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Abstract Fluid infiltration and imbibition into unsaturated
soil are of vital significance from many perspectives. Mathe-
matically, such transient flows are described by Richards’
equation, a nonlinear parabolic partial differential equation
with limited analytical solutions in the literature. However, the
choice of exponential model for water content and hydraulic
conductivity linearizes the nonlinear Richards’ equation,
making it possible to obtain an analytical solution via classical
approaches. In this study, separation of variables and Fourier
series expansion techniques are used to derive new analytical
solutions to 2-D vertical and horizontal infiltration and imbi-
bition into unsaturated soils for nonsymmetrical boundary and
nonuniform initial conditions. A total of 11 cases are con-
sidered, where high water content is imposed on the top, side,
or bottom edges of the sample and water is infiltrated (from the
top and/or side boundaries) and imbibed (from the bottom
boundary) into the sample. Residual water content and/or no-
flow boundary condition are assumed on other edges of the
sample. Initial conditions include 7 cases of constant residual
water content, 2 cases of sinusoidal, and 2 cases of exponential
water content functions over the sample. Presented analytical
solutions are such that both steady and unsteady solutions may
be obtained from a single closed-form solution. Two-dimen-
sional and 3-D plots of water content are presented for the
transient as well as steady-state conditions. To illustrate the
use of the derived equations, water content values from
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numerical solutions are compared to those from analytical
solutions for four cases, showing a maximum error of <2 %.
The presented analytical solutions may be used as a bench-
mark for verification and accuracy assessment of numerical
approaches where nonsymmetrical boundary and/or nonuni-
form initial conditions exist.
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Initial-boundary value problems

1 Introduction

Fluid infiltration into unsaturated soil is of vital signifi-
cance from many perspectives. Hydrogeologists, environ-
mentalists, and water resource planners each view water
and pollutant infiltration into unsaturated zone from their
own viewpoints. A phreatic aquifer is replenished from
above by water from various sources: precipitation, irri-
gation, artificial recharge, etc. In all cases, water moves
downward, from ground surface to the water table, through
the unsaturated zone. The understanding of and, conse-
quently, the ability to calculate and predict the movement
of water in the unsaturated zone is therefore essential when
we wish to determine the replenishment of a phreatic
aquifer (Bear and Chang 2010).

Transient fluid flow through unsaturated soil is usually
described by Richards’ equation derived by combining
Darcy’s law and conservation of mass. The equation is a
nonlinear parabolic partial differential equation (PDE) for
which many numerical and limited analytical solutions
exist.

However, the choice of exponential model for water
content and hydraulic conductivity linearizes the nonlinear
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Richards’ equation, making it possible to obtain an ana-
lytical solution via classical approaches.

In the last two decades, many numerical techniques have
been proposed to investigate water flow infiltration through
unsaturated soils. These techniques include finite differ-
ence method (FDM), finite element method (FEM), finite
volume method (FVM), hp—FEM, and time splitting
method (An et al. 2011, 2012; Diaw et al. 2001; Manzini
and Ferraris 2004; Solin and Kuraz 2011; Paulus et al.
2013; Fahs et al. 2009; Montazeri Namin and Boroomand
2012; Johari and Hooshmand 2015; Akbari et al. 2012).
Analytical solutions, on the other hand, are mainly offered
for one-dimensional flow of water through the soil and for
restrictive boundary and initial conditions. Exact analytical
solutions are desirable because they give a better insight
compared to a discrete numerical solution. As such, ana-
lytical solutions may be used as benchmark or reference
results to test and verify numerical algorithms and codes.
Though useful, analytical solutions to transient water
infiltration into unsaturated soil samples for various
boundary and initial conditions are still lacking.

Parlange et al. (1997) presented a general approximation
for a solution to 1D Richards’ equation. Mollerup (2007)
used Philip equation and showed that the power series
solution may be applied for variable head ponded infiltra-
tion, when the ponding depth is described as a power ser-
ies. Menziani et al. (2007) presented solutions to the
linearized one-dimensional Richards’ equation for discrete
arbitrary initial and boundary conditions. The result was
soil water content at any required time and depth in a
domain of semi-infinite unsaturated porous medium. Tracy
(2006) developed clean two- and three-dimensional ana-
lytical solutions of Richards’ equation for testing numerical
solvers. Also, Tracy (2007) obtained three-dimensional
analytical solutions for Richards’ equation when a box-
shaped soil sample with piecewise-constant head boundary
conditions on the top is utilized.

Chen et al. (2001) are developed multidimensional
infiltration with arbitrary surface fluxes by a Fourier inte-
gral transform. They used exponential model to represent
the hydraulic conductivity and pressure relation and the
soil water release curve.

Wang et al. (2009) developed an algebraic solution for
one-dimensional water infiltration and redistribution with-
out evaporation. They established a relationship between
Green—Ampt model and the algebraic solution to analyze
physical features of the soil parameters. Ghotbi et al. (2011)
applied homotopy analysis method (HAM) to solve the
equation analytically and showed that the method is supe-
rior over traditional perturbation techniques in the sense that
it was not dependent on the assumption of a small parameter
as the initial step. Nasseri et al. (2012) presented three major
cases for the governing PDE solved by traveling wave

‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘

solution (TWS) method using general and modified forms
of tanh functions. They used TWS as an initial value
problem and considered the typical forms of diffusivity and
conductivity functions proposed by Brooks and Corey
(1964). Huang and Wu (2012) developed analytical solu-
tions to 1D horizontal and vertical water infiltration in
saturated—unsaturated soils. They considered variations of
influx over time. Asgari et al. (2011) applied exp-function
method to 1D Richards’ equation to evaluate its effective-
ness and reliability and to reach a more generalized solution
to the problem. They used Brooks and Corey (1964) model
for soil properties. Basha (2011) developed approximate
solutions to Richards’ equation for rational forms of the soil
hydraulic conductivity and moisture retention functions by
a perturbation expansion method.

A number of researchers investigated analytical solu-
tions to the 1D Richards’ equation by variational iteration
method (VIM) (He 1998; Moghimi and Hejazi 2007,
Wazwaz 2007), and Adomian decomposition method
(ADM) (Nasseri et al. 2008; Serrano and Adomian 1996;
Serrano 1998, 2004; Pamuk 2005). They used ADM and
VIM in an initial value problem for the equation; however,
the series solution obtained by ADM and VIM often did
not satisfy the PDE. A number of researchers studied
analytical solutions for Richards’ equation in infinite and
semi-infinite domains by TWS, Green function, and
exponential time integration methods (Zlotnik et al. 2007,
Basha 1999; Carr et al. 2011; Jaiswal et al. 2011). Also,
Carr and Turner (2014) presented a new numerical
approach for a Richards’ equation model of infiltration into
unsaturated soils based on an unstructured vertex-centered
finite volume method (FVM) and an exponential time
integration method.

Unlike the literature, the current study presents new
analytical solutions to linearized Richards’ equation for
two-dimensional water infiltration and imbibition subject
to nonsymmetrical boundary and nonuniform initial con-
ditions. A total of 11 cases are considered, where high
water content is imposed on the top, side, or bottom edges
of the sample and water is infiltrated (from the top and/or
side boundaries) and imbibed (from the bottom boundary)
into the sample. Residual water content and/or no-flow
boundary condition are assumed on other edges of the
sample. Initial conditions include 7 cases of constant
residual water content, 2 cases of sinusoidal and 2 cases of
exponential water content functions over the sample. Pre-
sented analytical solutions are such that both steady and
unsteady solutions may be obtained from a single closed-
form solution. Two-dimensional and 3-D plots of water
content are presented for the transient as well as steady-
state conditions. To illustrate the use of the derived equa-
tions, water content values from a numerical solution are
compared to that from an analytical solution for four cases.
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2 Governing Equation Top Boundary
3
The movement of water flow in unsaturated soil is
described by Richards’ equation. This equation is devel-
oped by the combination of continuity and Darcy’s law as a b| side Boundary Side Boundary

momentum equation. This equation is expressed in differ-
ent forms. The 3-D 0-based form of the equation is
(Richards 1931):

00 0 00 0 00
a—a(w a) *a—y(lw) @)

0 o0

+a—Z<DZ(0)a—Z+KZ(0)) (1)

a0
is soil water diffusivity for an isotropic media, (L) is the soil

where 0 (ﬁ—;) is the volumetric water content, D(0) = K(0) &

water pressure head (tension head in unsaturated zone), K (%)
is the hydraulic conductivity, #(7) is the time, and Z(L) is the
vertical space coordinate (upward positive). Water diffu-
sivity, hydraulic conductivity, and water content are func-
tions of soil water pressure head. Various empirical
relationships have been used to relate K and 0 to & (Brooks
and Corey 1964; Van Genuchten 1980; Haverkamp et al.
1990; Fredlund and Xing 1994). Basha (1999) described K
and 6 in terms of & by the exponential expression:

0—0,

00, S = exp(ah) (2)
0—0,
K(G) = Ksm = KSS = KS eXp(OCh) (3)

where 0, is the residual water content, 0, is the saturated
water content, K (%) is the saturated hydraulic conductiv-
ity, and «(}) is the pore size distributions index. As stated
by Basha (1999), in most cases, the expressions (2) and (3)
do not fit experimental data very well over the entire range
of h observed. However, they are applicable to situations
where the water content variations are relatively small.
Also, Tracy (2006, 2007) compared Van Genuchten model
(1980) with exponential model (Egs. 2, 3) for one type of
soil and concluded that the exponential model for
description of properties of unsaturated soils can pass a
physically reasonable criteria.
Substituting (2) and (3) into D(0) gives:

D) = KO 55 = 7555 @

Replacing Egs. (2), (3), and (4) into Eq. (1) provides a
linear form of Richards’ equation.

%— @—FD@—FD@—F]"a—G (5)
or ox? 0y? 072 0z

Bottom Boundary

a

Fig. 1 Vertical section of a homogeneous soil sample in a 2-D (x, z)
plane

where D and f are:

K; K;
D=———, f=—7+— 6
a(0,—0,) (0,—0,) (6)
In the present work, new two-dimensional analytical
solutions are derived for Eq. (5) subject to nonsymmetrical
boundary and nonuniform initial conditions.

3 Analytical Solutions for 2-D Water Infiltration

Richards’ equation in a vertical 2-D plane (X, z) may be
expressed as (Eq. 5):

o0 90 00 %0

g_Da_z2+f6_z+D@ (7)
where D and f are defined before. Clearly, the equation
contains gravity effect in g—g term, a term that differentiates
z- from x-axis. Two-dimensional vertical water infiltration
has many applications in real world. To find analytical
solutions for such applications, many simplifications shall
be considered. As an example, vertical section of a
homogeneous soil sample may be considered (Fig. 1) and
subjected to various boundary and initial conditions.
Unsteady analytical solutions to different boundary and
initial conditions are sought in this section. Known high
water contents of 0y(>> 0,) and/or no-flow conditions are
applied on the boundaries, and known water content dis-
tributions over the sample are used as the initial conditions.

3.1 Case 1: Infiltration From Top and Side
of the Sample

As a practical case, ponding an initially drained (to 0,)
aquifer would cause the ground surface (as a boundary) to
become saturated or close to it (6p). If an intermittent
irrigation stream exists on the side and injects flow into the

72, Q) Springer
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0(x,b,t) = 6,

b | 600,zt)=6, 6(a, z,t) = 6y

6(x,z,0) = 6,

0(x,0,£) = 6,

a

Fig. 2 Boundary and initial conditions for infiltration from top and
side of the sample (case 1)

aquifer by maintaining a high water content there (6y), then
vertical and horizontal infiltrations would occur from the
ground surface and side of the aquifer. In this case,
boundary and initial conditions may be mathematically
expressed as:

0(07 Z, t) = 6” H(Ga Z, t) = 00 (Sa)
0(x,0,1) = 6, 0(x,b,1) = 0o (8b)
0(x,2,0) = 0, (8¢)

A schematic view of the problem statement is shown in
Fig. 2.

A single closed-form analytical solution is sought that
encompasses both steady and unsteady solutions. Thus, the
general form of such a solution may be expressed as a
combination of a steady (W) and an unsteady (V) term:

0(x,z,t) = V(x,z,t) + w(x, 2) 9)

Obviously, nonhomogenous boundary conditions are to
satisfy w(x, z), the steady solution, and homogenous
boundary conditions are for V(x, z, ), the unsteady solu-
tion. Substituting (9) into (7) and (8a)—(8c) yields:

2 2
%7‘2/+f%—:+D%7‘2/—%—‘;:0 (10a)
V(x,0,) =0 V(x,b,t)=0 (10b)
V(0,z,t) =0 V(a,z,t) =0 (10c)
V(x,2,0) = 0,—w(x,z2) (10d)
Similarly, the PDE for w(x, z) may be written as:
D%%Jrf%—jJrDaa%zo (11a)
w(x,0) =0, w(x,b) =0 (11b)
w(0,2) =0, w(a,z) =0 (11¢)

If w(x, z) is assumed to have two components as:

2, &) Springer

wi(x, z) = u(x,2) +q(x) (12)
then the PDE for u(x, z) and g(x) may be written as:

Dq"(x) =0 (13a)
q(a) = 0o, ¢(0) =0, (13b)
Dg—l—fg—z—i—DngZ:O (14a)
u(0,z2) =0 u(a,z) =0 (14b)
u(x,0) =0, — q(x) u(x,b) = 0p—q(x) (14c¢)

Utilizing separation of variables for u(x, z), one would
get w(x, z) as:
LN . .

w(x,z) = e Z sin(fx)[Asinh(tz) + Bjcosh(tz)]
n=1

0y — 0,

a

+

x+9r (15)

where =", n=1,2,3,...,00,and t =% (L)2—|—4ﬂ2.
Also, Ay and Bf, are defined as:

a

2 [60,—00 . 2(0, — o) (—1)"""
=2 [ sin(p o) (162)
0
— 200 ((_1)" 1)+ B*( 1 — e~3" cosh(th
Y DB (1o o)

" e~ sinh(zb)

Now, utilizing separation of variables for V(x, z, 1):
Vix,z,1) = Z(2)X(x)T(2) (17)
And substituting (17) into (10a), one would get:

Xl/ Z// le lTl
S U 18
X 7 bz pr H (18)

where yu is an arbitrary constant. If u<0, say u = —A2,
A > 0, then considering the boundary conditions of (10c),
X(x) in (18) may be written as:

X, = Cisin(x), A=, n=123,...00 (19
a

where C: is a constant. Substituting —J? into (18) for XYH

yields:

VAR A 17

I R AR 20

z bz " TpT =" (20)

where p is an arbitrary constant. If p > 0, then a trivial
solution for Z(z) in (20) would be obtained. If p < 0, say

p=—y— (%)zi, 7 > 0, then applying the boundary con-
dition of (10b) in (20) would yield Z(z) as:

Zm:D;e’%zsin(yz), y:%, m=1,2,3,...,00 (21)



Iran J Sci Technol Trans Civ Eng (2016) 40:219-239

223

where D:1 is a constant. Also, 7(¢) in (20) becomes:

T=E e (242 +(5)Y)or (22)

where E,,, is a constant. Substituting (19), (21), (22) into
(17) yields:

V(62,0 =33 Cune # sin(yz) sin(x)e™ (74746 1)or

m=1 n=1

(23)

where C,,, is C,;D; E; . Substituting the boundary condi-
tion of (10d) into (23) and using Fourier series properties

for (23), C,,, is written as:
a b
4 £ Fon .
Com = (0,7 — w(x, z)e) sin(yz) sin(Ax)dzdx
00

2

4( 1 <A;ysinh(w)(—1)’”“
b

b 72 + 92

iﬂ (y cosh(zb)(—1)""! -|-V) )

+12—|—/

0,—0)(-=1)"" 1 .
+ O}ifz ) (L) 42 (eZLDbV(_l) Hﬂ))
Y

Substituting (15) and (23) into (9), 0(x, z, t) would be:

0(x,z,t) = Z Z Cyme 7 sin(yz) sin(/x)e ™ (7474 (5)"1)

m=1 n=1

+ e Z sin(fix)[A,sinh(tz) 4 Bjcosh(tz)]
n=1
0o—0,

+——x+0,
a

(25)

As seen, the equation consists of four terms: a function
of (x, z, 1), a function of (x, z), a function of x only, and a
constant. All boundary and initial conditions of (8a)—(8c),
as well as the PDE (Eq. 7), are satisfied by (25).

Ast — o0, the first term vanishes, and the rest remain as
residuals or the steady-state solution. In Eq. 25, summation
convergence occurs very rapidly, partly because n and
m (showing number of terms in the summation) lie in
denominators of summations coefficients. Furthermore,
due to the presence of a time-dependent exponential decay
term in the first term of Eq. 25, many terms are needed for
summation calculation at early times, while at longer times,
often a handful of terms is sufficient to obtain a reasonable
accuracy.

In order to confirm summations convergence in Eq. 25,
water content at different positions is calculated using
summations truncation with different values of n and m
(Table 1). The table is generated for the following
parameters:

t =30 min, a = 100 cm, b = 100 cm, 0y = 0.3, 0,
=0.0286, 0, = 0.3658, 0. = 0.0l cm™', K,
=10"3cm s™!

To be consistent with the literature, 60y, 0,, 05, o and
Kvalues studied by Huang and Wu (2012) and Montazeri
Namin and Boroomand (2012) are selected. As seen in
Table 1, change in water content is negligible at n and
m =1 to 10 and higher. As a consequence, 0 was calcu-
lated for n = m = 1 to 10 in Eq. 25.

To illustrate the use of the derived equations, water con-
tent values from an explicit scheme finite difference method
(FDM) solution (to Eq. 7) are compared to the analytical
solution (Eq. 25) for # = 30 min and various values of x and
z (columns 7 and 8 in Table 1). Ninth column shows

Table 1 Water content values for the analytical solution (with different summation truncations), FDM solution (with different mesh sizes), and

the relative error for case 1 at ¢+ = 30 min

X (cm) z(em)  Oanayiicans 0 Anayticals 0 Anatyticats 0 Anatyticats Orpm, At =15 s, Orpm, At =25, Error rejacive
m=n=5 m=n=10 m=n=15 m=n=20 Az=Ax=5cm Az=Ax=25cm (%)
20 30 0.0377 0.0376 0.0376 0.0376 0.0343 0.0369 1.86
20 70 0.1037 0.1026 0.1026 0.1026 0.0854 0.1014 1.16
40 30 0.0518 0.0518 0.0518 0.0518 0.0459 0.0508 1.93
40 70 0.1416 0.1399 0.1399 0.1399 0.1170 0.1376 1.64
50 20 0.0535 0.0537 0.0537 0.0537 0.0486 0.0529 1.48
50 80 0.2000 0.2039 0.2039 0.2039 0.1750 0.2001 1.86
60 40 0.1011 0.1011 0.1011 0.1011 0.0907 0.0995 1.58
60 60 0.1425 0.1425 0.1425 0.1425 0.1240 0.1398 1.89
80 20 0.1413 0.1421 0.1421 0.1421 0.1329 0.1411 0.70
80 80 0.2488 0.2489 0.2489 0.2489 0.2357 0.2446 1.72
90 10 0.1674 0.1600 0.1600 0.1600 0.1528 0.1583 1.06
90 50 0.2434 0.2434 0.2434 0.2434 0.2383 0.2388 1.88

@ Springer
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Fig. 3 Water content contours (a) 100

(b) 100

based on Eq. (25) for:

at=5min, bt =15 min, 80
¢ t = 60 min, and d steady state
60

Depth {cm)

40

20

20 40 B0 80
Distance { cm)

0.3

80

60

Depth (cm)

40

20

0 20 40 60 80 100
Distance (cm)

025

20 40 60 80
Distance (cm )

Water Content ( )

Depth (cm )

Distance ( cm )

Fig. 4 3-D plot of water content—depth—distance based on the
analytical solution for case 1 (Eq. 25) for the steady-state condition

HAnal tical — 0Numerical
O | x 100 %

Errorgetative =

| 0Analytical |

based on columns 4 (incorporating > 100 summation
terms) and column 8 (FDM for At = 2 5, Az = 2.5 cm and
Ax = 2.5 cm). As shown, errors are all <2 % which may
be deemed reasonable.

Based on Eq. (25), water content contours are drawn in
Fig. 3a—dforr = 5, 15, 60 min and steady state, respectively.

Graphs clearly show the infiltrating water content front
that remains at 8 = 0.3 on the top (z = 100 cm) and right
(x = 100 cm) edges of the soil sample and at the residual
value of 0, =0.0286 on the bottom (z = 0) and left
(x =0 cm) edges. A 3-D plot of water content—depth—
distance for steady state (corresponding to Fig. 3d) is also
visualized in Fig. 4.

) @ Springer

20 40 60 80
Distance { cm)

3.2 Case 2: Infiltration from Top and Imbibition
from Bottom of the Sample

As a practical case, ponding an initially drained (to 0,)
aquifer would cause the ground surface (as a boundary) to
become saturated or close to that (0p). If a shallow water
table exists at the bottom of the aquifer and maintains a
high water content there (0y), then vertical infiltration from
top and imbibition from bottom of the soil would occur. In
this case, boundary and initial conditions may be mathe-
matically expressed as:

0(0,2,1) = 0, 0(a,z,1) =0, (26a)
0(x,0,1) = 0y 0(x,b,1) = 0o (26b)
0(x,z,0) = 0, (26¢)

Following similar mathematical procedure as before
(case 1), the answer for 0(x, z,1) would be:

05,200) =D > Coe sin(32)sin(a)e (77601
m=1 n=1

f
e_ﬁz

Mz

sin(fx)[A,sinh(tz) + Bjcosh(tz)] + 0,

3
Il
-

(27)

where C,,,A; and B; in the case are defined as:
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Fig. 5 Water content contours (@) 100 (b) 100
based on Eq. (27) for:
at=5min, bt =15 min, a0 80
¢ t = 60 min, and d steady state _ —
£ &0 5 60
z £
§' 40 § 40
20 20
D ‘A;‘A‘ 1 : 2 1 D 1 R |
1] 20 40 60 80 100 20 40
Distance (cm ) Distance (cm )
(c) 100 d)
0.25 025 0.25 0.25
€ €
o =)
£ £
& &
(=] (=]
025 oo 02y s
0 20 40 60 a0 100 ’ 0 20 40 60 80 100

Distance (cm )

Fig. 6 3-D plot of water
content—depth—distance based
on the analytical solution for
case 2 (Eq. 27) for the steady-
state condition

Water Content ( §)

a b
4
Con =7 / [ (00 — i) s sina)dzan
0

4( 1 (Azysinh(zb)(—D)""!
2 492

s (rems 1))

b

[\)

(28a)
“ (1 — e~ cosh(th
At Bn( cosh( )) (280)

¢~ sinh(th)

Also, 7, 4, f and 7 are identical to what was defined in
case 1. As seen, Eq. (27) consists of three terms: a
function of (x, z, ), a function of (x, z), and a constant.
All boundary and initial conditions of (26a)—(26c), as

Distance {cm)

40 60

0 40

Depth {cm) Distance { cm )

well as the PDE (Eq. 7), are satisfied by (27). As
t — oo, the first term vanishes, and the rest remain as
residuals or the steady-state solution. Similar to case 1, 6
is calculated for n = m =1 to 10 in Eq. 27. Based on
the equation, water content contours are drawn in
Fig. 5a-d for r=35, 15, 60 min and steady state,
respectively. Soil parameters used for the problem are
identical to those used in case 1.

Graphs clearly show the infiltrating water content front
that remains at 6, = 0.3 on the top (z = 100 cm) and bot-
tom (z = 0 cm) sides of the soil sample and at the residual
value of 6, =0.0286 on the right (x = 100) and Ileft
(x = 0 cm) sides of the sample. Figures do not have sym-
metry about z =2line due to ¥ term in Eq. (7) which
represents the gravity term. Therefore, water content values
on the upper half of the sample (where z > b/2) are some-
what greater than the values on the lower half. A 3-D plot of
water content—depth—distance for steady-state condition
(corresponding to Fig. 5d) is also visualized in Fig. 6.

@ Springer
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3.3 Case 3: Infiltration from Top and side,
Imbibition from Bottom of the Sample

This case is a combination of two previous cases, whereby
soil sample is initially drained to 6, and exposed to a high
water content (6p) on top, bottom, and one side and to a
low water content (0,) on the other side. Boundary and
initial conditions may be mathematically expressed as:

0(0,2,1) =0, 0(a,z,1) = 0o (29a)
0()6,0,[) =0y 0(x7b7t) =0y (29b)
0(x,z,0) = 0, (29¢)

Following similar mathematical procedure as before
(case 1), the answer for 0(x, z,t) would be:

00,2,1) =3 Cone # sin(yz2) sin(ix)e (17 +(5) 1)

m=1 n=1
; 00
+¢7 Y sin(fx)[Alsinh(tz) 4 Bicosh(tz)]
n=1
6o—0,
+ 0 X+0r (30)

where Cy,, v, A, B, and T are identical to what was defined
in case 1. A: is identical to case 2; however, Bf,is defined
as:

_2(00—0))

Similar to previous cases, 0 is calculated forn = m = 1 to
10 in Eq. 30.

Based on the equation, water content contours are drawn
in Fig. 7a-d for t+ =35, 15, 60 min and steady state,
respectively. Soil parameters used for the problem are
identical to those used in case 1.

Graphs clearly show the infiltrating water content front
that remains at 6, = 0.3 on the top (z = 100 cm), bottom
(z =0 cm), and right side of the soil sample, while the
residual water content of 0, = 0.0286 is maintained on the
left (x = 0) side. Again, figures do not have symmetry
about 7 = gline due to % term in Eq. (7) which represents
the gravity term. Therefore, water content values on the
upper half of the sample (where z > b/2) are slightly
greater than the values on the lower half. A 3-D plot of
water content—depth—distance for steady state (corre-
sponding to Fig. 7d) is also visualized in Fig. 8.

3.4 Case 4: Infiltration from Top with No Flow
on One Side of the Sample

Again, a practical case is considered whereby ground sur-
face ponding occurs on an initially drained (to 0,) aquifer,
causing infiltration from the top boundary. If one side of
the aquifer is impervious, then boundary and initial con-
ditions may be mathematically expressed as:

B, =—— (31) a0
! nm 5 (020 =0 0(az1) =0, (32a)
X
Obviously, boundary and initial conditions of (29a)—
Y Y ) 0(x,0,6) = 0, 0(x,b,1) = 0 (32b)
(29¢), as well as the PDE (Eq. 7), are satisfied by (30).
Fig. 7 Water content contours (a) 100 (b) 100 03
based on Eq. (30) for: : )
at=5min, bt= 15 min, a0 80
¢t = 60 min, and d steady state — .
£ 80 £ &0
240 J‘é 40
[m] (]
20 20
: B25
0 e, 0 h i i
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w(x,0) =0, w(x,b) =0 (35b)
ow

g 03 a (Oa Z) =0 w(a,z) = er (350)
H 0.2
E . If w(x, z) is assumed to have two components as:
3 .
e w(x,z) = u(x,z) +q(x) (36)
then the PDE for u(x, z) and g(x) may be written as:
Depth (cm) Distance (cm )
. Dq"(x) =0 (37a)
Fig. 8 3-D plot of water content—depth—distance based on the
analytical solution for case 3 (Eq. 30) for the steady-state condition q’ (0) =0 q(g) =0, (37b)
%u Ou O%u
0Ceb,8) = 6 Dastfa, P52 =0 (38a)
Ou
P (0,z2) =0 wu(a,z) =0 (38b)
b u(x,0) =0, — q(x) u(x,b) = 0p—q(x) (38¢)

6(a,z,t) =6,

6(x,0,£) = 6,

a

Fig. 9 Boundary and initial conditions for infiltration from fop and
no flow on one side of the sample (case 4)

0(x,z,0) = 0, (32¢)

A schematic view of the problem statement is shown in
Fig. 9.

A single closed-form analytical solution is sought that
encompasses both steady and unsteady solutions. Thus, the
general form of such a solution may be expressed as a
combination of a steady (w) and an unsteady (V) term:

0(x,z,1) = V(x,2,1) + w(x,2) (33)

Obviously, nonhomogenous boundary conditions are to
satisfy w(x, z), the steady solution, and homogenous
boundary conditions are for V(x, z, ), the unsteady solu-
tion. Substituting (33) into (7) and (32a)—(32c¢) yields:

v v PV oV
7 hadl - 4
072 +f 0z + oxz ot (342)
ov
—(0,z,t) =0 V(a,z,t) =0 (34b)
Ox
V(x,0,1) =0 V(x,b,t)=0 (34c¢)
V(x,2,0) = 0, —w(x,2) (34d)
Similarly, the PDE for w(x, z) may be written as:
w ow w
D— —+D—=0 35
072 +f 0z + ox2 (352)

The solution to (37a) with boundary condition of (37b)
is g(x) = 0,. Utilizing separation of variables for u(x, z) as:
u(x,z) = Z(z)X(x) (39)

And substituting (39) into (38a), one would get:
X// le f Z/

4 __ & _JE 4
x "~z pz * (40)

where p is an arbitrary constant. If u > 0, then a trivial
solution for X(x) in (40) would be obtained. If u < 0, say
1= —p% p >0, then applying the boundary conditions of
(38b) in (40) would yield X(x) as:

2n —1
X, = A, cos(fx), B :%, n=1,2,3,...,00
(41)
Substituting —p* into (40) for £ and applying the
boundary condition of u(x,0) = 0, — g(x) in (38c) yields:
| 2
Z= Cle_%Z sinh(tz), 7== ! +4p* (42)
2 D
Substituting (41) and (42) into (39) would give:
o0
u(x,2) = ¢ % > A’ cos(fx)sinh(zz) (43)
n=1

where A;k, is A,,C;. Now, using the boundary condition of
u(x,b) = 0y—q(x) in (38c) and Fourier series properties,
A, in (43) would be obtained as:

4(00 - er)(_l)nJrl

A= 7 (44)
n(2n — 1)e~ 7" sinh(b)

Utilizing separation of variables for V(x, z, f) as:

V(x,z,1) = Z()X(0)T(1) (45)
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And substituting (45) into (34a), one would get:

X// Zl/ le lT/
_——= —— — —— —_—= 4
X Zz pz pT * (46)

where p is an arbitrary constant. If u<0, say u = e
A > 0, then considering the boundary conditions of (34b),
X(x) in (46) may be written as:

(2n— 1)z

X, = ) A=
w = C,cos(Ax), % ,

n=1,2,3...,00
(47)

where C, is a constant. Substituting -)% into (46) for XYH
yields:

=+ —===p (48)
where p is an arbitrary constant. If p > 0, then a trivial

solution for Z(z) in (48) would be obtained. If p < 0, say

p=—V— (%)2%, v > 0, then applying the boundary con-
dition of (34c¢) in (48) would yield Z(z) as:

mn
7

where B,, is a constant. Also, 7(¢) in (48) becomes:

Z,,,:B,,,e’%zsin(vz)7 v= m=1,23,...,00 (49)
T = o (P () 3o (50)

where C is a constant. Substituting (47), (49) and (50) into
(45) yields:

00 00 2
V(.X, Z, [) = Z ZAmneizfinZ Sil’l(VZ) COS(;uX)e_ ()“2+\’2+(/5) %)Dt

m=1 n=1
(51)

where A,,, is C,B,,C. Substituting the boundary condition
of (34d) into (51) and using Fourier series properties for
(51), A,,,,, is written as:

a b
4 X
Apn :79/ /(Qresz’Z — w(x, z)eﬁz) sin(vz) sin(Ax)dzdx
a
00

2 (Avsinh(tb)(—1)"""
-y ) -

72 12

Substituting (36), (43) and (51) into (33), O(x, z, t) would
be:

0z =3

m=1 n=1

00 2
Apme sin(vz) cos(ix)e” (704 (5) ) or

8

e ZAZ cos(px)sinh(z) + 0, (53)
n=1

Boundary and initial conditions of (32a)—(32c), as well
as the PDE (Eq. 7), are all satisfied by (53). As seen,
Eq. (53) consists of three terms: a function of (x, z, ), a
function of (x, z), and a constant. As t — oo, the first term
vanishes, and the rest remain as residuals or the steady-
state solution.

In order to confirm summations convergence in Eq. 53,
water content at different positions is calculated using
summations truncation with different values of n and
m (Table 2). The soil parameters used for the problem are
identical to those used in case 1. As seen in Table 2, change
in water content is negligible atn and m = 1to 10 and higher.
As a consequence, 0 is calculated for n = m = 1 to 10 in
Eq. 53. To illustrate the use of the derived equations, water
content values from an explicit scheme finite difference

Table 2 Water content values for the analytical solution (with different summation truncations), FDM solution (with different mesh sizes), and

the relative error for case 4 at t = 30 min

x (cm) z (cm) 0 Anatyticals 0 Anatyticals 0 Anatyticals 0 Anatytical» Orpm, At = 15 s, Orpm, At =25, Error getative
m=n=5 m=n=10 m=n=15 m=n=20 Az=Ax=5cm Az=Ax=25cm (%)
20 30 0.0407 0.0407 0.0407 0.0407 0.0347 0.0401 1.47
20 70 0.1404 0.1406 0.1406 0.1406 0.1117 0.1378 1.99
40 30 0.0403 0.0403 0.0403 0.0403 0.0345 0.0401 0.49
40 70 0.1392 0.1391 0.1391 0.1391 0.1105 0.137 1.50
50 20 0.0337 0.0337 0.0337 0.0337 0.0309 0.0331 1.78
50 80 0.1856 0.1860 0.1860 0.1860 0.1575 0.184 1.07
60 40 0.0491 0.0491 0.0491 0.0491 0.0399 0.0485 1.22
60 60 0.0932 0.0932 0.0932 0.0932 0.0720 0.0916 1.71
80 20 0.0314 0.0314 0.0314 0.0314 0.0299 0.0309 1.59
80 80 0.1474 0.1463 0.1463 0.1463 0.1250 0.1435 1.91
90 10 0.0291 0.0291 0.0291 0.0291 0.0288 0.0288 1.03
90 50 0.0418 0.0418 0.0418 0.0418 0.0367 0.0411 1.67
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method (FDM) solution (to Eq. 7) are compared to the
analytical solution (Eq. 53) for f = 30 min and various
values of x and z (columns 7 and 8 in Table 2). Ninth column
shows Errorge;agve based on columns 4 (incorporating > 100
summation terms) and column 8 (FDM for At =2s
Az = 2.5 and Ax = 2.5 cm). As shown, errors are all <2 %
which may be deemed reasonable.

Based on the equation, water content contours are drawn
in Fig. 10a—d for r =35, 15, 60 min and steady state,
respectively.

Graphs clearly show the infiltrating water content front
from the top side of the soil sample (z = 100 cm) that
remains at 6y = 0.3 there, and the residual value of
0, = 0.0286 is retained on the right (x = 100) and bottom
(z = 0 cm) sides. Evidently, water content contours are
perpendicular to the left side of the sample, confirming a
no-flow boundary condition there. A 3-D plot of water
content—depth—distance for steady state (corresponding to
Fig. 10d) is also visualized in Fig. 11.

3.5 Case 5: Infiltration from Top and One Side
with No Flow on the Other Side of the Sample

This case is similar to the previous case, except for the fact
that the sample is infiltrated from both the top and one side.
Boundary and initial conditions for this case may be
mathematically expressed as:

@(O,z, 1)=0 0(a,z,t) =0

- (54a)

Fig. 10 Water content contours
based on Eq. (53) for:
at=>5min, bt =15 min, 80
¢ ¢t = 60 min, and d steady state
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0(x,0,8) = 0, 0(x,b,1) = 0o (54b)
0(x,2,0) = 0, (54c)

Following similar mathematical procedures as before
(case 4), the answer for 0(x, z,¢) would be:

0(x,2,1) = Z ZAmne_Zf_Dz sin(vz) cos(/x)e” (244 (5)3) r

m=1 n=1

e W Z cos(fx)[Alsinh(tz) + Bcosh(tz)] + 0y

n=1

(55)

where A, ArandB), in the case are defined as:

Water Content ( §)

Depth (cm) Distance (cm )

Fig. 11 3-D plot of water content—depth—distance based on the
analytical solution for case 4 (Eq. 53) for the steady-state condition

03 (b)go
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Fig. 12 Water content contours (a) 100 (b)100 03
based on Eq. (55) for: ‘ 02 02
at=5min, b= 15 min, 80 a0
¢ t = 60 min, and d steady state = —
£ &0 g 60
g w £ w0
(=) (=]
20 20
0 0
0 20 40 B0 40 60 80
Distance (cm ) Distance (cm)
(c) 100 )
a0}
£ 60 E
z E
g 40 g
[=] [m]
20
0 P2
0 20 40 60 0 20 40 60 80 100
Distance {cm ) Distance (cm )
a b right (x = 100 cm) side of the sample, with the residual
Amn _i / / rewz w(x Z)EZDZ) sin(vz) cos(Ax)dzdx value of 0, = 0.0286 on the bottom (z = 0 cm) side. Again,
ab o water content contours are perpendicular to the left side of

2 72 12

2(0,~00)(~1)""

0
4( 1 (A;;vsinh(fb)(—l)"’+1
=2(-3

(e%bv(—1)m+‘+v)

(211 — 1)717 (zf—D)Z“r‘VZ
(56a)
. 40,00 (-1)""
«___ B,
A, = ~ tanh(tb) (56¢)

Also, v, A, f and 7 are identical to what was defined in
case 4. All boundary and initial conditions in (54a)—(54c),
as well as the PDE (Eq. 7), are satisfied by (55). As seen,
Eq. (55) consists of three terms: a function of (x, z, f), a
function of (x, z), and a constant. As t — oo, the first term
vanishes, and the rest remain as residuals or the steady-
state solution. Similar to previous cases, 0 is calculated for
n=m=1to 10 in Eq. 55.

Based on the equation, water content contours are drawn
in Fig. 12a—d for t =35, 15, 60 min and steady state,
respectively. Soil parameters used for the problem are
identical to those used in case 1.

Graphs clearly show the infiltrating water content front
that remains at 6y = 0.3 on the top (z = 100 cm) and the

2, &) Springer

the sample, confirming no-flow boundary condition there.

3.6 Case 6: Infiltration from Top and One Side,
Imbibition from Bottom, with No Flow
on the Other Side of the Sample

This case is similar to the previous one, except for the fact
that the sample is allowed to imbibe water from the bottom
side, too. Boundary and initial conditions for this case may
be mathematically expressed as:

o0

a (0,z,6) =0 0(a,z,t) =0y (57a)
Q(X,O,l) =0y H(X,b,t) =0y (57b)
0(x,2,0) = 0, (57¢)

Following similar mathematical procedures as before
(case 4), the answer for 0(x,z,7) would be:

2
0(x,z,1) ZZAmne 5 sin (vz) cos(Ax)e ('12+"2+(f5) ‘l*')D’ + 0y

m=1 n=

(58)
where in this case A,,, is defined as:

8(0,—00)(—1)"" 1 . -
b(2n— 1)715 (2f_D)2+v2 (6’ bv(—l) 1+V) (59)

Also, v, 4 are identical to what was defined in case 4. All
boundary and initial conditions of (57a)—(57c), as well as

Amn =
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Fig. 13 Water content contours (a) 100 (b) 100
based on Eq. (58) for:
at=5min, bt =15 min, 80
¢ t = 60 min, and —_ .
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the PDE (Eq. 7), are satisfied by (58). As seen, Eq. (58)
simply consists of two terms: a function of (x, z, #) and a
constant.

Ast — o0, the first term vanishes, and 0, remains as the
residual or the steady-state solution, meaning that, at the
steady state the entire soil sample would have a uniform
constant water content (0p).

Similar to previous cases, 0 is calculated forn = m = 1
to 10 in Eq. 58.

Based on the equation, water content contours are drawn
in Fig. 13a-d for t = 5, 15, 60 and 120 min, respectively.
Soil parameters used for the problem are identical to those
used in case 1. Graphs clearly show the infiltrating water
content front that remains at 0y =0.3 on the top
(z =100 cm) and right (x = 100 cm) sides and on the
bottom of the sample. Evidently, water content contours
are perpendicular to the left side of the sample verifying
no-flow boundary condition there.

3.7 Case 7: Infiltration from Top, Imbibition
from Bottom, and No Flow on One Side
of the Sample

This case is similar to case 2 except for one side boundary
which is changed to no-flow boundary. Boundary and ini-
tial conditions for this case may be mathematically written
as:

a0
a(O, z,t) =0 0(a,z,1) =0, (60a)
0(x,0,t) =0y 0O(x,b,1) = Oy (60b)

Distance { cm )

0(x,2,0) = 0, (60c)

Following similar mathematical procedures as before
(case 4), the answer for 0(x, z,t) would be:

0(x,z,1) = ZZAmne 2fDZSln(vz) cos(/x)e (i2+vz+(§)2i)m

m=1 n=1

+ o Z cos(px)[A; sinh(tz) + B; cosh(tz)] + 0,
n=1

(61)

where A,,,,A;andB; in the case are defined as:
0
2
T b

4
b

a

(0, o w(x, z)ezf_DZ) sin(vz) cos(Ax)dzdx

mn

o\a—

*
n

vsinh(tb)(—1
2 42

)m+1

% (v cosh(rb)(—l)m+1+v>> (62a)
_ _1\ntl

B, = 4—<0°n (§;>(_ 11)> (62b)
B (e — cosh(th

AT = ( cosh )> (62¢)

sinh(th)

Also, v, 4, f and t are identical to what was defined in
case 4. All boundary and initial conditions of (60a) to
(60c), as well as the PDE (Eq. 7), are satisfied by (61). As
seen, Eq. (61) consists of three terms: a function of (x, z, 1),
a function of (x, z), and a constant. Ast — o0, the first term
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Fig. 14 Water content contours
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based on Eq. (61) for: i
at=5min, bt =15 min, 80
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vanishes, and the rest remain as residuals or the steady-
state solution.

Similar to previous cases, 6 is calculated forn = m = 1
to 10 in Eq. 61.

Based on the equation, water content contours are drawn
in Fig. 14a—d for ¢t =5, 15, 60 min and steady state,
respectively. Soil parameters used for the problem are
identical to those used in case 1. Graphs depict the infil-
trating water content front that remains at 6, = 0.3 on the
top (z = 100 cm) and bottom (z = 0 cm) boundaries of the
sample, with the residual value of 6, = 0.0286 on the right
(x = 100 cm) side. As shown, water content contours are
perpendicular to the left side of the sample verifying no-
flow boundary condition there. Again, figures do not have
symmetry about z = %hne due to %—(Z’ term in Eq. (7) which
represents the gravity term. Therefore, water content values
on the upper half of the sample (where z > b/2) are slightly
greater than the values on the lower half.

3.8 Case 8: Infiltration from Top, Imbibitions
from Bottom, No-Flow on One Side
of the Sample, with A Sinusoidal Initial
Condition

This case is similar to case 7 but with a sinusoidal initial
condition for water content over the domain. Boundary and
initial conditions for this case may be mathematically
written as:

00
& (0,z,6) =0 0(a,z,t) =0, (63a)
0(x,0,1) =0y 0(x,b,1) = O (63b)

2

@ Springer
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. (TX\ . (TZ
0(x,z,0) = Oy sin (;) sin <?)

The sinusoidal function for initial condition sets a
maximum water content of 6y on the center of the sample,
and a minimum of zero water content on all four edges. A
3-D plot of the initial condition (Eq. 63c) with 6, = 0.3,
a = 100 and » = 100 cm is shown in Fig. 15.

Following similar mathematical procedures as before
(case 7), the answer for 0(x,z,7) would be:

(63c¢)

005,2.0) = > A sinrz) cos(ipe” (424 (B1)0r

m=1 n=1

e Z cos(fx)[A’ sinh(tz) + B cosh(tz)] + 0,

n=1

(64)

where A,,, in this case is defined as:
where Ayand B}, are identical to what was defined in case 7

and H = 2f_D' Also, v, 4, f and 7 are identical to what was

0.3
0.2

0.1

Water Content ( 6)

50 60 80
40
oo &
Depth (cm ) Distance (cm )

Fig. 15 3-D plot of the initial water content distribution (Eq. 63-c)
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4 a b
A = _b/ / 90 sm sin (%) e — w(x, z)ezf_Dz> sin(vz) cos(Ax)dz dx
a
0
B 2HY**m (1 4 € (—1)") (65)

S

{ (00 (42 —44n 3"

2mb((~1)"~(~

H*b* + 2H?b2 1?2 + 2H?b2m2m? + nt

—2m*m? + mtm?

1)m+1 *

0,
+ 2nH?b? + 2nm?n? — H?b? — m?n? | 2

1) " bel™) ) - (AZV sinh(zb) (-

12 12

+ Tzl_;:vz (v cosh(rb)(—l)m“—i—v)) }

defined in case 4. All boundary and initial conditions of
(63a)—(63c), as well as the PDE (Eq. 7), are satisfied by
(64). As seen, Eq. (64) consists of three terms: a function
of (x, z, 1), a function of (x, z), and a constant. Ast — oo,
the first term vanishes, and the rest remain as residuals or
the steady-state solution. Similar to previous cases, 6 is
calculated for n = m = 1 to 10 in Eq. 64.

Based on the equation, water content contours are drawn
in Fig. 16a—d for t =5, 15, 60 min and steady state,
respectively. Soil parameters used for the problem are
identical to those used in case 1.

At early times (Fig. 16a, b), water content contours
reflect a combination of two distinct water content gradi-
ents: (1) from center of the domain outward due to the
initial sinusoidal (bell shape) water content and (2) from
top to bottom (the infiltrating front) due to the gradient in
water contents on the top and bottom boundaries. As time
elapses, the bell-shaped gradient attenuates, and eventually
water content contours approach a steady-state profile

Fig. 16 Water content contours

associated with the last two terms in Eq. (64). Steady-state
contours for this case (Fig. 16d) are exactly the same as
contours for case 7 (Fig. 14d). A 3-D plot of water con-
tent—depth—distance for ¢ = 5 min (corresponding to
Fig. 16a) is also visualized in Fig. 17.

3.9 Case 9: Infiltration from Top, No Flow on One
Side of the Sample, with a Sinusoidal Initial
Condition

This case is similar to case 4 but with a sinusoidal initial
condition for water content over the domain. Boundary and
initial conditions for this case may be mathematically
written as:

00
P (0,z,¢) =0 (a,z,t) =0, (66a)
0(x,0,8) = 0, 0(x,b,1) = 0o (66b)

(a) 100
based on Eq. (64) for:

at=>5min, bt =15 min, 80
¢t = 60 min, and d steady state
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Water Content ( §)

40
20
Depth (cm)

Distance (cm)

Fig. 17 3-D plot of water content—depth—distance based on the
analytical solution for case 8 (Eq. 64) for t = 5 min

0(x,z,0) = Oy sin (E> sin (%) (66¢)

a

The sinusoidal initial function is identical to the one in
the previous case, setting a maximum of theta0 on the
center of the sample, and zero water content on all four
edges. Following a similar mathematical procedure as
before (case 4), the answer for 0(x, z, ) would be:

00,21) =3~ e 7 sinrz) cos(ipe” (77 (1)

m=1 n=1

4 et ZA; cos(px) sinh(tz) + 0,

n=1

where A, in this case is defined as:

m (Table 3). The soil parameters used for the problem are
identical to those used in case 1. As seen in Table 3,
change in water content is negligible at n and m = 1 to 10
and higher. As a consequence, 0 is calculated for
n=m=1 to 10 in Eq. 67. To illustrate the use of the
derived equations, water content values from an explicit
scheme finite difference method (FDM) solution (to Eq. 7)
are compared to the analytical solution (Eq. 67) for
t = 30 min and various values of x and z (columns 7 and 8
in Table 3). Ninth column shows Errorgeiaive based on
columns 4 (incorporating > 100 summation terms) and
column 8 (FDM for Ar=2s, Az=25cm and
Ax = 2.5 cm). As shown, errors are all <2 % which may
be deemed reasonable.

Based on the equation, water content contours are drawn
in Fig. 18a—d for + =35, 15, 60 min and steady state,
respectively.

At early times (Fig. 18a, b), water content contours
reflect a combination of two distinct water content gradi-
ents: (1) from center of the domain outward due to the
initial sinusoidal (bell shape) water content and (2) from
top to bottom (the infiltrating front) due to the gradient in
water contents on the top and bottom boundaries. As time
elapses, the bell-shaped gradient attenuates, and eventually
water content contours approach a steady-state profile
associated with the last two terms in Eq. (67). Steady-state
contours for this case (Fig. 18d) are exactly the same as

b
_ in () sin (%) e — ) si
Apn _ab//(eo sm(a)mn(b)e w(x, z)e2r*) sin(vz) cos(/x)dz dx
00

2HL* T m (1 4 € (—1)")

4 4
=-—<(6 X
b { ( Cn(d4n? —4n —3) " H' 1 2HD2 12 + 2HPD* P m? + it — 2mim? + whm?

2mb((—1)"—(=1)""be'")

"2nH2b? + 2nm?n? — H2b? — m2n? 2

) 1 (A;v sinh(rb)(—l)'"“) }
B 2 432

where A is identical to what was defined in case 4 and
H= zf—D. Also, v, 4, f and 7 are identical to what was defined
in case 4. All boundary and initial conditions of (66a)—
(66¢), as well as the PDE (Eq. 7), are satisfied by (67). As
seen, Eq. (67) consists of three terms: a function of (x, z, 1),
a function of (x, z), and a constant. Ast — oo, the first term
vanishes, and the rest remain as residuals or the steady-
state solution. As t — o0, the first term vanishes, and the
rest remain as residuals or the steady-state solution.

In order to confirm summations convergence in Eq. 67,
water content at different positions is calculated using
summations truncation with different values of n and

i @ Springer

contours for case 4 (Fig. 10d). A 3-D plot of water con-
tent—depth—distance for ¢ =5 min (corresponding to
Fig. 18a) is also visualized in Fig. 19.

3.10 Case 10: Infiltration from Top, Imbibitions
from Bottom, No Flow on One Side,
with an Exponential Initial Condition

This case is similar to case 7 except for the constant initial
water content which is changed to a diagonally exponential
distribution over the domain. Boundary and initial condi-
tions for this case may be mathematically written as:
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Table 3 Water content values for the analytical solution (with different summation truncations), FDM solution (with different mesh sizes), and

the relative error for case 9 at + = 30 min

X (Cm) Z (Cm) BAnalylical’ 0Analyticah 9Analylical» 0Analylical’ 9FDM7 At =15 s, HFDM, At =2 s, Error Relative
m=n=5 m=n=10 m=n=15 m=n=20 Az=Ax=5cm Az=Ax=25cm (%)
20 30 0.1170 0.1170 0.1170 0.1170 0.1034 0.1154 1.36
20 70 0.2054 0.2056 0.2056 0.2056 0.1925 0.2024 1.55
40 30 0.1235 0.1235 0.1235 0.1235 0.1070 0.1217 1.45
40 70 0.2101 0.2099 0.2099 0.2099 0.1957 0.2068 1.47
50 20 0.0957 0.0957 0.0957 0.0957 0.0801 0.0941 1.67
50 80 0.2342 0.2346 0.2346 0.2346 0.2204 0.2314 1.36
60 40 0.1343 0.1343 0.1343 0.1343 0.1192 0.1318 1.86
60 60 0.1719 0.1719 0.1719 0.1719 0.1579 0.1702 0.98
80 20 0.0658 0.0658 0.0658 0.0658 0.0569 0.0649 1.36
80 80 0.1743 0.1733 0.1733 0.1733 0.1595 0.1715 1.03
90 10 0.0390 0.0390 0.0390 0.0390 0.0359 0.0384 1.53
90 50 0.0690 0.0690 0.0690 0.0690 0.0639 0.0679 1.59
Fig. 18 Water content contours (a) 100 ‘ (b) 100
based on Eq. (67) for: 0.18
atr=5min, b= 15 min, 80 025 80}
¢t = 60 min, and d steady state —- _
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% 40 %— 40
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00
—(0,z,1) =0 0(a,z,t) =0, (69a)
Ox
- 0(x,0,1) = 0 0(x,b,1) = 0 (69b)
£ 0(x,z,0) = Ope(—i77) (69¢)
g

Depth 1]
epth (em ) 0 Distance (cm )

Fig. 19 3-D plot of water content—depth—distance based on the
analytical solution for case 9 (Eq. 67) for t = 5 min

The exponential function sets a maximum water content
of 0y at the left bottom corner of the sample (at x = z=0)
and a minimum water content at top right corner. A 2-D
contour plot of the initial condition (Eq. 69¢) with 0y =
0.3, a =100 and b = 100 cm is shown in Fig. 20.

Following similar mathematical procedures as before
(case 7), the answer for 0(x, z,t) would be:

2
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2 2
0(x,z,1) Apne sin(vz) cos(Ax)e” (22 ()5 or

p"qg
gk

1n

3
Il

e Z cos(fx)[A} sinh(tz) + B} cosh(tz)] + 0,

n=1

+

(70)

where A,,, in this case is defined as:

bmn(—1+ "1 (—=1)"

As seen, Eq. (70) consists of three terms: a function of (x,
z, 1), a function of (x, z), and a constant. As t — 0, the first
term vanishes, and the rest remain as residuals or the
steady-state solution. Similar to previous cases, 0 is cal-
culated for n = m = 1 to 10 in Eq. 70.

Based on the equation, water content contours are drawn
in Fig. 21a, b for r=15, 15 min, respectively. Soil
parameters used for the problem are identical to those used

4 +4n2n? — An’n + 72

{ (90 2(=2+ 2¢ ' n(—1)"n — e 'n(—1)")
;

Atvsinh(th)(—=1)"" B
2 42

X
H?b?> —2Hb + 1 + m*n

1o

"2nH2b? + 2nm2m? — H2b? — m2n?

2mb((—1)"—(=1)""be!™) )

+ = —:vz (v cosh(rb)(—l)m+l+v)> }

(71)

where A} and B; are identical to what was defined in case 7

and H = Zf_D' Also, v, A, f and 7 are identical to what was

defined in case 4. Boundary and initial conditions of (69a)—
(69c¢), as well as the PDE (Eq. 7), are all satisfied by (70).

100
80

60

Depth {cm)

40

0 60 &0
Distance {cm)

100

Fig. 20 2-D contour plot of the distribution of water content (69c)

in case 1. As time elapses, the initial gradient attenuates,
and eventually water content contours approach a steady-
state profile associated with the last two terms in Eq. (70).

Steady-state contours for this case are exactly the same
as contours for case 7 (Fig. 14d). A 3-D plot of water
content—depth—distance for ¢ = 5 min (corresponding to
Fig. 21a) is also visualized in Fig. 22.

3.11 Case 11: Infiltration from Top, No Flow
on One Side, with an Exponential Initial
Condition

This case is similar to case 4 except for the initial condition
which has changed to a diagonally exponential distribution
over the domain. Boundary and initial conditions for this
case may be mathematically written as:

Gl
a(o,z, t)=0 0(a,z,t) =0,

(72a)

Fig. 21 Water content contours (a) 100 (b) 100
based on Eq. (70) for:
at=>5min and b r = 15 min 80} 80
E BO0); £ B0f
= =
& 40 5 40|
(=] [=]
20 2024
0 3 . R 0 i ] L 027 e
0 20 40 60 80 100 0 20 40 60 80 100

Distance (cm )

% @ Springer

Distance (cm)
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Fig. 22 3-D plot of water
content—depth—distance based ] :
on the analytical solution for o ; g
case 10 (Eq. 70) for = 5 min <03 : ) :

Water Conten
o
¢

60

40

0 20 40

Depth (cm) Distance (cm )

Table 4 Water content values for the analytical solution (with different summation truncations), FDM solution (with different mesh sizes), and
the relative error for case 11 at t = 30 min

X (Cm) Z (Cm) HAnalytical» 9Analyticals GAnalyticala 0Analyticals OFDMs At =15 S, GFDM» At =2 S, Error Relative

m=n=5 m=n=10 m=n=15 m=n=20 Az=Ax=5cm Az =Ax =25cm (%)
20 30 0.1417 0.1417 0.1417 0.1417 0.1282 0.1392 1.76
20 70 0.1650 0.1652 0.1652 0.1652 0.1789 0.1669 1.02
40 30 0.1224 0.1224 0.1224 0.1224 0.1096 0.1238 1.14
40 70 0.1514 0.1512 0.1512 0.1512 0.1677 0.1531 1.25
50 20 0.0966 0.0966 0.0966 0.0966 0.0834 0.0948 1.86
50 80 0.1807 0.1811 0.1811 0.1811 0.1944 0.1828 0.93
60 40 0.1031 0.1031 0.1031 0.1031 0.0967 0.1044 1.26
60 60 0.1121 0.1121 0.1121 0.1121 0.1212 0.1102 1.69
80 20 0.0620 0.0620 0.0620 0.0620 0.0586 0.0609 1.77
80 80 0.1406 0.1396 0.1396 0.1396 0.1415 0.1415 1.36
90 10 0.0388 0.0388 0.0388 0.0388 0.0331 0.0382 1.54
90 50 0.0523 0.0523 0.0523 0.0523 0.0509 0.0519 0.76
0(x,0,7) =0, 0(x,b,t) = 0O (72b) oo

21
0(x,z,1) Z Z e sin(vz) cos(Jx)e (e (5o
0(x,z,0) = Ope( i) (72¢) =a
o0
Following similar mathematical procedures as before Te i Z A’ cos(fx)sinh(tz) + 0,
(case 4), the answer for 0(x, z,t) would be: n=1
(73)

where A,,, in this case is defined as:

a b
4
m@/ [ (@0l (2165 sinfoz) cos(x)deds
0

S

0 2(=2+2e 'n(=1)"n— e 'n(-1)") y n(—l + eHb‘l(—l)m) (74)
0 4 +4n2n? — 4n?n + 72 H?b* — 2Hb + 1 + m*n?
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Fig. 23 Water content contours (a) 100 03 (b) 100
based on Eq. (73) for:
at=>5min and b r = 15 min 80 a0
§ €0 E &0
=z T
§ 40 § 40
20 . 20
0 0
] 20 40 B0 a0 100 0 20 40 60 80 100
Distance (cm) Distance (cm )

Steady-state contours for this case are exactly the same
as contours for case 4 (Fig. 10d). A 3-D plot of water
03 content—depth—distance for 7 = 5 min (corresponding to

Fig. 23a) is also visualized in Fig. 24.
0.2

Water Content ( 8)

0.1

4 Conclusions
0.0286

New analytical solutions to 2-D vertical and horizontal
infiltration and imbibition into unsaturated soils were pre-
Fig. 24 3-D plot of water content—depth—distance based on the sented for linearized Richards’ equation under nonsym-
analytical solution for case 11 (Eq. 73) for = 5 min metrical boundary and nonuniform initial conditions.

Separation of variables and Fourier series expansion tech-
Also A, v, 2, B and t are identical to what was defined in ~ Niques were used to derive the solutions. Solutions have the

case 4 and H = %. All boundary and initial conditions of geﬁlerzﬂ ;f)orr}rll ofdinﬁn(iite serizs Wlith_ exponer;tialb te.rm;
(72a)~(72¢), as well as the PDE (Eq. 7), are satisfied by ~ \ creby bothsteady and unsteady solutions may be obtaine
from a single closed-form solution. Solutions were derived

for constant water content and no-flow boundary conditions
along with constant, sinusoidal, or exponential water con-
tents as initial conditions. Two-dimensional and 3-D plots of
water content were presented for the transient as well as
steady-state conditions. A total of 11 different cases were
studied, and analytical solutions were compared to numeri-
cal FDM results for four cases in order to check validity and
accuracy of the numerical solution, where a maximum error
of <2 % was observed. The presented analytical solutions
may be used as a benchmark for verification and accuracy
assessment of numerical approaches where nonsymmetrical
boundary and/or nonuniform initial conditions exist.

Depth (cm ) oo Distance (cm )

(73). As seen, Eq. (73) consists of three terms: a function
of (x, z, 1), a function of (x, z), and a constant. Ast — o0,
the first term vanishes, and the rest remain as residuals or
the steady-state solution.

In order to confirm summations convergence in Eq. 73,
water content at different positions is calculated using
summations truncation with different values of n and m
(Table 4). The soil parameters used for the problem are
identical to those used in case 1. As seen in Table 4, change
in water content is negligible at n and m = 1 to 10 and
higher. As a consequence, 0 is calculated forn = m = 1 to
10 in Eq. 73. To illustrate the use of the derived equations,
water content values from an explicit scheme finite differ-
ence method (FDM) solution (to Eq. 7) are compared to the
analytical solution (Eq. 73) for # = 30 min and various
values of x and z (columns 7 and 8 in Table 4). Ninth col-
umn shows Errorgejaive based on columns 4 (incorporat- References
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