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Abstract
In order to explore the influence of inlet-loss coefficient on dynamic coefficients and stability of finite-length annular seal,

and then to provide theoretical basis for multistage pump rotor system vibration and stability, the bulk-flow model is taken

into account to model the fluid control equations of clearance flow, and perturbation method is applied to calculate the first-

order functions and dynamic coefficients. The calculated results are validated by comparing them with reference results,

and the minimum and maximum error percentage are 1.4 and 5.6%, respectively. The dynamic coefficients change rule and

stability of annular seal under the multifactor-coupled effects are researched in a detailed manner. The numerical results

show that the inlet-loss coefficient plays an important role in dynamic coefficients of finite-length annular seal, especially

for direct stiffness. All of the dynamic coefficients increase with the increase in inlet-loss coefficient, and the growth trends

are the most distinct for large length–diameter ratio, small clearance or high rotating speed. Moreover, reducing the inlet-

loss coefficient can improve the stability of annular seal. The research results and conclusions can provide references for

the structure design of multistage pump and optimal design of rotor system.
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1 Introduction

External excitations, such as the fluid exciting force inside

the seal structure between a stator and a rotor or the fluid-

film force of bearings, are the key factors that may induce

severe vibration and instability in modern rotating

machinery (Megerle et al. 2013; Zhou et al. 2014a). Many

studies have been carried out to present that the annular

seals not only control the leakage, but also obviously affect

the dynamic characteristics of rotor system (Hua et al.

2005; Banakh and Nikiforov 2007; Wang et al. 2009; Zhou

et al. 2014b). Research on the mechanisms of fluid–solid

interaction and the influence of sealing force on rotor

system has become the hottest topic for the vibration

characteristics of multistage pumps.

The sealing force of annular seal is usually expressed in

the form of dynamic coefficients (Kerr 2005; Wang et al.

2016; Jiang et al. 2013). Jenssen and Black first proposed

the solving method for direct stiffness, but the calculation

error is obvious for large length–diameter ratios because of

the greatly simplified control equations (Jenssen 1970;

Black 1971, 1974). Based on Hirs’ bulk-flow theory, Childs

put forward a solving method for finite-length annular seal

which expanded the calculation scope of length–diameter

ratio (Childs 1983). Nelson and Nguyen developed a new

solution to research the effects of eccentricity on rotordy-

namic coefficients of annular seals by fast Fourier trans-

forms (Nelson and Nguyen 1988a, b). Baskharone et al.

established the full-sized scale model of leakage flow

channel and compared the calculated results with experi-

mental results (Baskharone et al. 1994). Ha et al. developed

a solution procedure to solve the dynamic performances of

floating ring seals on the basis of Nelson and Nguyen’s

method (Ha et al. 2002). Duan et al. applied the bulk-flow

model with a steepest descent method to calculate the static

and dynamic characteristics of floating ring seals (Duan

et al. 2007). With the development of computational fluid

dynamics and computer technology, the CFD software has

been widely used to calculate the dynamic coefficients and
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explore the internal flow mechanism of annular seals (Lulu

et al. 2014; Ha and Choe 2012, 2014; Untaroiu et al. 2013).

Although previous studies paid considerable attention to

the dynamic coefficients of annular seals for different

geometry structures and operating conditions, few resear-

ches have been carried out to discuss the effects of inlet-

loss coefficient on dynamic coefficients. Given this, the

article studies the multifactor-coupled effects on the

dynamic coefficients of finite-length annular seals thor-

oughly. The bulk-flow model is considered to model the

fluid control equations, and the perturbation method is

applied to calculate the dynamic coefficients, respectively.

The comparison of numerical results with Childs’ calcu-

lated results ensures the accuracy of dynamic coefficients.

In addition, the influence of inlet-loss coefficient on sta-

bility of annular seal is also researched according to whirl

frequency ratio. The research results can provide a theo-

retical basis and references for the study of annular seal

dynamic coefficients and structure optimization of multi-

stage pump rotor system.

2 Annular Seal Model

2.1 Dynamic Model

The three typical kinds of seals, including annular seal,

interstage seal and interstage pushing seal, in multistage

pump are shown in Fig. 1. The fluids in the clearance can

generate fluid force on the condition of high rotating speed,

large pressure differences and low viscosity liquid. The

external fluid force can improve the support stiffness of

rotor and greatly affect the dynamic characteristics of rotor

system, which is known as Lomakin effect (Lomakin

1958).

Figure 2 shows the dynamic model of annular seal. The

pump rotor operates with a rotating speed of x. Mean-

while, the rotor whirls around the geometry center O0 of
stator with a whirling speed of X due to the unbalanced

force. The pressure differences on the surface of rotor

caused by the eccentric motions in turn produce larger

forces in both x and y directions. The influence of fluid

force on the rotor is described by corresponding dynamic

coefficients.

2.2 Control Equations with Bulk-Flow Theory

The bulk-flow model has been widely used for the fluid in

annular seal, and briefly, the average velocity components

replace the variation of fluid velocity components across

the clearance in bulk-flow model. Besides, only the shear

stress at the shaft and seal stator boundaries is considered

for the establishment of control equations. The control

equations of finite-length annular seal with bulk-flow the-

ory, i.e., Hirs’ turbulent lubrication equations, can be

expressed as (Leqin et al. 2013):
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Fig. 1 Schematic of annular seals in multistage pump

Fig. 2 Dynamic model of annular seal
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where H is seal radial clearance, l is fluid viscosity, U is

linear velocity, p is fluid pressure, m0 and n0 are empirical

coefficients, Rc is circumferential Reynolds number, uz is

axial velocity, uh is circumferential velocity and t is time.

3 Solving of Dynamic Coefficients

3.1 Perturbation Method

In order to solve the dynamic coefficients, the equations are

expanded in the perturbation variables:

uz ¼ uz0 þ euz1; H ¼ H0 þ eH1

uh ¼ uh0 þ euh1; p ¼ p0 þ ep1
ð4Þ

where subscript ‘‘0’’ denotes zero order and ‘‘1’’ denotes

first order, H0 is zero-order seal radial clearance, e is

dimensionless seal eccentricity ratio and uz and uh are axial

velocity and circumferential velocity, respectively.

The zero-order and the first-order perturbation equations

can be obtained by substituting Eq. (4) into control Eqs. (1),

(2) and (3). Furthermore, the first-order perturbation of

pressure, axial velocity and circumferential velocity can be

described as the following form after a series of calculation

and dimensionless operation (Childs 1983):
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,

C ¼ X� x 1
2
� v

� �
, j is imaginary number, v is swirl-cir-

cumferential velocity, b, B2, B3, B4 and B5 are related to

geometry parameters and operation conditions and �uz1, �u1
and �p1 are just the functions of z.

Solution of Eq. (5) according to the boundary conditions

is relatively explicit and the solution of pressure can be

expressed as:

p1 ¼
r0

e

� �
fc zð Þ þ jfs zð Þf g ð6Þ

3.2 Dynamic Coefficients

Solution for the dynamic coefficients can be undertaken

when the pressure field solution of Eq. (6) is obtained. The

nondimensional dynamic coefficients can be solved under

the definition of reaction force and the hypothesis of small

disturbance (Childs 1983):

K þ c XTð Þ �M XTð Þ2¼ f
Z 1
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where f ¼ 2r= 1þ nþ 2rð Þ, n being inlet-loss coefficient.

The generation reason for inlet-loss attributes to the

change of flowing space at the high pressure entrance of

annular seal. When the fluid flows from the external

chamber into the sealing channel, the fluid velocity can

significantly increase and the corresponding pressure sud-

denly decreases. This pressure drop phenomenon caused by

the sudden shrink of seal entrance can be described by

introducing the inlet-loss coefficient.

The cross-coupled mass coefficient is ignored because

the calculated value is too small. It must be noted that the

equation cannot be solved on the condition of one specific

whirling speed; therefore, at least three different whirling

speeds are applied to determine the five dynamic coeffi-

cients (Zhai et al. 2015). Equation (7) can be transformed

into the following matrix form:
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Finally, the dynamic coefficients can be obtained from

Eq. (8) and further dimensional conversion.

4 Results and Analysis

4.1 Validation of Calculated Results

The comparison of the calculated results with Childs’

calculated results (Childs 1983) when length–diameter

ratios are 0.2 and 0.5 is shown in Table 1. It can be seen

that the calculated results show good agreement with

Childs’ results. The maximum and minimum error per-

centage are 5.6 and 1.4%, respectively, and most error

percentages are 1–5%. The differences between literature

and calculated results are mainly attributed to the calcu-

lation error and fitting of dynamic coefficients. The small

error illustrates the method proposed by the paper is fea-

sible, and the calculated results fully satisfy the engineer-

ing application (Table 2).

The main geometry parameters and operating parame-

ters of annular seal are listed in Table 3.

4.2 Effect of Whirl Speed on Dynamic
Coefficients

As shown in Eqs. (7, 8), the dynamic coefficients of annular

seal can be calculated by multiple whirl speeds. In order to

investigate the whirl speed on dynamic coefficients, three

typical groups with different whirl speeds are chosen to

determine the dynamic coefficients. Here, the rotating speed

x is regarded as the reference number, and the three groups

with different whirl speeds are (0 9, 0.25 9, 0.5 9,

0.75 9, 1 9), (0 9, 0.5 9, 1 9, 1.5 9, 2 9) and (1 9,

1.25 9, 1.5 9, 1.75 9, 2 9), respectively (Fig. 3).

The calculated results imply that the effect of whirl

speed on damping are more obvious compared with the

effect on stiffness, and it can be seen that the maximum

error for damping is 1.537%, while it is 0.431% for stiff-

ness. Besides, the stiffness and direct damping increase

when the whirl speeds change from group one to group

three; on the contrary, the cross-coupled damping decrea-

ses with the change of whirl speeds. Overall, the whirl

speed has a limited effect on dynamic coefficients in

comparison with the effects of sealing parameters. In fact,

the second group of whirl speeds is closer to the real

operating condition for multistage pump because of the

wide and reasonable whirl range.

Table 1 Comparison of

literature and calculated results
Dynamic coefficients K (N/m) k (N/m) C (Ns/m) c (Ns/m) M (Ns2/m)

L/D = 0.2 Literature results 1.865e7 4.213e5 2.235e4 1.206e3 3.2

Calculated results 1.891e7 4.128e6 2.190e4 1.139e3 3.021

Error percentage (%) 1.4 2.0 2.0 5.6 5.6

L/D = 0.5 Literature results 2.208e7 2.570e7 1.362e5 1.751e4 46.73

Calculated results 2.270e7 2.496e7 1.324e5 1.670e4 44.318

Error percentage (%) 2.8 2.9 2.8 4.6 5.4

Table 2 Specified values for bulk-flow model

b B1 B2 B3 B4 B5

L/D = 0.2 1.5297 1.6776 0.2546 1.0724 0.2036 1.3405

L/D = 0.5 1.0051 1.6012 0.4475 1.1488 0.6895 1.4360
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4.3 Effect of n on Dynamic Coefficients
for Different L/D

Figure 4 provides dynamic coefficients change versus the

inlet-loss coefficient when L/D ratio changes from 0.2 to 1.

It is shown in Fig. 4a that the increments for direct stiffness

when L/D ratio is 0.2 are smaller than those of large L/

D ratios, which illustrates that the effect of inlet-loss

coefficient on the direct stiffness for small L/D ratio can be

neglected. When L/D ratio is larger than 0.2, the direct

stiffness increases with the increase in inlet-loss coefficient

on the condition of fixed L/D ratio. The calculated results

imply that the inlet-loss coefficient plays an important role

in direct stiffness. In addition, the direct stiffness firstly

increases and then decreases as L/D ratio increases from

0.2 to 1. The reason for the above phenomenon is that when

L/D ratio is small, the axial gradient of pressure is larger

than the circumferential gradient of pressure, the pressure

drop decreases rapidly, which leads to the small sealing

force and direct stiffness. With the increase in L/D ratio,

the sealing force and direct stiffness increase gradually.

When L/D ratio is more than a fixed value, the effect of

circumferential gradient of pressure on the sealing force

and direct stiffness become more important than that of

axial gradient of pressure, and the direct stiffness decrea-

ses. From Fig. 4b–d, it can be seen that the cross-coupled

stiffness, direct damping and cross-coupled damping

increase as inlet-loss coefficient increases and the growth

trend is more obvious for high L/D ratio.

Figure 5 shows the pressure gradient contour in annular

seal for different n and L/D. The pressure presents linear

characteristic with the increase in z/L ratio. At the same

axial position, the pressure decreases as inlet-loss coeffi-

cient increases from 0 to 1, while it increases as L/D ratio

increases from 0.1 to 1. It must be noted that the pressure

rapidly decreases at the entrance when L/D ratio is small,

which means that the significant reduction in L/D ratio can

seriously weaken the sealing performance of annular seal.

4.4 Effect of n on Dynamic Coefficients
for Different H0

Figure 6 shows dynamic coefficients change versus the

inlet-loss coefficient when H0 increases from 0.1 to

0.3 mm. According to the calculated results shown in

Fig. 6a, the direct stiffness increases with the increase in

inlet-loss coefficient when the clearance is fixed. Besides, it

presents a nonlinear growth trend when the clearance is

larger than 0.15 mm, which indicates that the effect of

inlet-loss coefficient on direct stiffness weakens in the case

of large clearance. It also must be mentioned that the dif-

ference of direct stiffness is the smallest regardless of inlet-

loss coefficient and increases while inlet-loss coefficient

increases to 1 for different clearances. This is because

larger radial clearance weakens the Lomakin effect, and the

sealing force decreases while the radial clearance increa-

ses. The simulated results are consistent with the calculated

results of Wang et al. (2016) and Jiang et al. (2013). The

changing trends of cross-coupled stiffness, direct damping

and cross-coupled damping, shown in Fig. 6b–d, are sim-

ilar to those obtained for different inlet-loss coefficients

Table 3 Main parameters and

values
Parameters H0 (mm) q (kg/m3) R (m) l (Pa s) x (r/min) m0 n0

Values 0.2 1000 0.075 0.0013 3000 - 0.25 0.079

Fig. 3 Dynamic coefficients versus whirl speed
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and L/D ratios. Totally, reducing the clearance is beneficial

for the increase in dynamic coefficients.

4.5 Effect of n on Dynamic Coefficients
for Different x

The effect of inlet-loss coefficient on dynamic coefficients

when the rotating speed changes from 1000 to 5000 r/min

is shown in Fig. 7. As shown in Fig. 7a–c, the difference in

dynamic coefficients is not obvious and the changing

curves nearly overlap for different rotating speeds, espe-

cially for direct stiffness. Though the higher rotating speed

can enhance the fluids turbulence level in annular seal and

improve the circumferential velocity, the inlet-loss coeffi-

cient directly influences the inlet pressure of annular seal

on condition of fixed pressure drop, which is known to play

an important role in sealing force. The calculated results

mean that the effects of inlet-loss coefficient on direct

Fig. 4 Dynamic coefficients versus n with different L/D

Fig. 5 Pressure gradient contour for different n and L/D
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stiffness and direct damping are greater than rotating speed.

Besides, these two dynamic coefficients also present weak

nonlinear growth trend. From Fig. 7b, d, it can be seen that

the cross-coupled stiffness and damping increase as inlet-

loss coefficient increases. However, the increments of these

two dynamic coefficients for different rotating speeds on

the condition of fixed inlet-loss coefficient are more aver-

age than those for different L/D ratios and clearances.

4.6 Effect of n on Stability

The whirl frequency ratio is usually applied to assess the

stability of annular seal, which can be expressed as (Leqin

et al. 2013):

fw ¼ k

xC
: ð9Þ

Actually, the stability of annular seal decreases with the

increase in whirl frequency ratio. The relationship between

whirl frequency ratio and inlet-loss coefficient is shown in

Fig. 8. Note that the minimum value of whirl frequency

ratio is 0.864 ignoring the inlet-loss coefficient, while the

maximum value is 0.878. The whirl frequency ratio

increases as the inlet-loss coefficient increases, but

increments grow more and more slowly. That is to say,

smaller inlet-loss coefficient can improve the stability of

annular seal.

5 Conclusions

Based on the bulk-flow model and perturbation method, the

effects of inlet-loss coefficient on the dynamic coefficients

for different length–diameter ratios, clearances and rotating

speeds are investigated. The whirl frequency ratio is also

applied to study the effect of inlet-loss coefficient on the

stability of annular seal. The contribution of the current

work can be described with the following highlights:

1. The inlet-loss coefficient plays an important role in

dynamic coefficients of annular seal, especially for

direct stiffness, which means that the influence of inlet-

loss coefficient must be considered in the calculation

of dynamic coefficients of annular seal and further

multistage pump rotor system.

2. The direct stiffness presents approximate linear growth

trend with the increase in inlet-loss coefficient. In

addition, the direct stiffness firstly increases and then

decreases as L/D ratio increases from 0.2 to 1, while it

Fig. 6 Dynamic coefficients versus n with different H0
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decreases as clearance increases from 0.1 to 0.3 mm

for fixed inlet-loss coefficient.

3. The cross-coupled stiffness, direct damping and cross-

coupled damping increase as inlet-loss coefficient

increases, and the growth trends are more obvious

when length–diameter ratio is 1, zero-order seal radial

clearance is 0.1 mm or rotating speed is 5000 r/min,

which demonstrates that the effect of inlet-loss coef-

ficient on these three dynamic coefficients is more

evident for large length–diameter ratio, small clearance

or high rotating speed.

4. The stability of annular seal increases as the inlet-loss

coefficient decreases, i.e., small inlet-loss coefficient is

in favor of the stability of annular seal.
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