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Abstract
It is important to identify the presence of damage present in the structures like bridge which undergoes the excitation due to
moving vehicles. In such type of problems, modal analysis and dynamic displacement response analysis are not sufficient
to portray the crack presence. The presented work emphases on the analysis of acceleration response to investigate the
crack presence. A mathematical model is developed by considering the two masses with fixed distance between them
traversing on the Euler—Bernoulli beam having a crack. The acceleration response analysis can be effective to present the
qualitative explanation of the fault present in the beam. A key features of the acceleration response of beam having a crack
includes discontinuity at the crack location which vary with change in distance between the front and rear wheel and a
greater response value compare to that for healthy in the last phase of travel from the time front wheel exits the beam.
However, the effectiveness of the presentation of the crack through acceleration response depends upon the fixed distance
between the front and rear wheel and the bridge length. The discontinuity will be higher for the higher ratio of distance

between the front and rear wheel to the bridge length.

Keywords Moving mass - Dynamic displacement response - Dynamic acceleration response - Crack identification -
Mathematical modeling
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Sectional flexibility
Poissons ratio
Young’s modulus
Moment of inertia
Height of the beam
Depth of crack

1(x)  Displacement response of first segment
(x)  Displacement response of second segment

Non-dimensional natural frequency

Variable distance traveled by vehicle from left

end

Crack located at distance from the left end of

beam
Total length of beam
Time
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A Velocity of vehicle
Distance between front and rear wheel

M, Mass on the front wheel (farthest from the left
end)

M, Mass on the rear wheel

g Gravitational acceleration

q(®) Modal response

m Mass of the beam

0 Density of the beam

A Cross section of beam

w, nth Natural frequency

1 Introduction

An extensive literature is available on the problem of
moving loads by considering the different loading, dif-
ferent boundary conditions, and different analytical as
well as numerical techniques. However, only few studies
are available in which the analysis is carried out on beam
having fault and undergoes the moving mass excitation.
Chondros et al. (1998) developed a theory to calculate the
continuous vibrations of the cracked beam using fracture
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mechanics approach. This is presented for single-edge as
well as for double-edge open crack. Considering a
cracked beam as a one-dimensional continuum, a varia-
tional formulation was used to develop the differential
equation and boundary conditions. The crack was mod-
eled as the continuous flexibility using the displacement
field only in the vicinity of the crack, and the stresses and
the displacement field for the complete beam are modified
by using the displacement field about the crack. The two
independent theories, i.e., continuous cracked beam
vibration theory and lumped cracked beam vibration
theory are presented for vibration analysis of the cracked
beam. An experimental data of aluminum beams with
fatigue crack and steel beam with double-edge crack are
presented which are compared well with that obtained by
above method. The same method for finding out the mode
shape of beam having crack has been used by many
researchers to study the problem of damaged beam under
the excitation of moving load. Wang and Lee (2012)
suggested the reduction in stiffness of the beam due to the
presence of crack with the development of a new sec-
tional flexibility factor for the open single-edge crack.
While, a crack modeled as a rotational spring has the
sectional flexibility. The natural frequency and mode
shapes are calculated by applying the continuity condi-
tions and using the transfer matrix method. The suggested
modified flexibility factor has the good agreement with
the results of other literature for relative crack size less
than 0.5. Lee and Singapore (1994) formulated the crack
by placing a torsional spring at the crack location having
an equivalent spring constant. A cracked beam is formed
by joining the two separate segments of beam with a
torsional spring at the crack location. The eigen-value of
the cracked beam is found by formulating the separate
vibrational mode functions for each segment which satisfy
the boundary conditions. A beam with a crack at one side
and subjected to the moving force on the other side is
studied to analyze the dynamics response at the crack
with a linear spring of very large stiffness. Lin and Chang
(2006) carried out the vibration analysis of cracked can-
tilever beam, subjected to a single moving force, with
respect to various parameters. Using the fracture
mechanics method as referred by Chondros et al., com-
patibility conditions are formulated at the crack location,
and transfer matrix was developed for establishing the
relation in two segments of the beam. The mode shapes
of the cracked beam are shown, and responses of the
cantilever beam are obtained by convolution integral
method. The response of free end is analyzed for the
parameters like crack size, location, mode numbers and
velocity ratio. The crack presence near the fixed end leads
to the maximum displacement. Lin (2007) presented the
method to determine the vibrational behavior of simply

‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘

supported cracked beam subjected to the moving vehicle
by using the modal expansion theory. The crack formu-
lation is done to find the mode shapes of the each seg-
ment separated by crack. A vehicle with two axles is
modeled as two concentrated moving loads separated by
the fixed distance. The vehicle load is distributed on each
axle from the center of gravity of the vehicle. Yang et al.
(2008) studied an inhomogeneous Euler—Bernoulli beam
having an open edge crack subjected to the moving force
traversing in a longitudinal direction and axial compres-
sive force to explore the free and forced vibration. A
crack is modeled as a rotational spring having sectional
flexibility and a beam is parted in the segments at the
crack location. A relational matrix is formed using the
compatibility requirements and boundary conditions at the
end of beam segments and mode shapes can be found.
The displacement of the beam with various boundary
conditions is investigated analytically with respect to the
velocity of the moving force. The major effect of the
crack and compressive force can be observed on the
frequency than it is on the displacement. The frequency of
the damaged beam gets decreased and the deflection gets
increased comparative to that for the healthy beam. The
frequency and deflection are more sensitive to the applied
compressive force than it is with the presence of crack
and its location. Khorram et al. (2011) explored the
response of the simply supported cracked beam subjected
to the moving load for the crack of size 50% of the
height. The variations in the response for various veloc-
ities and the displacement of beam at various locations
due to the crack are compared with that for the healthy
beam. Bakhtiari-Nejad and Mirzabeigy (2013) modeled
the beam with breathing crack as a single-degree-of-
freedom model with varying stiffness subjected to the
moving force with constant velocity. The deflection of the
beam is estimated by using the basic principle of strength
of material and compared with that of the healthy beam
found with modal expansion theory. The study also
focused on effect of the location and size of crack with
speed of the moving force. Mahmoud and Zaid (2002)
discretized the beam into the number of elements, and the
mass of each element is considered as lumped in the
center of the element and assumed as connected by
massless rod having flexural rigidity. A matrix is devel-
oped to form the relation which shows the status of the
element at the locations immediately lies before and after
the center of element through the inertia forces. This
matrix gets modified with the presence of the crack. The
modified recurrence equation for each element is devel-
oped and gets modified with the crack presence. The
crack compliance is inserted in this equation which is
found again using the fracture mechanics by considering
the joining of two healthy beams at the crack location by



Iran J Sci Technol Trans Mech Eng (2019) 43 (Suppl 1):5307-S326

$309

torsional spring. The presence of crack leads to the
increase in the deflection and also shifts the deflection
peak to the right of beam. Ariaei et al. (2009) proposed a
solution using discrete element method and finite element
method. The variational method is used to extract the
stiffness and mass matrix of the beam element. The
dynamic response of the beam is evaluated for both the
methods and comparison is made for the open and
breathing crack. The methods are also evaluated with the
results presented in the previous literature. The presence
of crack leads to the increase in response with change in
response pattern. A discontinuity appears in the response
at the crack location which is very small to see with open
eyes. Pala and Reis (2012) presented the inclusion of the
centripetal, inertial and Coriolis forces remarkably affect
the response of the system with increase in mass and
speed of the moving mass. The crack is formulated by
considering the two separate beam joined by torsional
spring having spring constant. The fundamental vibration
mode functions are found for the simply supported beam
by satisfying the geometric boundary conditions at the
end. The resulting equations form the relation between the
two segments giving the transfer matrix, so that eigen-
value and constants of each segment can be found. The
response of the cracked beam is found by Duhamel
integration over the domain of the beam. The study has
shown the distinguished effect of considering these three
forces, i.e., inertial, centripetal and Coriolis force on the
response. The crack located in the middle leads to the
higher deflection. The increase in crack size leads to the
increase in deflection and shift of the peaks toward the
right of beam. Zhong and Oyadiji used the Rayleigh
method to obtain an approximate closed form solution for
the simply supported beam having a crack under a roving
mass. The effect of crack is introduced through the
polynomial function to formulate the transverse response.
The frequency of the cracked simply supported beam is
observed to be reduced with increase in crack-depth and
also as the roving mass traverse closer to the crack
location (Zhong and Oyadiji 2007). Fernandez-Saez et al.
found the Rayleigh method, natural frequency of the
cracked simply supported beam. The same method of
assuming the crack as a hinged torsional spring is used. A
beam is not divided in two segments instead the traverse
deflection response is assumed to be the addition of the
response of undamaged beam and the polynomial function
(Fernandez-Saez et al. 1999). Zhong et al. (2017) fixed a
sensor consists of an artificial quasi-interferogram fringe
pattern which is same as interferogram of 2D-OCVT
system on the surface of beam structure for identification
of crack presence. High-speed camera is used as a
detector to capture the image sequences. The period
density of the images observed to be changing with

change in structural vibration. It is found that the fre-
quency of the structure is changed as the roving auxiliary
masstraversed over the structure. The method proved to
be very effective for proving the information of spatial
locations of crack.

The problem of damaged beam traversed by a vehicle
with consideration of distributed weight over the front and
rear wheel is discussed by very few researchers. Vaidya
and Chatterjee (2017) used two contact point model of the
vehicle traveling over the healthy beam to analyze the
effect of the span between the front and rear wheel of the
vehicle. Also the displacement response of the two contact
point model compared with that of the single contact point
model. The maximum displacement can be controlled by
changing the distance between front and rear wheel espe-
cially in the case of heavy vehicles. Also in most of the
research paper, the displacement response has been
investigated while acceleration response should also be
investigated. The dynamic response of the damaged beam
contains a discontinuity at the crack location; however, it is
not visible and can be seen only through magnification.

In the present work, simulated acceleration response in
addition to the displacement response of damaged beam
subjected to the single moving mass whose mass is dis-
tributed over the front and rear wheel. The model is
equivalent to two mass moving with some fixed distance.
The acceleration response contains a discontinuity at the
location of crack with no change in the profile and trend of
response curve. A two contact point model of vehicle is
developed which includes the two moving masses with
fixed distance traversing over the simply supported Euler—
Bernoulli beam. The acceleration response presented has
the discontinuity at the crack location with the additional
feature of higher value of acceleration compare to the
response value of healthy one in the last phase of travel.
Therefore, the acceleration response presents the qualita-
tive explanation about the presence of crack and its
location.

2 Mathematical Modeling of a Damaged
Beam

Here a simply supported beam with crack at mid-span is
considered as shown in Fig. 1. Crack-depth is represented
by the parameter a and a/h denotes the crack-depth ratio. [,
denotes the location of crack from left end of the beam.
The crack introduces a local flexibility which can be rep-
resented by a torsional spring (Chondros et al. 1998) as
shown in Fig. 2.

The crack divides the beam as two separate uniform
segments connected by a torsional spring with local sec-
tional flexibility at the crack location. This flexibility due to
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Fig. 1 A simply supported beam with crack at mid-span
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Fig. 2 Beam modeled with crack through a torsional spring

the crack is here termed as a parameter ¢, which can be
found as (Chondros et al. 1998)

(1)
= S emhi () (1)

where, o = a/h is the crack-depth ratio and ¢ is Poisson
ratio

For a single-sided open crack, using fracture mechanics
formulations, one can obtain

¢ (o) = 0.65556302[0.9566 — 1.59440 4 7.0080* — 15.210
+ 30.95340* —50.386570° 4 71.848805
—62.16244" +29.894860'7] (2)

For the cracked beam, deflection response for each segment
of the beam can be written as

Yi(x) = Cy sin(fx) + C; cos(fx)
+ C;ssinh(fx) + C4 cosh(fx)
Y>(x) = Dy sin(f(x — ) + Dy cos(f(x — 1))

+ Dysinh(B(x — 1)) (3b)
+ D4COSh(ﬁ(X—l])) [y <x<L

(3a)

O<x<l

The applicable boundary conditions are

%y %y
@ |x:0 = 07 y‘x:L =0and = |x:L =0

0 =0,
y|x—0 ox2

(4)

which gives

22, Q) Springer

{sin(ﬁ(Lfll)) cos(B(L — 1)) sinh(B(L — 1)) cosh(B(L—1))
—sin(f(L—1;)) —cos(B(L—1)) sinh(B(L—1;)) cosh(B(L—1))
D,
D, 0
Ds :{0}
D,

(5)
: ;o oy Py m__ &y :
denoting y' = 5,y" = 57 andy” = 55 and assuming the

constant properties along the beam, the conditions at the
crack location for both segments can be written as

il 1) = all 1) =0 (62
Y(01.0) = ¥ =0 (60
yll”(llat) - yg’(ll,t) =0 (6C)
(00 1) =50 [ 5 (60)

where, (Elc/l;) is the non-dimensional cracked section
flexibility.
Equations (4, 6a—d) along with Eq. (3a) give

D,
D,
D;
D,

2a, — Kby —2b; — Ka. Kby, Kay, C

2by 2a, 0 0 C

~ | — kb, — Ka, 2a, + Kby, 2by + Kay, | | G

0 0 th 2ah C4

(7)

where K = BEIc
a. = cos(ply)
by = sin(ply)
ac = cos(B(L — I1))
by = sin(f(L — 1))

Now inserting Eq. (7) into Eq. (5) gives

ay = cosh(fl;)
by, = sinh(p1,)
ap = cosh(B(L — 1))
by = sinh(B(L — 11))

by ac b ap

—by —aq by ap

"2, — Kb, —2b, — Ka, Kby Kay,
2by 2a, 0 0
— Kby —Ka, 2a, + Kby,  2by; + Kay,
10 0 2by, 2ay,
e
o= lo] ®
L C4
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This results in
bgN3 + 2bsa.; — Kbsby, bgN4 + 2a.a,; — Ka by, Kbyby, + N1 Kapbg + N2
—bgN3 — 2bsa.; — Kbsbyy — bgN4 — 2a.a., — Kaby — Kbpybg + N1 — Kapbg + N2
Ci
0 0
-] )
C; 0
0

where, the constants are

N1 = (2ay, + Kby)by + 2bpapy
N2 = by (2by + Kay) + 2apan
N3 = (2a, — Kb,)

N4 = (—2b, — Ka,)

For non-trivial solution of Eq. (9) to exit the coefficient
determinant needs to be equal to zero which gives the
required frequency equation as

2cos(l; ) cosh(ly B) sin((L — I})B) sinh((L — 11)f3)
+ 2cos((L—1;)p) cosh(ly p) sin(l; ) sinh((L — )
— Kcosh(y ) sin((L — 1;) ) sin(l, f) sinh((L — I1)
+ 2cos(ly f) cosh((L— 1)) sin((L—1;)f s1nh(11
+ 2cos((L— ) ) cosh((L — 1)) sin(l1 B
— Kcosh((L—14)p)sin((L—14L)p) sm(llﬂ
+ Kcos(l;8)sin((L — 1)) sinh((L — I
((

I
+ Kcos((L—1,)p)sin(l; ) sinh((L — I, =0

(10)

This determinant is solved to find the multiple values of f3,
i.e., non-dimensional natural frequency. Once this f is
obtained, it is inserted in Eq. (9) to find the value of the C5
by assuming that C; = 1. Then we can find out the mode
shape of the damaged beam.

3 Response Analysis of Damaged Beam
Under Moving Vehicle

Figure 3a—e shows a two contact point model of the vehicle
over the damaged beam during five phases of traversal. In
dynamic response modeling for this case, the following
assumptions are considered.

(a) The beam is simply supported at both the ends.
(b) Vehicle acts as a rigid mass and moves with a
constant velocity, v

(c) Vehicle vibration is translational only. Rotational
vibration is taken to be negligible and not
considered.

(d) At any time, only one vehicle traverses the bridge
with zero initial conditions.

The governing differential equation of motion by con-
sidering the weight and inertia effects is written for the
beam for these five different stages of travel of vehicle.

For t <d/v
aty(x, 1) y(x, 1)
Bl —ga T —%n
B ) %y oydy , 0%
=Mg-0(x—vt) — M, W-‘,—Z 6_5+ el -0(x —vt)
(11)

For t > d/vandt <1, /v;
For t > Iy /vandt < (I, +d)/v;
Fort> 1, +d/vandt<L/v

o y(x,1) f)zy(x7 1)

Ef oxt or?

+ pA

o2 Toxor | a2
+ Mag - Ox — (vt — d)]

2 2
=Mg-o(x—vt) — M, {ay+2 6_y©_y+ zay} - 0(x —vr)

0%y dydy %
M2 |:6l2 +2 ga+ @:| 5[X (Vl‘*d)]
(12)
Forr>L/vand t<(L+d)/v
oy(xe,r)  y(x1)
EI o + pA 2
= Myg - 6[x — (vt — d)]
%y ayay 6 y
- M, Frel +2 i 6t+v a2 “Ox — (vt —d)).
(13)

The mass M, is a front wheel mass and M, is the rear
wheel mass. d is the fixed distance between the two base
wheels. Using the series form solution as
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yx, 1) = Yj(x) g(1) (14)

where, ¢;(¢) are the modal coordinates and Y; (x) are the
mode shape spatial functions for simply supported beam.
Now, substitution of ¥; (x) in Eq. (14) and multiplying each
term of Eqgs. (11-13) with Y,(x) and integrating over the
domain (0, L) gives

For t<d/v
g (t) + G, (1)
2M M| &
=8y () - L3 vy,
mL mL =
4M1V > / .
L LN W0
2M]V2 X "
S RACIACHD (15)
=

For t > d/vandt <1 /v;
For t > [y /vandt < (I, +d)/v;
Fort> 1, +d/vandt<L/v

() +6, (1)
2M 2M
_ ng X 1

mL mlL “—
j=1
4M1v o 2M1V2 O "
ZY xX)4;(1) ==+ > Y ()Y (x)g(0)
L= ML
2M. 2M5H &
+ 28y (o= d) = 22N Vi (x— d) Y (x— d)i (1)
L m =
4M2V ’
s 11(—dﬂux—®%0)
-
2M2V2 s
- M;E:% n(x—d)q;(t) (16)

Forr>L/vand t<(L+d)/v

2an(0) + (1) = 28y, (e — )
_ 2};‘?2 Y;(x — d)Y,(x — d)G(1)
- %V; Y)(x = )Y, (x = d);(1)
_%foiﬁ@—@nu—w%@

All these three Egs. (15-17) can be detailed for total
time of travel of vehicle, i.e., 0 < ¢t < L/v by the following
equation

22, Q) Springer

i'tx P L 7

(a)
d
I ) |
bx Ji (f
(b)

—OL

(c)

L
(d)

|x1‘.

(e)

Fig. 3 Five phases of travel for two contact point model. a
0<t<d/v,bd/v<t<li/v, ¢ i/v<t<(ly +d)/v, d (I +d)/v<
t<L/v,eL/v<t<(L+d)/v
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+ZMk0€k ZYJ‘(X)%(I)‘FZVZ & q;(t)

=) Mioygd(x+k—1d — v). (18)
k=1

Such that o = 1, whenO<vs — (k — l)d<Landay =0
otherwise, which means that kth point is yet to enter the
beam or it has already travelled past the beam. Now mul-
tiplying each term of Eq. (18) with ¥, (x) and integrating
over the domain (0, L), one obtains

. 2M,
wiqn(t) +G,(t) =
2M1

‘mL
j=1

ﬁqn( )+dn( )

o0

+— ZockMkZY] (vt —kd +d)Y,

j=1

2 0
+%Z%Mkzd

k=1 j=1

ZakMkZd D)y, vk + d)gy 1)+

w(vt—kd +d)G;(1)

kd Ty (v~ kd+d)i (1)

:ﬂZackngY,,(vt—kd-i—d). (19)
k=1

Now, the dynamic response of the damaged beam can be
found by inserting the mode shape derived in Eq. (3a) and
(3b) for first and second segment of the beam in the above
equations for the five phases of travel of vehicle as follows.

For t <d/v

_g [Cy sin(B,x) + C; cos(f,x) + C; sinh(f,x) + C4 cosh(f,x)]

[Cysin(Bx) + Cy cos(Bjx) + Cs sinh(Bx) + Cy4 cosh(fix)]

* [Cy sin(B,x) + C; cos(,x) + Cs sinh(f,x) + Cy cosh(f,x)] * G;(¢)

4Mleﬁj [Cy cos(Bx) —

j=1

Cy sin(Bx) 4 Cs cosh(Bjx) + Cy sinh(f;x)|

* [Cy sin(B,x) + C; cos(B,x) + Cs sinh(f,x) + Cy cosh(f,x)] * g;(¢)

— 2M—1v2§:ﬁf* [—Cisin(Bix) —

C; cos(fix) + Cs sinh(Bx) + Cy4 cosh(fix) ]

[Cl Sin(ﬁnx) + C2 COS(ﬂnx) + C3 Sinh(ﬁnx) + C4 COSh(ﬁnx)]CIj(t) (20)
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For t > d/vandt <l /v;

40,u(1) + G, (1) =

zglllg [Cl sin(ﬁnx) + C2 cos(ﬁnx) + C3 Sinh(ﬁnx) + C4 COSh(ﬁnx)]

2M; &
mlL 4
j=1

* [Cy sin(f,x) + Ca cos(,x) + Cs sinh(f,x) + Cy cosh(f,x)]g; (1)

M i B[Cr cos(Bx) — Casin(Bjx) + C5 cosh(fx)
p=

[C1sin(Bix) + Cycos(fx) + Cs sinh(Bix) + Cy4 cosh(Bx) |

mL 4

+ Cysinh(Bx)][Cy sin(f,x) + C; cos(f,x) + Cs sinh(f,x)
+ Cycosh(f,x)] * g;(1)

- QZILVZ i Bi[—Cusin(Bx) — Cs cos(fx) + Cs sinh(fx)
j=1

+ Cycosh(f;x)][Cy sin(,x) + C; cos(f,x) + Cs sinh(f,x)
+ Cycosh(p,x)]q;(t)

2M2g .
+ . [Cysin(B;(x — d)) + Cycos(B;(x — d))
+ Cssinh(B;(x — d)) + C4 cosh(f;(x — d))]

- % - [Cysin(B;(x — d)) + C; cos(;(x — d))
Jj=1

+ Cssinh(B;(x — d)) + Cy4 cosh(f;(x — d))] * [Cy sin(B,(x — d))
+ Cycos(f,(x —d)) + Cssinh(f,(x — d))
+ Cycosh(f,(x — d))] * q](t)

4’71\112\/2 B;[C sin(B;(x — d)) + Cy cos(B;(x — d))

+ Cssinh(B;(x — d)) + C4 cosh(;(x — d))] * [Cysin(B,(x — d))

+ C2 COS(ﬁn(x - d)) + C3 Sinh(ﬁn('x - d)) + C4 COSh(ﬁn('x - d))]
ZHI\ZIszZI Bi[Cy sin(ﬁj(x —d))+ G Cos(ﬁj(x —d))

+ Cssinh(B;(x — d)) + C4 cosh(;(x — d))]

* [Cysin(f,(x — d)) + Cycos(f,(x — d)) + Cs sinh(f,(x — d))

+ Cacosh(B,(x — d))]g;(1) (21)
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For r > Iy /vandt < (l; +d)/v
©2n(0) + 8,(0) = 2208 (D, Sin(f, (x — 1)) + D3 cos(f, (x — 1)) + Dy sinh(f, (x — 1)
+ Dy cosh(B,(x — 11))]
zmﬂil [D1 sin(f;(x — 11)) + D cos(B;(x — 11)) + D3 sinh (f;(x — 1))
+ Dy cosh([)’](x —1))] * [Dysin(B,(x — 1)) + Dy cos(B,(x — 11))
+ Djsinh(B,(x — [1)) 4+ D4 cosh(f, (x — ll))]éjj(t)
_ 4nA;[L1v§;/3j[D1 cos(B;(x — 1)) — Dy sin(B;(x — 1)) + D3 cosh(B;(x — 1))
+ Dysinh(;(x — 1))][Dy sin(B,(x — 1)) + Dz cos(B,(x — 1))
+ Dysinh(B,(x — I1)) + Dscosh(f, (x — 1))] * ¢,(1)
2M1v Zﬁf —Dy sin(B;(x — 11)) — Dy cos(B;(x — 1)) + D3 sinh(B;(x — 1))
+ Dy COSh(ﬁ](X - ll))][Dl Sln(ﬁn(x - ll)) +Ds cos(ﬁn(x - ll))
+ Dssinh(f,(x — 11)) + Dacosh(f,(x — 1))]q;(1)
+ ZZzg [Cysin(B;(x — d)) + Cy cos(Bj(x — d)) + C3 sinh(f;(x — d))
+ Cycosh(f;(x — d))]
- % N [Cysin(B;(x — d)) + Cycos(B;(x — d)) + Cs sinh(f;(x — d))
=
+ Cycosh(f;(x —d))] * [Cysin(B,(x — d)) + Cycos(B,(x — d))
+ Cjsinh(f,(x — d)) + Cy cosh(B,(x — d))]G;()
_ 4szZ/3j[C1 sin(f;(x — d)) 4 Cy cos(B;(x — d)) + Cs sinh(f;(x — d))
+ Cycosh(f;(x —d))]  [Cysin(B,(x — d)) + Cy cos(p,,(x — d)) 4 Cssinh(B,(x — d))
+ Croosh(f (3 — )] ~ 2220 Zb’2 Cu sin(B(x — d)) — Cs cos ((x — d)
+ Cssinh(B;(x — d)) + C4 cosh([)’j(x —d))]
* [Cysin(f,(x — d)) + Cy cos(B,(x — d)) + Cs sinh(f,(x — d))
+ Cy cosh(f,(x — d))]g; (1) (22)
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For t > (I, +d)/vandt <L/v

(1) + G, () =

ZM—ig [Dy sin(B,(x — 1y)) + Dy cos(f,(x — I1)) + D3 sinh(B,(x — 11))

+ Dacosh(,(x — 1)
- [Dy sin(B;(x — 1)) 4+ Dy cos(B;(x — 1))

+ Dssinh(f;(x — 1)) + Dscosh(B;(x — 11))] * [Dy sin(B, (x — 1))
+ Dy cos(B,(x —I})) + Dj sinh(B,(x — I;)) + Dy cosh(B,(x — I))]

* Gi(t 4M1v2ﬂj [Dy cos(Bi(x — 11)) — Dasin(;(x — 1))

+ D; cosh([)’](x — 1)) + Dy sinh(B;(x — 11))] * [Dy sin(B, (x — I1))
+ Dy cos(f,(x —11)) + D3 sinh(f,(x — 11)) + Dy cosh(f,(x — I))]

* q;(t 2M1v Zﬁz —Dj sin( —10))

- D, cos(ﬁj(x - 11)) + Dy sinh(B;(x — 1)) + Dy cosh(B;(x — 1r))]
* [Dy sin(B,(x — 1)) + Dy cos(f,(x — I1)) + D3 sinh(f,(x — [))
+ Dycosh(B,(x — 1))lg;()

+ ZMZg [Dysin(B,((x —d) —I1)) + Dycos(f,((x —d) —11))

+ Dy sinh(B,((x —d) — 1)) + Dacosh(B,((x —d) — 11))]

2’711\22 D1 sin (<= )~ 1) + D2 cos(B (s — ) ~ )

+ Ds smh(ﬁj((x —d) —11)) + Dscosh(B;((x —d) — 1h))]
i« [Dy sin(B((x — d) — 1)) + D cos(f, ((x — d) — 1))
+ Dssinh(f,((x —d) — 1)) + Dy cosh(B,((x — d) — 1))]g;(1)

4M2vZﬁ [Dy cos(B;((x —d) — 1)) — D> sin(B;((x — d) — )

+ Ds cosh(ﬁ]((x d) — 1)) + Dysinh(B,((x — d) — I))]
* [Dysin(B,((x —d) — 1)) + D cos(B,((x —d) — 1))
+ Dssinh(B,((x —d) — 1)) 4+ Da cosh(B, ((x — d) — 1))]q;(1)

2M2V Zﬁ —Dysin(B,((x—d) — 1)) — Dy cos(B((x — d) — 1))

+ Ds smh(ﬁj((x d) — 1)) 4+ Dy cosh(B;((x — d) — 1I1))]
* [Dysin(B,((x — d) — 1)) + Dy cos(B,((x — d) — 1))
+ Dssinh(f,((x —d) — 1)) + Dy cosh(,((x — d) — 1))]g;(7) (23)
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Fig. 4 Mid-span deflection for healthy and damaged beam for velocity ratio =02. ad=3m,bd=2m,cd=0
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Fort>L/v

() + (1) = 2228 [y sin,((x — d) — 1)) + Da cos(B, (x — ) ~ 1)
+ Dy sinh(B,((x — d) — 1)) + Dy cosh(B,((x — ) ~ 1))

ZmA/f [Dl sin(f;((x —d) — 1)) + Dy cos(B;((x —d) — 1))
+ D; smh( ((x—d) = 1)) + Dy cosh(B;((x — d) — I))]

* [Dysin(B,((x — )—ll)) + Dy cos(,((x —d) — 1))
+ Dssinh(f,((x — d) — I1)) + Dy cosh(f, ((x — d) — 1))]g;(1)

4MZVZBJ [Dy cos(B;((x —d) — 1)) — Dasin(B;((x — d) — 1))

j=1
+ D3 cosh(B;((x —d) — 1)) 4+ Dssinh(B;((x —d) — 1))]
* [Dysin(f,((x —d) = 1)) + Dy cos(f,((x —d) = 1))
+ Djysinh(f,((x —d) —11)) + Dscosh(B,((x — d) — 1))]q;(1)

2M2v Zﬂz [—D; sin( Bi((x —d) — l1)) — D, cos(Bi((x —d) — I))

+ Ds smh(ﬁj((x —d) —11)) + Dycosh(B;((x —d) — 1))]
« [y sin(B,((x — ) — 1)) + Dy cos(f, ((x — d) — 1))
+ Dssinh(f,((x —d) — 1)) + Dacosh(B,((x — d) — 1))]g;(2) (24)

These equations are solved by Fourth order Runge— L =20m, pA = 312kg/m, E = 2.06 x 10" N/m? and 0
Kutta numerical method. = 7800 kg/m°.

The mid-span displacement responses are investigated by
considering the moving mass to beam mass ratio as 0.2 in
the range of velocity ratio [velocity of the moving mass to
the critical velocity (“,’l';f‘)] between 0.1 and 1 (critical
velocity). The displacement responses of the beam show
the combined effect of the first three modes of vibration.

4 Results and Discussion

A typical beam mass system with following parameters is
considered for simulation.
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Fig. 5 Mid-span deflection for healthy and damaged beam for velocity ratio 0.4.ad=3m,bd=2m,cd =0
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Fig. 7 Acceleration response of the healthy and damaged beam, velocity ratio 0.1.ad=0,bd=1m,¢cd=2m,dd=3m
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Fig. 9 Acceleration response of the healthy and damaged beam, velocity ratio 0.4.ad=0,bd=1m,¢cd=2m,dd=3m

The crack-depth ratio (o) considered is 0.25, located at the
center of the beam. The responses are normalized by
dividing the dynamic deflection with static mid-span

. WL3
deflection (@> .

5 Deflection Response Analysis

The deflection response for healthy and damaged beam is
compared for the velocity ratio [velocity of the moving
mass to the critical velocity (M)] 0.1, 0.4, and 0.8. The

nm

distance between the wheels d is varied as 2 and 3 m. In
Figs. 4, 5 and 6, x-axis represents the total time taken by
the rear wheel to leave the right end of the beam. This time
is increasing as the distance between the front and rear
wheel is increasing. The normalized position of the moving
mass is the distance travelled by rear wheel to the total
length of beam.

Following observations can be noted from Figs. 4, 5
and 6

(a) There is an increase in the deflection response with
the presence of crack.

) @ Springer
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(b) The deflection response of the cracked beam changes
as function of velocity.

(c) The difference in the peak value of the deflection for
healthy and damaged is very small for lower
velocity. At higher velocity, the presence of crack
can be indicated by the rise in the deflection value.

(d) Atlower velocity, there is not any significant change
in deflection response of cracked beam instead the
displacement value suddenly gets jumped compared
to that for healthy as soon as the front mass left the
beam.

(e) For lower velocity, the vehicle takes more time to
travel the transition phase, when only the rear wheel
is on the bridge. During this small part of time, the
mass loading reduces to half and hence the differ-
ence seen between the two response.

6 Acceleration Response Analysis

The acceleration responses of the healthy and damaged
beam are plotted to interpret the presence of the crack and
its key features like its location and severity. The analysis
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is carried out with respect to the velocity of the moving
mass, i.e., for velocity ratio 0.1, 0.2, 0.4, 0.6 and 0.8. The
acceleration responses calculated by the fixed sensor
approach at mid-span of the beam are shown in Figs. 7, 8,
9, 10 and 11. In fixed sensor approach, a sensor is con-
sidered to be attached at the center span of the beam. The
displacement responses are obtained at the mid-span of
beam by simulation.

The key points observed from the accelerations response
are established as

(a) At velocity ratio 0.1, the sudden distortion in the
response of damaged beam remarkably represents
the location of the crack.

(b) For all the distance (d) between the wheels, the
acceleration values are same as it is for healthy until
the first wheel excites the crack location. After the
wheel excites the crack location, change in acceler-
ation values can be observed.

(c) The fluctuations in the response are observed to take
place at the crack location for a certain time period
equivalent to the (d/v).
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Fig. 10 Acceleration response of the healthy and damaged beam, velocity ratio 0.6.ad=0,bd=1m,cd=2m,dd=3m
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Fig. 11 Acceleration response of the healthy and damaged beam, velocity ratio 0.8. ad=0,bd=1m,cd=2m,dd=3m

(d) The same discontinuity in the response of the
damaged beam can be observed when the front
wheel leaves the beam.

(e) At higher velocities, the acceleration response sig-
nificantly changes after the excitation of crack
location but the key features like discontinuity and
the sudden change in acceleration at the end are not
reflected in the graph.

So, the acceleration responses at the lower velocity
ratios 0.1 and 0.2 can be helpful in finding the crack
presence and its location. If the results of the moving
sensor and fixed sensor are compared for identification of
the crack, both approaches are helpful for this type of two
contact point model. The visibility of discontinuity at crack
location obtained by both approaches is sufficiently higher
but only for lower velocities. Therefore, for crack identi-
fication, the vehicle can run over the bridge at the speeds
corresponding to the velocity ratio 0.1 and 0.2.

A considerable increase in the value of the displacement
response and acceleration response of damaged beam
compared to that of healthy beam can be observed during
the last phase of travel. This increase in the mid-span

response during the last phase of vehicle travel cannot be
ignored from the safety point of view.

7 Conclusion

A mathematical model has been developed for two contact
point vehicle-bridge interaction in the present work. This
model is more representative than single contact point
model mostly adopted in the previous research works. The
acceleration response illustrates the crack presence more
effectively than the displacement response. A distortion at
the crack location depends on the distance between the
front and rear wheel. The distortion will be for more period
as the distance between the front and rear wheel increases.
A difference in the acceleration values also represents the
presence of crack. These features are more distinguishable
for lower velocity ratio than that for higher velocity ratio.
The responses measured are useful in representing the
information about crack.
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