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Abstract Shear band formation, as an instability problem,
is often analyzed as a bifurcation problem under plane
strain loading condition where the effect of intermediate
principal stress is ignored. However, the effect of inter-
mediate principal stress has a great impact on the strain
localization of sands and it has already been investigated
experimentally. In this study, “Single Hardening” consti-
tutive model is employed to capture the stress—strain rela-
tionships and to predict the onset of strain localization
under the true triaxial condition. The failure in dense sands
is found to be caused by shear band initiation near plane
strain loading condition and not by the theoretical failure
employed in the Single Hardening model.

Keywords Work hardening - Shear band - Sand -
Bifurcation analysis - Plasticity

1 Introduction

Shear banding as a bifurcation problem refers to the change
in the stress—strain response of materials due to instabilities
during loading (Rudnicki and Rice 1975). Many experi-
mental (Mooney et al. 1998; Wang and Lade 2001; Lade and
Wang 2001; Desrues and Viggiani 2004), theoretical and
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numerical (Bardet 1991; Hashiguchi and Tsutsumi 2007,
Sanborn and Prévost 2011; Badie 2014; Peri¢ et al. 2015;
Guo and Zhao 2016) works have been conducted to under-
stand the inception of localized deformation in soils. More-
over, study of the effect of intermediate principal stress on
the onset and growth of the shear band is very important
when some practical problems in the field of soil mechanics
are investigated, such as the bearing capacity of surface
footings or retaining wall thrust in contact with sand, in
particular, when a 2D model is employed to represent a 3D
problem. To account for this important effect, experimental
studies have been performed under true triaxial condition at
fixed intermediate principal stress ratio, b (defined as
(6, — a3)/(61 — a3), where, g, g, and o3 are defined as
major, intermediate and minor principal stress, respectively),
and show that the formation of the shear band appears to
cause the failure of soil samples, except for axisymmetric
compression condition (Wang and Lade 2001).

Here, the “Single Hardening” constitutive model is used
to numerically capture the stress—strain relationships of the
geomaterial under the true triaxial loading condition. Then,
the bifurcation analysis is conducted along with the
numerical simulations to analyze the onset of shear band-
ing and to compare the predicted results with a series of
experimental data.

2 Bifurcation Criterion

According to bifurcation theory, the condition for the onset of
shear banding is defined as follows (Rudnicki and Rice 1975):

det(n - D - n) = det(A®) =0 (1)

n and D are the unit normal vector to the shear band and
the fourth-order elasto-plastic  constitutive tensor,
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respectively. The second-order tensor AP is called the
elasto-plastic acoustic tensor. For a defined loading path, in
order for bifurcation to occur, Eq. (1) allows one or several
real solutions for n.

In Fig. 1 the geometric interpretation of n, under plane
strain and true triaxial conditions, is illustrated. It is
notable that Eq. (1) gives no information about the shear
band inclination under true triaxial loading condition
(Tamizdoust 2016).

3 Single Hardening Elasto-Plastic Constitutive
Model

The prediction of the onset of shear banding is strongly
dependent on the pre-localization constitutive relationship
(Gutierrez 2011). In this work, the Single Hardening elasto-
plastic constitutive model with a single yield surface is
used which has been developed for the behavior of fric-
tional materials such as sand, clay, concrete and rock (Lade
and Kim 1988).

The elastic stress—strain behavior is assumed to be
incrementally linear while a non-linear variation of
Young’s modulus with stress state (i.e., the confining
pressure) has been also involved (Lade and Kim 1995). The
Young’s modulus, E, can be expressed as follows:

Il 2 1+v Jz
—_— 6 el
(7) w27

where P, is the atmospheric pressure, M is the modulus
number, the exponent A is a constant dimensionless num-
ber. I; and J, are the first invariant of stress tensor and the
second invariant of deviatoric stress tensor, respectively.
The failure criterion is expressed in terms of the first and
the third stress invariants of the stress tensor as follows
(Lade and Kim 1995):

A

E = MP,

(2)

Fig. 1 Geometric interpretation
of shear band: a plane strain
condition, b true triaxial
condition
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The parameters #; and m are constant dimensionless
numbers. Moreover, Eqgs. (4) and (5) illustrate the yield
function and plastic potential, respectively, which are
written in terms of the three invariants of the stress tensor
(Lade and Kim 1995):
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The detailed interpretation of the material parameters, /1,
h, q, p, D, Y, and u can be found in Lade and Kim (1995).
W, is the plastic work which is a function of . The Single
Hardening constitutive model has 11 model parameters
which are to be determined from triaxial and isotropic
compression tests. These experimental data for dense Santa
Monica Beach sand are available in the literature and used
in this article after some slight modification.

4 Simulation of the True Triaxial Test

The Single Hardening constitutive model is employed to
simulate the experimental results of the true triaxial tests
on dense sands (Wang and Lade 2001) which are very
versatile in comparison with other simple geomaterials
models (e.g., that of Arabani and Veiskarami 2007). A
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computer code in MATLAB was developed for analyses.
Specimens were dense Santa Monica Beach sand with the
properties presented by Wang and Lade (2001). The tall
rectangular prismatic specimens had a height-to-diameter
ratio H/D = 2.47, and the confining pressure was 49 kPa.

The simulated true triaxial test results on dense sands
at various b values comprising 0.0, 0.41, 0.60 and 1.0 are
shown in Fig. 2. Comparison with experimental data
shows that the model predicts the pre-bifurcation stress—
strain relationships with a reasonable accuracy. For the
true triaxial compression test, i.e., b = 0.0, no bifurcation
point is numerically predicted. This is in agreement with
the experimental results which also show no bifurcation.
For the true triaxial extension test when b = 1.0, the
point of bifurcation is less clear. Experimental results
illustrate the bifurcation at & = 1% (peak point on
experimental results trend); however, the bifurcation the-
ory failed to predict the shear banding in hardening
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Fig. 2 Principal major strain versus stress ratio, bifurcation point and
principal major strain versus volumetric strain in true triaxial tests on
prismatic specimens of dense Santa Monica Beach sand with

regime. In the mid-range of b values, i.e., b = 0.41 and
b = 0.6, shear band occurs in hardening regime and the
bifurcation point is predicted with good accuracy (the
bifurcation point is in the vicinity of the peak of the
experimental results). Figure 3 presents the bifurcated
major principal strain ¢ and bifurcated normalized major
principal stress o at the onset of shear band predicted by
Single Hardening constitutive model. & and ¢% increase
with increasing b values in hardening regime and slightly
less than experimental results. For b > 0.60, the differ-
ence between the prediction and experiment results con-
siderably increases. This may be due to the non-coaxiality
between the principal stress and principal plastic strain
rate directions which becomes more effective for higher
b values. The investigation on the effect of non-coaxiality
is beyond the scope of this paper. The bifurcation point
coincides almost reasonably with the peak strength of the
real stress—strain data, indicating that the softening regime
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confining stress of 49 kPa a b = 0 (axisymmetric compression),
b b =041 (plane strain), ¢ b = 0.60, d b = 1.0 (axisymmetric
extension) (experimental data after Wang and Lade 2001)
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could be due to the formation of narrow shear bands in
the sample. This latter conclusion obviates any need for
soil models with the ability to capture softening behavior
which requires a negative plastic work hardening modulus
and inconsistencies with elements of plasticity theory. In
addition, the material strength at the onset of the shear
banding is quite less than that of the theoretical failure.
Having known this fact, many analyses in soil mechanics
may require further and more subtle attention to properly
include the material resistance when a limit load is
required.

5 Conclusions

An advanced and realistic constitutive model is used to
predict the behavior of sands under true triaxial test. The
model and the corresponding bifurcation analysis are
employed to simulate the true triaxial tests on dense sands.
For dense sands, the model gives out good pre-bifurcation
stress—strain relationship in all » values and the shear band
is predicted to occur at a wide range of b values except for
extreme values of b, i.e., near axisymmetric conditions
where shear banding occurs in softening regime and
smooth peak failure is obtained. But mid-range of the
b value and in the proximity of the plane strain condition,
the theoretical peak failure, serving as a target for the stress
path is never reached due to the shear band formation. In
contrast, a softening behavior is expected as a consequence
of the localization of deformation into shear bands. The
experiments are in agreement with this qualitative and
quantitative interpretation of failure in sand under three-
dimensional conditions. Therefore, the simple hardening
soil model can be reasonably applied to capture the shear
band formation and also to analyze the material strength at
the onset of shear banding.
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