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Abstract
Damage investigation and economic loss assessment in seismic events estimated by risk analysis are serious concerns of safety 
managers. There are two types of risk analyses: conventional performance-based seismic analysis employing conditional 
probability, and reliability-based risk analysis implementing the unified reliability analysis. Although reliability-based risk 
analysis requires further development in certain areas, it gives distinct advantages compared to conventional risk analysis. 
This study proposes a new modification of the reliability-based risk analysis to simulate the Poisson point process in which 
the unified reliability analysis is reformulated based on the fast integration analysis. This reformulation eliminates the need 
for the simulation process of the sampling-based approach by employing the point estimation procedure, as the result yields 
a limited number of component reliability problems that can be addressed through the application of numerical nonlinear 
programming optimization. Another part of this study is allocated to define different parts of the unified reliability analy-
sis such as modeling the ground motion by employing an artificial earthquake generation, etc., and these new tools aim to 
enhance the functionality of the reliability-based risk analysis. The performance and robustness of the proposed unified 
reliability analysis are completely investigated through a comprehensive numerical example, involving a linear dynamic 
analysis of a finite-element model of a concrete circular tunnel. The results demonstrate the successive performance of the 
proposed framework in achieving accurate results and a significant decrease in computational cost.

Keywords  Circular tunnel · Reliability analysis · Loss assessment · Failure probability · Risk analysis

1  Introduction

Tunnels, as essential parts of civil infrastructures, have many 
applications in different forms such as roadway and railway 
tunnels in transportation and utility systems (Spyridis and 
Proske xxxx; Jin and Jin 2022; Ekmen and Avci 2023). Over 
the past three decades, according to several reports on earth-
quake events, tunnels have undergone severe damages. Since 
then, special attention has been paid to the seismic behavior 
of tunnels (Çakır and Coşkun xxxx). There are many studies 
reporting the damage incurred on underground structures 

during strong earthquakes, including 1923 Kanto earthquake 
(Okamoto 1984), 1995 Kobe earthquake (Asakura and Sato 
1998), 1999 Chi-Chi earthquake (Wang et al. 2001), 1999 
Kocaeli earthquake (Brandl and Neugebauer 2002), 2004 
Mid Niigata Prefecture earthquake (Jiang et al. 2010), and 
2008 Wenchuan earthquake (Wang et al. 2009). Hence, the 
risk assessment is an important issue for tunnel engineers in 
seismically active areas (Huang et al. xxxx; Liu et al. 2023; 
Abed and Rashid 2023; Choudhuri and Chakraborty 2023).

It is necessary to utilize a robust risk analysis in order to 
have a reasonable estimation of possible damages and proba-
ble costs. A conventional risk analysis approach proposed by 
the Pacific Earthquake Engineering Research (PEER) Center 
(Moehle and Deierlein 2004) applies conditional probability 
functions to estimate exceedance probability. The functions 
include seismic loss distribution conditioned to damage 
measures; damage measures known as fragility function 
conditioned to structural responses: structural responses 
conditioned to earthquake intensity (Vamvatsikos and Cor-
nell 2002); and a function that models earthquake intensity. 
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Damage classification is a major part of conventional risk 
analysis implemented to estimate the severity of damage and 
depends on the seismic source, site, and structural behavior 
(Wang and Zhang 2013; Zhao et al. 2021). A damage clas-
sification of tunnels might involve several parameters such 
as the functionality and extent of damage including crack 
width and length (Wang and Zhang 2013; Qiu et al. 2021). 
In early stages, empirical fragility curves were derived from 
the damage records of the past earthquakes (Dowding and 
Rozan 1978; Jing-Ming and Litehiser 1985). If the seismic 
damage records are inadequate, numerical approaches are 
considered as alternative sources that aim to derive fragility 
curves (Mohammadi-Haji and Ardakani 2020).

On the other hand, the reliability-based risk analysis pro-
posed by Haukaas (Haukaas 2008) is a novel risk analysis 
focused on structural damage in earthquake engineering with 
a unified limit state formulation expressed in terms of seis-
mic loss rather than traditional forms representing demand 
and capacity. The seismic loss assessment of a building in 
Vancouver, Canada, was an attempt in reliability-based risk 
analysis that concentrated on losses due to repair costs and 
implemented the simple sine curves to estimate the damage 
(Koduru and Haukaas 2010). Later, Mahsuli and Haukaas 
(Mahsuli and Haukaas 2013) released an updated version 
of the reliability-based risk analysis that included three lev-
els of refinement as component, building, and region lev-
els. They computed the loss exceedance probabilities using 
generic models that only needed to implement the observ-
able data of a region or a portfolio of buildings. Recently, 
Aghababaei and Mahsuli (Aghababaei and Mahsuli 2018, 
2019) developed a new paradigm of reliability-based risk 
analysis that included many interacting predictive models 
to simulate the hazards, structural responses, damages, and 
economic and social losses. In particular, they presented the 
next level of reliability-based risk analysis by adding the 
detailed risk analysis at the component level. Their study 
addressed various loss assessment features, which could be 
found in the FEMA P-58 (Michael Mahoney et al. xxxx). 
Generating the probabilistic damage models by Bayesian 
regression modeling methodology was also implemented.

In the modified format of the unified reliability analy-
sis (Mahsuli and Haukaas 2013), it is tried to reduce the 
computational burden by integrating the Monte Carlo 
simulation (Naess and Bo xxxx) and the search-based reli-
ability method such as the first-order reliability method 
(FORM) (Arabaninezhad and Fakher 2021). Specifically, 
the Monte Carlo simulation simulates the timeline sam-
ples in which several time points exist associated with an 
event's mean occurrence. After that, the search-based algo-
rithms estimate the failure probability of each time point 
in the timelines. Consequently, if all the time points in a 
timeline result in the safety condition, this timeline sample 
is labeled by safety. In other words, the difference between 

this modified approach and the pure sampling approach 
is that the failure probability estimation is conducted by 
search-based algorithms instead of sampling simulation 
(Haukaas 2008; Mahsuli and Haukaas 2013; Aghababaei 
and Mahsuli 2018, 2019). Although this novelty reduces 
the computational effort compared to the pure sampling 
approach, too many component reliability problems must 
be solved because of too many timeline simulations.

In terms of decreasing the computational effort, Liu 
et al. (Lu et al. 2019) proposed a new method called the 
fast integration algorithm for the time-dependent reli-
ability analysis that estimates the failure probability by 
the point-estimate method. This method discretizes time 
domain and random-variate space based on the Gauss 
quadrature and the Gauss–Legendre quadrature methods, 
respectively. The result is that the algorithm generates a 
limited number of reliability problems based on the prod-
uct of the defined points in two discretizations. The fast 
integration method makes it possible to choose the internal 
solver for solving component reliability problems. These 
solvers can be the search-based method such as the first-
order reliability analysis. Another solver is numerical non-
linear programming optimization such as the trust-region 
sequential quadratic programming (trust-region SQP) (Luo 
et al. 2021; Yamashita et al. 2020) which is a powerful 
method to solve the nonlinear constrained optimization 
problems. In other words, the accuracy and computational 
cost of an analysis depend on the internal solver of the fast 
integration method.

This article proposes a modified version of the unified 
reliability analysis based on the fast integration method to 
eliminate the time-consuming sampling approach from the 
algorithm. To this aim, the reformulation of the fast inte-
gration method is defined to show how the implicit limit 
state function can be considered based on loss cost instead 
of representing demand and capacity. After that, the differ-
ent components of the proposed unified reliability analysis 
are discussed including ground motion model, structural 
response, damage model, and loss model. Next, this pro-
posed framework is applied to a circular concrete tunnel 
structure. A significant reduction in the cost of calculations 
besides the obtained accuracy are the main advantages of the 
proposed method. The rest of this article is structured as fol-
lows: Sect. 2 firstly addresses the theoretical backgrounds of 
the unified reliability analysis followed by the proposed fast 
integration method for time-dependent reliability analysis 
(i.e., the reliability-based risk analysis). Occurrence simula-
tion including model library of seismic magnitude, intensity, 
tunnel response, etc. is presented in another part of Sect. 2. 
In Sect. 3, the functionality of the proposed unified reliabil-
ity analysis based on the fast integration method is investi-
gated in detail using a numerical example. This section is 
followed by concluding remarks in Sects. 4 and 5.
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2 � Unified Reliability Analysis Based on Fast 
Integration Method

In the following section, the principles of unified reliability 
analysis are introduced. Moreover, it is argued that how the 
probability models can be employed in this framework. The 
conventional reliability problem can be shown by Eq. (1) 
(Ditlevsen and Madsen 2005).

where pf is the probability sought; f(u) is the joint probability 
distribution of random variables u; and g(u) is the limit state 
function. In modern structural reliability analysis, the limit 
state function often is an implicit function of the random 
variables that needs a structural analysis in which random 
variables used as input parameters. In the unified reliability 
approach, the limit state function is expressed as structural 
loss to estimate the probability of exceedance. Equation (2) 
shows this limit state function.

where lo is the structural loss related to a specific event 
which is an implicit function of random variables and lp is 
the threshold value. Estimating a realization of lo requires 
the employment of series of probabilistic models. Figure 1 
illustrates schematically the steps for estimating the limit 
state function (structural loss). Generally, these models work 
based on realizations of input random variables and yield 
deterministic outputs.

It is can be seen from Fig. 1 that the realizations of ran-
dom variables and deterministic outputs of models are uti-
lized to estimate the ground motion, structural response, 

(1)pf = �g(u)≤0
⋯� f (u)du

(2)g(u) = lo − lp

damage ratio, and loss cost. Next step is to transfer the loss 
value to reliability analysis module. It is noted that other 
approaches employ conditional probability distributions, 
which is known as fragility curves, for estimating damage 
and loss values. Although fragility curves have upsides to 
combine the empirical information from observed earth-
quake damage, they are not exactly probabilistic models. 
Moreover, the fragility curves often receive a single struc-
tural response parameter to estimate the value of damage. 
However, utilizing the implicit models mentioned in uni-
fied reliability analysis is the method that uses one or more 
structural responses for considering in a damage model. 
Furthermore, any type of random variables can be used as 
inputs of any or all the models with considering correlation 
coefficients between them in unified reliability analysis. A 
significant benefit of this framework is the considering both 
aleatory and epistemic uncertainties. The final result of the 
unified reliability analysis can be more trustworthy because 
it is possible to simulate the synthetic probabilistic ground 
motion model instead of scaled records. In other words, uni-
fied reliability analysis reveals the probabilistic nature of 
loading condition more than other approaches.

Being time-consuming is a negative feature of the unified 
reliability analysis because this method employs the random 
sampling algorithm to simulate the timelines consisting of 
several samples in each timeline that need to calculate the 
safety or failure state of any sample.

In the current study the fast integration method is 
employed instead of sampling approach to estimate the fail-
ure probability related to a specific cost threshold. Therefore, 
the utilizing of fast integration is firstly investigated, after 
that, the other parts of unified reliability method are dis-
cussed as occurrence model.

2.1 � Reformulation the Fast Integration Method 
for Time‑Dependent Reliability Analysis Based 
on Loss Cost

In order to evaluate the time-dependent reliability of a struc-
ture over time interval (0, T], the time-varying limit state 
function could be defined as Eq. (3) (Mori and Ellingwood 
1993), which is the original version of limit state function 
utilized in the fast integration method.

where R is structural resistance and S is load effect and both 
are implicit function of random variables separated in two 
categories. Parameter u shows the vector containing ran-
dom variables. This limit state function can be expanded and 
rewritten as a function based on loss cost as Eq. (4) to show 
more details in comparison with Eq. (3) including implicit 
loss function and loss threshold.

(3)G(t, u) = R(t, u) − S(t, u)

Fig. 1   Estimation of the structural loss in unified reliability analysis
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This implicit limit state function shows that the employed 
loss function, lo, contains both structural resistance and load 
effect. Therefore, the rest of calculation to estimate prob-
ability of failure within given time interval (0, T] is possible 
to estimate.

If it is assumed that the duration of load event is very 
short and the load intensity remains constant during a load 
event, it is possible to model the load event as a sequence of 
randomly occurring pulses with random intensity Si (i = 1, 2, 
…, n) at time ti and short duration τ  during time interval (0, 
T]. According to the above-mentioned assumptions, it can 
be considered that resistance is treated as constant during the 
load event. The structural time-dependent failure probability 
should be expressed as Eq. (5) if n independent events occur 
within time interval (0, T] (Li et al. 2015).

The parameters implemented in the structural reliability 
analysis could be divided into time-independent and time-
dependent random variables. The time-independent random 
variables such as dead load, initial material strength, and 
geometry parameters that could be expressed as vector X 
remain constant during time interval (Hong 2000). Time-
dependent random variables such as live load, earthquake 
load, environmental actions, corrosion, etc. that could be 
expressed as vector Y(t) are generated randomly at arbitrary 
time instants. Then, the time-dependent limit state function 
of a structure can be demonstrated as G [X, Y(t), t, lp] and 
G [X, Y(t), t, lp] > 0 that refers to the safe domain. Under 
the assumptions that the correlation between X and Y(t) at 
specified time point is considered and the occurrence in time 
of Y(t) is modeled as a Poisson point process, general form 
of failure probability within a given time interval (0, T] can 
be estimated as Eq. (6) (Hohenbichler and Rackwitz 1981; 
Liu and Kiureghian xxxx; Lu et al. 2017).

(4)G(u, t) = lo(R(t, u), S(t, u)) − lp

(5)

Pf (T) = 1 − Prob
[

lo
(

R
(

t1, u
)

, S1
)

> lp ∩ lo
(

R
(

t2, u
)

, S2
)

> lp ∩ ... ∩ lo
(

R
(

tn, u
)

, Sn
)

> lp
]

(6)Pf (T) = 1 − �
Ω Ux
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where T−1(.) is the inverse transformation, e.g., Nataf trans-
formation (Li et al. 2008); ΩUx is the domain region of X in 
the standard normal space; �y is the mean occurrence rate of 
load; UX and UY are independent standard normal random 
vectors, respectively; and ux and uy are the linearization of 
UX and UY, respectively. According to Eq. (6), the time-
dependent reliability analysis includes a multi-dimensional 
integral over time space and random-variate space. Gener-
ally, if the limit state function is implicit, highly nonlinear, 
or includes multiple random variables, the failure prob-
ability evaluation using direct integration is impossible. 
Gauss–Legendre quadrature and the point-estimate method 
are the choices assumed in the fast integration algorithm 
to discretize the integrals with respect to time domain and 
random-variate space (Lu et al. 2019).

In the fast integration method, the first action is to dis-
assemble the integral with respect to time domain using 
Gauss–Legendre quadrature. Then, the point-estimate 
method is utilized for disassembling the integral correspond-
ing to random variables. Equation (7) presents the time-
dependent failure probability of the fast integration method 
when disassembling process is done (Lu et al. 2019).

where E(.) denotes the expectation and PY|X,t (X, T, lp) is 
the conditional probability associated with the time domain 
disassembling process; τk and wk are the abscissa and the 
corresponding weights for Gauss quadrature with weight 
function 1, respectively; mT is the number of the abscissa; 
UX is nx-dimensional independent standard normal random 
vector; and nx is the number of random variables in X (Lu 
et al. 2019).

The bivariate dimension-reduction method (Xu et al. 
2004; Zhao and Ono 2000) can be adopted to approximate 
the answer of Eq. (7) and reduce the computation burden. 
For more information about how to estimate the abscissa 

(7)
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limit and weight of Gauss–Legendre quadrature algorithm 
and the point-estimate method, required computation of the 
bivariate dimension-reduction method, and other mathemat-
ics issues, see (Lu et al. 2019).

Finally, Eqs. (8) to (10) should be calculated to obtain the 
probability of failure.

where pi and ui are the estimating points and corresponding 
weights in the standard normal space, respectively; nX is the 
number of independent standard normal random variable; 
mX is the number of estimating points in one dimensional 
case; and h0 (0, …, 0, …, 0) is the result of limit state func-
tion at time tk when all random variables have the 0.0 value 
in the standard normal space. For understanding how to 
estimate points and their corresponding weights, see Eqs. 
(21) and (22) in Lu et al. (2019). Equation (7) can be esti-
mated using traditional structural reliability analysis meth-
ods, including the first-order reliability methods (searched-
based), sampling methods, etc., where the two parameters 
ui and τk are determined in PY|X,t (X, T, lp).

This framework has been reformulated based on the origi-
nal version of the fast integration method to be employed 
in the unified reliability analysis. Consequently, employing 
the sampling approach to estimate the time-dependent fail-
ure probability is unnecessary anymore. It is noted that the 
fast integration method has advantages and disadvantages. 
Decreasing the computational cost is the most significant 
advantage of the fast integration method achieved by con-
verting the initial time-dependent problem to a limited num-
ber of time-independent problems using a point estimation 
procedure. Therefore, there is no need to implement a com-
plete simulation procedure, and it is easier to solve the time-
independent component problems. However, the accuracy of 
the approximation of the failure probability depends on the 
number of points in the point estimation procedure. The five 
points for disassembling the time domain and seven points 
for the random-variate space are suggested based on previ-
ous research studies (Lu et al. 2019; Zhao and Ono 2000; 
Ghorbanzadeh and Homami 2023).

Similar to the simulation methods, the fast integration 
method cannot provide some valuable data including impor-
tance and sensitivity vectors. However, the mean value of the 

(8)E
[
PY|X

(
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)]
=
∑
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) nX∑
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)

(10)�ij =
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i=1

mX∑
j=1

pipjhij
(
ui, uj

)

component problems can be considered as an approximation 
of these two vectors. Moreover, it needs to be run for each 
time interval separately and it is not possible to use the result 
of a time interval for other ones.

2.2 � Occurrence Model

This section represents the different parts of the unified reli-
ability analysis mentioned in Fig. 1. In other words, the aim 
is to show the estimation of a realization of structural loss 
based on a sequence of probabilistic models that are adaptive 
to the numerical example of the current study. To achieve 
this aim, it is required to define the ground motion model, 
the structural response model, the damage model, and the 
structural loss model. Each part has its own calculation and 
branches such as ground motion simulation consisting of the 
seismic magnitude model and the seismic intensity model. 
These steps are the same for both the sampling approach 
and the proposed fast integration method. The difference 
relates to the number of calculations. It means that the sam-
pling approach repeats these steps for each sample existing 
in each timeline; however, the reformulated fast integration 
only does these steps for specific points, which are defined 
based on the disassembling related to the given time domain 
and the random-variate space.

Therefore, two steps of modeling the ground motion 
embracing the seismic magnitude and seismic intensity mod-
els, the structural response model called the tunnel response 
model, and three steps of modeling structural loss consisting 
of the tunnel direct damage model, the tunnel loss model as 
well as the discounting model are represented in the follow-
ing subsections.

2.2.1 � Seismic Magnitude Model

The first step of unified reliability analysis is the modeling of 
ground motion. Seismic regression models are well-known 
models in which both the magnitude and the intensity are 
modeled with a function, but these two parts can be sepa-
rated to cover more details. Therefore, a double-truncated 
exponential distribution model is selected to model the 
magnitude of seismic source (McGuire 2004). As shown by 
the preservation of the probability equation, magnitude, m, 
can be related to an auxiliary standard normal variable, θm 
(Mahsuli and Haukaas 2013; Aghababaei and Mahsuli 2018) 
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that leads to the realization of m as shown in Eq. (11), where 
θm and b are considered as model input random variables.

where b is the coefficient addressing the relative earthquake 
occurrence of different magnitudes; Mmin and Mmax are the 
lower-bound and upper-bound magnitude that the source can 
produce, respectively; Φ is the cumulative density function 
associated with a standard normal random variable.

2.2.2 � Seismic Intensity Model

The second step of modeling ground motion based on what 
is mentioned in the previous subsection is the simulation of 
the seismic intensity model. The seismic intensity model 
assumes earthquakes and shock wave propagation character-
istics to specify the characteristics of the site ground move-
ment. Several models and intensity measures have been pre-
sented in the literature. The model that generates an artificial 
time history ground motion presented by Rezaeian and Der 
Kiureghian (Rezaeian and Der 2010) is implemented in this 
study. Moreover, is considers both aleatory and epistemic 

(11)
m = −

1

b
ln
[
1 − Φ

(
�m

)
.
(
1 − exp

(
−b

(
Mmax −Mmin

)))]
+Mmin

uncertainties in the ground motion. This adopted model is 
the most important source of uncertainties in the present 
study. The response of a linear filter time-dependent param-
eters to a white-noise process is implemented to simulate an 
acceleration process, x(t), via Eq. (12).

where q (t, ag) is the time-modulating function in which ag is 
a parameter controlling the shape that describes the temporal 
characteristic, intensity, and duration of the motion; σh(t) is 
the standard deviation of the integral process; ω is a white-
noise process; h [t − τ, λ(τ)] is the impulse response function 
(IRF) of the filter that describes the spectral characteris-
tics of the process with time-varying parameters λ(τ)  and 
depends on the six key characteristics of the ground motion. 
The key characters are Ia : the arias intensity; D5-95: the effec-
tive duration of the motion; tmid: the time in the middle of 
the strong motion phase; ωmid: filter frequency at tmid, �′ : 
the rate of the change in the filter frequency in time, and �f ′′ : 
the filter damping. The realization of the seismic model with 
four required inputs is shown in Fig. 2. Although this model 
is able to generate acceleration, velocity, and displacement 

(12)x(t) = q
(
t, ag

)
.

1

�h(t) ∫
t

−∞

h[t − �, �(�)]�(�)d�

Fig. 2   Synthetic motions cor-
responding to F = 0 (Strike-
slip), M = 7.0, R = 20.0 km, 
V = 760 m/s

Fig. 3   Model cumulative 
density function of PGD via 
lognormal random variable 
distribution
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time history records, the displacement time history is only 
utilized in the middle of calculation shown in Fig. 2.

There is an alternative method to reduce the computa-
tional cost. This method utilizes the peak ground displace-
ment (PGD) distribution using simulation procedure and 
random variable fitting. For this purpose, a sufficient number 
of random parameters can be generated and the probability 
distribution of PGD is obtained. This probability distribution 
can be employed instead of simulation of seismic magni-
tude model and seismic intensity model in order to reduce 
the calculation burden. Figure 3 illustrates an example of 
this process in which a lognormal probability distribution 
is employed. Accordingly, having the average occurrence 
rate and probability distribution of PGD, it is possible to 
determine the input for the finite element model that is inves-
tigated in the following section.

2.2.3 � Tunnel Response Model

After modeling the ground movement, the output of this 
model can used as an input for the structural response model. 
In this study, the utilized model is required to be compat-
ible with the dominant condition. If ground failure includ-
ing liquefaction, slope instability, and fault displacement 
is disregarded, the design code of underground structure 
concentrates on the transient ground deformation generated 
by seismic wave passage. These deformations involve three 
primary modes including compression-extension, longitudi-
nal bending, and ovalling deformation (Saleh Asheghabadi 
and Rahgozar 2019; Zhang et al. 2021; Wang et al. 2019). 
The critical case is the ovalling deformation between these 
three cases in a circular tunnel lining during a seismic 
event. Ovalling deformation emerges when wave propa-
gate is perpendicular to the tunnel axis (Çakır and Coşkun 
xxxx; Hashash et al. xxxx). The simplest form of computing 

Fig. 4   Tunnel lining surrounded 
by ground. a Plan view, b Oval-
ling deformation

(a) (b)

Thickness 0.6 m

Ground

Utility support system

Utility material

Inside diameter, Di = 5 m

Utility material

d
lining

/2

Shear wave front

Fig. 5   Circular tunnel lining by 
finite element model
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ovalling deformation is achieved when the deformation of 
circular tunnel lining is assumed to be identical to the free-
field deformation of the surrounding ground. This leads 
to the first-order structure deformation and may result in 
the overestimated or underestimated deformations on the 
basis of structure rigidity. Another method implemented to 
estimate ovalling deformation is the lining-ground interac-
tion. Figure 4 shows the plan view of the tunnel model with 
surrounded ground and ovalling deformation under seismic 
load. This tunnel involves a main structure, a support system 
for installing tools inside the tunnel, and installation tools 
which involve pipes and instruments for moving materials, 

etc. Oval deformation is the deformation imposed on the 
tunnel main structure during shear wave propagation.

A finite element model is employed to compute the linear 
response (elastic behaviour) of the tunnel. The soil and tun-
nel structure component are recognizable in Fig. 5. Given 
that the pushover analysis is implemented, the left-highest 
node in Fig. 5 is considered as the target control displace-
ment node for checking the pushing value. The left and right 
sides of the finite element model are constrained against 
vertical movement, and the bottom side of the finite element 
model is constrained against vertical movement. The upper 
side nodes have to be pushed until the target displacement 
(the output of PGD model) is reached. The tunnel is 5 m in 

Fig. 6   Circular tunnel lining by finite element model under loading condition. a Horizontal displacement, b Vertical displacement increased 20 
times
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the inner diameter, has a concrete lining with a thickness 
of 0.6 m, and is built at a depth of 20 m from surface to the 
central part of the circular tunnel. It is noted that the effects 
of the reinforcement rebars are ignored for the purpose of 
observing simplicity.

Any finite element software package such as OpenSees 
(PEER). Opensees 1999) could be implemented to model 
tunnel structure. After assigning load and pushing the model 
to the target deformation, the horizontal and vertical deflec-
tion can be obtained. The realization of the output produced 
by adopting finite element method is shown in Fig. 6. The 
displacement of the node placed on 45 degrees of the main 
structure of the tunnel is recorded as an output of finite ele-
ment model that is an input for the next section which is a 
damage model.

2.2.4 � Tunnel Direct Damage Model

The final output of the structural response model is an input 
for the loss computing section that begins with the tunnel 
direct damage model and is followed by the tunnel loss 
model and the discounting model, respectively. There are 
various methods to model the damage of a given structure, 
including using the cumulative density function of a prob-
ability distribution and linear/nonlinear polynomials, pro-
vided that it needs to be an incremental function that returns 
a value between two numbers related to the no-damage and 
the full-damage condition, respectively. In this article, a sim-
ple damage model is employed based on sinusoidal func-
tion, where the received node displacement acts an input 
and is implemented accordingly. This function is shown in 
Eq. (13).

where Δdlining is the target node displacement obtained 
by finite element model, Δmin and Δmax are the minimum 
and maximum thresholds associated with no-damage and 
full-damage state, respectively, and εη is the model error 
assumed as a normal random variable with zero mean and 
0.001 standard deviation. Δmin and Δmax are considered as 
different values associated to damage types. Figure 7 shows 
Eq. (13) with the realization of random variables in ovalling 
deflection, where Δmin and Δmax are 0.5 mm and 0.15 cm, 
respectively.

2.2.5 � Tunnel Loss Model

The next step of loss computing is to estimate the cost of the 
damage using the damage ratio and other necessary param-
eters. Once the general damage ratio is estimated by Eq. 
(13), the tunnel loss model can be computed by Eq. (14).

where L is the length of the investigated tunnel and C is the 
replacement cost of the tunnel structure measured per unit 
length. If other damages such as indirect damage model are 
considered, this equation has to be converted into summa-
tion form.

2.2.6 � Discounting Model

Discounting the future loss to a present loss value is the final 
step of loss computing that can be expressed by Eq. (15).

(13)� = 0.5

(
sin

(
�

��
×
Δdlining − Δmin

Δmax − Δmin

−
�

2

)
+ 1

)

(14)l = �LC

Fig. 7   Damage model for main 
structure: Damage ratio against 
tunnel deflection
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where lp is the present loss value; lf is the future loss; r is 
the effective annual interest rate; and t is the time variable. 
The interest rate in this study is considered 0.5% for all types 
of economic losses. This discounting model is useful for 
decision making about investments such as retrofit actions.

3 � Numerical Examples

This section addresses the practical usage of the reformu-
lated unified reliability analysis based on the fast integration 
method to simulate earthquake events as sources of risks. 
All applied models were defined in the previous section and 
the required parameters are demonstrated in Fig. 8. This 
example represents the entire procedure of probabilistic loss 
assessment based on the reliability risk analysis. Figure 8 
shows how the proposed fast integration analysis imple-
ments different scenarios to compute limit state function, 
g. As illustrated in Fig. 8, computing g requires a chain of 
interacting probabilistic models as mentioned in the previ-
ous section.

(15)lp = lf . exp (−r. t)
The inputs of these models involve random variables, 

constant variables, and the outputs of upstream models. 
First, an occurrence model generates an event that leads 
to the algorithm generating a time variable, t. As men-
tioned before, there is a difference between the sampling 
approach and the proposed fast integration method in this 
step. The time variable is obtained by a random process 
in the sampling approach; however, it is a deterministic 
value based on disassembling time domain utilized by the 
proposed fast integration algorithm. Then, the magnitude 
model with four input requirements begins to estimate the 
magnitude and send this magnitude to the tunnel response 
model and seismic intensity model. At this level, the seis-
mic intensity model considers fault and site characteris-
tics to generate the peak ground displacement. It is noted 
that this part can be replaced by random variable fitting 
procedure to reduce the cost of the computation. By gain-
ing access to the required inputs of the tunnel response 
model, it is possible to make a tunnel deflection, Δdlining. 
Subsequently, the damage ratio is calculated using the 
damage model and parameters models. The damage ratio 
is inserted into the corresponding economic loss model to 
obtain the future loss value. Finally, discounting model is 
implemented to convert the future loss to the present loss 

Fig. 8   Flowchart of the occurrence model in this study
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Table 1   The parameters of the example

*N (μ, σ): Means normal probability distribution with mean μ and standard deviation σ
**U (α, β): Means uniform probability distribution between α and β

Symbol Description Parameter type Characteristics

λ The mean occurrence rate of seismic source 1 Constant 0.09 (Per year)
λ The mean occurrence rate of seismic source 2 Constant 0.01 (Per year)
λ The mean occurrence rate of seismic source 3 Constant 0.002 + 4 × 10–4 × t0.001 (Per year)
λ The mean occurrence rate of seismic source 4 Constant 0.002 + 4 × 10–6 × t2 (Per year)
T Time span Constant 60 years
t Time parameter Time –
θm Earthquake magnitude uncertainty Random variable N (0, 1) *
b Earthquake magnitude uncertainty of seismic source 1 Random variable N (0.5, 0.001)
Mmin Minimum magnitude of seismic source 1 Constant 6.0
Mmin Minimum magnitude of seismic source 2 Constant 5.0
Mmin Minimum magnitude of seismic source 3 Constant 5.0
Mmin Minimum magnitude of seismic source 4 Constant 6.0
Mmax Maximum magnitude of seismic source 1 Constant 8.0
Mmax Maximum magnitude of seismic source 2 Constant 7.0
Mmax Maximum magnitude of seismic source 3 Constant 7.0
Mmax Maximum magnitude of seismic source 4 Constant 8.0
Vs30 Shear wave velocity at the site Random variable U (750, 1500) m/s
R Horizontal distance to top edge of rupture source 1 Random variable U (15, 20) km**
R Horizontal distance to top edge of rupture source 2 Random variable U (10, 15) km
R Horizontal distance to top edge of rupture source 3 Random variable U (5, 10) km
R Horizontal distance to top edge of rupture source 4 Random variable U (7, 14) km
F Fault type Constant 0 (Strike-slip)
dt Time step Constant 0.02
D Peak ground displacement (PGD) Model output –
Es Modulus of elasticity of soil Constant 1900 MPa
νs Poisson ration of soil Constant 0.3
El Modulus of elasticity of tunnel lining Constant 24,800 MPa
νl Poisson ration of tunnel lining Constant 0.2
dl Tunnel diameter Constant 5 m
tl Tunnel thickness Constant 0.6 m
Δmin Minimum threshold via main structure damage Constant 0.005 m
Δmin Minimum threshold via support system damages Constant 0.05 m
Δmin Minimum threshold via installation tools damages Constant 0.08 m
Δmax Maximum threshold via main structure damage Constant 0.15 m
Δmax Maximum threshold via support system damages Constant 0.20 m
Δmax Maximum threshold via installation tools damages Constant 0.25 m
Δ Ovalling deflection under load condition Model output –
εη Error of damage model Random variable N (1.0, 0.001)
η Damage ratio Model output –
r Effective interest rate Constant 0.005
L Tunnel length Constant 1.0 km
C Replacement cost via main structure damage Constant 1 million
C Replacement cost via support system damages Constant 0.5 million
C Replacement cost via installation tools damages Constant 0.25 million
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value before achieving limit state function. All character-
istics of the models are summarized in Table 1. The proper 
description is defined to show the performance of each 
character. These characters pertain to the tunnel lining 
structure, seismic sources, and damage dependent models.

The limit state function is formulated as g = l0–lp. It is 
mentioned that four abscissas and weights are used for 
Gauss–Legendre quadrature method, and seven points and 
weights are employed for the point-estimate method in the 
standard normal space. By substituting the obtained results 
in Eq. (7), the time-dependent failure probability, Pf (60), 
can be estimated. Figure 9 shows the time-dependent failure 
probability obtained from the fast integration method that 
is based on trust-region SQP for four seismic source effects 
in the next 60 years when the 30% of construction cost is 
chosen as a threshold.

The initial insight from this outcome indicates that the 
different assumptions made for establishing four seismic 
sources including different types of mean occurrence rate, 
horizontal distance to the top edge of rupture, etc., result 
in unique dominant regions for each source. For instance, 
source number 4 characterized by a time-variant mean 
occurrence rate, exhibits the highest failure probability 
after approximately 50 years. Conversely, source number 1, 
with a constant and large mean occurrence rate as well as 
differing maximum and minimum magnitude values com-
pared to source number 1, dominates the initial segment of 
the diagram from 5 to nearly 20 years. Consequently, this 
diagram facilitates ranking the seismic sources according 
to their influence on the structural loss within the specified 
time frame. Additionally, it highlights the optimal timing 
for making informed decisions to enhance structural per-
formance. Essentially, if a specific performance target for 

Fig. 9   Loss curve obtained by 
the fast integration method and 
optimization algorithm

Fig. 10   The comparison of loss 
curves obtained by different 
methods
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a structure is identified and must be consistently met, this 
diagram forecasts the timeframe required to achieve that 
target. An additional observation derived from this time-
dependent reliability analysis pertains to the escalating 
probability of failure as time progresses. Each of the four 
seismic sources exhibits a heightened probability of failure 
towards the end of 60 years, as the likelihood of failure due 
to severe earthquakes significantly increases compared to 
the initial stages of the timeframe. It is important to note 
that the insights presented in the preceding sections do not 
necessarily entail a redundant analysis and can be derived 
from the same analysis.

The primary outcome of the risk analysis is to estimate 
the exceedance probability. Figure 10 illustrates the contri-
bution of the main structure and other components of the 
tunnel lining to the overall losses. Additionally, this diagram 
displays the cumulative total loss over 60 years. The vertical 
axes are presented on logarithmic scales to emphasize the 
tail probabilities. The main structure loss plays a crucial role 
in the total loss. It is important to note that the tail end of 
the diagrams corresponds to events with lower probabilities 
of occurrence but higher intensities. The markers indicate 
the l0 thresholds in equation g = l0–lp. In other words, in this 
diagram, the value of time is fixed at 60, but the value of 
lp is changed to illustrate the impact of a variety of struc-
tural losses. The purpose of this example, as outlined in the 
Abstract and Introduction sections, is to demonstrate the 
functionality of this modified framework. However, further 
insights can be obtained from the analysis by employing 
more detailed modeling of components. For instance, divid-
ing the main structure into multiple parts allows for a com-
prehensive investigation from all perspectives.

Figure 11 shows the outcomes of two classes of pro-
posed fast integration analysis. One implements the opti-
mization technique and the other employs the importance 

sampling as an interval solver. Moreover, the results of the 
sampling-based approach or Monte Carlo (MCS) method for 
simulating the Poisson point process within the time inter-
val (0, 60] are depicted in this diagram. The results under-
score a reasonable agreement between the results obtained 
through MCS and two types of proposed fast integration 
methods. A slight difference is observed in the upper tail 
on the right side, which corresponds to severe earthquake 
events. Although this difference can be overlooked, it can 
be reduced by considering more points for discretizing the 
time domain and random-variate space in the proposed fast 
integration method. Consequently, establishing the combina-
tion of the fast integration method with importance sampling 
is unnecessary because utilization of the fast integration 
method and the optimization technique is more convenient 
and straightforward with nearly the same accuracy. Although 
the accuracy of the methods is acceptable, the computational 
cost for determining the exceedance probability varies. The 
Monte Carlo simulation method requires 5 million samples 
to obtain the complete diagram as demonstrated in Fig. 11. 
The fast integration method based on importance sampling 
completes this process with 1.25 million simulations. How-
ever, the fast integration method based on proposed optimi-
zation method estimates the final result with 250,000 calls 
of the limit state function.

Fig. 11   The comparison of loss 
curves obtained by different 
methods

Table 2   Comparison of computational effort for different methods

Method Iteration Call function Time (minutes)

Fast Integration–TRSQP 80,000 250,000 13
Fast Integration–Impor-

tance Sampling
1,000,000 1,250,000 38

Monte Carlo Sampling 5,000,000 5,000,000 244
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Table 2 summarizes the final results of the different meth-
ods related to computational effort for all the labeled points 
in Fig. 11. The number of call functions for Monte Carlo is 
equal to its iteration number. However, the number of call 
functions for the fast integration-Importance sampling and 
the fast integration-TRSQP is different from the number of 
iterations. The fast integration-Importance sampling utilizes 
the first-order reliability method to find the design point and 
then starts the simulation. The fast integration-TRSQP uses 
the differentiation of the limit state function in the middle 
of computation that results in more call functions compared 
to the number of iterations. The difference in computational 
burden is obvious but the final results are close to each other. 
That is one of the important reasons why the conventional 
framework of risk analysis based on reliability method needs 
to be developed and equipped with robust tools and methods.

4 � Discussion

A reformulation of the unified reliability analysis based on 
the fast integration method was proposed. Then, the algo-
rithm was employed on a tunnel structure and its results 
associated with three types of loss models were reported. 
To this end, several probabilistic models including seismic 
magnitude, seismic intensity, tunnel response, tunnel dam-
age, and loss model were defined. First, the failure prob-
ability due to the occurrence of each earthquake source was 
estimated in a time interval of 60 years, as shown in Fig. 9. 
The effect of the occurrence rate of different seismic sources, 
site distances from seismic sources, etc., caused that the 
source number 4 with time domain mean occurrence rate 
reached the maximum value at the end of 60 years. Moreo-
ver, this curve facilitated monitoring the total performance 
index variation and finding the optimal timing for making 
informed decisions related to strengthening structural mem-
bers (see Figs. 9). Then, the loss curves based on three loss 
models were approximated, as depicted in Fig. 10, that was 
the total exceedance probability curve associated to different 
loss thresholds and considered the impact of all the seismic 
occurrences. The exceedance probability of the main struc-
ture loss was higher than the support system and installation 
tools because of the assumptions considered for the case 
study example.

The main concern of this paper was to develop the risk 
analysis framework to save time and maintain accuracy. 
Although the fast integration-TRSQP method needed to 
estimate differentiation, its number of call functions was 
significantly smaller than the simulation methods. Moreover, 
the fast integration-TRSQP was equipped with numerical 
nonlinear programming optimization that allowed the algo-
rithm to be used for highly nonlinear problems. However, for 
some specific time-dependent problems with complicated 

conditions and high accuracy required the simulation 
method is still the best option.

5 � Conclusion

In the present study, the reliability-based risk methodol-
ogy called the unified reliability analysis based on the 
fast integration method has been formulated and utilized 
for a linear concrete circular tunnel structure under seis-
mic conditions. The first novelty was about employing 
the proposed fast integration algorithm to simulate the 
Poisson point process instead of the complete simulation 
based on Monte Carlo family methods. At the end of the 
analysis procedure, the expected result, which was the 
considerable decrease in the amount of computational 
cost, was obtained because the sampling approach was 
replaced by the point estimation process. The second 
achievement was related to employing numerical non-
linear programming optimization instead of the search-
based reliability methods. The importance of this change 
was to utilize a stable and powerful analysis method for 
solving several component reliability problems obtained 
by time domain and random-variate space disassembling. 
The accuracy of the final result could support the suc-
cessful combination of the fast integration method and 
numerical nonlinear programming optimization in com-
parison with a complete time-consuming simulation pro-
cedure as well as the combination of the fast integration 
method with the importance sampling. It is noted that the 
fast integration method needs results of all component 
reliability problems to estimate the failure probability 
of a time-dependent problem. Showing how can use the 
sequential probability models in the middle of risk analy-
sis problems was another development in this framework. 
Moreover, it was shown that there were a variety of prob-
ability models that could be implemented based on the 
modeling conditions. The seismic intensity model is the 
most important probability model in this paper consid-
ering both aleatory and epistemic uncertainties in the 
ground motion. In addition, a few seismic sources have 
been implemented and the probability of exceedance of 
each one was shown separately, and jointly.

In conclusion, it is emphasized that the ongoing develop-
ment of risk analysis based on reliability methods in the field 
of probabilistic models for earthquake intensity, structural 
damage, and analysis tools for solving internal problems is 
strongly endorsed.
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