
upwind interpolation schemes. � and cf  is the weighting 
coefficient and the sound speed at the cell faces, respectively.

The weighting coefficient is defined as

(10)∭
∀

∇ ⋅ [u�]d∀ =
∑
f

Sf ⋅
(
uf�f

)
=
∑
f

�f�f

(11)

∑
f

�f�f =
∑
f

[
��f + �f+

+ (1 − �)�f−
�f−

+ �f

(
�f−

− �f+

)]

(12)
�f+

= max
(
cf+

|||Sf
||| + �f+

, cf−
|||Sf

||| + �f−
, 0
)

�f−
= max

(
cf+

|||Sf
||| − �f+

, cf−
|||Sf

||| − �f−
, 0
)

The diffusive volumetric flux 
(
�f

)
 is calculated from

In Eqs. (2) and (4), the gradient terms are discretized as:

Moreover, the discretized form of the Laplacian terms is 
presented as:

In the above equation, Γ stands for the diffusion coeffi-
cient and it is interpolated by averaging its values at adjacent 
cell centers.

3.1.1  Time Integration of the NS Equations

Since rhoCentralFoam is an explicit solver, solutions at the 
present time step are calculated from the obtained values 
of previous time step. In this explicit solver, to improve the 
time step limitation, a sequential approach is used to con-
sider the diffusive terms as suitable implicit corrections. This 
solution algorithm includes three main steps (Greenshields 
et al. 2010):

Step 1 Solving the inviscid equations as follows:

In the above equations the prime denotes variables which 
are calculated by inviscid assumptions.

Step 2 Updating values of V and T from the solutions of 
Eq. (17). In this step, the temperature can be calculated by:

Step 3 Solving the implicit form of diffusion equations for 
the primitive variables.

(13)� =

{
0.5 for KT scheme

�f+

�f+
+�f−

for KNP scheme

(14)�f =

⎧
⎪⎨⎪⎩

�max
�
�f+

,�f−

�
for KT scheme

�(1 − �)max
�
�f+

,�f−

�
for KNP scheme

(15)∭
∀

∇� d∀ =
∑
f

[
�Sf�f+

+ (1 − �)Sf�f−

]

(16)
∭

�

N × (Γ N�) d∀ = ∬S

dS ⋅ (Γ∇�) ≈
∑
f

Γf Sf ⋅ (∇�)f
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(
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(
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In this step, the velocity and the temperature can be 
updated as below:

4  Problem Description

In this paper, a pitching NACA 0012 airfoil in rarefied con-
dition is investigated. Figure 1 shows the schematic of the 
computational domain. In this figure, C is the chord length 
and α presents the angle of attack (AOA). The pitching rota-
tion of the airfoil is specified by the following sinusoidal 
angular motion:

where αm is the mean AOA, αA is the pitch amplitude and 
ω denotes oscillation frequency. The center of rotation is 
placed at 0.25C from the leading edge of the airfoil. The 
inlet boundary is assumed as the free stream condition and 
Mach number and temperature of air at this boundary are 
2 and 161 K, respectively. The temperature on the airfoil 
surface is 290 K. At the upper, lower and outlet boundaries, 
zero gradient in normal direction is applied for velocity, 
pressure and temperature variables. Maxwell slip velocity 

(19)

(
�(�V)

�t

)

vis

− ∇ ⋅ (�∇V) − ∇ ⋅

(
�exp

)
= 0

(
�
(
�CVT

)
�t

)

vis

−
(
kf∇T

)
= 0

(20)� = �m + �A sin (�t)

and temperature jump boundary condition are applied to the 
surface of the airfoil. Additionally, reduced frequency (k) of 
the pitching airfoil is defined as:

5  Mesh Independence Study 

In order to investigate the independence of results from 
the numerical grid, three different high-quality structured 
meshes are used. The total number of cells in coarse, 
medium and fine meshes are 46,000, 91,000 and 174,000, 
respectively. The lift and drag coefficients of the NACA 
0012 airfoil at M = 2 and Kn = 0.026 obtained from these 
meshes are compared in Tables 1 and 2, respectively. As 
can be seen, in all angles of attack (α), the difference 

(21)k =
�C

2U∞

Fig. 1  Schematics of the 
computational domain and an 
oscillating airfoil under pitching 
motion

Table 1  Comparison of drag coefficient obtained by the DSMC 
method and those obtained by different meshes

Coarse mesh Medium mesh Fine mesh DSMC 
(Amini et al. 
2018)

α = 0° 0.3988 0.4065 0.4103 0.4109
α = 10° 0.4496 0.4636 0.4621 0.4609
α = 20° 0.6019 0.6145 0.6167 0.6194
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between values of lift and drag coefficients obtained by 
medium and fine meshes are very small. Therefore, in 
this study the medium mesh is used for simulation of a 
pitching NACA 0012 airfoil at M = 2.

In Fig. 2 the pressure coefficient and slip velocity dis-
tributions on the airfoil surface at Mach = 2, Kn = 0.026 
and α = 20° for different meshes are presented. Also, the 
velocity profiles in the boundary layer for these meshes 
are presented in Fig. 3. As can be seem, these figures 
show that the results of medium mesh and fine mesh 

are adequately close to each other and consequently for 
reducing the CPU time, the medium mesh is used in the 
numerical simulations of this work.

The medium grid and its close-up views are shown in 
Fig. 4. Also, the number of nodes on airfoil surface in 
this mesh is 700 while the number of nodes on the air-
foil surface in coarse and fine meshes are 500 and 1000, 
respectively.

Table 2  Comparison of lift coefficient obtained by the DSMC 
method and those obtained by different meshes

Coarse mesh Medium mesh Fine mesh DSMC 
(Amini et al. 
2018)

α = 5° 0.1763 0.1844 0.1849 0.185
α = 10° 0.3418 0.3529 0.3526 0.3523
α = 20° 0.6518 0.6742 0.6749 0.6756

Fig. 2  Mesh independence study at Mach = 2, Kn = 0.026 and α = 20° a pressure coefficient, b slip velocity on airfoil

Fig. 3  Velocity profile on the upper surface of the airfoil for different 
meshes at Mach = 2, Kn = 0.026 and x = 0.25C

Table 3  Comparison between the present results of N–S equations 
with those given by Le et al. (2015) and Shoja-Sani et al. (2014)

AOA Present results Le et al. (2015) and 
Shoja-Sani et al. 
(2014)

CD CL CD CL

0° 0.4065 – 0.3999 –
5° 0.41 0.1844 0.4107 0.1758
10° 0.4636 0.3529 0.4533 0.3511
15° 0.5214 0.5206 0.5223 0.5201
20° 0.6145 0.6742 0.6133 0.6757
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Fig. 4  Computational grid around the hydrofoil and its detail view

Fig. 5  Comparison of slip velocity and pressure coefficient on the surface of NACA 0012 airfoil at Kn = 0.026 and M = 2
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Fig. 6  Comparison of the present lift and drag coefficients with previous experiments and numerical results

Fig. 7  Comparison of the 
lift and the drag coefficients 
between the slip and no-
slip boundary conditions at 
Kn = 0.001
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Fig. 8  Contour of Mach number 
at different angles of attack for 
Kn = 0.026, k = 0.1, αm = 10° 
and αA = 15°
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Fig. 9  Contour of temperature at different angles of attack for Kn = 0.026, k = 0.1, αm = 10° and αA = 15°
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6  Validation

In Table 3, obtained values of lift and drag coefficients for 
NACA 0012 at Kn = 0.026, M = 2 and wide range of angles 
of attack are compared with those given by Le et al. (2015) 
and Shoja-Sani et al. (2014). As Table 3 indicates, maximum 
discrepancies between the current predictions for drag and 
lift coefficient and those reported by references is less than 
4.9%.

In Fig.  5, the obtained values for slip velocity and 
pressure coefficient on the NACA 0012 airfoil surface at 
Kn = 0.026, M = 2 and AOA = 20° are compared with those 

of presented by Shoja-Sani et al. (2014). The discrepancy 
between the two results is sufficiently small, and they are 
in a good agreement.

In another test case, the aerodynamic coefficients of a 
pitching airfoil at the no-slip condition are compared with 
experimental (Lee and Gerontakos 2004) and numerical 
(Gharali and Johnson 2013) results. Here, at a reduced 
frequency of k = 0.1 the airfoil rotates so that the angle of 
attack changes by α = 10° + 15° sin(18.67t). In Fig. 6 the 
present lift and drag coefficients are compared with experi-
mental (Lee and Gerontakos 2004) and numerical (Gharali 
and Johnson 2013) results. At the up-stroke motion of 

Fig. 10  The pressure coefficient 
distribution over the airfoil for 
Kn = 0.026, k = 0.1, αm = 10° 
and αA = 15°

Fig. 11  The temperature 
distribution over the airfoil for 
Kn = 0.026, k = 0.1, αm = 10° 
and αA = 15°
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the airfoil, both numerical results are in good agreement 
with experimental results. However, in comparison with 
Gharali and Johnson (2013) the current lift and drag are 
closer to the experimental data at the down-stroke motion.

7  Results and Discussion

In this paper, the slip/jump boundary conditions of the 
OpenFOAM package are modified to handle the dynamic 
mesh related to the moving boundary on airfoil. In order 
to verify the accuracy of slip/jump boundary conditions 
under the pitching motion of the airfoil, the results of these 
boundary conditions at Kn = 0.001 are compared to the 
no-slip boundary conditions. This comparison for k = 0.1, 
αm = 10° and αA = 15° is displayed in Fig. 7. As can be 
observed, there is a good agreement between the lift and 
drag coefficient obtained by both the no-slip boundary 
condition and the slip boundary condition at Kn = 0.001. 
Therefore, the slip/jump boundary conditions have suf-
ficient accuracy for simulating the pitching airfoil. In all 
simulations, the maximum Courant number is set to 0.1 
with an initial time step of 1e−8. As shown in Amini et al. 
(2018), this value of maximum Courant number complies 
with the time step independence for results.

Mach number contours around the airfoil at differ-
ent angles of attack during one period of airfoil pitching 
are shown in Fig. 8 for Kn = 0.026, k = 0.1, αm = 10° and 
αA = 15°. In this case, the maximum and minimum values of 
α are 25° and −5°. In the first three contours of this figure, 
the airfoil rotates in the down-stroke direction and in the 

remaining contours it rotates in the upward direction. As can 
be observed, the contour of Mach number in α = 4° and 15° 
when the airfoil rotates in an upward direction differs from 
the contour in those values of α and a downward direction. 
This generates different values of lift and drag coefficient 
in up-stroke and down-stroke directions. Therefore, the lift 
and drag coefficients have different curves in up-stroke and 
down-stroke directions.

As shown in Fig. 8, a curvilinear shock is generated in 
front of the airfoil. The shape of shock and its curvature 
depend on the Mach number. At high Kn numbers, this shock 
is weakened and converted into some compression waves in 
front of the airfoil. At lower Kn numbers, freestream fluid 
flow has a higher density and consequently higher kinetic 
energy. As a result, the shock waves are strengthened and 
approach the leading edge of the airfoil.

The streamlines of fluid flow at different angles during 
one period of airfoil oscillation is presented in Fig. 9. It can 
be seen that there are no vortices and consequently no sepa-
ration occurs in all angles of attack ranging from −5° to 25°. 
Similar results were observed by Shoja-Sani et al. (2014) in 
which a separation zone was observed at M = 0.8 while in 
supersonic flow, even at higher angles of attack up to 55°, 
the separation zone was not observed. This is associated 
with the higher total kinetic energy of in supersonic flow in 
comparison with subsonic flow.

In Fig. 10, the pressure coefficient distribution over the 
airfoil surface at different angles of attack in one pitch-
ing cycle for Kn = 0.026, k = 0.1, αm = 10° and αA = 15° is 
presented. As seen, the pressure coefficient changes with 
attack angle significantly. Moreover, the direction of rotation 

Fig. 12  The slip velocity 
distribution over the airfoil for 
Kn = 0.026, k = 0.1, αm = 10° 
and αA = 15°
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also has significant effect on the pressure coefficient. The 
effect of rotation direction at α = 4° is larger than its effect 
at α = 15°. The difference between the lower and upper pres-
sure coefficient has it maximum at α = 25°. This difference 
is decreased by decreasing angles of attack from 25° to −5°. 
An angle of −5° is the minimum value of attack angle, and 
after that α is increased. By increasing α from −5° to 4°, the 
difference between the lower and upper pressure coefficient 
decreases and this difference has its minimum value at 4° 
up-stroke. Also, it can be seen that the difference of pres-
sure coefficient in the front edge is larger than its value on 
the rear edge.

Figure 11 shows the temperature distribution over the 
airfoil surface at different angles of attack in one pitch-
ing cycle for Kn = 0.026, k = 0.1, αm = 10° and αA = 15°. 

As can be seen, the surface temperature at α = 25° has its 
maximum value and at α = 4° up-stroke has its minimum 
values. Surface temperatures are very different between 
the up-stroke and down-stroke directions at α = 15°. How-
ever, their difference at α = 4° is negligible.

In Fig. 12, the slip velocity on the airfoil surface for 
Kn = 0.026, k = 0.1, αm = 10° and αA = 15° is displayed. 
At α = 25° the slip velocity has its maximum value. By 
decreasing the angle of attack in down-stroke phase, the 
slip velocity decreases. This reduction is continued in 
the first portion of the up-stroke phase. The slip veloc-
ity reaches its minimum value at α = 4°. After that the 
slip velocity increases. At α = 15° the slip velocity at 
lower surface of airfoil is approximately equal for both 

Fig. 13  The lift and drag coeffi-
cients at various Kn number for 
k = 0.1, αm = 10° and αA = 15°
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down-stroke and up-stroke phases. However, at the upper 
surface of the airfoil, slip velocity in the up-stroke direc-
tion is greater than its value in the down-stroke direction. 
At α = 4°, over the entire surface of the airfoil slip velocity 
in the down-stroke phase is greater than its value in the 
up-stroke phase.

Variations of the lift and drag coefficients with angle of 
attack at different values of Knudsen number for k = 0.1, 
αm = 10° and αA = 15° are shown in Fig. 13. By increasing 
the Knudsen number, the drag coefficient increases. Moreo-
ver, the path of the up-stroke and down-stroke of the drag 
coefficient are close to each other. At Kn = 0.08, the up-
stroke path approximately coincides with the down-stroke 

path. Dispute to the drag coefficient, the Kn number has not 
significant effect on the lift coefficient. However, its effects 
near maximum (25°) and minimum (−5°) angles are greater 
than its effect at other angles.

In Fig. 14 effects of reduced frequency on the lift and 
drag coefficients for Kn = 0.026, αm = 10° and αA = 15° are 
shown. As it can be seen, reduced frequency smaller than 
k = 0.1 has a slight influence on the drag coefficient. How-
ever, k = 0.5 reduces the drag coefficient with respect to its 
values related to k < 0.1. Contrary to the drag coefficient, 
the reduced frequency has great influence on the lift coeffi-
cient. As can be seen, by increasing the reduced frequency, 
the lift loop becomes thicker and rotates in the clockwise 

Fig. 14  The lift and drag 
coefficients at different values 
of reduced frequency for 
Kn = 0.026, αm = 10° and 
αA = 15°
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direction around the mean angle αm = 10°. During the 
pitching motion, the dynamic cambering effect leads to a 
larger maximum value of lift coefficient. Dynamic camber-
ing is caused by fluid flowing on the suction surface that 
experiences a greater curvature when the airfoil rotates 
rapidly, resulting in a larger lift. This phenomenon occurs 
only in an attached boundary condition. Since in the high 
Mach number rarefied gas flow boundary layer separation 
does not happen, the dynamic cambering improves the lift 
coefficient.

The changes of the lift and drag coefficients for dif-
ferent values of the mean angle (αm) in fixed values of 
Kn = 0.026, k = 0.1 and αA = 15° are shown in Fig. 15. By 

increasing the mean angle, the lift values at the maximum 
and minimum angle of attack are increased and decreased, 
respectively. Moreover, the increase in the mean angle of 
attack shifts the lift loop considerably to the higher values.

The variations of the lift and drag coefficients at 
Kn = 0.026, k = 0.1 and αm = 10°and different values of 
pitching amplitude are presented in Fig. 16. By increasing 
the pitching amplitude, the drag coefficient loop enlarges 
and become thicker. For αA = 5°, αA = 10° and αA = 15° 
the maximum values of drag coefficient are 0.54, 0.62 and 
0.73, respectively.

Fig. 15  The lift and drag coef-
ficients at different values of 
the mean angle for Kn = 0.026, 
k = 0.1 and αA = 15°
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8  Conclusions

In this study, the effects of pitching amplitude, mean angle 
of attack and Knudsen number on the lift and drag coef-
ficients of the NACA 0012 airfoil were numerically inves-
tigated. The Knudsen number was chosen in the slip flow 
regime. Therefore, the N–S equations with Maxwell slip 
and Smoluchowski jump boundary conditions were solved 
as governing equations of flow. It was concluded that both 
the angle of attack and rotation direction substantially affect 
the pressure coefficient, slip velocity and wall temperature. 
Moreover, The Kn number has no significant effect on the 
lift coefficient but changes the drag coefficient significantly. 
It was shown that the reduced frequency changes the lift 
coefficient considerably, but its effect on the drag coefficient 
is negligible.
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