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Abstract
This paper presents the results of experimental and analytical investigations of an unreinforced masonry wall (URM) 
exposed to continuous tensile-compressive cyclic loading. For the experimental investigation, a sample masonry wall (SMW) 
was designed inside a rectangular steel frame carried by pinned supports and built over a distance of 1200 mm in length 
by 1500 mm in height. The SMW was made of bricks whose dimensions were 285 mm × 185 mm × 130 mm. Under the 
influence of cyclic loading, damages appeared as diagonal or scattered cracks. The SMW was retrofitted by using carbon 
fiber-reinforced polymer (CFRP). An epoxy resin-based product and layers of CFRP were placed on the damaged SMW 
according to the crack patterns to acquire better recovery, effective strengthening, and enhanced performance. The retrofitted 
SMW underwent the same cyclic loading to obtain the effects of CFRP on the load–displacement capacity of the damaged 
masonry wall. Furthermore, an operational modal analysis test was conducted over SMW (the undamaged, the undamaged 
and retrofitted with CFRP) to determine their real dynamic characteristics. For analytical investigations, finite element 
analysis (FEA) was implemented in ABAQUS software with a simplified micro-modeling approach and damages were 
considered only in terms of displacement in this work. Nonlinear cyclic analysis was performed to obtain crack patterns and 
displacements. To determine modal parameters such as mode shapes and frequencies, modal analysis was also conducted. 
The obtained results such as displacements, damage patterns and modal parameters from analytical investigations were 
compared with experimental investigations. In the comparison of analytical and experimental studies, the results showed that 
the dynamic characteristics such as mode shapes and natural frequencies of SMW were changed. The use of CFRP increased 
up to 36% of the frequencies of the damaged sample wall. Furthermore, the shear strength capacity of SMW retrofitted by 
CFRP was significantly increase.

Keywords Simplified micro-modelling · Unreinforced masonry wall · Nonlinear analysis · Dynamic characteristics · Cyclic 
loading · CFRP · Epoxy-resin

1 Introduction

The materials used in unreinforced masonry walls (URM) 
are usually blocking or stones, combined with mortar, 
and provide an anisotropic and nonlinear character to the 
masonry wall. These varieties in mechanical properties 

make the modeling task more complicated especially when 
it comes to certain categories of modelling. There are mainly 
two types of modeling in the literature such as macro-mod-
eling and micro-modeling.

The macro modeling strategies in masonry walls con-
sist of developing a heterogeneous structure composed of 
units and mortar through Finite Element (FE) software as 
a single homogeneous model. This approach adjusts both 
materials and their properties to obtain a continuum element 
(Lourenço 1997). In macro modeling, the Distinct Element 
Method (DEM) can be used to determine out-of-plane shear 
and flexural failure modes and at the same time simulate 
in-plane damage (Malomo and Dejong 2021). Other pre-
vious studies used out-of-plane loads on macro modeling 
procedures through the Method of Cells with the application 
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of the kinematic theorem for limit analysis. These studies 
obtained the upper bounds to the macroscopic strength 
domain of the wall in the space of the macroscopic bend-
ing and twisting moments (Milani and Taliercio 2016). The 
macro modeling strategies are convenient for large structures 
since computational efforts are not excessive; however, they 
offer less accurate results. The micro-modeling is subdivided 
into two groups according to their approach: the detailed 
and the simplified micro-modeling. The detailed approach 
represents every aspect of the bound elements such as the 
units, mortar, and interfaces. It is considered a discontinuum 
element in which joints can act as planes of weakness. It is a 
technically complex process because it involves a lot of input 
values and consumes a lot of time. This discontinuum prop-
erty of the micro-modelling has been used in stone masonry 
walls by (Pulatsu et al. (2021) to simulate the cracking and 
shear failure modes within the stone units in the spatial and 
non-spatial stochastic domain. In other aspects, Sarhosis and 
Lemos (2018) presented the analysis of masonry couplets 
and prisms in detailed micro-modeling. Their studies have 
shown that the mechanical behavior of masonry depends on 
the properties of irregular particles and the contacts between 
the brick and the mortar in which the failure occurs. Greco 
et al. (2020) identified a failure at the brick/mortar interface 
level, and it was attained by using a cohesive-frictional inter-
face approach for joints and simulating multiple micro-crack 
inception and propagation. Whereas the mortar is absent 
the simplified micro-modeling expanded unit bounds are 
used between them through interfaces. The modeling and 
analysis process in the case of simplified micro-modeling 
demands less computer processor and time than detailed 
micro-modeling.

There are numerous studies about URM according to 
modeling types given previously. Page (1978) was the first to 
propose a simplified micro model by assuming the masonry 
units as a continuum, in which the thickness of the interfaces 
is neglected. Based on the same concept, Lotfi and Shing 
(1994) studied the nonlinearity at joints under compressive 
and tensile shear forces that generated the vertical crack 
initiation. However, Lourenço and Rots (1997) presented 
the performance of the interface elastoplastic constitutive 
model for the determination of URM behavior. They showed 
the performance of the mentioned model by the result of 
different masonry shear wall sample. Oliveira and Lourenço 
(2004) showed failure surfaces on interface elements 
by using plasticity theory with the unloading/reloading 
behavior. Chaimoon and Attard (2007) improved the Ferris 
and Tin-Loi (2001) concrete fracture approach, which 
consists of splitting into triangular FE units and simulating 
fracture. However, Oschsendorf and Lorenzis (2008) 
performed studies over rectangular masonry buttresses 
under an arch or arch load by applying concentrated load 
with discrete analysis and considering the structure as 

a continuum model. Abdulla et  al. (2017) proposed an 
extended finite element method (XFEM) for a three-
dimensional nonlinear masonry under cyclic loads based 
on determining the elastic and plastic behavior of joints, 
without defining an initial crack propagation. Also, other 
researchers presented results based on their investigations on 
the effects of cyclic forces in-plane and out-of-plane. This is 
the case of Aref and Dolatshahi (2013) who simulated a 3-D 
model with ABAQUS which is subject to an in-plane and 
out-of-plane cyclic loading through a subroutine to analyze 
both linear and nonlinear performance.

Moreover, polymer composite materials are increasingly 
used to improve and rehabilitate the resistance capacities of 
existing structures (Ali et al. 2021; Smits 2016; Russell et al. 
2017; Uyttersprot et al. 2021). The fibers of these materials 
are often derived from carbon, basalt, aramid, and glass. 
Overall, the term most used to refer to these fibers is FRP 
(Fiber Reinforced Polymer) and can be named in a specific 
way according to the materials that mainly compose them, 
such as: AFRP (Aramid Fiber Reinforced Polymer), BFRP 
(Basalt Fiber Reinforced Polymer), GFRP (Glass Fiber 
Reinforced Polymer), and CFRP (Carbon Fiber Reinforced 
Polymer). FRP reinforcement for masonry structures offers 
several advantages over traditional reinforcement methods, 
such as steel reinforcement bars (rebars) or wire mesh. 
Here are some ways in which FRP reinforcement can be 
advantageous such as corrosion resistance, lightweight, 
high strength-to-weight ratio, non-conductive, ease of 
installation, durability, design flexibility, and improved 
structural performance. Their field of application is varied 
and has been the subject of several studies depending on the 
structure to be strengthened. Hamzeh et al. (2020) applied 
(GFRP) bars on reinforced masonry shear walls enhancing 
their performance. Stratford et al. (2004) tested reinforced 
walls with FRP layers under a load of a monotonic shear 
load. At the end of their study, they obtain an increase in 
shear strength capacity.Marcari et al. (2007) examined the 
in-plane behavior of masonry walls with different FRP 
strengthening patterns under monotonic shear-compression 
loading in a quasi-static test. They concluded that the shear 
strength of the wall is significantly increased by using FRP. 
Santa-Maria and Alcaino (2011) used FRP to repair four 
masonry walls that were damaged. Then two configurations 
of externally bonded carbon fiber strips were applied 
and tested under cyclic shear loading up to failure. They 
discovered that shear damage was achieved when the force 
exerted resulted in maximum deformation, and FRP-repaired 
walls may recover the initial lateral stiffness depending on 
the retrofitting pattern. Bernat-Masó and Gil (2019) focused 
on the role of fiber reinforcement in mode shapes of masonry 
walls. Fifteen walls were built with five sorts of carbon-
FRP schemes. A comparison of analytical and experimental 
frequencies was made, which demonstrated that the rise in 
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the amount of the FRP increased the frequency variation and 
reduced the damping ratio.

As seen in the literature, some studies have focused on the 
effects of cyclic forces in-plane and out-of-plane behavior 
of models using macro and micro-modeling procedures. 
Some of them have investigated the performance of CFRP 
when used for repairing the damaged masonry wall and a 
limited number of studies have presented the role of fiber 
reinforcement on mode shapes of masonry walls. However, 
this study is intended to cover all of the above-mentioned 
issues. This paper aims to show the performance of CRFP on 
the strength and dynamic characteristic of a masonry wall. A 
sample masonry wall (SMW) was designed and exposed to 
continuous tensile-compressive cyclic loading to determine 
the crack pattern for the experimental investigation. The 
damaged SMW was retrofitted by CFRP. The retrofitted 
SMW underwent the same cyclic loading to obtain the effects 
of CFRP on the load–displacement capacity of the damaged 
masonry wall. Additionally, an operational modal analysis 
test was conducted over three SMWs (undamaged, damaged, 
and retrofitted with CFRP) to determine their real dynamic 
characteristics. For analytical investigations, finite element 
analysis (FEA) was implemented in ABAQUS software 
with a simplified micro-modeling approach for determining 
damages. Modal analysis was also conducted to determine 
modal parameters such as mode shapes and frequencies. The 
obtained results such as displacements, damage patterns, 
and modal parameters from analytical investigations were 
compared with experimental investigations. The rest of the 
manuscript is arranged as follows. Section 2 presents the 
description of the test setup and instrumentation. Section 3 
describes the analytical approach for crack simulation and 
the result of SMW exposed to cycling load according to 
experimental and analytical investigation. The definition 
of modal analysis and operational modal analysis is given 
in Sect. 4. The comparison of operational and FE modal 
analysis is given in Sect. 5. The conclusions are presented 
in Sect. 6.

2  Test Setup and Instrumentation

In the literature, different test setups, especially such as 
direct and indirect load paths, have been used for shear walls. 
In this study, a new experimental setup which consists of two 
vertical steel bars with pin supports, on which two other hor-
izontal bars are placed, was designed to provide equal end 
rotations (Sesli and Husem 2021). Although base pin assem-
blies were fixed on the floor, top pin assemblies were fixed 
on a stiff loading beam. If the lateral loads of the wall piers 
vary due to the tributary inertial mass, large axial forces may 
develop in the beam, but the floor slabs and in-plane stiffness 
of the coupled shear walls may produce axial restraint. The 

axial restraint was compensated with the stiff loading beam. 
In the designed test setup, lateral loads were transferred 
to the loading beam connected to the wall piers with pin 
assemblies using a 100-kN actuator. Linear Potentiometric 
Displacement Transducers (LPDTs) were used to measure 
the displacements. An LPDT was placed horizontally in the 
direction of movement of the loading beam to measure the 
lateral displacement of the loading beam. The dimensions of 
the wall were 1200 mm long and 1500 mm high. The general 
view of the experimental setup is given in Fig. 1. The steel 
material of the setup is the standard wide flanged. The wide-
flanged beam due to its distinctive shape, is very effective 
in carrying loads. It can bear excessive amounts of pressure 
and ensure structural stability. The material properties of 
the wide flange are given in Table 1. To create the sample of 
masonry wall (SMW), the type of bricks that meets Turkish 
TS EN 771-1 standard (En 2011) was used. The dimensions 
of the bricks were 285 mm×185 mm×130 mm. These bricks 
are vertically perforated as shown in Fig. 2. The drawn and 
experimental model of SMW is shown in Fig. 3.

3  Analytical Approach for Cracks Simulation

For FEA, a series of blocks and steel frames were designed, 
assigning them elastic material properties including 
Concrete Damage Plasticity (CDP) properties for the bricks 
as shown in Table 2. CDP allowed to simulate nonlinear 
response for quasi-brittle material and to anticipate the 
masonry behavior (Bolhassani et al. 2015). The density of 
bricks was taken according to the value offered by the 
manufacturer, Young's Modulus and Poisson ratio were 
taken from the previous study (Lourenço and Rots 1997). In 
tensile behavior parameters, GI

f
 represents the fracture 

energy that consents to the post-cracking response in the 
simulation. The GI

f
 value for mortar and concrete is around 

0.1N/mm (ABAQUS ABAQUS online documentation 
(2014); Restuccia et al. (2020) and (Khatieb 2016)).

3.1  Simplified Micro‑Modeling Wall Concept

Cohesive element COH3D8 (an 8-node Three-Dimensional 
Cohesive element) found in ABAQUS (ABAQUS online 
documentation (2014)) was selected insofar as it offers adhe-
sive properties that can replace the complexities observed 
in interfaces at the detailed micro-modeling (Fig. 4). Under 
the influence of the applied load, the two surfaces of the 
cohesive elements separate from each other and the relation-
ship between traction load and separation follows the defined 
constitutive law. The simplified micro-modeling involves 
expanded units, with no mortar but with an interface having 
similar properties existing between mortar and units (Fig. 5).
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However, other material considerations also play a 
preponderant function through the interfaces. That is, the 
stiffnesses (Knn, Kss, and Ktt) support the elastic response 
across joints. As it is a case of simplified micro-modeling 
which is used in this article, the interfaces are formed by a 
new layer that takes into account both the properties of the 

mortar and the brick. On the other hand, at the level of the 
contacts, a new adhesive layer is generated which involves 
friction between different elements at the level of the 
cohesive interface zones. The ABAQUS program presents 
values for the contacts between elements. The formulations 
(1) and (2) were taken from the [9 and 14].

where Eu and Em are Young's moduli for unit and mortar 
(MPa), hm is thickness of joint (mm), Knn is stiffness of 
masonry joints in the normal direction (N/mm); Kss is 
stiffness of masonry joints in the first shear direction (N/
mm); Ktt is stiffness of masonry joints in the second shear 
direction (N/mm); Gm is the shear modulus of mortar (MPa); 
Gu is the shear modulus of units (MPa). It should be noted 
that the coefficient of friction must be considered since it 
acts on the sliding of different elements. The properties of 
the perforated brick interface element are given in Table 3.

Simplified micro-modeling was made possible because 
of using the theory of the discrete elements. The discrete 
element theory assumes that the elements that make up a 
system are deformable or changeable under the action of 
dynamic forces. The Discrete Element Method (DEM), also 
called the differential element method, is part of a family of 
numerical methods that allow calculating the motion and 
effect of large numbers of small particles.

(1)Knn =
EuEm

hm(Eu − Em)

(2)Kss = Ktt =
GuGm

hm(Gu − Gm)

LPDT

Fig. 1  Frame design

Table 1  Wide-flanged beam properties

Steel

Density  d1 (t/mm3) Young’s modulus  E1 (MPa) Poisson’s ratio �

7.7E-09 2E + 05 0.30

Fig. 2  Vertical hole brick
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Fig. 3  The view of SMW a 
drawn model b experimental 
model

Table 2  Elastic properties of bricks

Vertical hole brick

Density  d2 (t/mm3) Young’s modulus  E2 (MPa) Poisson’s ratio � CDP (concrete damage plasticity)

Dilation angle � (°) Eccentricity fb0/fc0 K Viscosity

1.6E-09 16,700 0.20 30 0.1 1.16 0.67 0.002

Fig. 4  The COH3D8 cohesive 
element

Fig. 5  Different types of micro-modeling (Lourenço 1997) a detailed micro-modeling b simplified micro-modelling

Table 3  Features of perforated 
brick interface element (Misir 
et al. 2018)

Contact properties

Cohesive behavior (N/mm) Tangential behavior Damage

Knn Kss Ktt Coefficient of friction Normal Shear-1 Shear-2
70 40 40 0.7 0.23 0.15 0.15
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The three-dimensional FEM of the SMW created in 
ABAQUS is shown in Fig. 6. According to the test setup 
mentioned in Sect. 2, the connection of the horizontal and 
vertical bars is modeled as pinned supports. During the 
application of the cyclic loading, contacts occur between 
the different elements, and the nonlinearity condition of the 
structure allows discontinuous and instantaneous change. 
The Quasi-static displacement controlled cyclic loading 
history used in the tests is given in Fig. 7. The max. lateral 
displacement for loading history was taken 20 mm according 
to drift ratio (DR). The drift ratio was taken as %1.33 (Δ/l). 
In this way, it is aimed to cause enough damage to the wall 
that can be repaired. The analytical studies are performed to 
predict the influence of the lateral cyclic loading that gen-
erated a bending effect on the wall. A cyclic force which 
includes back and forth movement of the hydraulic piston 
corresponds to the tension–compression loads. This piston 
gradually increases and decreases the forces from −1000 kN 
for tension to 1000 kN for compression.

The maximum displacement contour diagram of SMW 
obtained from FEA of simplified micro-modeling wall under 
cyclic loadings is shown in Fig. 8. These contours represent 
the distribution of the peak values reached by the maximum 
displacements at each point within the section. The displace-
ment values increase along to the middle of the SMW and 
the maximum displacement is obtained as 9.24 mm. The 
diagonal cracks in a zigzag form observed on the surface of 
SMW, are caused by the action of cyclic forces which have 
also changed its resistance capacities.

In the experimental tests, the loading protocol shown in 
Fig. 7 was applied to the elements of the frame sample by 
the hydraulic piston. The lateral load protocol applied to 
the elements of the frame sample was given in the form 
of bidirectional incremental displacement cycles (push and 
pull). To obtain test data on the masonry frame in a healthy 
way, cracks in the walls were observed, and the displace-
ment value at the load and at the place of measurement was 
monitored with many instruments consisting of the LPDT 
and pressure sensors was registered with the data collection 
system. There was no special specification for the contacts 
between the steel and the masonry bricks. The masonry 
structure was simply built inside the steel frame. However, 
in the modeling, the orientation of the steel surfaces that 
acted on the surfaces of the bricks was used as the "master 

Fig. 6  Boundary conditions and application of lateral cyclic forces

0 1 2 3 4 5 6 7

Cycle

-35

-30

-25

-20

-15

-10

-5

0

5

10

15

20

25

30

35

D
is
p
la
ce
m
en
t
(m

m
)

DR = ( /l) = 1.33 %

Applied Cycle

Fig. 7  Protocol of cyclic loadings application

Fig. 8  Analytical results of simplified micro-modeling wall under 
cyclic loadings
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surface" and those which underwent the forces were used as 
the "slave surface". Moreover, the stiffest body was taken as 
the master surface and the least stiff as the slave surface as 
recommended by the ABAQUS software.

After the application of the cyclic loadings on the SMW, 
it was noticed a long diagonal crack interspersed by two 
other cracks (Fig. 9). The first crack went in the direction 
that was obtained from the analytical test of micro-modeling. 
As for the other two cracks, they seemed to come out, due to 
the excessive handling of the loads during the experiment.

The hysteresis curve for damaged SMW is given in 
Fig. 10. This curve gives the variation of the loads and their 
displacements caused as the force which was applied to the 
wall increases or decreases. The graph shows that the maxi-
mum loads are 99.91 and −103.04 kN. The first peak load 
is reached when the displacement is about 9.13 mm. This is 
like the 9.24 mm displacement obtained during the analy-
sis FEM of the micro-modeling of the masonry wall. There 
was a 2.81% difference between experimental and analyti-
cal studies. The load corresponding to a 1% drift ratio is 
obtained as 66.13 kN.

The damaged SMW was rehabilitated with mortar to 
implement CFRP easily. CFRPs are composite materials 
and contain at least two immiscible components with 
complementary properties. The composite materials 
consist of a continuous phase (the resin) and reinforcement 
(carbon). The resin ensures the cohesion of the structure 
and the transmission of the mechanical forces towards 
the reinforcement. The wall having been damaged, is 
reinforced to regain its initial mechanical properties fully or 
almost. Carbon fibers are less sensitive to creep and fatigue 
whereas the Epoxy matrix improves the adhesion of FRP to 
substrates. It maintains the fiber orientation and improves 
the transfer of stresses from substrates to fibers.

MBrace Fiber CF 230/4900 type carbon fiber reinforced 
polymer produced by BASF (BASF 2016) was used. Some 
technical properties are given in Table 4 (Altunişik et al. 

2018). Epoxy, which consisted of two components, namely, 
epoxy resin and epoxy hardener primer (BASF-MBrace 
Primer) was applied to the wall surfaces. The properties of 
the MBrace Fiber Saturant adhesive are given in Table 5 
(Altunişik et al. 2018). Carbon fibers were cut into sheets 
140 cm long and 25 cm wide. These were glued diagonally 
as some cracks appeared before. Then another cutting of the 
carbon was performed to rectangular dimensions of 34 cm 
in length and 25 cm in width. They were placed on the wall 
at the four sides of a surface as it is presented in Fig. 11.

The CFRP-coated SMW was exposed to the same load 
protocol as SMW. The hysteresis curve for coated SMW is 
given in Fig. 12. The graph shows that the maximum loads 
are 75.91 and −117.56 kN. The first peak load is reached 
when the displacement is about 13.83 mm. When the results 
of the cyclic load test for undamaged and retrofitted SMW 
were compared, it was clearly seen that it regained its initial 
mechanical properties fully or almost.

Fig. 9  Experimental damaged SMW
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Fig. 10  Hysteresis curve for damaged SMW

Table 4  The properties of CFRP fabric

Properties Mbrace fibre CF 
230/4900 200 g/
m2

Young’s modulus (MPa) 230,000
Tensile strength (MPa) 4900
Design cross-section thickness (mm) 0.111
Total fiber weight (g/m2) 210
Elongation at break (%) 2.10
Width (mm) 500
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Load–displacement envelopes were obtained from peak 
load and displacement at the end of the first cycle of every 
loading step. Load–displacement envelopes for all speci-
mens are given in Fig. 13. The damaged SMW achieved a 
greater peak load at the push direction whereas the CFRP-
coated SMW achieved it at the pull direction.

4  Modal Analysis

The modal analysis was performed to determine the natural 
frequency and shape modes of the masonry wall. In this type 
of analysis, a new step related to frequency was chosen in 
the ABAQUS software program. Parameters were redefined 
since this analysis did not respond to the same principles as 
the previous analysis (simplified micro-modeling analysis). 

Lanczos' iterative procedure was chosen in the software to 
get modal responses.

The operational modal analysis (OMA) was evaluated in 
this paper to identify modal parameters. It is also an assessment 
of the dynamic properties of structures in an experimental way 
with a view to upgrading their dynamic characteristics. This 
evaluation is often carried out on historical structures (Alaggio 
et al. 2021; Lorenzoni et al. 2017; Ceravolo et al. 2016) after 

Table 5  The properties of Mbrace fiber saturant adhesive

Material

Mbrace fibre saturant component A Epoxy resin
Mbrace fibre saturant component B Epoxy hardener
Color Blue
Mixture density 1.02 kg/lit
Viscosity 1500–2500 mPa s
Compression strength (7 days)  > 60 MPa
Bending strength (7 days)  > 50 MPa
Adhesive strength (to concrete-7 days)  > 3 MPa
Applicable soil temperature  + 5 ℃ + 30 ℃
Re-coatability duration (+ 20 ℃) Minimum 

48 h-maximum 
7 days

Usage time 30 min
Total cure time 7 days

Fig. 11  The damaged SMW coated with CFRP material
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0 5 10 15 20 25

Lateral diplacement (mm)

-125

-100

-75

-50

-25

0

25

50

75

100

125

L
at
er
al
lo
ad

(k
N
)

Damaged SMW

CFRP coated SMW

Fig. 13  Load displacement envelopes



3111Iranian Journal of Science and Technology, Transactions of Civil Engineering (2024) 48:3103–3117 

an earthquake, and or earthquake simulation by shaking table 
or, the cyclic loading (Ghezelbash et al. 2020; Qin et al. 2021; 
Mojsilović and Salmanpour 2016). Many modal parameter 
identification techniques have been developed by researchers 
for different uses. In this study, the enhanced frequency domain 
decomposition (EFDD) method in the frequency domain, and 
the more advanced stochastic subspace identification (SSI) 
method in the time domain among these techniques were 
implemented to extract the modal parameters.

4.1  Enhanced Frequency Domain Decomposition 
(EFDD) Method

The EFDD method is primarily since the frequency response 
function goes through an extreme around the natural 
frequencies. In the context of ambient vibration measurements, 
the frequency response function is replaced by the auto spectra 
of the output-only data. To include the measurement channels 
of all setups, the average normalized power spectral densities 
(ANPSDs) are used. In such a way, the identified natural 
frequencies are simply obtained from the observation of the 
peaks on the graphs of ANPSDs.

The relationship between the input x(t) and the output y(t) 
can be written (Bendat and Piersol (1986); (Felber (1993)):

where G
��

 is the Power Spectral Density (PSD) matrix of 
the input, G

��
 is the PSD matrix of the output, H is the 

Frequency Response Function (FRF) matrix, and * and T 
denote complex conjugate and transpose respectively. After 
some mathematical manipulations the output PSD can be 
reduced to a pole/residue form as follows Bendat and Piersol 
(1986):

where Ak is the k-th residue matrix of the output PSD. 
The response spectral density matrix can be written in the 
following final form considering a lightly damped system 
Bendat and Piersol (1986):

where dk is a scalar constant and �k is the k-th mode shape 
vector. Thus, performing the singular value decomposition 
of the output PSD matrix known at discrete frequencies 
� − �i one obtains Bendat and Piersol (1986):
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(6)Ĝyy(j𝜔i) = UiSiU
H
i

where the matrix Ui is a unitary matrix holding the singular 
vector uij and Si is a diagonal matrix holding the scalar 
singular values sij ; the superscript H denotes complex 
conjugate and transpose. Near a peak corresponding to the 
k-th mode in the spectrum, only the k-th mode is dominant, 
and the PSD matrix approximates to a rank one matrix as 
Bendat and Piersol (1986):

The first singular vector at the r-th resonance is an 
estimate of the r-th mode shape Bendat and Piersol (1986):

4.2  Stochastic Subspace Identification (SSI) Method

The stochastic subspace identification technique is a time-
domain method that directly works with time data, without 
the need to convert them to correlations or spectra. The sto-
chastic subspace identification algorithm identifies the state 
space matrices based on the measurements by using robust 
numerical techniques. Once the mathematical description of 
the structure (the state space model) is found, it is straight-
forward to determine the modal parameters. The theoreti-
cal background is given in by Overschee and Moor (1996), 
as well as Peeters (Software 2006). The model of vibration 
structures can be defined by a set of linear, constant coeffi-
cient and second-order differential equations (Peeters 2000):

where M , C∗ , K are the mass, damping and stiffness matrices, 
F(t) is the excitation force, and U(t) is the displacement vec-
tor at continuous time t. Observe that the force vector F(t) is 
factorized into a matrix B∗ describing the inputs in space and 
a vector u(t) . Although Eqs. (11) represents quite closely the 
true behavior of a vibrating structure, it is not directly used 
in SSI methods. So, the equation of dynamic equilibrium (9) 
will be converted to a more suitable form: the discrete-time 
stochastic state-space model (Qin et al. 2021). The state-space 
model originates from control theory, but it also appears in 
mechanical/civil engineering to compute the modal param-
eters of a dynamic structure with a general viscous damping 
model Ewins (1984). With the following definitions,

Equations  (12) can be transformed into the state 
equation

(7)Ĝyy(j𝜔i) = siui1u
H
i1
, 𝜔i → 𝜔k

(8)�̂�r = ur1

(9)MÜ(t) + C∗U̇(t) + KU(t) = F(t) = B∗u(t)

(10)

x(t) =

(
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(

0 In2
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)
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0
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)

(11)ẋ(t) = Acx(t) + Bcu(t)
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where Ac is the state matrix, Bc is the input matrix and x(t) 
is the state vector. The number of elements of the state-
space vector is the number of independent variables needed 
to describe the state of a system. If it is assumed that the 
measurements are evaluated at only one sensor locations, 
and that these sensors can be accelerometers, velocity or 
displacement transducers, the observation equation is 
Peeters (2000):

where y(t) are the outputs, and Ca, Cv, Cd, are the output 
matrices for displacement, velocity, acceleration. With the 
following definitions (Peeters (Software 2006)),

Equations (12) can be transformed into:

where C is the output matrix and D is the direct transmission 
matrix. Equations (11) and (14) constitute a continuous-
time deterministic state-space model. Continuous time 
means that the expressions can be evaluated at each time 
instant t∈ ℝ and deterministic means that the input–output 
quantities u(t) , y(t) can be measured exactly. Of course, this 
is not realistic: measurements are available at discrete time 
instants kΔt , k ∈ ℕ with Δt , the sample time and noise is 
always influencing the data. After sampling, the state-space 
model looks like:

where xk = x(kΔt) is the discrete-time state vector, 
A = exp(AcΔt) is  the discrete state matr ix and 
B = [A − I]A−1

c
Bc is the discrete input matrix. If Ac is not 

invertible, another expression holds for B . The stochastic 
components (noise) are included, and we obtain the 
following discrete-time combined deterministic-stochastic 
state-space model:

where wk is the process noise due to disturbances and 
modeling inaccuracies and vk is the measurement noise due 
to sensor inaccuracy. They are both immeasurable vector 
signals, but we assume that they are zero mean, white and 
with covariance matrices Peeters (2000):

(12)y(t) = CaÜ(t) + CvU̇(t) + CdU(t)

(13)
C =

[

Cd − CaM
−1K Cv − CaM

−1C∗

]

D = CaM
−1B∗

}

(14)y(t) = Cx(t) + Du(t)

(15)
xk+1 = Axk + Buk

yk = Cxk + Duk

}

(16)
xk+1 = Axk + Buk + wk

yk = Cxk + Duk + vk

}

where E is the expected value operator and �pq is the 
Kronecker delta.

The vibration information that is available in 
structural health monitoring is usually the responses of a 
structure excited by the operational inputs that are some 
immeasurable inputs. Due to the lack of input information, 
it is impossible to distinguish deterministic input uk from 
the noise terms wk , vk in Eqs. (16). If the deterministic 
input term uk is modeled by the noise terms wk , vk the 
discrete-time purely stochastic state-space model of a 
vibration structure is obtained:

Equations  (18) constitutes the basis for the time-
domain system identification through operational vibration 
measurements. The SSI method identifies the state-space 
matrices based on the output only measurements and by 
using robust numerical techniques.

OMA was performed to identify the exact dynamic 
characteristic of structures with the help of response 
vibrations. These response vibrations were acquired from 
structures, recorded at the data bank, and then sent for 
the processing phase with the help of Labshop (2006) 
and Software (2006) which were operated through EFDD 
and SSI techniques. The uni-axial seismic accelerometers 
(BK4507) were used to measure the response signal. To 
measure the exact structural response, enough points were 
determined on the front surface of the SMW and totally 
eight accelerometers were mounted. The location of the 
mounted point of accelerometers on SMW is shown in 
Fig. 14. The measurements were continued 20 min and 
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Fig. 14  The location of the mounted point of accelerometers on 
SMW
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a hammer was used to vibrate the SMW to provide that 
all modes of the SMW were obtained easily. Response 
signals that occurred from the vibrations were measured 
by accelerometers then these signals were recorded with 
a data system and sent to a computer equipped with OMA 
software. This software was analyzed the collected signal 
with the help of EFDD and SSI techniques. At the end of 
the analysis exact dynamic characteristics such as, mode 
shapes and natural frequencies of SMW were obtained. 
The experimental data were collected and compared with 
those obtained through the analytical method for undam-
aged, damaged and CFRP-coated SMW separately in later 
sections.

5  The results of the Modal Analysis

5.1  Analytical and Experimental Modal Analysis 
Results for Undamaged SMW

The comparison of mode shapes and natural frequencies of 
the SMW obtained from analytically and experimentally 
are given in Fig. 15 and Table 6, respectively. By care-
fully observing mode 1, it is noted that the movement of 
the modal tension was carried out in the XZ plane. So, the 
top of the wall was a uniform movement starting from the 
X coordinates towards Z (i.e. the wall tends to lean towards 
Z). Mode 2 performs a kind of torsion on itself in the XY 
plane. The movement takes place by pulling the sides out 
and trying to rotate on its own. The mode shapes of the wall 

Fig. 15  The comparison of 
mode shapes

Mode
Shape Analytical Experimental

1

2

3
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start to move from right to left. Mode 3 performs a con-
cave movement mainly towards the center of the wall. It 
is clearly seen from Fig. 15 that the mode shapes of SMW 
obtained from FEM modal analysis and OMA overlap. The 

differences between the values of natural frequencies deter-
mined from FEM modal analysis and OMA are fewer than 
%2.

5.2  Experimental Modal Analysis Results 
for Damaged SMW

After the application of the cyclic loadings, the damaged 
SMW (Fig. 16) was evaluated to determine its frequen-
cies and its mode shapes only experimentally. The mode 
shapes and natural frequencies of first three modes of SMW 
obtained from OMA are given in Fig. 17. The comparison of 
the results of the damaged SMW with those of the undam-
aged SMW shown, mode shapes which are similar to each 

Table 6  The comparison of natural frequencies of undamaged SMW

Mode shape Analytical 
frenquency (Hz)

Experimental 
frequency (Hz)

Percentage 
of error 
(%)

1 12.87 12.62 1.94
2 24.64 25.02 1.54
3 38.76 38.36 1.031

Fig. 16  Operational modal 
analysis on damaged SMW

Mod 1 (9.84 Hz) Mod 2 (21.64Hz) Mod 3 (36.25Hz)

Fig. 17  Mode shapes and frequencies for experimental SMW damaged. a Mod 1 (9.84 Hz), b Mod 2 (21.64 Hz), c Mod 3 (36.25 Hz)
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other. It is clearly seen that decreasing of natural frequencies 
due to the decrease in stiffness, which is implicitly linked to 
the formula of the frequency.

5.3  Experimental Modal Analysis Results 
for Retrofitted with CFRP SMW

After retrofitting the damaged SMW with CFRP, OMA 
was applied to determine its frequencies and its mode 
shapes (Fig. 18). The mode shapes and natural frequen-
cies of the first three modes of SMW retrofitted with CFRP 
obtained from OMA are given in Fig. 19. By comparing 
the results of the damaged SMW with those of the retrofit-
ted SMW, mode shapes, and frequencies are changed. It 
was seen that an increase in natural frequencies due to the 
increase in stiffness was implicitly linked to the formula of 

the frequency. Furthermore, natural frequencies of retrofit-
ted SMW were higher than undamaged SMW.

6  Conclusion

This paper aims to present the results of experimental 
and analytical investigations of unreinforced masonry 
walls (URM) exposed to continuous tensile-compressive 
cyclic loading and operational modal analysis. For the 
experimental investigation, a sample masonry wall (SMW) 
was designed inside a rectangular steel frame carried by 
pinned supports and built over 1200 mm in length by 
1500 mm in height. After the influence of cyclic loading 
damaged SMW was retrofitted by CFRP. The retrofitted 
SMW underwent the same cyclic loading to obtain the 
effects of CFRP on the load–displacement capacity of 
the damaged masonry wall. Furthermore, an operational 
modal analysis test was conducted over SMW (undamaged, 
damaged, and retrofitted with CFRP) to determine their 
real dynamic characteristics. For analytical investigations, 
finite element analysis (FEA) was implemented in 
ABAQUS software with a simplified micro-modeling 
approach, and damages were considered only in terms of 
displacement in this work. Nonlinear cyclic analysis was 
performed to obtain crack patterns and displacements. 
To determine modal parameters such as mode shapes 
and frequencies, modal analysis was also conducted. The 
obtained results such as displacements, damage patterns, 
and modal parameters from analytical investigations 
were compared with experimental investigations. These 
different stages of these investigations provided globally 
satisfactory results:Fig. 18  Operational modal analysis on damaged SMW

Mod 1 (15.37 Hz) Mod 2 (29.51 Hz) Mod 3 (41.78 Hz)

Fig. 19  Mode shapes and frequencies for experimental SMW-damaged. a Mod 1 (15.37 Hz), b Mod 2 (29.51 Hz), c Mod 3 (41.78 Hz)
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• The result of FEA shows that the displacement values 
increase along the middle of the SMW. The diagonal 
cracks in a zigzag form observed on the surface of 
SMW, were caused by the action of cyclic forces 
which have at the same time changed their resistance 
capacities.

• After the experimental application of the cyclic 
loadings on the SMW, it is noticed a long diagonal 
crack interspersed by two other cracks. The first crack 
goes in the direction obtained from the analytical test 
of micro-modeling. As for the other two cracks, they 
seem to come out, due to the excessive handling of the 
loads during the experiment.

• The FEA and experimental test results show that 
the difference between the result of the FEA and 
experimental test is 2.81%.

• The damaged SMW is retrofitted by CFRP and then 
underwent the same cyclic loading. When the results of 
the cyclic load test for undamaged and retrofitted SMW 
are compared it is clearly seen that it regains its initial 
mechanical properties fully or almost.

• In comparison between the analytical and operational 
modal analysis results for undamaged SMW, the mode 
shapes are similar, and frequencies are close to each 
other. Error percentages in frequencies are less than 
2%.

• When the dynamic characteristics of the damaged 
SMW and undamaged SMW are compared, it is seen 
that the mode shapes of two SMW are the same, but 
the frequencies of damaged SMW have decreased. The 
decrease is between 22 and 25%

• As for strengthening the damaged SMW with CFRP it 
has been seen that mode shapes and natural frequencies 
are changed. Using CRFP for the retrofitting of damaged 
SMW increases the frequencies from 26 to 36%. There 
is an increase from 15 to 17.89% in frequency when 
comparing the CFRP wall with the undamaged wall. This 
indicates that FRP helps restore resistance properties. 
Since the mass is the same, it is the stiffness of the wall 
that gains resistance with CFRP.
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