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Abstract
In this study, a damage identification method based on observing the changes in frequency response functions (FRFs) of 
a structure, due to damage, with taking advantage of differential evolution algorithm (DEA) as an optimization solver is 
presented. Firstly, by using the FRFs of a healthy structure, damaged structure and analytical model of the structure, an effi-
cient objective function is defined for the optimization. Then, the DEA is employed to solve the optimization-based damage 
detection problem for finding the location and severity of the damage. The performance of the proposed method is evaluated 
for a beam and two planar frames by making a parametric study. The numerical results indicate that the method can provide 
a reliable tool to accurately identify the structural damage.
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1  Introduction

The early detection of structural damage is one of the major 
challenges in aerospace, civil and mechanical engineering. 
Many structures are subjected to loading forces bigger than 
their design capacity or have been utilized in a different 
manner compared to their standard expectation. Therefore, 
most of the structural systems may experience some local 
damages during their lifetime which‚ by neglecting them‚ 
may lead to decreasing in the functional age or even an over-
all failure of structures. The structural damage is assigned 
to any susceptible factor in elements of a structure which 
would have adverse effects on the condition of the structure. 
Structural damage may be caused by the irreversible changes 
in structural materials, the change of physical properties or 
structural integrity. In addition, the damage would alter the 
static and dynamic responses of the structure in different 
ways. These changes can be considered as a damage iden-
tification indicator. In the past two decades, to avoid the 
unexpected huge costs and increase in the lifetime of the 
structure, the issues related to damage detection have been 
paid considerable attention to by the research community. 

The classic methods were capable of identifying the surface 
damage, therefore, the needs to more accurate methods for 
damage identification were led to developing the methods 
which operate using the changes in the vibrating charac-
teristics of a structure. Within the presented methods, the 
dynamic damage detection methods based on changes in 
frequency response functions (FRFs) have attracted more 
attention.

During the last few years, the application of damage 
detection techniques using FRFs has been examined in 
many researches. Mannan and Richardson (1990) utilized 
the FRFs measurement and their changes for not only detect-
ing and locating cracks but also introducing a method for 
determining the mass, stiffness and damping properties of 
structures. Sampaio et al. (1999) theoretically described 
the damage detection based on FRF and compared it with 
two most referenced methods in the literature. They used 
a lumped-mass system as a numerical model and infor-
mation related to a real bridge as an experimental model. 
They showed that the FRF curvature method performed 
well in detecting, locating and quantifying the damage. A 
frequency-domain method for damage identification was 
introduced by Lee and Shin (2002). They tested the method 
through some numerically simulated damage identifica-
tion analyses and then an experimental verification was 
conducted for a cantilevered beam with damage caused by 
introducing three slots. The results showed that the presented 
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method can locate and quantify multiple local damages at 
the same time. A damage detection methodology based on 
local modal stiffness was proposed by Perra et al. (2008). 
The stiffness matrix could be determined from the FRFs and, 
unlike the usual detection methods, it was dependent on both 
frequencies and mode shapes. Liu et al. (2009) showed that 
some modifications like using the imaginary parts of FRF 
shapes and normalizing FRF shapes have positive effects 
on accurate damage localization. A technique of damage 
detection based on the measurement of real and imaginary 
parts of FRFs was presented by Salehi et al. (2010). The 
experimental results demonstrated that the real part of FRFs 
is more useful than the imaginary part for damage detec-
tion. Samali et al. (2012) proposed a damage identification 
method that utilizes damage fingerprints embedded in FRFs 
to identify the location and severity of notch-type damage 
in a two-story framed structure. They used residual FRFs, 
which are differences in frequency response function (FRF) 
data between the undamaged and the damaged structures, as 
input data to artificial neural networks for structural damage 
detection. Mohan et al. (2013) used the FRFs with particle 
swarm optimization (PSO) and genetic algorithm (GA) for 
structural damage detection and quantification. The perfor-
mance of the method has been assessed for beam and pla-
nar frame structures with various damage scenarios. It was 
observed that the use of FRFs as a response to the damaged 
structure and its combination with PSO can lead to a better 
accuracy compared with its combination with GA. Valdéz-
González et al. (2015) conducted an experimental study on 
a two-story RC frame that was progressively damaged until 
it reached significant structural damage. They demonstrated 
that it is possible to characterize the damage state of the RC 
frame in terms of the simple statistical correlation between 
a pair of FRFs obtained for the initial damage condition and 
the subsequent stages.

In this study, the changes in FRF values of structures due 
to damage are considered as an efficient indicator for damage 
identification. The problem of structural damage detection 
is firstly transformed into the standard form of an optimiza-
tion problem dealing with real damage variables. Differential 
evolution as an optimization algorithm is used to minimize 
an objective function based on the FRFs to identify the loca-
tion and severity of structural damages. The efficiency of the 
proposed method is assessed by numerical examples simu-
lated by finite element modeling.

2 � Application of FRFs for Damage Detection

The frequency response function (FRF) expresses the struc-
tural response to an applied force as a function of frequency. 
Based on the fundamentals of dynamic of structures, the dif-
ferential equation of motion for the multi-degree of freedom 

systems is a second-order equation and can be defined as 
follows (Paz and Leigh 2004):

where M, C and K represent the structural mass, damping 
and stiffness matrix, respectively; Ẍ(t) , Ẋ(t) and X(t) are the 
nodal acceleration, velocity and displacement vectors of the 
structure in time t, respectively, and F(t) is an externally 
time-dependent load applied at the nodal degrees of freedom 
of the structure.

Considering harmonic forces applied to the structure, the 
structural forces and displacements can be represented as 
follows (He and Fu 2001):

where Ω is the frequency of excitation force and X(Ω) and 
F(Ω) are the amplitude of displacement and applied force to 
the structure in the frequency domain, respectively.

By substituting Eqs. (2) and (3) into Eq. (1) and after 
some simplification, it results

The matrix 
[
K − iΩC − Ω2M

]
 is known as the dynamic stiff-

ness matrix and it is a function of the frequency of excitation 
force Ω . Accordingly, Eq. (4) can be represented as:

where H(Ω) is the frequency response function (FRF), which 
represents the displacement over force and can be considered 
as the response of the structure in the frequency domain (He 
and Fu 2001). The computational cost involved in obtaining 
the matrix of FRFs using Eq. (6) is too expensive. Using the 
technique of modal decomposition and assuming Rayleigh 
damping for the system, the FRFs matrix of a multi-degree 
of freedom structure can also be stated with respect to modal 
parameters as (Begambre and Laier 2009):

where [�] is the matrix of mode shapes, �j is the jth circular 
frequency of the structure, and the sign diag stands here for 
representing a diagonal matrix.

The FRFs of a structure represented by Eq. (7) contain 
useful information related to the structure which can be 
applied to the structural damage detection as more effective 

(1)MẌ(t) + CẊ(t) + KX(t) = F(t)

(2)F(t) = F(Ω)eiΩt

(3)X(t) = X(Ω)eiΩt

(4)
[
K − iΩC − Ω2M

]
X(Ω) = F(Ω)

(5)X(Ω) = H(Ω).F(Ω)

(6)H(Ω) =
[
K − iΩC − Ω2M

]−1

(7)[H(Ω)] = [�]diag

(
1

w2
j
− 2iΩwj�j − Ω2

)
[�]T
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data than other dynamic characteristics (Liu et al. 2009; 
Salehi et al. 2010; Samali et al. 2012). They can also be 
extracted from acceleration responses that can be directly 
measured by accelerometer sensors, in practice.

3 � Damage Detection Method Based 
on Optimization

The aim of this research is to identify local damage in struc-
tures based on the application of optimization methods 
(Gholizadeh and Fattahi 2014; Gholizadeh 2015; Gholiza-
deh et al. 2016). Indeed, the problem of damage detection 
can be transformed into a standard optimization problem as 
(Seyedpoor 2011; Nobahari and Seyespoor 2011; Seyedpoor 
2012):

where X is a damage variable vector containing the location 
and severity of n unknown damages; Xl and Xu are the lower 
and upper bounds of the damage vector, and w is an objec-
tive function that should be minimized.

3.1 � Objective Function

The objective function is one of the most important parts of 
an optimization problem. It is considered as a criterion by 
which the convergence of an algorithm will be controlled. 
In this study, based on the correlation index proposed by 
Nobahari and Seyedpoor (2011), an objective function that 
uses the FRFs is defined as

The vectors D and S(X) are represented by the following 
equation:

where FRFh is the FRF of the healthy structure, FRFd is 
the FRF of the damaged structure, and FRF(X) is signified 
for damage variable dependent FRF obtained by an analyti-
cal model of the structure; frfdi and frfi(X) represent the ith 
component of FRFd and FRF(X), respectively. Also, nf is the 
size of the FRF vector.

The objective function w varies from a minimum value 
− 1 to a maximum value 0. It will be minimal when the vec-
tor of analytical FRF becomes identical to the FRF vector 

(8)
Find ∶ XT =

{
x1, x2,… , xn

}
Minimize ∶ w(X)

Xl ≤ X ≤ Xu

(9)

w(X) = −
1

2

[ ||DT. S(X) ||2
(DT.D)(ST(X). S(X))

+
1

nf

nf∑
i=1

min ( frfi(X) , frfdi)

max ( frfi(X) , frfdi)

]

(10)D =
FRFh − FRFd

FRFh

, S(X) =
FRFh − FRF(X)

FRFh

of the damaged structure, that is, FRF(X) = FRFd. For m 
number of measuring points, the FRF vector is composed of 
m FRF vectors corresponding to m measuring points where 
Eq. (11) illustrates this condition.

where FRF denotes the response vector used in the objective 
function; FRF1, FRF2 and FRFm denote the vector of FRF 
corresponding to measuring points 1, 2 and m, respectively; 
and m denotes the number of measuring points.

3.2 � Differential Evolution Algorithm

Differential evolution algorithm is an intelligent and popu-
lation-based optimization algorithm which was introduced 
by Storn and Price (1997). The first version of the algo-
rithm applied just for continuous optimization problems but 
in later versions, and it is capable of solving discontinuous 
problems. The most significant distinction of the algorithm 
compared to the others is its unique capability in new solu-
tion production. The general procedure in the algorithm for 
producing the new solution includes four main operators: 
Crossover operator, Mutation operator, Recombination oper-
ator and Selection operator. The main steps of the algorithm 
can be summarized as (Storn and Price 1997; Seyedpoor 
et al. 2015; Seyedpoor and Montazer 2016):

Step 1  Initial population

At the first step, the initial population is randomly 
selected. The initial population is considered as the first gen-
eration of search space in DEA, and they would be replaced 
with more improved generations in the next steps. The initial 
population in the algorithm is defined with a matrix in which 
the number of columns and rows represents the population 
size (np) and the number of design variables (n), respec-
tively. To generate the initial population, the lower bound xl

i
 

and upper bound xu
i
 for each variable are defined and then the 

initial generation randomly is produced in the bound 
[
xl
i
, xu

i

]
.

Step 2  Mutation

In biology context, the mutation is defined as the change 
in a gene that leads to change mutant phenotype. This func-
tion is simulated in DEA with some changes and recom-
bination of variable vectors. Firstly, in Gth generation for 
each defined vector Xj,G , three members of population Xr1,G

,Xr2,G and Xr3,G are randomly selected from search space. 
It is important to be mentioned that r1, r2 and r3 must be 

(11)

FRF1 = {}, FRF2 = {},… FRFm = {} ⇒ FRF =

⎛⎜⎜⎜⎝

FRF1

FRF2

⋮

FRFm

⎞⎟⎟⎟⎠
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distinct. Therefore, for each particle an initial mutant vector 
Vj,G+1 is created as

where mf is a mutation factor and varies in the range of [0, 
2].

Step 3  Crossover

In this step, a new combination of phenotypes is pro-
duced. The new generation vectors are resulted in combin-
ing vectors Vj,G+1 and Xj,G . In fact, the trial vector Uj,G+1 is 
extracted from the elements of target vector Xj,G and mutant 
vector Vj,G+1 . The crossover ratio cr controls the fraction of 
the parameter values that are copied from the mutant vector.

where randi,j ∈ [0, 1] and Irand is a random integer number 
among numbers [1, 2,… , n].

Step 4  Selection

The next step in DEA is the selection of the better indi-
vidual for the minimization of the objective function. This 
process can be defined as follows:

The selection process involves a simple replacement of the 
original individual with the obtained new individual if it has 
better fitness.

Step 5  Convergence

In this step, the optimization process will be stopped 
if the convergence appears. Otherwise, the process would 
repeat from the mutation step.

4 � Damage Detection Steps Based 
on Proposed Method

The main steps of identifying damage in structures through 
the combination of FRFs and DEA can be stated as

Step 1 Perform a modal analysis based on the fundamen-
tals of the dynamic of structures in order to extract natural 
frequencies and mode shapes of the healthy and damaged 
structure.

(12)Vj,G+1 = Xr1,G + mf
(
Xr2,G − Xr3,G

)

(13)ui,j,G+1 =

{
vi,j,G+1 randi,j ≤ cr or j = Irand
xi,j,G randi,j ≻ cr and j ≠ Irand

i = 1, 2,… , n j = 1, 2,… , np

(14)

Xj,G+1 =

{
Uj,G+1 w(Uj,G+1) ≤ w(Xj,G)

Xj,G otherwise
j = 1, 2,… , np

Step 2 Construct the FRF matrix by Eq. (7) using data 
of the first step and extract some FRF vectors related to 
some degrees of freedom of the structure.
Step 3 Form the objective function for the optimization 
based on FRFs of the healthy, damaged and analytical 
models of the structure using Eqs. (9) to (11).
Step 4 Minimize the objective function defined in the pre-
vious step using DEA for finding X containing the loca-
tion and severity of structural damage.

5 � Test Examples and Parametric Study

In order to demonstrate the efficiency of the proposed 
method for damage identification, three numerical examples 
are considered. A 10-element beam and a 15-element planar 

frame described below are chosen to make some parametric 
studies, and a 45-element planar frame as a larger structure 
is also considered to assess the performance of the method. 
The damage is simulated by decreasing the elasticity modu-
lus of elements. The proper parameters for DEA are obtained 
by a trial and error method. The DEA parameters are set 
to np = 20, mf = 0.6 and cr = 0.3 for the first two examples 
and for the last example np = 50, mf = 0.7 and cr = 0.5 are 
considered. The optimization algorithm will be terminated 
when the maximum number of iterations reaches 1000 or 
the objective function does not change after 500 successive 
iterations or it attains − 0.999.

Example 1  Ten-element cantilever beam

The cantilever beam shown in Fig. 1 which has 30 active 
degrees of freedom is considered to assess the efficiency of 
the proposed method for damage detection. The length (L) 
of the beam, the height (h) and width (w) of the rectangular 
section are 1, 0.2 and 0.2 m, respectively. The modulus of 
elasticity and material density of the structure are 200GPa 
and 7850 kg/m3 , respectively. The locations of excitation and 
FRF evaluations are shown in Fig. 1.

Example 2  Fifteen-element planar frame

The 15-element planar frame considered for the assess-
ment of the damage detection method is shown in Fig. 2. The 
modulus of elasticity and material density of the structure 
are 25GPa and 2500 kg/m3 , respectively. The length of each 
element, the area section and inertia moment of the section 
are 0.2 m, 0.0336 m2, and 0.000161 m4, respectively. The 
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locations of excitation and FRF evaluations are shown in 
Fig. 1.

5.1 � Sensitivity to the Number of Mode Shapes

Since the FRFs are extracted from a limited number of mode 
shapes, the selection of a proper number of modal vectors 
is important. In order to investigate the effects of the num-
ber of mode shapes on the accuracy of damage detection 
results, different numbers of mode shapes are considered and 
a sensitivity study is conducted. For this purpose, for each 
structure, the damage scenario defined in Table 1 with two 
damaged elements is considered. The damage ratio is the 
ratio of decreased modulus of elasticity to the intact modu-
lus of elasticity for the damaged element. In these exam-
ples, for estimating the FRFs, the excitation frequency Ω 
needed for Eq. (7), is changed by the step of 20 rad/s and 
the response data are contaminated with 3% noise and then, 

using these FRFs, the objective function is formulated. The 
damage detection results are shown in Figs. 3 and 4 for the 
beam and frame, respectively. As shown in the figures, in the 
frame example, by considering smaller than 6 modes, dam-
aged elements and their damage extents cannot be predicted 
correctly. This situation is observed in the beam example 
for the minimum number of 5 mode shapes. Therefore, by 
considering 5 and 6 modal vectors of the beam and frame, 
respectively, the proposed method can predict the damage 
extent and location with high accuracy.

5.2 � Sensitivity to the Number of Damaged 
Elements

In order to investigate the capability of the proposed method 
to detect the damage of various elements, a sensitivity study 
is conducted. For this purpose, four damage scenarios are 
defined as listed in Table 2 with a different number of dam-
aged elements. Then, 6 mode shapes are extracted from each 
structure and contaminated with 1% noise. Considering the 
excitation frequency step of 20 rad/s in Eq. (7), the data 
are used for constructing the objective function. The predic-
tions of the various damage scenarios using the proposed 
method are shown in Figs. 5 and 6 for the beam and frame, 
respectively. It can be seen that for all damage scenarios, the 
method can predict the damaged elements with high accu-
racy. For additional numbers of the damaged elements, the 
method should be examined.

5.3 � Sensitivity to Noise

In order to investigate the noise effects on the performance 
of the proposed method, a sensitivity study with respect 
to measurement noise is considered. For each example, 
as listed in Table 1, a damage scenario with two dam-
aged elements is considered. For both examples, FRFs 
are extracted from 6 mode shapes and then contaminated 
with random noise at levels of 0, 1%, 3% and 5%. The 
damage detection results of noise free data along with 
noise contaminated data are shown in Figs. 7 and 8 for 
the beam and frame, respectively. The results shown in 

Fig. 1   Ten-element cantilevered 
beam

F (Ω)

FRF1 (Ω) FRF2 (Ω)

1 2 3 4 5 6 7 8 109

F (Ω)

FRF1 (Ω) FRF2 (Ω)

Fig. 2   Fifteen-element planar frame

Table 1   Damage scenarios for number of mode shapes sensitivity 
study

Example Element number Damage ratio

15-Element beam 4 0.3
7 0.2

15-Element planar frame 5 0.3
9 0.2
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(a) 3 modes (b) 4 modes

(c) 5 modes (d) 6 modes
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Fig. 3   Damage predictions of the beam for different number of mode shapes
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(c) 5 modes (d) 6 modes
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Fig. 4   Damage predictions of the frame for different number of mode shapes

Table 2   Damage scenarios for 
damage case sensitivity study

Damaged element 
(damage ratio)

Damage sce-
nario

Example

10-Element beam 15-Element planar frame

1 4(0.3) 5(0.3)
2 4(0.3)–7(0.2) 5(0.3)–9(0.2)
3 4(0.3)–7(0.2)–9(0.4) 5(0.3)–9(0.2)–13(0.4)
4 3(0.2)–4(0.3)–7(0.2)–9(0.4) 2(0.1)–5(0.3)–9(0.2)–13(0.4)
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the figures reveal that the proposed method is capable of 
identifying the damage location and severity for various 
levels of noise. It can be observed that adding noise up to 
5% has no considerable effects on the accuracy of results. 
Although for the noise level of 5% some false predictions 
has occurred, the percentages of them are less than 1%. 
It is concluded that the optimization process can obtain 
the actual site and extent of two damaged elements of the 
structures even in high levels of noise. 

5.4 � Sensitivity to Excitation Frequency Steps

The effect of changes in excitation frequency increment 
on the performance of the proposed method for damage 
cases of Table 1 are shown in Figs. 9 and 10. Frequency 
increment ΔΩ ranges from 10 to 40 rad/s by the step of 
10. During this analysis, 6 modes contaminated with 1% 
noise are considered. It should be mentioned that by con-
sidering the increment less than 10 rad/s, for some cases, 

(a) 1 damage delement (b) 2 damage delements

(c) 3 damage delements (d) 4 damage delements
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Fig. 5   Damage prediction of the beam for different damaged elements

(a) 1 damaged element (b) 2 damaged elements

(c) 3 damaged elements (d) 4 damaged elements

0
0.1
0.2
0.3
0.4
0.5

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Element Number

D
am

ag
e 

ra
tio

0
0.1
0.2
0.3
0.4

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Element Number

D
am

ag
e 

ra
tio

0
0.1
0.2
0.3
0.4
0.5

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Element Number

D
am

ag
e 

ra
tio

0
0.1
0.2
0.3
0.4

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

Element Number

D
am

ag
e 

ra
tio

Identified Damage Induced Damage Identified Damage Induced Damage

Identified Damage Induced Damage Identified Damage Induced Damage

Fig. 6   Damage prediction of the frame for different damaged elements
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the results will be slightly accurate, however, it increases 
the computational efforts significantly. The results show 
that the accuracy of the method is independent of the 
selected excitation frequency steps. By increasing the 
step, the speed of the damage detection process is sig-
nificantly increased. 

5.5 � Assessing the Method for a Larger Structure

The 45-element planar frame with 45 damage variables 
shown in Fig. 11 is considered for assessing the proposed 
method (Seyedpoor et al. 2018). The Young’s modulus and 
material density of the structure are 210 GPa and 7780 kg/
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Fig. 7   Damage predictions of the beam for different noise levels
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Fig. 8   Damage predictions of the frame for different noise levels
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m3, respectively. The sections (W12 × 87) and (W14 × 145) 
are used for the beam and the column, respectively. A hori-
zontal excitation is applied to node 6 and four sensor loca-
tions for measuring horizontal FRF are shown in Fig. 11.

Four damage scenarios provided in Table 3 are consid-
ered to illustrate the performance of the method. Based 
on the try and error method, the best number of the mode 
shapes considered is 10 modes and the frequency step is 
30 rad/s as well. The damage identification results of the 

method without considering noise are shown in Fig. 12. 
The outcomes confirm that the proposed method is able to 
identify the location and severity of damage properly, par-
ticularly when there are multiple damage cases in the frame. 

The damage identification outcomes of noise contami-
nated data (5% noise) are illustrated in Fig. 13. The results 
shown in the figure reveal that the damaged elements can be 
accurately detected by the proposed method and the outcome 
considering 5% noise poses adequate precision. Although by 

(a) 10rad/s step (b) 20rad/s step

(c) 30 rad/s step (d) 40 rad/s step
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Fig. 9   Damage predictions of the beam for different excitation frequency steps
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Fig. 10   Damage predictions of the frame for different excitation frequency steps
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considering noise, there are some disorders in the severity of 
damage, however, the damage location is identified correctly.

6 � Conclusions

An efficient method to locate and quantify damage in the 
structures using the changes of frequency response functions 
(FRFs) as a valuable dynamic characteristic has been intro-
duced. An objective function based on the FRFs of a healthy 
structure, damaged structure, an analytical model has been 
developed and then it has been minimized by taking advan-
tage of DEA as an optimization solver. The performance of 
the proposed method is evaluated by a cantilever beam as 
well as planar frame structures with considering different 
parameters. By investigating the numerical results, it has 
been observed that the number of used modes can be consid-
ered as an influential factor in the accuracy of the proposed 
method. In fact, considering less than a specific number of 
modes leads to incorrect results in damage detection. The 
specific number of modes is different from one example to 
another and needs to be identified by a sensitivity analysis. 
The proposed method can accurately identify damaged ele-
ments up to 4 elements. For higher numbers of damaged 
elements, the method should be examined. In addition, the 
selection of exciting frequency increment as an effective 
parameter in FRF does not affect the performance of the 
method significantly. Moreover, the efficiency of the method 
is investigated in noisy environments via considering 1%, 
3% and 5% standard error. Adding noise up to 5% has no 

Fig. 11   45-Element planar frame

Table 3   Damage scenarios for 45-element planar frame

Damage scenario Damaged element Damage ratio

1 20 0.25
2 20 0.20

32 0.30
3 9 0.30

18 0.20
36 0.25

4 10 0.30
30 0.20
40 0.25
42 0.35
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Fig. 12   Damage identification results of noise free data for 45-element frame
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considerable effects on the accuracy of the damage detection 
procedure. For the noise levels of higher than 5%, the sen-
sitivity analysis should be carried out. The results showed 
that the proposed method is strongly capable of finding the 
location and severity of structural damages even in the pres-
ence of noise. The results demonstrate the high efficiency of 
FRF based objective function in collaboration with DEA for 
determining the damage site and extent, while it needs FRFs 
in a few degrees of freedom of the structure.
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