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Abstract
Seismic bearing capacity analysis is an important aspect for the design of foundation in earthquake-prone areas. In this 
study, an attempt is made to evaluate the seismic bearing capacity of foundation resting on two-layered c − � soil using a 
new pseudo-dynamic limit equilibrium approach considering linear failure surface and the soil supporting as a visco-elastic 
material. The results are expressed in terms of bearing capacity ratio. A comparison of the present method with other avail-
able literatures is presented, which shows the acceptability of the results of the present study. Hence, the results of the present 
study may be used to design seismically stable shallow strip footing.

Keywords Pseudo-static · Particle swarm optimization · Layered soil · Bearing capacity ratio · c − � soil · Convergence

List of Symbols
B0  Width of the footing
Df  Depth of the footing
P1  Combined load of column and footing
�1  Damping ratio in top soil layer
�2  Damping ratio in bottom soil layer
H  Total thickness of homogeneous soil layer
h2  The thickness of the second layer contrib-

uting the failure wedge
h1  The thickness of the top layer contributing 

the failure wedge
N� ′′  Single bearing capacity coefficient for 

coincident resistance of unit weight sur-
charge and cohesion

qult  Ultimate bearing capacity
G  Shear modulus of soil
�  Viscosity of soil
�  Damping ratio of homogeneous soil
G∗  Complex shear modulus of soil
k∗  Complex wave number
�1  Density of top soil layer
�2  Density of bottom soil layer

ai  Acceleration amplitude of incident wave
ar  Acceleration amplitude of reflected wave
at  Acceleration amplitude of transmitted 

wave
�z  Impedance ratio
(�z)s  Impedance ratio of shear wave
(�z)p  Impedance ratio of primary wave
ys1, ys2, ys5, ys6  A dimensional factors governing hori-

zontal acceleration at top soil layer due to 
transmitted wave

ys3, ys4, ys7, ys8  A dimensional factors governing horizon-
tal acceleration at bottom soil layer due to 
incident and reflected waves

Qth(ABDE)
  Horizontal inertia force of the soil wedge 

ABDE due to transmitted wave
g  Acceleration due to gravity
Ah1

,Bh1
  Dimensionless numerical coefficient for 

horizontal inertia force at soil wedge 
ABDE

Ah2
, Bh2

  Dimensionless numerical coefficient for 
horizontal inertia force at soil wedge EDF

Ah3
, Bh3

  Dimensionless numerical coefficient for 
horizontal inertia force at soil wedge 
BJKD

Ah4
, Bh4

  Dimensionless numerical coefficient for 
horizontal inertia force at soil wedge DKF

vs1  Shear wave velocity on top soil layer
vp1  Primary wave velocity on top soil layer
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Qih(EDF)
  Horizontal inertia force of the soil wedge 

EDF due to incident wave
m(z2)(EDF)  Mass of soil wedge EDF
ath(ABDE)(z1, t)  Acceleration in horizontal direction due 

to transmitted wave in ABDE zone at 
depth z1

ath1 0
  Acceleration amplitude in horizontal 

direction
atv(ABDE) (z1, t)  Acceleration in vertical direction due to 

transmitted wave
atv1 0

  Acceleration amplitude in vertical 
direction

aih(EDF) (z2, t)  Horizontal acceleration of incident wave 
on soil mass EDF at depth z2 and time t

aih2 0(EDF)
  Amplitude of horizontal acceleration of 

incident wave on soil mass EDF
Qrh(EDF)

  Horizontal inertia force of the soil wedge 
EDF due to the reflected wave

arh(EDF) (z2, t)  Horizontal acceleration of reflected wave 
on soil mass EDF at depth z2 and time t

arh2 0(EDF)
  Amplitude of horizontal acceleration of 

reflected wave on soil mass EDF
(Qh(EDF)

)R  Resultant horizontal inertia force of the 
soil wedge EDF

vs2  Shear wave velocity on bottom soil layer
vp2  Primary wave velocity on bottom soil 

layer
Qth(BJKD)

  Horizontal inertia force of the soil wedge 
BJKD due to transmitted wave

Qih(EDF)
  Horizontal inertia force of the soil wedge 

EDF due to incident wave

1 Introduction

Evaluation of seismic bearing capacity is an integral part of 
foundation design in the seismically active region. Several 
researchers have investigated bearing capacity of shallow 
strip footing using analytical, numerical and experimental 
methods. Numerous researchers have been analyzing the 
bearing capacity of shallow strip footing considering the 
underground soil as single layer of homogeneous soil. How-
ever, in nature soil is non-homogeneous and in some cases, 
different layers overlay to each other.

A innumerable number of researchers investigated the 
bearing capacity of shallow foundation on layered soil 
considering static loading condition (Button 1953; Reddy 
and Srinivasan 1967; Hanna and Meyerhof 1979; Florkie-
wicz 1989; Michalowski and Shi 1995; Michalowski 2002; 
Wang and Carter 2002; Kumar et al. 2007; Ghazavi and 
Eghbali 2008; Benmebarek et al. 2012; Karamitros et al. 

2013; Ahmadi and Kouchaki 2016; Haghbin 2016; Khatri 
et al. 2017; Bera and Sasmal 2017; Biswas and Ghosh 2017; 
Mosallanezhad and Moayedi 2017; Jahani et al. 2018; Rajaei 
et al. 2018). To solve this problem, different failure surfaces 
such as linear, log-spiral are considered in the analysis. A 
comparison as given in Table 1 shows that there is no such 
difference in result.

Drominex and Pecker (1995), Soubra (1997) have devel-
oped the seismic bearing capacity factors for strip footings 
using upper-bound limit analysis. Many researchers have 
analyzed the seismic bearing capacity using the limit equi-
librium method (Richards et al. 1993; Budhu and Al-Karni 
1993; Saran and Agarwal 1991; Choudhury and Subba Rao 
2006; Ghosh and Debnath 2017; Debnath and Ghosh 2018). 
In all the mentioned seismic analyses, the researchers have 
considered pseudo-static inertia forces, which are very crude 
approximation of earthquake dynamic forces where the time 
and phase lag are not considered. Jadar and Ghosh (2017), 
Saha and Ghosh (2015, 2019) have considered simultaneous 
resistance of unit weight, surcharge and cohesion to eval-
uate the bearing capacity of shallow strip footing. As an 
improvement of pseudo-static method, Steedman and Zeng 
(1990) have proposed a simple pseudo-dynamic method to 
analyze a vertical retaining wall in which only horizontal 
inertia force is considered. The proposed method is exten-
sively used by numerous researchers (Choudhury and Nim-
balkar 2005; Ghosh 2008; Saha and Ghosh 2015). However, 
pseudo-dynamic method lacks in certain aspects. For exam-
ple, pseudo-dynamic method does not satisfy the bound-
ary condition. It considers only incidental waves traveling 
upward through a linear elastic soil surface, resulting in a 
violation of the free-surface boundary condition. Pseudo-
dynamic method follows a simple approach to consider the 
acceleration amplification. Linear variation of the accelera-
tion is considered in this analysis. Also, the pseudo-dynamic 
method does not consider the damping properties of the 
soil. Whereas Bellezza (2014) has proposed a new pseudo-
dynamic approach that considers the boundary condition, 
Pain et al. (2015) have showed that the wall–soil interac-
tion in various seismic conditions may or may not be in 
phase for maximum sliding of the wall under active mode 
of failure. The researchers assumed a planar rupture surface. 
Pain et al. (2017) have applied this method to compute the 
passive earth pressure to take into account the negative wall 
friction angle under seismic loading conditions. Bellezza 
(2015) has taken into account the effect of both horizontal 
and vertical seismic accelerations to estimate the seismic 
active thrust assuming the soil as a Kelvin–Voigt solid. So, 
it is seen that new pseudo-dynamic method has advantages 
over pseudo-static and pseudo-dynamic, which is yet to be 
applied to solve foundation-related problems resting on two-
layered soil.
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Hence, in the present study, an attempt is made to use 
this new pseudo-dynamic approach to evaluate the seismic 
bearing capacity of shallow strip footing resting on two-
layered c − � soil. Particle swarm optimization algorithm 
is used for optimization. Bearing capacity is evaluated as a 
single coefficient for the simultaneous action of unit weight, 
surcharge and cohesion, which is more practical to simulate 
the field situation.

2  Model Definition

A strip footing having a width of B0 is assumed to be on the 
top of a two-layered c − � soil as shown in Fig. 1. The water 
table is assumed to be well below the footing. The bearing 
capacity of a strip footing, qult , is normally computed using 
the following formulation

qult =
1

2
�B0N� �� ,

Table 1  Comparison of ultimate bearing capacity between linear and log-spiral failure surfaces � = 18  kN/m3, q = 18  kN/m2, c = 15  kN/m2, 
B0 = 2.5 m

Static ultimate bearing capacity (qult) kN/m2

Single-layer soil Two-layered soil

Linear Values Log-spiral Values Linear Values Log-spiral Values

Richards et al. (1993) 1234.68 Terzaghi (1943) 1406.25 Ghazavi and Eghbali 
(2008)

1333 Purush-
othamaraj 
et al. (1974)

1316.28

Ghosh and Debnath (2017) 1571.985 Meyerhof (1951) 1136.4 Debnath and Ghosh (2018) 1199 Hanna (1982) 1170
Soubra (1994) 1675.2 Hansen (1970) 1122.9
Bowles(1996) 783.3 Griffiths (1982) 973.95
Sokolovski (1965) 1126.95 Vesic (1973) 1287.15
Saran (1971) 1622.25 Saran and Agarwal (1991) 1624.5

Prakash and Saran (1971) 1388.7
Soubra (1997) 1345.2
Soubra (1999) 1278.33
Saran et al. (1989) 1622.25
Choudhury and Subha Rao 

(2005)
1228.875

Eurocode7 (1996) 1235.175

Fig. 1  Geometry of footing on 
two-layered
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whereas N� ′′ is the single bearing capacity coefficient for 
simultaneous resistance of unit weight, surcharge and 
cohesion.

The failure surfaces are adopted as shown in Fig. 2. These 
were adopted by other investigators (Richards et al. 1993). 
As shown in Fig. 2, face BDF perpendicular to the base of 
the foundation is assumed to act like a retaining wall on 
which, at failure stage, active pressures resulting from qult , 
the weight of wedge ABDEF as soil pressure, are applied to 
the left side. On the right-hand side, surcharge q1 = �1Df and 
the weight of wedge BJKFD generate passive resistances on 
the vertical wall. At equilibrium, both these active pressure 
and passive resistances are equal.

3  Wave Propagation for Visco‑Elastic 
Material

Consider P and S waves traveling along the visco-elastic soil 
layer in the upward direction and approaching an interface 
between two different soil layers as shown in Fig. 3. Since 
these waves traveling toward the interface, it will be referred 
to as an incident waves. When the incident waves reaches 
at the interface, the part of its energy will be transmitted 
through the interface to continue traveling in the upward 
direction through layer 1. The remainder will be reflected 
at the interface and will travel back through layer 2 in the 
downward direction as a reflected wave.

The reflected and refracted waves produced by incident 
P wave, S wave at interface are shown in Fig. 3. Table 2 
shows the relation between amplitudes of different waves 
and angles formed by the waves with normal to the plane.

From Snell’s Law, sin a
X

=
sin b

Y
=

sin c

X
=

sin d

Y
=

sin e

V
=

sin f

Z
 

[For details-NPTEL-Geotechnical Earthquake Engineering, 
Module 2, Wave Propagation; Lecture 7–9].

The related terms in Snell’s law are given in Table 2.
Assuming that the displacement associated with incident, 

reflected and transmitted waves are of same harmonic form 
and so writing down the corresponding displacement, accel-
eration and stress Eqs. acceleration amplitude is represented 
as:

where

Here, ar = acceleration amplitude due to reflected wave 
ai = acceleration amplitude due to incident wave at = accel-
eration amplitude due to transmitted wave

(1)∴ ar =
1 − �z

1 + �z
ai

(2)∴ at =
2

1 + �z
ai

�z =
�1v1

�2v2

Fig. 2  Failure mechanism and wedges assumed in the present analysis
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The equation of motion for stress waves traveling through 
a visco-elastic medium was first proposed by Yuan et al. 
(2006). In vector form, the equation may be written as:

where � = density, � = Lame constant; G  = shear modulus; 
�s and �l = viscosities of the soil; ū = displacement vector; 
and � = div ( ̄u).

The solution of a plane wave propagating vertically in a 
Kelvin–Voigt homogeneous medium was given by Bellezza 
(2015) as follows

(3)

𝜌
𝜕2u

𝜕t2
=
{
(𝜆 + G) + (𝜂l + 𝜂s)

𝜕

𝜕t

}
grad(𝜅) +

(
G + 𝜂s

𝜕

𝜕t

)
∇2ū

(4)�
�2uh

�t2
= G

�2uh

�z2
+ �s

�3uh

�z2�t

The stress–strain relationship of Kelvin–Voigt model is 
given by

where � = shear stress; �s = shear strain; �s = viscosity of 
soil; G = shear modulus; � = angular frequency, � = damp-
ing ratio.

At the ground surface z = 0, shear stress is zero. Assum-
ing a base displacement, the horizontal displacement can 
be written as:

Horizontal acceleration may be obtained by differentiat-
ing Eq. (8) twice with respect to time:

Similarly, vertical acceleration may be expressed as:

(5)�
�2uv

�t2
= (� + 2G)

�2uv

�z2
+ (�L + 2�s)

�3uv

�z2�t

(6)� = �sG + �s
��s

�t

(7)�s =
2G�

�

(8)

uhb =
uh0

c2
s
+ s2

s

[(cscsz + ssssz) cos�t + (sscsz − csssz) sin�t]

(9)

ah(z, t) =
khg

c2
s
+ s2

s

[
(cscsz + ssssz) cos�t + (sscsz − csssz) sin�t

]

(10)

av(z, t) =
khg

c2
p
+ s2

p

[
(cpcpz + spspz) cos�t + (spcpz − cpspz) sin�t

]

Fig. 3  Wave propagation on 
two-layered soil

Table 2  Types of wave amplitude and angle with normal plane

Wave type Velocity Amplitude Angle 
with 
normal

Incident P X A a
Incident S Y B b
Incident P X C c
Reflected S Y D d
Reflected P V E e
Reflected S Z F f
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H is the total thickness of homogeneous soil layer.

4  Procedure of Analysis

To solve the problem using new pseudo-dynamic method, 
the following assumptions are made.

a. The soil in each layer is homogeneous and isotropic.
b. The weight of the soil above the base of the foundation 

has been replaced by a uniform surcharge.
c. The failure mechanism consists of two active wedge 

angles and passive wedge angles, which are admitted as 
the variable of this present analysis.

To determine the bearing capacity coefficient, the geom-
etry of the problem is depicted in Figs. 4, 5, 6 and 7. Param-
eters involved in the present study are as follows:

c1 = cohesion of soil in top layer, c2 = cohesion of soil 
in bottom layer, �1 = angle of friction of soil in top layer, 
�2 = angle of friction of soil in bottom layer, �1 = unit weight 
of soil in top layer,�2 = unit weight of soil in bottom layer, 
�1 = damping ratio in top soil layer, �2 = damping ratio in 
bottom soil layer, �A1 = angle of slip surface at top layer in 
active zone,�A2 = angle of slip surface at bottom layer in 
active zone,�p1 = angle of slip surface at top layer in passive 
zone,�p2 = angle of slip surface at bottom layer in passive 
zone, �1 = friction angle along surface between active and 
passive zones at the first layer, �2 = friction angle along sur-
face between active and passive zones at the second layer. 
The thickness of the second layer contributing the failure 
wedge h2 is expressed as:

whereas h1 is the thickness of first layer.
Active earth pressure and passive resistance in each layer 

are given, respectively, by:

4.1  Active Pressure at Top Layer

As shown in Fig. 4, wedge ABDE is known as active wedge. 
The weight of the wedge

(11)

h2 = B0 tan �A2 − h1
tan �A2

tan �A1
(Ghazavi and Eghbali 2008)

(12)WA =
2B0 − h1 cot �A1

2
h1�1

Fig. 4  Active wedge in the top layer

Fig. 5  Active wedge in the bottom layer

Fig. 6  Passive wedge in the top layer
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Total load on the foundation is given by

Total cohesive force on slip lines BD, AE and ED is given 
by

Considering 2:1 distribution, the intensity of load on the 
face ED is given by Fig. 8

The mass of the strip of thickness dz1 (Fig. 4) in the trap-
ezoidal failure wedge ABDE is given by

(13)P1 = pLB0

(14)

C1,BD = c1h1, C1,AE = c1AE = c1h1 cos ec�A1,

C1,ED = c1ED = c1

(
B0 − h1 cot �A1

)

(15)pL1 =
pLB0(

B0 + h1
)

(16)m(z1)(ABDE) =
�1

g

(
B0 tan �A1 − z1

tan �A1

)
dz1

Acceleration of transmitted shear wave is given by:

where

From Bellezza (2015), Ks1
, Ks2

 are the real and imagi-
nary parts of the complex wave no. K∗

s
 is defined as a 

function of the complex shear modulus G∗ in particular 
K∗
s
= �s

√
�∕G∗ = Ks1

+ iKs2
 and G = G + 2i�1

The horizontal inertia force exerted on the small element 
due to horizontal earthquake acceleration can be expressed 
as m(z1)(ABDE)ath(ABDE) (z1, t) . The total horizontal inertia force 
acting in the wedge ABDE may be obtained using the fol-
lowing equations:

(17)

ath(ABDE)
(z1, t)

=
ath1

0

c
2
s1
+ s

2
s1

[
(cs1cs1z1 + ss1

ss1z1
) cos�t + (ss1cs1z1 − cs1

ss1z1
) sin�t

]

(18)ath1 0
=

2

1 + (�z)s
aih1 0

; aih1 0
= khg; (�z)s =

�1vs1

�2vs2

(19)ys1 =
�sh1

vs1

√√√√√
√

1 + 4�2
1
+ 1

2(1 + 4�2
1
)

(20)ys2 = −
�h1

vs1

√√√√√
√

1 + 4�2
1
− 1

2(1 + 4�2
1
)

(21)

Qth(ABDE)
=

h1

∫
0

ath(ABDE) (z1, t)m(z1)(ABDE)

=
ath1 0(ABDE)

�1

g tan �A1

[
cs1Is1 + ss1Is2

c2
s1
+ s2

s1

cos�t +
ss1 Is1 − cs1 Is2

c2
s1
+ s2

s1

sin�t

]

=
ath1 0(ABDE)

�1

g tan �A1

[
Ah1

cos�t + Bh1
sin�t

]

Fig. 7  Passive wedge in the bottom layer

Fig. 8  Load spread mechanism
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where ath1 0 =
2

1+(�z)s
aih1 0

; aih1 0
= kvg ; (�z)s =

�1vs1

�2vs2
Ah1

, Bh1
 

are dimensionless parameters which depend on ys1 , ys2
Calculation of cs1 , cs1z1 , ss1 , ss1z1 , Is1 , Is2 , Ah1

, Bh1
 is given 

in “Appendix 1”.
Similarly, the total vertical inertia force Qtv(ABDE)

 can be 
calculated.

Applying limit equilibrium condition, we get,

After solving Eqs. 22, 23 and simplifying both, we get the 
active pressure as given below

4.2  Active Pressure at Bottom Layer

The weight of the wedge EDF

Base shear at the interface between the two layers is given 
by

(22)

∑
V = 0;

⇒ C1,AE sin �A1 + C1,BD + RA1 cos(�A1 − �1) + PA1 sin �1

+
(
pL1 + �1h1

)
ED

(
1 ± aiv (h2, t)∕g

)
− P1(1 ± kv) −

{
WA + Qtv(ABDE)

}
= 0

(23)

∑
H = 0;

⇒ −C1,AE cos �A1 + RA1 sin
(
�A1 − �1

)
− PA1 cos �1 −

[(
pL1 + �1h1

)
ED(aih (h2, t)∕g) tan�2 + c2,EDED

]
+ P1kh + Qth(ABDE)

= 0

(24)

PA1 = PLB0

{{
(1 ± kv)

}
sin

(
�A1 − �1

)
+ kv cos

(
�A1 − �1

)

cos
(
�A1 − �1 − �1

)
}

−

{
pLB0(

B0 + h1
)(B0 − h1 cot �A1

)}

{(
1 ± aiv (h2, t)∕g

)
sin

(
�A1 − �1

)
+
{
aih (h2, t)∕g

}
tan�2 cos

(
�A1 − �1

)

cos
(
�A1 − �1 − �1

)
}

+
2B0 − h1 cot �A1

2
h1�1

{
sin

(
�A1 − �1

)

cos
(
�A1 − �1 − �1

)
}

− �1h1
(
B0 − h1 cot �A1

)

{(
1 ± aiv (h2, t)∕g

)
sin

(
�A1 − �1

)
+
{
aih (h2, t)∕g

}
tan�2 cos

(
�A1 − �1

)

cos
(
�A1 − �1 − �1

)
}

− 2c1h1
sin

(
�A1 − �1

)

cos
(
�A1 − �1 − �1

)

− c1B0

cos
(
�A1 − �1

)

cos
(
�A1 − �1 − �1

) + Qth(ABDE)

cos
(
�A1 − �1

)

cos
(
�A1 − �1 − �1

) + Qtv(ABDE)

sin
(
�A1 − �1

)

cos
(
�A1 − �1 − �1

)

(25)WB =
1

2

(
B0 − h1 cot �A1

)
h2�2

(26)
(
pL1 + �1h1

){
aih (h2, t)∕g

}
tan�2 + c2,

(
pL1 + �1h1

){
ath (h1, t)∕g

}
tan�1 + c1

Total cohesive force at slip lines DF and EF is expressed 
as given below

The mass of the strip of thickness dz2 (Fig. 5) in the  
t r i angu la r  fa i lu re  wedge  EDF  i s  g iven  by 

m(z2)(EDF) =
�2

g

(
h2−z2

tan �A2

)
dz2 ; the acceleration at any depth z2 

below the first soil layer at time t can be expressed as:

where

(27)

C2,DF = c2DF = c2h2, C2,EF = c2EF = c2h2 cos ec�A2,

C1,ED = c1ED = c1

(
B0 − h1 cot �A1

)

(28)

aih(EDF)
(z2, t) =

aih2
0(EDF)

c
2
s2
+ s

2
s2

[
(cs2cs2z2 + ss2

ss2z2
) cos�t

+(ss2cs2z2 − cs2
ss2z2

) sin�t
]
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Therefore, the total horizontal inertia force Qih(EDF)
 acting 

in the failure wedge EDF is given by

Horizontal inertia force exerted on the small element due 
to horizontal reflected earthquake wave acceleration can be 
expressed as m(z2)EDFarh(EDF) (z2, t) . Therefore, the horizontal 
inertia force Qrh(EDF)

 acting in the failure wedge EDF is given 
by

where

(29)

cs2z2 = cos ks3z2 cosh ks4z2 , cs2 = cos ys3 cosh ys4 , ss2z2 = − sin ks3z2 sinh ks4z2 , ss2 = − sin ys3 sinh ys4

= cos

(
ys3z2

h2

)
cosh

(
ys4z2

h2

)

= − sin

(
ys3z2

h2

)
sinh

(
ys4z2

h2

)

ys3 =
�sh2

vs2

√√√√√
√

1 + 4�2
2
+ 1

2(1 + 4�2
2
)

, ys4 = −
�h2

vs2

√√√√√
√

1 + 4�2
2
− 1

2(1 + 4�2
2
)

(30)
Qih(EDF)

=

h2

∫
0

aih(EDF) (z2, t)m(z2)(EDF)

=
aih2 0(EDF)

�2

g tan �A2

[
Ah2

cos�t + Bh2
sin�t

]

(31)Qrh(EDF)
=

h2

∫
0

arh(EDF) (z2, t)m(z2)(EDF)

(32)=
arh2 0(EDF)

�2

g tan �A2

[
Ah2

cos�t + Bh2
sin�t

]

Net horizontal inertia force

Calculations of Is3 , Is4 , Ah2
, Bh2

 are given in “Appendix 1”
Similarly, net vertical inertia force,

Applying to limit equilibrium condition,

Solving Eqs. 36, 37 and simplifying, we get

(33)arh2 0
=

1 − (�z)s

1 + (�z)s
aih2 0

; aih2 0
= khg; (�z)s =

�1vs1

�2vs2

(34)(Qh(EDF)
)R = Qih(EDF)

− Qrh(EDF)

(35)(Qv(EDF)
)R can be calculated

(36)

∑
V = 0;

⇒ C2,EF sin �A2 + C2,DF + RA2 cos
(
�A2 − �2

)
+ PA2 sin �2 −

(
pL1 + �1h1

)
ED

{
1 ± atv (h1, t)∕g

}
−
{
WB + (Qv(EDF)

)R
}
= 0

(37)

∑
H = 0;

⇒ C1,ED − C2,EF cos �A2 + RA2 sin
(
�A2 − �2

)
− PA2 cos �2

+
(
pL1 + �1h1

)
ED

{
ath (h1, t)∕g

}
tan�1 + (Qh(EDF)

)R = 0

(38)

PA2 =
pLB0

B0 + h1

(
B0 − h1 cot �A1

){(
1 ± atv (h1, t)∕g

)
sin

(
�A2 − �2

)
+
{
ath(h1, t)∕g

}
tan�1 cos

(
�A2 − �2

)

cos
(
�A2 − �2 − �2

)
}

+
1

2

(
B0 − h1 cot �A1

)
h2�2

{
sin

(
�A2 − �2

)

cos
(
�A2 − �2 − �2

)
}

+ �1h1
(
B0 − h1 cot �A1

)

{(
1 ± atv(h1, t)∕g

)
sin

(
�A2 − �2

)
+
{
ath (h1, t)∕g

}
tan�1 cos

(
�A2 − �2

)

cos
(
�A2 − �2 − �2

)
}

− 2c2h2
sin

(
�A2 − �2

)

cos
(
�A2 − �2 − �2

)

− c2h2 cot �A2
cos

(
�A2 − �2

)

cos
(
�A2 − �2 − �2

) − c1

[
h1 cot �A1

cos
(
�A2 − �2

)

cos
(
�A2 − �2 − �2

) − B0

cos
(
�A2 − �2

)

cos
(
�A2 − �2 − �2

)
]

+ (Qh(EDF)
)R

cos
(
�A2 − �2

)

cos
(
�A2 − �2 − �2

) + (Qv(EDF)
)R

sin
(
�A2 − �2

)

cos
(
�A2 − �2 − �2

)
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Total active pressure from both the layers is given by

4.3  Passive Resistance at Top Layer

Due to active pressure generated in top layer, passive zone 
provides the resistance to prevent the movement toward that 
direction. The weight of the passive wedge BJKD (Fig. 6)

Total surcharge load in top layer of passive zone

Total cohesive force in slip lines BD and JK of passive 
wedge

The mass of the strip of thickness dz1(Fig.  6) in the  
t rapezoidal  fai lure wedge BJKD i s  given by 
m(z1)BJKD =

�1

g
(h1 cot �p1 + h2 cot �p2 − z1 cot �p1)dz1 ,  the 

acceleration at any depth z1 below the ground surface and 
time t can be expressed as:

where

(39)PA = PA1 + PA2

(40)Wc =
h1 cot �p1 + 2h2 cot �p2

2
h1�1

(41)
Q1 = q1BJ

= �1Df(h1 cot �p1 + h2 cot �p2)

(42)C1,DK = c1DK = c1h2 cot �p2, C1,BD = c1BD = c1h1, C1,JK = c1JK = c1h1 cos ec�p1

(43)ath(BJKD) (z1, t) =
ath1 0(BJKD)

c2
s3
+ s2

s3

[
(cs3cs3z1 + ss3ss3z1) cos�t + (ss3cs3z1 − cs3ss3z1 ) sin�t

]

cs3z1 = cos ks5z1 cosh ks6z1

= cos

(
ys5z1

h1

)
cosh

(
ys6z1

h1

)

cs3 = cos ys5 cosh ys6

ss3z1 = − sin ks5z1 sinh ks6z1

= − sin

(
ys5z1

h1

)
sinh

(
ys6z1

h1

)
ss3z1 = − sin ks5z1 sinh ks6z1

= − sin

(
ys5z1

h1

)
sinh

(
ys6z1

h1

)

ss3 = − sin ys5 sinh ys6

The horizontal—due to horizontal earthquake accelera-
tion—can be expressed as m(z1)BJKDath(BJKD) (z1, t) . Therefore, 
the total horizontal inertia force Qth(BJKD)

 acting in the failure 
wedge BJKD is given by

where

(44)

ys5 =
�sh1

vs1

√√√√√
√

1 + 4�2
1
+ 1

2(1 + 4�2
1
)

, ys6 = −
�sh1

vs1

√√√√√
√

1 + 4�2
1
− 1

2(1 + 4�2
1
)

,

(45)
Qth(BJKD)

=

h2

∫
0

ath(BJKD)th(BJKD) (z1, t)m(z1)(BJKD)

=
ath1 0(BJKD)

�2

g tan �p2

[
Ah3

cos�t + Bh3
sin�t

]

Detailed calculations of Is5,Is6,Ah3
, Bh3

 are given in 
“Appendix 2”.

(46)ath1 0
=

2

1 + (�z)s
aih1 0

; aih1 0
= khg; (�z)s =

�1vs1

�2vs2

Similarly, the total vertical inertia force, Qtv(BJKD)
 acting in 

the failure wedge BJKD can be evaluated.
Using limit equilibrium condition,

(47)

∑
V = 0;

⇒ −C1,BD − C1,JK sin �p1 + Rp1 cos
(
�1 + �p1

)

− Pp1 sin �1 +
(
q2 + �1h1

)
DK

{
1 ± aiv (h2, t)∕g

}

−
(
Q1

){
1 ± kv

}
−
{
Wc + Qtv(BJKD)

}
= 0
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Solving Eqs. 47, 48 and after simplification, passive 
resistance can be expressed as:

4.4  Passive Resistance at Bottom Layer

Total weight of the passive wedge DKF is shown in Fig. 7

According to 2 ∶ 1 , load distribution method intensity of 
surcharge load at depth h1 can be written (Fig. 8)

Base shear between two passive wedges can be written as

Cohesive forces in slip lines DF, KF and DK are given 
by, respectively

(48)

∑
H = 0;

⇒ −C1,JK cos �p1 + C1,DK − Rp1 sin
(
�1 + �p1

)

+ Pp1 cos �1 +
(
q2 + �1h1

)
DK

{
aih(h2, t)∕g

}
tan�2

+ Q1kh + Qth(BJKD)
= 0

(49)

−Pp1 =
h1 cot �p1 + 2h2 cot �p2

2
h1�1

{
sin

(
�1 + �p1

)

cos
(
�1 + �p1 + �1

)
}

− �1h1h2 cot �p2

{{
1 ± aiv (h2, t)∕g

}
sin

(
�1 + �p1

)
+
{
aih (h2, t)∕g

}
tan�2 cos

(
�1 + �p1

)

cos
(
�1 + �p1 + �1

)
}

− �1Df

(
h1 cot �p1 + h2 cot �p2

)
(
h1 + h1 cot �p1 + h2 cot �p2

)h2 cot �p2
{

1 ± aiv(h2, t)∕g sin
(
�1 + �p1

)
+ aihh(h2, t)∕g tan�2 cos

(
�1 + �p1

)

cos
(
�1 + �p1 + �1

)
}

+ �1Df

(
h1 cot �p1 + h2 cot �p2

)

{(
1 ± kv

)
sin

(
�1 + �p1

)
− kh cos

(
�1 + �p1

)

cos
(
�1 + �p1 + �1

)
}

+ 2c1h1

{
sin

(
�1 + �p1

)

cos
(
�1 + �p1 + �1

)
}

+ c1

[
h1 cot �p1

{
cos

(
�1 + �p1

)

cos
(
�1 + �p1 + �1

)
}

− h2 cot �p2

{
cos

(
�1 + �p1

)

cos
(
�1 + �p1 + �1

)
}]

− Qth(BJKD)

cos
(
�1 + �p1

)

cos
(
�1 + �p1 + �1

) + Qtv(BJKD)

sin
(
�1 + �p1

)

cos
(
�1 + �p1 + �1

)

(50)WD =
1

2
h2
2
cot �p2�2

(51)q2 =
q1DK(

DK + h1
) =

q1
(
h1 cot �p1 + h2 cot �p2

)
(
h1 + h1 cot �p1 + h2 cot �p2

)

(52)

(
q2 + �1h1

){
aih (h2, t)∕g

}
tan�2 + c2,(

q2 + �1h1
){

ath (h1, t)∕g
}

tan�1 + c1,

The mass of the strip of thickness dz4 (Fig. 7) in the  
t r i angula r  fa i lu re  wedge  DKF  i s  g iven  by 
m(z4)DKF =

�2

g

(
C1,DK = c1h2 cot �p2

)
dz4 , the acceleration at 

C2,DF = c2DF = c2h2, C2,KF = c2KF = c2h2 cos ec�p2,

C1,DK = c1h2 cot �p2

any depth z4 below the first soil layer and time can be 
expressed as:

where

(53)

aih(DKF)
(z2, t) =

a
ih2

0(DKF)

c
2
s4
+ s

2
s4

[
(cs4cs4z2 + ss4

ss4z2
) cos�t

+(ss4cs4z2 − cs4
ss4z2

) sin�t
]

cs4z2 = cos ks7z2 cosh ks8z2

= cos

(
ys7z2

h2

)
cosh

(
ys8z2

h2

)
, cs4 = cos ys7 cosh ys8

ss4z2 − sin

(
ys7z2

h2

)
sinh

(
ys8z2

h2

)
, ss4 = − sin ys7 sinh ys8

ys7 =
�sh2

vs2

√√√√√
√

1 + 4�2
2
+ 1

2(1 + 4�2
2
)

, ys8 = −
�h2

vs2

√√√√√
√

1 + 4�2
2
− 1

2(1 + 4�2
2
)
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The horizontal inertia force exerted on the small element 
due to horizontal incidental shear wave acceleration can be 
expressed as m(z2)DKFaih(DKF) (z2, t) . Therefore, the total hori-
zontal inertia force Qih(DKF)

 acting in the failure wedge EDF 
is given by

The horizontal inertia force exerted on the small element 
due to reflected shear wave acceleration can be expressed as:

(54)

Qih(DKF)
=

h2

∫
0

aih(DKF) (z2, t)m(z2)(DKF)

=
aih20(DKF)�2

g tan �p2

[
cs4 Is7 + ss4 Is8

c2
s4
+ s2

s4

cos�t +
ss4 Is77 − cs4 Is8

c2
s4
+ s2

s4

sin�t

]

=
aih20(DKF)�2

g tan �p2

[
Ah4

cos�t + Bh4
sin�t

]

where arh2 0 =
1−(�z)s

1+(�z)s
aih2 0

; aih2 0
= khg ; (�z)s =

�1vs1

�2vs2

Net horizontal inertia force

Detailed calculation of equations Is7 , Is8 , Ah4
, Bh4

 is given 
in “Appendix 2”

Similarly, the net vertical inertia force (Qv(DKF)
)R can be 

calculated
Applying equilibrium conditions,

Solving Eqs. (57) and (58), it can be expressed as

(55)
Qrh(DKF)

=

h2

∫
0

arh(DKF) (z2, t)m(z2)(DKF)

=
arh20(DKF)�2

g tan �p2

[
Ah4

cos�t + Bh4
sin�t

]

(56)(Qh(DKF)
)R = Qih(DKF)

− Qrh(DKF)

(57)

∑
V = 0;

⇒ −C2,DF − C2,KF sin �p2 + Rp2 cos
(
�2 + �p2

)
− Pp2 sin �2 −

(
q2 + �1h1

)
DK

{
1 ± atv (h1, t)∕g

}
−
{
WD + (Qv(DKF)

)R

}
= 0

(58)

∑
H = 0;

⇒ −C1,DK − C2,KF cos �p2 − Rp2 sin
(
�2 + �p2

)
+ Pp2 cos �2 −

(
q2 + �1h1

)
DK

{
ath (h1, t)∕g

}
tan�1 + (Qh(DKF)

)R = 0

(59)

Pp2 =
1

2
h2
2
cot �p2�2

�
sin

�
�2 + �p2

�

cos
�
�2 + �p2 + �2

�
�

+ �1h1h2 cot �p2

⎧⎪⎨⎪⎩

�
1 ± atv (h1, t)∕g

�
sin

�
�2 + �p2

�
+
�
ath (h1, t)∕g

�
tan�1 cos

�
�2 + �p2 + �2

�

cos
�
�2 + �p2

�
⎫⎪⎬⎪⎭

+ �1Df

�
h1 cot �p1 + h2 cot �p2

�
�
h1 + h1 cot �p1 + h2 cot �p2

�h2 cot �p2
��

1 ± atv (h1, t)∕g
�
sin

�
�2 + �p2

�
+
�
atv (h1, t)∕g

�
tan�1 cos

�
�2 + �p2

�

cos
�
�2 + �p2 + �2

�
�

+ 2c2h2

�
sin

�
�2 + �p2

�

cos
�
�2 + �p2 + �2

�
�

+ c1h2 cot �p2

�
cos

�
�2 + �p2

�

cos
�
�2 + �p2 + �2

�
�

+ c2h2 cot �p2

�
cos

�
�2 + �p2

�

cos
�
�2 + �p2 + �2

�
�

+ (Qv(DKF)
)R

sin
�
�2 + �p2

�

cos
�
�2 + �p2 + �2

�

− (Qh(DKF)
)R

cos
�
�2 + �p2

�

cos
�
�2 + �p2 + �2

�
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Total passive resistance from the two wedges can be 
expressed as

In Fig. 2, it is seen that line BF can be thought as a retain-
ing wall with the total active lateral thrust PA from two lay-
ers of soil pushing against the passive resistance Pp . At 

(60)Pp = Pp1 + Pp2

equilibrium, the components of two active force and passive 
resistance are equal. Thus, equating Eqs. 39 and 60, the final 
expression reduces to the form of Eq. 62

(61)PA = Pp

(62)pL =
1

2
�̄�N𝛾 ��

Fig. 9  Flowchart to calculate 
bearing capacity coefficient N� ′′
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N� ′′ is a single bearing capacity coefficient for the simulta-
neous resistance of cohesion, unit weight and surcharge. In 
seismic condition, N� ′′ is expressed as N�E and static condi-
tion N�S�̄� is the equivalent unit weight and is given by,

where A1 and A2 are the effective area of each layer in breach 
zone and dependent on h1 and h2 . Bearing capacity coef-
ficient (N� �� ) is a function of several parameters including 
cohesion, surcharge and unit weight. It can be expressed as

where c̄ is defined as the weighted averaged cohesion show-
ing the proportion of each layer in the slip line and is given 
by

The detail equations for a1 , b1 , d1 and e1 are given in 
“Appendix 3”, and the flowchart of the present methodol-
ogy is shown in Fig. 9.

Since the heuristic algorithms give us low ramification 
and high execution, these methods are relatively new and 
can be applied in the geotechnical problem. Out of these 
methods, a brief discussion on particle swarm optimization 
is given here as it is used in the analysis.

5  Particle Swarm Optimization

Kennedy and Eberhart (1995) have developed PSO as a 
stimulation of birds swarm. Swarm is a group of individuals 
with defined rules for individual behaviors and communica-
tions. The ability of each individual to deal with the previous 
experiences of the swarm is called swarm intelligence. This 
capability guides the swarm toward its optimum goal. PSO 
is a population-based search technique where a population 
of particles starts their journey in a space with respect to the 
current best position (Hossain and El-Shafie 2014). Reyn-
olds (1987) described three simple rules for the behavior 
of individuals inside a swarm which are used as one of the 
basic concepts of PSO by Kennedy and Eberhart (1995). 
Although these simple rules model the behavior of individu-
als, their combination produces a complicated behavior for 
the swarm:

a. Individuals avoid collision with others
b. Individuals go toward the goal of swarm
c. Individuals go to the center of swarm

(63)�̄� =
A1𝛾1 + A2𝛾2

A1 + A2

(64)N𝛾 �� =

(
a1

e1
+

b1

e1
+

2c̄

�̄�B0

d1

e1

)

(65)c̄ =
c1h1 + c2h2

h1 + h2

The process of decision making related to individuals is 
other basic concept of PSO. Each individual of the swarm 
makes decision based on the following two factors:

1. The own experiences of individual that is its best 
results so far 2. The experiences of other individuals in the 
swarm that is the best results in the whole swarm. Figure 10 
illustrates one flowchart to optimize a problem using PSO. 
At the starting step of the original PSO, a certain number 
of individuals, called particles, are distributed in the search 
space by using a random pattern (Kennedy and Eberhart 
1995; Cheng et al. 2007). Each particle is a representative 
of a feasible solution. Figure 11 shows the schematic struc-
ture of a particle in PSO involving three divided parts as 
its current position, best position, and velocity. The cur-
rent position, best position and velocity of particles record, 
respectively, the current coordinates, best coordinates and 
velocity vectors of a particle in D-dimensional space, where 
D starts from one (Kalatehjari 2013). Consequently, for a 
particle in D-dimensional space, a 3-dimensional particle 

Fig. 10  Flowchart of PSO algorithm
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is desirable. The aim of PSO is to meet the termination cri-
teria which are defined as the criteria for terminating the 
iterative search process. To select an appropriate termination 
criterion, it should be noted that the termination condition 
does not cause a prematurely converge and it should protect 
against oversampling of the fitness (Engelbrecht 2007). The 
following termination criteria are frequently used in PSO: 
1. Termination when the maximum number of iterations 
is exceeded 2. Termination when a satisfactory solution 
is found based on the condition of each problem 3. Ter-
mination when no improvement is achieved over a certain 
number of iterations. These criteria are applied to ensure 
that PSO is able to converge on a feasible solution. In fact, 
PSO tries to make the objective function as minimum or 
maximum depend to the problem to be solved. To lead the 
swarm toward this aim, the fitness value of each particle is 
determined by evaluating its current position by the objec-
tive function. After evaluating the fitness of all particles, 
Eq. 66 (velocity equation) is used to calculate the velocity 
of particles based on their best position and the position of 
the best particle in the swarm. Using Eq. 67, particle posi-
tions can be updated according to their current positions 
and velocities. This iterative process continues until reaching 
the termination criteria. Equations 66 and 67 are as follows 
(Kennedy and Eberhart 1995):

Let X and V  denote a particle’s position and velocity in 
a search space. Then, the ith particle can be interpreted as 
Xi = (xi1, xi2, xi3, …………… ., xid) and the velocity of 
the ith particle is delimited by Vi =

(
vi1, vi2, vi3,… ., vid

)
 , d 

comprises the dimension of the problem. The best previ-
ous particle of the ith particle is recorded and represented 
as Pi =

(
pi1, pi2, pi3,………………… , pid

)
 , the index of 

the best particle among all the particles is comprised by 
Pg =

(
pg1pg2pg3 ……… ..pgd

)
 . The velocity and position 

of each particle can be wangled according to the following 
equation:

(66)
Vid = �̄� ∗ Vid + c̄1 ∗ rand ∗

(
Pid − Xid

)
+ c̄2 ∗ rand ∗

(
Pgd − Xid

)

(67)Xid = Xid + Vid

whereas c̄1 and c̄2 are position constants known as accel-
eration coefficient, �̄� is the inertia weight coefficient; rand 
is a random number within the range [0, 1] . In the present 
analysis �̄� is characterized by �̄�(gn) = �̄�max −

�̄�max−�̄�min

NI
∗ gn , 

where gn is the generation.

6  PSO Application in Geotechnical 
Engineering

Complexity of analysis of geotechnical behavior is due to 
multivariable dependencies of soil and rock responses. Most 
of the materials that geotechnical engineers deal with show 
uncertain behavior in consequence of the complex forma-
tion of these materials. Therefore, in some geotechnical 
engineering problems, the objective function is non-convex 
and discontinuous. Consequently, simple optimization tech-
niques may have difficulties in finding the global optimum 
solution due to getting trapped in local solutions. To over-
come this limitation, using a powerful optimization method 
to obtain the global optimum solution is of interest. In recent 
years, soft computing techniques have been widely used to 
predict geotechnical parameters (Singh et al. 2017; Sharma 
and Singh 2017). Accordingly, as a powerful optimization 
technique, PSO has entered in the field of geotechnical 
engineering to solve its problems. Keeping in view of the 
feasibility of PSO, in the present analysis PSO is applied to 
optimize the bearing capacity coefficient.

7  Results and Discussion

Subsequently optimization of bearing capacity coefficient 
(N� �� ) w.r.t. variables �A1 , �A2 , �p1�p2 , t∕T  by particle swarm 
optimization algorithm, optimum 

(
N� ′′

)
 can be determined. 

Minimum value is taken as optimized value. The bearing 
capacity ratio N�E

N�S

 is presented in Tables 3, 4, 5, and 6. Ranges 
of various parameters are given in below:

where � = Tvs1, Tvs2 and � = Tvp1, Tvp2
The parametric study is done for the variation of seismic 

bearing capacity coefficients with the different soil param-
eters as shown in Figs. 12, 13, 14, 15, 16, 17, 18, 19 and 20.

i. Variations of seismic bearing capacity coefficient for dif-
ferent values of �1∕�2 using particle swarm optimization 
algorithm:

� = 10%, 20%
Df

B0
= 0.25, 0.5, 1

�1

�2
= 0.6, 0.8, 1

�1

�2
= 0.6, 0.8, 1

�1

�2
= 0.6, 0.8, 1

c1

c2
= 0.6, 0.8, 1

h1

B0
= 0.25, 0.5, 1 kv = 0,

kh

2
, kh

h1∕�, h2∕� = 0.3 h1∕�, h2∕� = 0.16 �1∕�2 = 0.6, 0.8, 1
vs1

vs2
= 0.8

vp1

vp2
= 0.8

Current Position

Best  
Posi�on 

Velocity

Fig. 11  Schematic structure of a particle in PSO (Kalatehjari 2013)
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  Figure 12 depicts the variation of seismic bearing 
capacity coefficient 

(
N�E

)
 with kh at �2 = 30 °, �2 =

�2

2
 , 

�1

�2

= 0.8 , �1
�2

= 0.8 , Df

B0

= 0.5 , �2 = 20% , kv =
kh

2
 , �1
�2
= 0.8 , 

h1

B0

= 0.50 , 2c2
�2B0

= 0 , c1
c2

= 0 , vs1
vs2

= 0.8 h1∕�, h2∕� = 0.3 , 

h1∕�, h2∕� = 0.16, vp1
vp2

= 0.8 . From this plot, it is seen 

that coefficient N�E increases with the increase in the 
value of �1∕�2 . It is also obvious as increase in damping 
properties of soil increases the resistance of the soil 
grains below the foundation and thus increases the bear-
ing capacity.

Table 3  Static bearing capacity coefficients N�S minimum

2c2

�2B0

= 0,
c1

c2

= 0, k
h
, k

v
= 0, � = 10%

ϕ2 ϕ1 ϕ1/ϕ2 δ2 δ1 δ1/δ2 γ1/γ2 kv kh = 0

h1/B0 = 0.1 h1/B0 = .25 h1/B0 = .50

df/B0 df/B0 df/B0

0.25 0.50 1 0.25 0.50 1 0.25 0.50 1

20 16 0.8 10 8 0.8 0.8 0 6.36 8.85 14.44 5.29 7.03 11.88 4.45 6.95 11.51
kh/2 6.36 8.85 14.44 5.29 7.03 11.88 4.45 6.95 11.51
kh 6.36 8.85 14.44 5.29 7.03 11.88 4.45 6.95 11.51

10 1 1 0 6.56 9.50 15.22 5.65 8.09 13.39 4.78 7.24 12.33
kh/2 6.56 9.50 15.22 5.65 8.09 13.39 4.78 7.24 12.33
kh 6.56 9.50 15.22 5.65 8.09 13.39 4.78 7.24 12.33

20 1 20 16 0.8 0.8 0 8.59 12.76 19.90 7.87 11.09 17.56 7.72 10.73 17.00
kh/2 8.59 12.76 19.90 7.87 11.09 17.56 7.72 10.73 17.00
kh 8.59 12.76 19.90 7.87 11.09 17.56 7.72 10.73 17.00

20 1 1 0 9.22 14.18 22.28 8.12 12.08 20.59 7.61 11.82 19.47
kh/2 9.22 14.18 22.28 8.12 12.08 20.59 7.61 11.82 19.47
kh 9.22 14.18 22.28 8.12 12.08 20.59 7.61 11.82 19.47

25 20 0.8 12.5 10 0.8 0.8 0 11.29 15.70 23.63 9.43 13.69 21.57 8.00 11.76 17.86
kh/2 11.29 15.70 23.63 9.43 13.69 21.57 8.00 11.76 17.86
kh 11.29 15.70 23.63 9.43 13.69 21.57 8.00 11.76 17.86

12.5 1 1 0 12.30 17.73 27.23 9.83 14.12 23.34 8.21 12.63 19.98
kh/2 12.30 17.73 27.23 9.83 14.12 23.34 8.21 12.63 19.98
kh 12.30 17.73 27.23 9.83 14.12 23.34 8.21 12.63 19.98

25 1 25 20 0.8 0.8 0 18.94 26.95 39.09 16.78 23.78 37.20 14.16 22.08 34.80
kh/2 18.94 26.95 39.09 16.78 23.78 37.20 14.16 22.08 34.80
kh 18.94 26.95 39.09 16.78 23.78 37.20 14.16 22.08 34.80

25 1 1 0 20.61 29.88 44.85 17.43 27.92 41.01 16.46 24.28 39.59
kh/2 20.61 29.88 44.85 17.43 27.92 41.01 16.46 24.28 39.59
kh 20.61 29.88 44.85 17.43 27.92 41.01 16.46 24.28 39.59

30 24 0.8 15 12 0.8 0.8 0 22.62 29.89 44.24 18.89 24.30 38.16 17.30 20.35 30.06
kh/2 22.62 29.89 44.24 18.89 24.30 38.16 17.30 20.35 30.06
kh 22.62 29.89 44.24 18.89 24.30 38.16 17.30 20.35 30.06

15 1 1 0 24.99 32.55 51.43 18.98 26.66 40.23 15.55 21.19 34.68
kh/2 24.99 32.55 51.43 18.98 26.66 40.23 15.55 21.19 34.68
kh 24.99 32.55 51.43 18.98 26.66 40.23 15.55 21.19 34.68

30 1 30 24 0.8 0.8 0 48.95 62.19 92.25 43.26 58.06 86.15 38.04 50.57 77.20
kh/2 48.95 62.19 92.25 43.26 58.06 86.15 38.04 50.57 77.20
kh 48.95 62.19 92.25 43.26 58.06 86.15 38.04 50.57 77.20

30 1 1 0 49.65 68.84 103.5 44.82 60.55 97.11 39.65 57.52 89.51
kh/2 49.65 68.84 103.5 44.82 60.55 97.11 39.65 57.52 89.51
kh 49.65 68.84 103.5 44.82 60.55 97.11 39.65 57.52 89.51
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ii. Variations of seismic bearing capacity coefficient for dif-
ferent values of Df

B0

 using particle swarm optimization 
algorithm:

  Figure 13 depicts the variations of seismic bearing 
capacity coefficient 

(
N�E

)
 with kh at �2 = 300 , �2 =

�2

2
 , 

�1

�2

= 0.8 ,  �1

�2
= 0.8 ,  kv =

kh

2
 ,  �1

�2
= 0.8 ,  h1

B0

= 0.50 , 
2c2

�2B0

= 0.2 , c1

c2
= 0 , �2 = 20% , �1∕�2 = 0.8 , vs1

vs2
= 0.8 , 

h1∕�, h2∕� = 0.3 , h1∕�, h2∕� = 0.16, vp1
vp2

= 0.8 . From this 

plot, it is seen that coefficient N�E increases with the 
increase in the value of Df

B0

 . It is also obvious as increase 

Table 4  Seismic and  static bearing capacity coefficients ratio N�E

N�S

 minimum

2c2

�2B0

= 0,
c1

c2

= 0, � = 10%

ϕ2 ϕ1/ϕ2 δ2 δ1 δ1/δ2 γ1/γ2 kv kh = 0.1

h1/B0 = 0.1 h1/B0 = 0.25 h1/B0 = 0.50

Df/B0 Df/B0 Df/B0

0.25 0.50 1 0.25 0.50 1 0.25 0.50 1

20 0.8 10 8 0.8 0.8 0 0.743 0.799 0.624 0.821 0.749 0.705 0.822 0.715 0.640
kh/2 0.664 0.611 0.594 0.597 0.721 0.665 0.565 0.638 0.617
kh 0.550 0.608 0.583 0.577 0.577 0.665 0.550 0.567 0.587

10 1 1 0 0.755 0.782 0.628 0.867 0.783 0.709 0.785 0.830 0.694
kh/2 0.637 0.716 0.616 0.716 0.773 0.653 0.693 0.706 0.654
kh 0.596 0.696 0.593 0.586 0.764 0.612 0.528 0.612 0.607

1 20 16 0.8 0.8 0 0.751 0.755 0.708 0.816 0.751 0.735 0.730 0.718 0.733
kh/2 0.712 0.648 0.698 0.767 0.676 0.729 0.556 0.676 0.704
kh 0.676 0.613 0.665 0.718 0.662 0.696 0.522 0.649 0.666

20 1 1 0 0.792 0.706 0.704 0.868 0.732 0.727 0.906 0.627 0.754
kh/2 0.755 0.615 0.697 0.838 0.692 0.710 0.855 0.597 0.710
kh 0.686 0.573 0.674 0.725 0.658 0.686 0.688 0.590 0.607

25 0.8 12.5 10 0.8 0.8 0 0.623 0.621 0.684 0.702 0.669 0.741 0.760 0.735 0.816
kh/2 0.576 0.606 0.638 0.698 0.614 0.689 0.712 0.652 0.702
kh 0.555 0.576 0.618 0.660 0.598 0.679 0.680 0.569 0.662

12.5 1 1 0 0.637 0.594 0.683 0.710 0.693 0.789 0.825 0.772 0.773
kh/2 0.591 0.540 0.676 0.657 0.626 0.777 0.614 0.622 0.710
kh 0.590 0.535 0.667 0.654 0.607 0.743 0.534 0.554 0.689

1 25 20 0.8 0.8 0 0.532 0.556 0.680 0.517 0.612 0.685 0.607 0.639 0.705
kh/2 0.492 0.539 0.666 0.515 0.550 0.680 0.481 0.583 0.700
kh 0.474 0.498 0.643 0.504 0.530 0.657 0.466 0.518 0.661

25 1 1 0 0.712 0.706 0.694 0.804 0.691 0.714 0.793 0.741 0.717
kh/2 0.637 0.671 0.642 0.747 0.684 0.690 0.701 0.689 0.695
kh 0.496 0.558 0.621 0.586 0.590 0.641 0.515 0.573 0.662

30 0.8 15 12 0.8 0.8 0 0.575 0.671 0.640 0.630 0.721 0.738 0.686 0.761 0.769
kh/2 0.560 0.615 0.602 0.587 0.708 0.680 0.647 0.748 0.729
kh 0.534 0.595 0.594 0.574 0.671 0.653 0.589 0.706 0.687

15 1 1 0 0.640 0.619 0.641 0.733 0.719 0.755 0.718 0.809 0.773
kh/2 0.599 0.572 0.599 0.616 0.690 0.691 0.712 0.714 0.786
kh 0.591 0.549 0.592 0.596 0.640 0.680 0.658 0.648 0.695

1 30 24 0.8 0.8 0 0.617 0.637 0.678 0.666 0.585 0.712 0.754 0.638 0.744
kh/2 0.595 0.634 0.665 0.644 0.568 0.681 0.696 0.621 0.717
kh 0.564 0.604 0.662 0.579 0.538 0.612 0.611 0.574 0.653

30 1 1 0 0.805 0.729 0.694 0.856 0.806 0.682 0.963 0.769 0.712
kh/2 0.787 0.724 0.647 0.832 0.748 0.652 0.945 0.686 0.691
kh 0.630 0.632 0.600 0.621 0.589 0.648 0.692 0.584 0.680
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in depth increases the confinement of the soil grains 
below the foundation. Thus, by increasing Df

B0

 bearing 
capacity of the foundation increases.

iii. Variations of seismic bearing capacity coefficient for 
different values of kv using particle swarm optimization 
algorithm:

  Figure 14 shows the variations of 
(
N�E

)
 with kh at 

�2 = 30 °,  �2 =
�2

2
 ,  h1

B0

= 0.50 ,  �1

�2
= 0.8 ,  �1

�2
= 0.8 , 

Table 5  Static bearing capacity coefficients N�S minimum

2c2

�2B0

= 0.20, k
h
, k

v
= 0, � = 10%

ϕ2 ϕ1/ϕ2 δ2 c1/c2 δ1/δ2 γ1/γ2 kv kh = 0, kv = 0

h1/B0 = 0.1 h1/B0 = 0.25 h1/B0 = 0.50

Df/B0 Df/B0 Df/B0

0.25 0.5 1 0.25 0.5 1 0.25 0.5 1

20 0.8 10 0.8 0.8 0.8 0 9.25 11.83 15.69 9.09 9.90 14.89 7.40 9.52 13.03
kh/2 9.25 11.83 15.69 9.09 9.90 14.89 7.40 9.52 13.03
kh 9.25 11.83 15.69 9.09 9.90 14.89 7.40 9.52 13.03

1 1 1 0 9.32 12.24 17.42 7.98 10.19 15.05 7.08 9.57 13.36
kh/2 9.32 12.24 17.42 7.98 10.19 15.05 7.08 9.57 13.36
kh 9.32 12.24 17.42 7.98 10.19 15.05 7.08 9.57 13.36

1 20 0.8 0.8 0.8 0 12.83 16.36 22.21 10.93 14.67 21.72 10.76 14.54 21.15
kh/2 12.83 16.36 22.21 10.93 14.67 21.72 10.76 14.54 21.15
kh 12.83 16.36 22.21 10.93 14.67 21.72 10.76 14.54 21.15

1 1 1 0 12.74 17.20 25.86 11.43 16.37 24.29 11.72 15.74 23.99
kh/2 12.74 17.20 25.86 11.43 16.37 24.29 11.72 15.74 23.99
kh 12.74 17.20 25.86 11.43 16.37 24.29 11.72 15.74 23.99

25 0.8 12.5 0.8 0.8 0.8 0 15.36 18.65 26.72 12.69 16.50 23.96 12.03 14.28 21.71
kh/2 15.36 18.65 26.72 12.69 16.50 23.96 12.03 14.28 21.71
kh 15.36 18.65 26.72 12.69 16.50 23.96 12.03 14.28 21.71

1 1 1 0 15.88 20.77 29.87 12.77 17.06 24.67 11.32 14.94 22.85
kh/2 15.88 20.77 29.87 12.77 17.06 24.67 11.32 14.94 22.85
kh 15.88 20.77 29.87 12.77 17.06 24.67 11.32 14.94 22.85

1 25 0.8 0.8 0.8 0 24.05 33.09 49.50 21.34 29.25 44.60 21.10 29.71 42.94
kh/2 24.05 33.09 49.50 21.34 29.25 44.60 21.10 29.71 42.94
kh 24.05 33.09 49.50 21.34 29.25 44.60 21.10 29.71 42.94

1 1 1 0 28.73 36.82 55.40 26.65 35.72 55.14 25.29 34.68 48.55
kh/2 28.73 36.82 55.40 26.65 35.72 55.14 25.29 34.68 48.55
kh 28.73 36.82 55.40 26.65 35.72 55.14 25.29 34.68 48.55

30 0.8 15 0.8 0.8 0.8 0 28.41 35.88 46.45 24.39 31.95 41.68 22.59 26.82 38.98
kh/2 28.41 35.88 46.45 24.39 31.95 41.68 22.59 26.82 38.98
kh 28.41 35.88 46.45 24.39 31.95 41.68 22.59 26.82 38.98

1 1 1 0 29.65 37.09 52.94 24.55 31.82 45.87 22.04 28.07 40.50
kh/2 29.65 37.09 52.94 24.55 31.82 45.87 22.04 28.07 40.50
kh 29.65 37.09 52.94 24.55 31.82 45.87 22.04 28.07 40.50

1 30 0.8 0.8 0.8 0 60.94 82.54 115.0 57.39 71.44 111.7 54.10 70.35 100.6
kh/2 60.94 82.54 115.0 57.39 71.44 111.7 54.10 70.35 100.6
kh 60.94 82.54 115.0 57.39 71.44 111.7 54.10 70.35 100.6

1 1 1 0 80.94 101.1 131.0 73.08 89.04 128.1 68.31 88.67 114.0
kh/2 80.94 101.1 131.0 73.08 89.04 128.1 68.31 88.67 114.0
kh 80.94 101.1 131.0 73.08 89.04 128.1 68.31 88.67 114.0
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�1

�2

= 0.8 ,  Df

B0

= 0.5 ,  2c2

�2B0

= 0.2 ,  c1

c2
= 0 ,  � = 20% , 

�1∕�2 = 0.8  ,  vs1

vs2
= 0.8  ,  h1∕�, h2∕� = 0.3  , 

h1∕�, h2∕� = 0.16, vp1
vp2

= 0.8 . From the plot, it is seen that 

N�E decreases with the increase in the value of kv . It is 
obvious because increase in the value of kv will increase 

the disturbance of base soil, and this result decreases the 
value of N�E.

iv. Variations of seismic bearing capacity coefficient for dif-
ferent values of �1

�2
 using particle swarm optimization 

algorithm:

Table 6  Seismic and static bearing capacity coefficients N�E

N�S

 minimum

UB upper bound, LB lower bound

ϕ2 ϕ1/ϕ2 δ2 c1/c2 δ1/δ2 γ1/γ2 kv kh = 0.1

h1/B0 = 0.1 h1/B0 = 0.25 h1/B0 = 0.50

Df/B0 Df/B0 Df/B0

0.25 0.5 1 0.25 0.5 1 0.25 0.5 1

20 0.8 10 0.8 0.8 0.8 0 -- 0.690 0.734 0.632 0.790 0.704 0.606 0.752 0.737
kh/2 0.620 0.629 0.666 0.593 0.732 0.689 0.543 0.630 0.672
kh 0.565 0.578 0.633 0.566 0.657 0.613 0.426 0.546 0.643

1 1 1 0 0.715 0.761 0.785 0.776 0.857 0.794 0.642 0.721 0.870
kh/2 0.692 0.678 0.758 0.738 0.798 0.765 0.637 0.661 0.849
kh 0.657 0.657 0.697 0.655 0.721 0.684 0.628 0.528 0.752

1 20 0.8 0.8 0.8 0 0.636 0.670 0.720 0.735 0.676 0.727 0.660 0.610 0.706
kh/2 0.596 0.634 0.701 0.695 0.627 0.695 0.594 0.568 0.689
kh 0.531 0.609 0.695 0.591 0.613 0.662 0.578 0.555 0.668

1 1 1 0 0.654 0.733 0.675 0.712 0.754 0.716 0.676 0.735 0.683
kh/2 0.639 0.657 0.660 0.692 0.682 0.698 0.623 0.676 0.677
kh 0.635 0.647 0.650 0.648 0.647 0.660 0.606 0.627 0.635

25 0.8 12.5 0.8 0.8 0.8 0 0.698 0.740 0.757 0.754 0.734 0.767 0.727 0.848 0.775
kh/2 0.640 0.703 0.753 0.727 0.709 0.752 0.634 0.747 0.750
kh 0.591 0.650 0.677 0.632 0.651 0.714 0.565 0.690 0.735

1 1 1 0 0.672 0.714 0.715 0.816 0.749 0.759 0.808 0.784 0.717
kh/2 0.617 0.667 0.670 0.751 0.709 0.748 0.602 0.740 0.704
kh 0.574 0.650 0.666 0.684 0.656 0.737 0.592 0.698 0.662

1 25 0.8 0.8 0.8 0 0.634 0.758 0.576 0.701 0.757 0.607 0.613 0.606 0.515
kh/2 0.631 0.699 0.565 0.595 0.654 0.566 0.555 0.555 0.493
kh 0.610 0.624 0.533 0.539 0.601 0.550 0.438 0.458 0.469

1 1 1 0 0.580 0.612 0.629 0.573 0.577 0.573 0.485 0.559 0.641
kh/2 0.579 0.556 0.591 0.572 0.502 0.562 0.452 0.517 0.632
kh 0.492 0.516 0.582 0.529 0.453 0.548 0.410 0.499 0.620

30 0.8 15 0.8 0.8 0.8 0 0.695 0.671 0.756 0.750 0.740 0.760 0.633 0.688 0.638
kh/2 0.682 0.622 0.736 0.662 0.693 0.672 0.567 0.622 0.631
kh 0.577 0.615 0.713 0.578 0.525 0.659 0.533 0.549 0.592

1 1 1 0 0.666 0.740 0.742 0.690 0.708 0.763 0.736 0.716 0.785
kh/2 0.620 0.692 0.702 0.666 0.687 0.747 0.699 0.666 0.669
kh 0.559 0.626 0.689 0.626 0.604 0.700 0.588 0.601 0.691

1 30 0.8 0.8 0.8 0 0.707 0.694 0.610 0.726 0.727 0.597 0.774 0.700 0.598
kh/2 0.647 0.655 0.586 0.720 0.632 0.566 0.695 0.651 0.586
kh 0.633 0.591 0.562 0.617 0.554 0.557 0.607 0.476 0.584

1 1 1 0 0.530 0.544 0.700 0.557 0.598 0.699 0.545 0.541 0.761
kh/2 0.525 0.540 0.699 0.545 0.574 0.696 0.542 0.510 0.760
kh 0.506 0.539 0.692 0.518 0.547 0.691 0.480 0.510 0.690
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  Figure 15 shows the variations of seismic bearing 
capacity coefficient 

(
N�E

)
 with kh at �2 = 30 °, �2 =

�2

2
 , 

h1

B0

= 0.5 , �1
�2
= 0.8 , kv =

kh

2
 , �1

�2

= 0.8 , Df

B0

= 0.5 , 2c2
�2B0

= 0 , 
c1

c2
= 0  ,  � = 20%  ,  �1∕�2 = 0.8  ,  vs1

vs2
= 0.8  , 

h1∕�, h2∕� = 0.3 , h1∕�, h2∕� = 0.16, vp1
vp2

= 0.8 . From the 

Fig. 12  Variation of N�E with kh for �2 = 30 °, �2 = �2∕2 , 
�1∕�2 = 0.8 , �1∕�2 = 0.8 , k

V
= k

h
∕2 , �1∕�2 = 0.8 , h1∕B0 = 0.25 

2c2/B0�2 = 0.2 , c1/c2 = 0.8, h1/� , h2/� = 0.3, h1/� , h2/� = 0.16, VS1/VS2, 
Vp1/Vp2 = 0.8

Fig. 13  Variation of N�E with kh for �2 = 30 °, �2 = �2∕2 , �2 = 20% 
h1∕B0 = 0.50 , �1∕�2 = 0.8 , �1∕�2 = 0.8 , k

V
= k

h
∕2 , �1∕�2 = 0.8 , 

�1∕�2 = 0.8 , 2c2/B0�2 = 0.2 , c1/c2 = 0, h1/� , h2/� = 0.3, h1/� , 
h2/� = 0.16, VS1/VS2, Vp1/Vp2 = 0.8

Fig. 14  Variation of N�E with kh for �2 = 30 °, �2 = �2∕2 , 
�1∕�2 = 0.8 , �1∕�2 = 0.8 , k

V
= k

h
∕2 , �1∕�2 = 0.8 , Df/B0 = 0.50, 

2c2/B0�2 = 0.2 , c1/c2 = 0.8 h1/� , h2/� = 0.3, h1/� , h2/� = 0.16, VS1/VS2, 
Vp1/Vp2 = 0.8

Fig. 15  Variation of N�E with kh for �2 = 30 °, �2 = �2∕2 , 
�1∕�2 = 0.8 , Df/B0 = 0.8, k

V
= k

h
∕2 , h1∕B2 = 0.25 , 2c2/B0�2 = 0.2 , 

c1/c2 = 0.8 h1/� , h2/� = 0.3, h1/� , h2/� = 0.16, VS1/VS2, Vp1/Vp2 = 0.8
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plot, it is seen that coefficient N�E increases with the 
increase in the value of �1

�2
 . Here, increase in �1 value is made keeping the �2 value as a constant. So, obviously 

due to the increase in �1
�2

 ratio, the value N�E will increase

Fig. 16  Variation of N�E with kh for �2 = 30 °, �2 = �2∕2 , �2 = 20% , 
h1∕B0 = 0.50 �1∕�2 = 0.8, kv = kh/2, �1∕�2 = 0.8, �1∕�2 = 0.8 , 
Df/B0 = 0.50, 2c2/B0 �2 = 0 , c1/c2 = 0 h1/� , h2/� = 0.3, h1/� , h2/� = 0.16, 
VS1/VS2 = 0.8, Vp1/Vp2 = 0.8

Fig. 17  Variation of N�E with kh for �2 = 30 °, �2 = �2∕2 , �2 = 20% , 
h1∕B0 = 0.50 �1∕�2 = 0.8, kv = kh/2, �1∕�2 = 0.8, �1∕�2 = 0.8 , 
Df/B0 = 0.50, 2c2/B0 �2 = 0 , c1/c2 = 0 h1/� , h2/� = 0.3, h1/� , h2/� = 0.16, 
VS1/VS2 = 0.8, Vp1/Vp2 = 0.8

Fig. 18  Variation of N�E with kh for �2 = 30 °, �2 = �2∕2 , �2 = 20% , 
�1∕�2 = 0.8 �1∕�2 = 0.8, kv = kh/2, �1∕�2 = 0.8, �1∕�2 = 0.8 , 
Df/B0 = 0.50, 2c2/B0 �2 = 0 , c1/c2 = 0 h1/� , h2/� = 0.3, h1/� , h2/� = 0.16, 
VS1/VS2 = 0.8, Vp1/Vp2 = 0.8

Fig. 19  Variation of N�E with kh for �2 = 30 °, �2 = �2∕2 , �2 = 20% , 
h1/B0 = 0.50 �1∕�2 = 0.8, kv = kh/2, �1∕�2 = 0.8, �1∕�2 = 0.8 , 
Df/B0 = 0.50, 2c2/B0 �2 = 0.2 , h1/� , h2/� = 0.3, h1/� , h2/� = 0.16, 
VS1/VS2 = 0.8, Vp1/Vp2 = 0.8
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v. Variations of seismic bearing capacity coefficient for dif-
ferent values of �1

�2

 using particle swarm optimization 
algorithm:

  Figure 16 depicts the variations of seismic bearing 
capacity coefficient 

(
N�E

)
 with kh at �2 = 30 °, �2 =

�2

2
 , 

h1

B0

= 0.50 , �1
�2

= 0.8 , kv =
kh

2
 , �1
�2
= 0.8 , Df

B0

= 0.5 , 2c2
�2B0

= 0 , 
c1

c2
= 0  ,  � = 20%  ,  �1∕�2 = 0.8  ,  vs1

vs2
= 0.8  , 

h1∕�, h2∕� = 0.3 , h1∕�, h2∕� = 0.16, vp1
vp2

= 0.8 . From the 

figure, it is seen that coefficient N�E increases with the 
increase in the value of �1

�2

 . Here increase in �1 value is 
made keeping the �2 value as constant.

vi. Variations of seismic bearing capacity coefficient for dif-
ferent values of �1

�2
 using particle swarm optimization 

algorithm:
  Figure 17 shows the variations of seismic bearing 

capacity coefficient 
(
N�E

)
 with kh at �2 = 30 °, �2 =

�2

2
 , 

h1

B0

= 0.50 , �1
�2

= 0.8 , kv =
kh

2
 , �1

�2

= 0.8 , Df

B0

= 0.5 , 2c2
�2B0

= 0 , 
c1

c2
= 0  ,  � = 20%  ,  �1∕�2 = 0.8  ,  vs1

vs2
= 0.8  , 

h1∕�, h2∕� = 0.3 , h1∕�, h2∕� = 0.16, vp1
vp2

= 0.8 . From the 

figure, it is seen coefficient N�E increases with the 
increase in the value of �1

�2
 . Here, �1

�2
 ratio is increased 

keeping �2 as constant.
vii. Variations of seismic bearing capacity coefficient for dif-

ferent values of h1
B0

 using particle swarm optimization 
algorithm:

  Figure 18 shows the variations of seismic bearing 
capacity coefficient 

(
N�E

)
 with kh at �2 = 30 °, �2 =

�2

2
 , 

�1

�2

= 0.8 , �1
�2

= 0.8 , kv =
kh

2
 , �1
�2
= 0.8 , Df

B0

= 0.5 , 2c2
�2B0

= 0 , 
c1

c2
= 0  ,  � = 20%  ,  �1∕�2 = 0.8  ,  vs1

vs2
= 0.8  , 

h1∕�, h2∕� = 0.3 , h1∕�, h2∕� = 0.16, vp1
vp2

= 0.8 . From the 

figure, it is seen that coefficient N�E decreases with the 
increase in the value of h1

B0

 . Here, h1 is the depth of the 
top layer and it is considered in the analysis that it is 
weaker than the bottom layer. So, weaker layer will pro-
vide less resistance and hence increase in the thickness 
of this layer decreases the value of bearing capacity 
coefficient.

viii. Variations of seismic bearing capacity coefficient 
for different values of c1

c2
 using particle swarm optimiza-

tion algorithm:
  Figure 19 shows the variations of 

(
N�E

)
 with kh at 

�2 = 30 °, �2 =
�2

2
 , h1
B0

= 0.50 , �1
�2
= 0.8 , kv =

kh

2
 , �1

�2

= 0.8 , 
Df

B0

= 0.5 , 2c2

�2B0

= 0.2 , kv =
kh

2
 , � = 20% , �1∕�2 = 0.8 , 

vs1

vs2
= 0.8 , h1∕�, h2∕� = 0.3 , h1∕�, h2∕� = 0.16, vp1

vp2
= 0.8 . 

From the plot, it is seen that the coefficient N�E increases 
with the increase in the values c1

c2
 . Here, c1

c2
 ratio is 

increased while keeping c2 as constant. So, obviously 
due to the increase in c1

c2
 ratio, the value N�E will increase.

ix. Variations of seismic bearing capacity coefficient for dif-
ferent values of impedance ratio �z using particle swarm 
optimization algorithm: variations of seismic bearing 
capacity coefficient for different values of impedance 
ratio �z using particle swarm optimization algorithm:

  Figure 20 shows the variations of 
(
N�E

)
 at �2 = 30 °, 

�2 =
�2

2
 , h1
B0

= 0.50 , �1
�2
= 0.8 , kv =

kh

2
 , �1

�2

= 0.8 , Df

B0

= 0.5 , 

Fig. 20  Variation of N�E with kh for �2 = 30 °, �2 = �2∕2 , �2 = 20% , 
h1/B0 = 0.50 �1∕�2 = 0.8, kv = kh/2, �1∕�2 = 0.8, �1∕�2 = 0.8 
Df/B0 = 0.50, 2c2/B0 �2 = 0 , c1/c2 = 0 h1/� , h2/� = 0.3, h1/� , h2/� = 0.16

Fig. 21  Variation of bearing capacity coefficients with � for 
� = 19 kN/m3, B0 = 1.7 m, Df = 1.3 m, c = 8 kN/m2
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2c2

�2B0

= 0.2 , c1

c2
= 0.8 , kv =

kh

2
 , � = 20% , �1∕�2 = 0.8 , 

vs1

vs2
= 0.8 , h1∕�, h2∕� = 0.3 , h1∕�, h2∕� = 0.16, vp1

vp2
= 0.8 

with kh . From the plot, it is seen that the coefficient N�E 
decreases with the increase in the values �z.

x. From Terzaghi (1943) we know ultimate bearing capac-
ity qult = cNc + qNq + 0.5�B0N� , taking c = 8 kN/m2, 
γ = 19 kN/m3, B0 = 1.7 m and Df = 1.3 m, the values of 
cNc , qNq and 0.5�B0N� are evaluated at different values 

of ϕ and plotted in Fig. 21. Also, in the present meth-
odology, if we put all values of h1 = 0, kh = kv = 0, then 
it will give the bearing capacity ( qult(P) ) of shallow strip 
footing resting on single-layered soil under static loading 
condition, which also is shown in Fig. 21. In the same 
figure, qult(T) represents the bearing capacity as obtained 
using Terzaghi’s equation. From the plot, it is seen that 
the present method calculates the bearing capacity 26% 
higher value in comparison with Terzaghi (1943).

Table 7  Comparison of q
u

�1B0

 values in four series with experimental data from Kumar et al. (2007) and Khatri et al. (2017) for rough strip footing 
on two-layered soil

Test series h1/B0 Khatri et al. 
(2017)

Kumar 
et al. 
(2007)

Present analysis % of difference

Khatri et al. (2017) Kumar et al. (2007)

L.B U.B L.B U.B

1. ϕ1 = 35°, ϕ2 = 32°, γ1 = 16.24 kN/m3, 
γ2 = 15.05 kN/m3

0.5 13.04 13.5 14.14 12.5435 3.80% 7.08% 11.29%
1 15.99 16.57 14.98 17.3471 − 8.48% − 4.68% − 15.76%
1.5 16.73 17.42 15.46 19.6001 − 17.16% − 12.52% − 26.77%
2 19.54 20.35 16.22 21.1253 − 8.11% − 3.80% − 30.24%

2. ϕ1 = 37°, ϕ2 = 35°,γ1 = 16.44 kN/m3, 
γ2 = 15.15 kN/m3

0.5 19.59 20.35 22.47 20.1538 − 2.88% 4.96% 10.30%
1 22.69 23.63 23.32 23.6043 − 4.03% 0.10% − 1.22%
1.5 23.78 24.85 24.33 25.3011 − 6.40% − 1.82% − 3.99%
2 23.75 24.84 25.47 29.7838 − 25.40% − 19.90% − 16.90%

3. ϕ1 = 39°, ϕ2 = 36°, γ1 = 16.35 kN/m3, 
γ2 = 15.25 kN/m3

0.5 24.97 26.05 30.17 27.4622 − 9.98% − 5.42% 8.97%
1 30.55 31.9 31.62 32.0822 − 5.01% − 0.57% − 1.46%
1.5 34.09 35.87 33.27 33.7438 1.02% 5.93% − 1.42%
2 34.01 35.85 34.8 34.8682 − 2.52% 2.73% − 0.19%

4. � 1 = 41°, � 2 = 37°, γ1 = 16.76 kN/m3, 
γ2 = 15.58 kN/m3

0.5 31.78 33.24 37.19 29.5145 7.12% 11.20% 20.60%
1 40.74 42.62 39.26 34.1436 16.20% 19.88% 13.03%
1.5 48.94 51.12 41.37 39.8574 18.55% 22.03% 3.65%
2 49.69 52.51 43.24 45.2934 8.84% 13.74% − 4.74%

Table 8  Comparison of q
u

�1B0

 values with data from Hanna (1981), Farah (2004) and Khatri et al. (2017) for rough strip footing on two-layered 
soil

UB upper bound, LB lower bound

h1/B0 Khatri et al. (2017) Hanna (1981) Farah (2004) Present % of difference

Hanna (1981) Farah (2004) Khatri et al. (2017)

LB UB L.B U.B

0 11.92 12.4 18.79 20.38 16.8246 10.45% 17.44% − 41.10% − 35.67%
0.25 19.15 19.93 23.5 25.71 19.4047 17.42% 24.52% − 1.33% 2.63%
0.5 30.76 32.04 31.16 34.82 24.3199 21.95% 30.15% 20.93% 24.09%
1 54.31 56.54 44.92 50.56 56.962 − 26.80% − 12.66% − 4.88% − 0.75%
1.5 83.16 87.03 67 77.14 94.567 − 41.14% − 22.59% − 13.72% − 8.66%
2 108.33 113.86 89.09 101.35 98.1253 − 10.14% 3.18% 9.42% 13.82%
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8  Comparison

A comparison of bearing capacity coefficient values has 
made for different friction angles. The comparison is made 
to demonstrate the accuracy of the present methodology. 
With known formulation for bearing capacity coefficient 
N� ′′ , a computer programing software ‘MATLAB’ code has 
been developed using PSO algorithm, which is able to cal-
culate the ultimate bearing capacity, qult , for various 

combinations of soil properties in each layer. Table 7 repre-
sents a comparison of the present results with the experi-
mental data from Khatri et al. (2017), Kumar et al. (2007) 
for the strip footing with four different series of experimental 
data. Table 8 shows a comparison of the present results with 
corresponding experimental data from Hanna (1981), Khatri 
et al. (2017) and Farah (2004) for strip footing with �1 of 
47.7°, �1 of 16.33 kN/m3, �2 of 34°, �2 of 13.78 kN/m3. It is 
noteworthy that the values of qu

�1B0

 given by Farah (2004) were  
found to be always greater than those given by Hanna 
(1981). For h1

B0

 values up to 1.0, the values of N� from 
Hanna(1981), Khatri et al. (2017) and Farah (2004) were 
found to be closer with the present result. The comparison 
of the present results with those represented by Hanna 
(1981) for circular footing is presented in Table 9 with �1 of 
47.7°, �1 of 16.33 kN/m3, �2 of 34°, �2 of 13.78 kN/m3.The 
present values of qu/γ1B0 of h1/B0 of 1 or lesser are found to 
be closer with the corresponding values from Hanna (1981). 
Table 10 shows comparison between Lotfizadeh and Kama-
lian (2016) and present analysis. From Table 10, it is seen 
that the present value gives higher value than Lotfizadeh and 
Kamalian (2016). A comparison of analytical solution is 
done with the present analysis. Table 11 represents the 

Table 9  Comparison of q
u

�1B0

 
values with data from Hanna 
(1981) and Khatri et al. (2017) 
for rough circular footing on 
two-layered soil

UB upper bound, LB lower bound

Khatri et al. (2017) Hanna (1981) Present % of difference

Hanna (1981) Khatri et al. (2017)

LB UB L.B U.B

16.04 17.18 22.41 16.8246 24.92% − 4.89% 5.73%
22.05 23.58 24.49 19.4047 20.76% 11.99% 17.70%
34.41 39.5 36.75 24.3199 12.43% 29.32% 38.43%
90.76 95.35 61.23 56.962 6.97% 37.23% 40.26%
109.47 116.32 94.95 94.567 0.40% 13.61% 18.70%
156.73 162.83 141.87 98.1253 30.83% 37.39% 39.73%

Table 10  Comparison of q
u

�1B0

 values with data from Lotfizadeh and 
Kamalian (2016) for strip footing on two-layered sandy soil

UB upper bound, LB lower bound

h1/B0 Lotfizadeh and Kama-
lian (2016)

Present % of Difference

0 17.888 18.4569 − 3.00%
0.12 16.789 15.5142 7.50%
0.27 12.112 12.6199 − 4.19%
0.34 9.902 12.0774 − 21.90%
0.46 8.432 11.5849 − 37.30%
0.61 7.811 10.9224 − 39.80%

Table 11  Comparison of 
Bearing Capacity Coefficient (N� �� ) 
values with values from 
Debnath and Ghosh (2018) for 
strip footing on two-layered soil

ϕ2 ϕ1/ϕ2 δ2 δ1/δ2 γ1/γ2 kv Debnath and Ghosh (2018) Present analysis

kh = 0.2 kh = 0.2, αz = 0.8, �1∕�2 = 1

h1/B0 = 0.25 h1/B0 = 0.25

Df/B0 Df/B0

0.25 0.5 1 0.25 0.5 1

30 0.8 15 0.8 0.8 0 7.2915 10.935 17.973 7.1934 10.1739 17.2271
kh/2 6.271 9.6714 16.637 6.4399 8.1455 16.4676
kh 5.61 8.5536 14.767 4.7787 8.1368 15.9157

30 1 30 0.8 0.8 0 12.978 19.508 37.04 13.486 20.6214 34.0547
kh/2 12.631 17.65 33.081 11.9321 15.9021 31.8695
kh 11.031 14.515 29.807 9.3429 13.9049 27.9495
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comparison between Debnath and Ghosh (2018) and present 
analysis. Table 12 depicts a comparison between upper and 
lower bound bearing capacities obtained by Eshkevari et al. 
(2019) and present analysis. The upper-bound and lower-
bound bearing capacities were calculated in a series of anal-
yses where the ratio of thickness of top layer to width of 
footing ( h1∕B0 ) and angle of internal friction of bottom layer 
are increased while keeping rest of the parameter as con-
stant. From the comparison, in Tables 11 and 12, it is seen 
that the present analysis gives relatively closer value with 
Eshkevari et al. (2019).

8.1  Numerical Example

In this section, a numerical example for the case of weak 
over strong clay soil is discussed using Eq. (62). The results 
are compared with the results of available solutions. The 
numerical solution determines the ultimate bearing capacity 
of strip footing of 4 m width, positioned on top of a two-
layered clayey soil. The soil profile consists of a 2-m deep 
top layer with an undrained shear strength of 20 kPa and 
stronger bottom layer with an undrained shear strength of 
25 kPa; the angle of internal friction is zero for both layers 
in the undrained loading condition. The ultimate bearing 
capacity obtained from the present study is approximately 
107 kPa. Ahmadi and Kouchaki (2016) have calculated 
an ultimate bearing capacity of 105 kPa for this problem, 
which is (− 1.86%) lower than the present study. Meyerhof 
and Hanna (1975) calculated an ultimate bearing capacity 
of 110 kPa (+ 2.803%), which is higher than the present 
result. Merifield et al. (1999) and Michalowski (2002) have 
calculated an upper bound of 109.2 kPa (+ 2.06%), which 
is higher than the present result. Chen (1975) has calculated 
upper bound value of 115 kPa (+ 7.67%), which is even 

higher than upper-bound value of Merifield et al. (1999) and 
Michalowski (2002). Zhu (2004) has evaluated the ultimate 
bearing capacity of 108.4 kPa (+ 1.30%), whereas Merifield 
et al. (1999) have calculated a lower-bound value of 100 kPa 
(− 6.54), which is lower than Ahmadi and Kouchaki (2016). 
From this numerical example, it is seen that the present 
study gives values closure to Ahmadi and Kouchaki (2016), 
Zhu (2004), upper-bound solution of Merifield et al. (1999).

9  Conclusions

The bearing capacity of strip footing resting on two-layered 
c − � soil has been analytically determined by using a new 
pseudo-dynamic limit equilibrium approach in conjunction 
with particle swarm optimization. Simultaneous resistance 
of unit weight, surcharge and cohesion is taken into account 
to evaluate the new pseudo-dynamic bearing capacity coef-
ficients in which linear failure surface is considered. On the 
basis of analysis, it is seen that keeping the bottom layer’s 
value constant, when we increase the corresponding values 
of upper layer like � , c,� , then the values of seismic bear-
ing capacity increase or vice versa. Seismic bearing capac-
ity value decreases if we increase the value of horizontal 
and vertical seismic acceleration coefficients. The analytical 
results are presented in terms of single bearing capacity coef-
ficients (N� �� ) . Results as obtained from the present analysis 
are well comparable with earlier experimental, numerical and 
analytical solutions. So, the results obtained from the present 
analysis as given in tabular form can be used to evaluate the 
bearing capacity of foundation resting on two-layered soil 
under seismic loading condition. Further research work can 
be done for the problem using a new pseudo-dynamic method 
considering logarithmic failure surface.

Table 12  Comparison with upper-bound and lower-bound values

Ultimate bearing capacity  qu (kPa)for (γ1 = 18 kN/m3, γ2 = 15 kN/m3)

h1/B0 Eshkevari et al. (2019) Present analysis

ϕ2 = 27.5, 
ϕ1 = 40

ϕ2 = 30, ϕ1 = 40 ϕ2 = 32.5, 
ϕ1 = 40

ϕ2 = 35, ϕ1 = 40 ϕ2 = 27.5, ϕ1 = 40 ϕ2 = 30, ϕ1 = 40 ϕ2 = 32.5, ϕ1 = 40 ϕ2 = 35, ϕ1 = 40

0.2 L.B 360 510 700 970 393.525 515.75 715.37 969.45
U.B 400 530 720 1050

0.3 L.B 400 540 730 1020 433.125 534.10 768.24 1020.94
U.B 440 560 800 1150

0.4 L.B 470 560 780 1100 484.605 644.98 804.87 1124.39
U.B 500 620 870 1200

0.5 L.B 520 600 800 1200 564.3 838.77 1225.62
U.B 540 680 910 1260
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Appendix 1
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Appendix 2
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