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Abstract

We study the linear finite element approximation of thermoelastic frictional contact problem. The unilateral contact
condition is weakly imposed by the penalty method. Our analysis yields error estimates that are contingent upon the
penalty parameter ¢ and the mesh size h. Furthermore, provided the solution maintains regularity, we establish a con-

vergence result.
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1 Introduction

Contact-related challenges pervade various domains within
mechanics, physics, and engineering applications. Instan-
ces within the automotive sector include the interaction
between brake pads and rotors, as well as that between
pistons and cylinders. The thermal aspects of contact pro-
cesses have significant implications, exerting an influence
on both the composition and rigidity of surfaces in contact,
as well as triggering thermal stresses within the interacting
bodies, see Shillor et al. (2004) for more details. Recip-
rocally, the prevailing temperature can impact the elastic
material response. Numerous studies in the literature,
illustrated for instance by Chouly et al. (2014); Benkhira
et al. (2019a, 2019b); Benaissa et al. (2016); khalfi et al.
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(2023); Faiz et al. (2024, 2023) and the references there-
in (Benaissa et al. 2015), have delved into diverse thermo-
mechanical frictional problems. In these works, not only
were rigorous mathematical models of contact incorporat-
ing thermal effects established, but their unique weak
solvability was also demonstrated through the application
of variational and hemi-variational inequalities. Further-
more, other contributions in the literature have explored
different aspects related to mechanical contact phenomena.

In recent literature, there has been an emergence of a
new theoretical framework for modeling frictionless con-
tact in thermoelastic materials, as discussed in Liu et al.
(2021). This model introduces two sets of unilateral con-
straints: one governing normal displacement through the
Signorini condition on a specified boundary portion, and
the other imposing a unilateral restriction on temperature
within a defined domain. Unlike the model presented in Liu
et al. (2021), our study focuses on numerically investigat-
ing a frictionless contact scenario involving a thermoelastic
body and a thermally conductive foundation. Notably, the
determination of the heat exchange coefficient in this
scenario relies on a function of the contact pressure, as
detailed in Ramaniraka (1997). The novelty of our work
lies in the numerical methodology employed, which
employs two distinct contact algorithms based on penalty
and augmented Lagrangian approaches. These algorithms
are extensively discussed and effectively applied to simu-
late the considered system. Our research aims to explore

h. @ Springer
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the implications of incorporating a temperature field in the
contact process between a thermoelastic body and a rigid
foundation. Specifically, we consider a model describing a
static frictional contact problem between a thermoelastic
body and a thermally conductive foundation, assuming
small deformations. The constitutive law governing mate-
rial behavior incorporates Hencky’s nonlinear law and
considers the interplay between mechanical and thermal
properties.

The paper’s organization is as follows: In Sect. 2, we
introduce relevant notations and preliminaries, and present
a model depicting the process of frictional contact between
a thermoelastic body and a rigid foundation. Section 3
focuses on deriving the penalized weak formulation of the
model for both frictionless and Tresca’s friction scenarios.
This section also addresses issues of existence and
uniqueness, and discusses the finite element approximation
of the penalized weak problems in detail. In Sect. 4, we
establish error estimates for the numerical approximation,
considering the dependence on both the penalty parameter
¢ and the mesh size h. Moreover, provided specific regu-
larity assumptions for the solution of contact problems and
stipulated requirements on parameters ¢ and h, we offer
results regarding the convergence rate of the finite element
approximation of the penalized solution.

2 Physical Statement of Problem (P)

Problem (P) : we consider a thermoelastic body whose
material particles occupy a polygonal or polyhedral domain
Q of R?(d = 2,3). The body’s equilibrium equations are
characterized by

o=As(u) - MO in Q, (2.1)
gr=-KV0 in Q (22)
Dive+fy=0 in Q (2.3)
divgr —qo=0 in Q. (2.4)

Here u is the displacement field, and 0 is the temperature
field. The symbols ¢ and g7 stand for the stress tensor and
the heat flux vector field, respectively. The operator A :
Q xS’ — S’ is the nonlinear elasticity operator that
describes the behavior of Hencky’s materials, given by (see
Han (2005); Haslinger and Mikinen (1992); Chouly et al.
(2014); Benkhira et al. (2019a, 2019b) for more details)

As(u) = ko tr(e(u)) I + 2g(|e@)|P) ) in Q,  (2.5)

where ko > 0 is a material coefficient, I is the second-order
identity tensor, fr(e) = ¢; denotes the trace of ¢, and &
represents its deviatoric part defined as follows

R
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?z?—gtr(a)l
The operators M = (M;) and K = (K;) describe
respectively, magentathe purely elastic, the thermal

expansion and thermal conductivity properties of the
material. The linearized strain ¢(u) is given by
e(u) =3 (Vu+ (Vu)"), where (Vu)" is the transpose of
(Vu). We recall that Div and div denote the divergence
operator for tensors and vector valued functions. The
densities fy € L*(Q)" and ¢y € L*(Q) represent the body
force and the volume of heat source on the body,
respectively.

We assume that the boundary I' = 0Q of Q is smooth
and made of three mutually disjoined parts I';, I, I's. On
part I'j, we assume that the body is clamped and a given
temperature is described, we choose it equal to zero. On
part I',, we prescribe a surface forces and a heat flux of
densities ¢, € L2(T;) and f, € L*([)", respectively.
Finally, on I';, the contact is unilateral, resulting in Sig-
norini boundary conditions for mechanical effects, and
thermal conditions dictate zero heat flux at points without
contact and a prescribed temperature at points with contact
for thermal effects. The boundary conditions on I'; and I',
are then specified as follows

u=0onI;, 06=0 on T ;UI,,

ov=fonly, qr-v=gqyonly,

where the vector v is the unit outward normal on I". We
adopt the following decomposition: if v is a given vector
field on I'3, we split it into its normal component v, and its
tangential component v, by

Vy=VeV, V=V — V.

Similarly, if ¢ is a given tensor field on I, its normal and
tangential components on I" are defined by

oy = (ov)-v, 0, =0v— 0.

According to this notation, u, and u, are the normal and
tangential components of the displacement vector u, and g,
and o, are the normal and tangential components of the
stress tensor o. Furthermore, to describe the unilateral
contact on part I';, we consider the following nonlinear
boundary conditions

u,<g, 0,<0, (u,—g)o, =0 on TIj, (2.8)
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lloell <,
|\Zrll<5 = u: =0, on T3,
o] = =S ” TH = 1R o, =—u,
Ur
(2.9)
qr -V = kT(Ltv — g) (/)L(H — 01:) on F3. (210)

In conditions (2.8), the function g denotes the maximum
penetration between the body and the foundation. These
equations (2.8) correspond to the classical Signorini con-
ditions. The relations (2.9) describe the Tresca-type friction
law, where S € L*(I'3) is a given nonnegative function.
Equation (2.10) specifies the heat flux condition, with OF
representing the foundation’s temperature and kr denoting
the heat exchange function between the foundation and the
body [see Duvaut (1981)]. Additionally, ¢; is a truncation
function defined for a large constant L > 0 as follows

—L ifs<—1L,
pL(s)=qs if —L<s<L,
L if s<L.

Our aim is a finite element analysis of Problem (P), given
by (2.1)—(2.10), using penalty method. Todo that, consider
H™(Q) where m >0, and let L>(Q) denote the conventional
Sobolev space H°(Q) equipped with its customary norms
| Ilno- Our initial step involves introducing the

subsequent

H=1*Q) H =H(Q)" H={t=(tj) €H: 1y =1},
H, :{GGHZ(T,NEH}.

These are real Hilbert subspaces for the Euclidean associ-
ated norms to the following inner products

(u,v)y :/Quiv,- dx, (u,v)y, = (u,v)y + (e(u), &(v))y,
(0,7)x =/Qo,-jr,-j dx, (0,7)y, = (0,7)y + (Diva, Divr)y,.

According to the mechanical part of a condition (2.6), we
consider the subspace

V= {v € (HI(Q))d: v=0on Fl},

and the set K of admissible displacements satisfying the
non-interpenetration condition, i.e.,

K:={veV:v,<gonl3}

Since meas(I';) > 0, the following Korn’s inequality
holds, i.e.,

16Ol = ex Vil Vv eV, (2.11)

for a constant ¢; > 0 that depends only on Q and I';. Over
the subspace V, let us consider the inner product and its
associated Euclidean, defined as below

(,v)y = (eu), 60y Nully = ()3, (2.12)

Thus (V,||-|l,) is a real Hilbert space. Moreover, by
Sobolev trace theorem, relations (2.11) and (2.12), there
exists a constant ¢y > 0 which depends only on Q, I'; and
I'5 such that

IVl 2y S collvlly, Yvev. (2.13)

Now, according to the thermal part of a condition (2.6), we
introduce the subspace

0={¢ecH (Q)|¢=00nT;UT,}.

The spaces (Q, || - [|o) is a real Hilbert space for the asso-
ciated norm of the following scalar product

(&%) = (VEVY) 12

It is worth noting that, given meas(I';) > 0, the Friedrichs-
Poincaré inequality is applicable, implying the existence of
a constant cr > 0 dependent solely on Q and I',, as follows

Illo = cr €l ), Vi e (2.14)

Moreover, by Sobolev trace theorem, there exists ¢; > 0,
depending only on Q, I'; and I'3, such that

1€l z2ry) Setlléllg, VEEQ. (2.15)

Also there exists a constant ¢y > 0, depending only on Q,
I'y, I'; and I'3, such that

IVEly <erlléllme, VEeQ.

For any real Banach space (X, || - ||), we denote by (-, -) the
duality pairing between X and its dual X’. Next, in the study
of Problem (P), we need the following hypotheses.

(H1)

The function g is continuously differentiable in
[0, 00) and satisfies

1
0<go<g(n) < 5 dho (2.16)

0<oy <g(t) +2¢' (1)t <oy, (2.17)

where go, o; and o, are a given positive constants.

52, €\ Springer
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(H2) The thermal conductivity tensor K = (k;): Q x

R? — R satisfies the standard properties:
kij = kji S LOC(Q),

and there exists a nonnegative constant my such
that

kij(x) i >mic||C|]*, V= () e R ae. x € Q.

Let My = sup;; ||kij ;= (q) denote the norm of K.
The tensor M = (m;;) : Q x S — R? satisfies the
properties
mjj = mj; € LOO(Q).

Let [ M| = sup;; [[mij|| ;=) be the norm of the
thermal expansion tensor M.
The thermal conductance function
Y =k : T3 x R — Ry, satisfy the properties

(a) there exists M,>0 such that
[k (x,u)| <M, forall ueR, ae. xeTIj,

(b) the mapping x—(x,u) is measurable on I'; for all
ueR,

(c) there exists L, > 0 such that, for all u;, u, € R, one
has

[W(x,u1) —Y(x,u2)| <Lyluy —up| ae. x €I'3.

(Hs)

The body forces, traction and heat source
densities satisfy the following properties

fo€ LZ(Q)d,fQ S Lz(rz)d., qo € LZ(Q), q € Lz(rz).

(Hs)

The friction bound, the gap function and
the foundation’s temperature satisfy

§>0ae. xel;, Scl*Ts),
g>0ae xcTly, gel*(y),
Or € L*(T3).

In the other hand, to write the weak formulation, we define
the following operators

(Au,v), = /Q.As(u)s(v) dx, Yu,vevV, (2.18)

(PO,v), = / POe(v)dx, YOeQ,VveV, (2.19)
Q

52, €\ Springer

(KO,n)y = / KVOVydx, V0,n¢e€Q. (2.20)
Q

Next, we consider the elements f € V' and g € Q' given by

(f,v}vz/fo-vdx—i— fr-vda, VYveV, (2.21)
Q I

<q,n>Q=/qundx—/ qanda, Vn€Q. (2.22)
I

3 Existence and Uniqueness Results

3.1 Penalty Formulation of the Frictionless
Problem

Consider (P’) as the frictionless counterpart of Problem
(P), derived by substituting (2.9) with the following
condition

o.(u,0) =0. (3.1)

Subsequently, the weak formulation of the frictionless
unilateral problem defined by (2.1)—(2.10) is as follows

Problem (PV). Find a displacement field u € K and a
temperature field 0 € Q such that

(Ae(u), e(v) — e(u))y, — (MO, &(v) — &(u))y
> (f,v—u)y,, Vvek,

(’CV@, vi)LZ(Q) + f(u, 07 ‘f) = (qv E)Qa

(3.2)

véeQ, (3.3)

where the functional ¢:V x Q x Q — R defined as
follows

0w, 0,8) = / k(s — 8) @, (0 — Or) & da.

The existence of a unique solution to Problem (PV) relies
on elliptic variational inequalities and fixed point argu-
ments, as discussed in, for instance, Duvaut (1981). We
then examine the product space X = V x Q, which forms a
Hilbert space with the corresponding norm defined by the

inner product below
(xvy)X: (“a V)V+(93 é)Qa Vx= (u7 9)5 y= (Va 5) €X.

(3.4)
We introduce the operator B : X — X, defined as follows

(Bx’ y)X: (Ag(”)’g(v))ﬁ - (MG,S(V))H

3.5
+(KV0,VE) (g, (3-5)

We also introduce the functional j : X — R and the ele-
ment f¢ € X given by
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Jx,y) = £(u, 0,9),
fo=(fq9ex

Let U = K x Q be non-empty closed convex of X. Then,
we get the following equivalent problem Problem (PV).
Find x = (u,0) € U such that

(Bx’y _x)X"i'j(x’Y) _j(x’x) > (fe>y _x)X7
Vy= ¢ eU.

(3.6)
(3.7)

(3.8)

Lemma 3.1 The operator B is strongly monotone and
Lipschitz continuous.

Proof To establish this, we need to ensure that the non-
linear elasticity operator A, as defined in (2.5), is both
strongly monotone and Lipschitz continuous. By perform-
ing algebraic manipulations akin to those in references
(Benkhira et al. 2019a, b), we obtain:

(Ae(ue) = Ae(v), 6(u) = &(v))3g = mallu = v][5,

i (3.9)
Yu,veV with my =2u,

[ Ae(u) — Ae(v)[ly < Mallu = vlly,

) 5 (3.10)
Yu,veV with M4 =2d%k.

With (3.9)—(3.10) in mind, and employing similar algebraic
manipulations as in Benkhira et al. (2019a, 2019b), we can
readily establish the existence of positive constants mpg and
Mg, depending solely on A, M, I, and Q, such that:

(Bx—By,x—y)XZmBHx—y||,2(, Vx, y € X, (3.11)

|Bx — Bylly <Myllx —ylly, V. y€X. (3.12)

Therefore, we conclude the proof of the Lemma 3.1. [J

Let’s define the notation [-]" to represent the positive
part of each scalar a € R as follows:

[ar{g if a>0,

otherwise.
Throughout the remainder of this document, we will fre-
quently utilize the following common properties:

a<la]*, a-la]" =[a"°, VaeR. (3.13)

The monotonicity property can be derived from the
aforementioned properties, as detailed in Chouly and Hild
(2013a); Chouly et al. (2014); Chouly and Hild (2013Db).

([a]* = [6]") (a—b) > (la]" — [b]")".

The variational inequality (3.8) poses challenges for solu-
tion using various methods, particularly due to the con-
straint subspace K which is not conducive for
computations. Therefore, alternative techniques are nee-
ded, and one of the classical and widely used methods to

(3.14)

address this inequality constraint is the penalty method.
The penalty technique is a well-established approach for
numerically handling constrained problems (see, for
example, Li (1998); Kikuchi and Oden (1988)). Unlike the
Lagrange multiplier technique, the penalty method does
not require the introduction of a new variable. Furthermore,
it is more readily implementable in many numerical algo-
rithms. However, it’s important to note that this method
still represents an approximation, as the solution of the
penalized problem is expected to converge to the solution
of the original problem only as the penalty parameter tends
to zero.

Problem (PV,). Find a displacement field u, € V and a
temperature field 0, € Q such that

. I N
(Bxevy)x'i'](xsyy) +g/l"3 [”e,v] vyda (3’15)
=y Vy=W0deX=Vx0.

Note that this formulation is obtained by taking

1
oy(u., 0;) = . [um]+ where u;, = u, - v.

We have the following theorem, the proof of which can be
found in (Bourichi et al. 2016, Theorem 3.1):

Theorem 3.2 Problem (PV.) has a unique solution
X = (U, 0,) €eX=VxQ.

3.2 Penalty Formulation of Tresca’s Friction
Problem

Initially, employing conventional methods rooted in
Green’s formula, we establish that when (u, g, 0, ¢) denote
regular functions satisfying (2.1)-(2.10), the weak formu-
lation of the Tresca’s friction problem can be articulated as
follows.

Problem (PV). Find (u,0) € V x Q such that

(Ae(u), e(v) — e(u))y — (MO, e(v) — &(u))y
+js(v) —js(u) > (f,v —u)y, Vv eV,

(ICVH,Vé)Lz(Q) + E(M, 0, é) - (6]7 é)Q, V§ c VV7

(3.16)

(3.17)

where the functionals jg and ¢ are defined as following

js = / S| s,
I3

0w, 0,8) = /r kr(uy — 8)91(0 — 0r) Eda.

The following theorem can be found in Duvaut (1981).

Theorem 3.3 With assumptions (H;)-(Hs), Problem
(PV) possesses at least one solution. Furthermore, if the
function k is given for some o € R, by

52, €\ Springer
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k(&) = ako(€), (3.18)
Then, there exists «; > 0 such that if
0<a<ay, (3.19)

the solution of Problem (PV), is unique.

Lemma 3.4 The couple x = (u,0) € X is a solution to
Problem (PV) if and only if

(Br.y — x)y +i(x,y) —j(xx) + / S(Ivell — el )ds

I3

Z(feay_x))(a Vy = (V’é) ev.
(3.20)

By employing the penalty method on Problem (PV,),
we derive the subsequent penalized weak formulation.

Problem (PV,). Find a displacement field u, € V and a
temperature field 0, € Q such that

1
(sz;»y)x +j(xe, y) + E/ [”é:-"]+vvda
I3

1
+E/r [usvf]sgvfda = (fe7y)x7 Vy= (¢ €X,
(3.21)

where the notation [-], (x € R") stands for the truncation
of a scalar x € R, i.e.;

X if ||x]| <o,

b, = oci otherwise.

(<]l
The following theorem can be found in (Chouly and Hild
2013b, Theorem 4.1) and (Bourichi et al.

2016, Theorem 3.1).

Theorem 3.5 Under the assumptions (H)—(Hs), (PV;)
has a unique solution.

3.3 Approximation of the Penalty Weak
Formulations

For a given discretization parameter # > 0, we denote by
T" a coherent set of triangular finite element partitions of
the closed domain Q, which are compatible with the
boundary partitions I' =17 UT', UT'5. We contemplate
two finite-dimensional subspaces VicV and Q" C Q,
which approximate the spaces V and Q, respectively, as
follows

52, €\ Springer

Vh = {vh e C@)": vy e Py(T), YT e T"
and v/ =0 on I},

¢ ={&"cc@: g ePyr), YT T
and &" =0 on FIUFQ}

where P (T) represents the space of polynomial functions
with a global degree less than or equal to 1 within an

arbitrary element 7 € 7" Additionally, we examine the
space Xh(F3) comprising the normal traces on I'; for
discrete functions in V", namely

2M(I) = {, € C(T) :
VT e T, vh~v:,uh}.

IV e vh,

The following lemmas outline pertinent properties of the
L*(T'3)-projection operator P" : L(I'3) — X"(I'3), with
further details available in Bernardi et al. (1994), Bramble
et al. (2001), Bramble and Xu (1991).

Lemma 3.6 Suppose the mesh linked with X" (T'3) exhibits
local quasi-uniformity, indicating that the ratio of the
diameter of a simplex to the diameter of the largest ball
enclosed within the simplex remains bounded irrespective
of h for all simplices across all triangulations, as elabo-
rated in Bramble et al. (2001). Under these conditions, for
any r € [0,1] and every v € H'(I'3), the subsequent sta-
bility and interpolation estimates apply

1P O)l,r, e Il,r,

v =P W)llor, <, V],

(3.22)
(3.23)

where the constant ¢ > 0 in the two inequalities remains
independent of v and the discretization size h.

Lemma 3.7 Suppose the mesh on 15 is quasi-uniform.
Then, there exists an extension operator R : X"(T'3) —
VM(T3) and a constant ¢ > 0, independent of v and h,
satisfying:

R ()| T3 = g,

IR ()llia < lmallyr,s V., € X' (T3).

(3.24)
(3.25)

Subsequently, consider P* and R” as the vector repre-
sentations of the operators P" and R, respectively, which
are defined as follows

Ph(w) = (’Ph(wi))lgigd’ Vw:= (Wi)1§igd € Lz(r3)a
(3.26)

Rh(w) = (Rh(wi))lgigdv Vowi= (i), <i<d € Xh(r3>~
(3.27)
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It’s worth noting that P" and R” adhere to the stability and
interpolation properties stated earlier in equations (3.22)
through (3.25).

Remark 3.8 Consider a sequence of triangulations
T = (T"),. - We define it as quasi-uniform if the ratio

h./p., where h; denotes the diameter of an element t € T h
and p, represents the diameter of its inscribed circle, is
bounded by a constant ¢ independent of both 7 and h.
Furthermore, there exists a constant ¢ > 0 that is invariant
with respect to & and satisfies the following condition:

h.>ch, YteT"

It’s important to highlight that the quasi-uniformity of the
mesh on I'; (the mesh associated with X*(T'3)) implies its
local quasi-uniformity.

3.3.1 Approximation of the Frictionless Problem

The finite element discretization (PV") of the penalized
problem (PV,) is outlined as follows.

Problem (PV"). Find a displacement field u" € V"
and a temperature field 0’; € Q" such that

1
(Bx;,y")x +i(;.)") +*/ u ]V da
v o Jr ! (3.28)

— (fe,yh)x’ Vyh — (Vh, fh) e Xh — Vh % Qh-
Proof By applying Theorem 3.2, replacing V and Q with
V" and Q" respectively, we deduce that Problem (PV") has
a unique solution (", 0") € X" = V" x Q" O

&) vVe

3.3.2 Approximation of the Tresca’s Friction Problem

The numerical approximation (PV) for the penalized
problem (PV,), is described as follows.

Problem (Wﬁl) Find u! € V" and 0" € Q" such that

1
+ _/ [uf:l‘r]sgvf:lda = (fe>yh)x7
& I,

for all y' = (", &") € X" = V" x Q".

. 1
(B ) i)+ [ () e
I;

(3.29)

Remark 3.9 The uniqueness of the solution to problem
(Wi’) can be established using similar reasoning as in
(Chouly and Hild 2013b, Theorem 4.1) and (Bourichi et al.
2016, Theorem 3.1), with the respective spaces V" and Q"
replacing V and Q.

The penalized problem (PV,) is consistent with the

finite element penalized problem (Wfl) in such a way that

the solution x, = (ug, 0,) of problem (PV,) satisfies equa-

tion (3.29) for all test functions

Y= (v, &) e X' = v x Q" € X =V x Q. This implies

that

(Bx,;,yh)x —l—j(x,;,yh) + l/ [us,v]+vfda
L (3.30)

1 h
+ _/ [usvf]sg‘/]:da = (fe>y] )X‘
& T3

We revisit the fundamental characteristics of projections as
follows

(K, = bl,) - (x=y)>0
A <

331
and  |[x], — [y],| <|x—yl, (30

Vx,ye R

expressed for any v and w belonging to V, we can represent
this as

([VTLg - [W‘E]eg) : (V‘E - Wr) > 0

32
and va}egf (3:32)

[Wr]eg’§|vrfwf| on Tj.

4 Approximation and a Priori Estimate
Results

4.1 A Priori Estimate of the Frictionless Problem

Lemma 4.1 Let x = (u,0) € [H(Q)]" x H*"(Q) with
r € (0,4, respectively, x! = (u,0") and x, = (u,0,) be

solutions of the problems (PV), (PV") and (PV,). Then,
we have

£,y

oo, 0) —&—%[uh I+

7",1—‘3
1
<C |I||o(u, 0) + = [ ] (4.1)
£ 7 0.5
L
1A (=l + 10 = 021,
and
1 +
ov(u, 0) + = [ug )
€ 7",1—3
(4.2)

1
<C lsr oy(u,0) + " [u40] "

0,13
ol =l g+ 110 - 0l g) |,

where the non-negative constant C is independent of ¢, u ,
u" and h.

Proof First, we have [see Chouly and Hild (2013b) for
more details]
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£,y

0, 0) + )

-l
1
<(r\,(u, 0) +- [ui’ﬁ’, v>
g & r,

= sup
VIl

VEHr<r3)

Hence, by using the relations (3.22)—(3.25), we get that

0,0) + 1 )

£,y
7}‘,1—‘3
Loy h
oy(u,0) +=[u; )", v —P"
e &
< sup L
veH"(T'3) ||vHr,l"3
1
ay(u,0) + - [ué’ ‘,]Jr, th>
e " r
+ sup :
veH"(T'3) ||VHr,l"3
llv— 7Dh"Ho,rg

<

&,V

1
oy(u,0) + E[u’? "

ors verr(ts)  P"l,r,
1

<av<u, o)+ L), th>
& o

IP"Vl,r,

I;

+ C sup
veH" (T'3)

1
o (,0) + i ]

<CH

0,I'3

ay(u,0) + é [ui’yvr, ’th>

+ sup L

VEHV(F3)

1P l,.r,

Furthermore, we know that for all v € V, we have
(Ae(u), e(v))y — (MO, e(v))y = (£, v)y + (ov(, 0),»)r,,

1
(Ae(u), e(v)yy — (MOg,e(v))y = (f,v)y + <_g[”a,v]+, vv>r .

Then, we find that
I
(w0 s ™) = Cotu s,
+ (M(0; — 0),8(v))y, YWeV.

Similarly, by using V" instead of V, we deduce that
1
(0000 LT E) = (st a), 20
I;
+ (M0 — 0), (™)),

On another side, the continuity of (u, v)— (Ae(u), &(v)) and
(0,v)— (M0, e(v)) lead to

22, Q) Springer

1
<av(u7 0) +E [ufl» +,77hv>

sup b
veHr(T3) IP",.r,
1 i
o, 0) + L R (P )

< sup 7 -

veH" (I3) |7 V||r‘,r3
_ (Ae(u — ul'),eR"(P")),, + (M(0! — 0),eR"(P"v)),,
S sup

veH" (I3) ||7DhV||r.r3

IR"(P")ll1.0
veH" (I'3) th"”r,n
IRM Pl .,

"1,

<C (lu—utlli o+ 11061 o)

<C (flu— ”f;'HLQ + 10— 9?”1.9) sup
veH"(I'3)

Using next the following inverse inequality
1P*Vlyr, < CH 2P,

to find

1
<ov(u, 0) 4+ - [ui“,]J”, th>
e © r,

sup
ver(I3) 1P ll,.r,

1
<Ch72 (Jlu— ”fl”m +110 - 9?”1,9)

Finally, we the following estimate

&,V

o, 0) 4 )

—rI;

r—l
<C (=l g+ 110 = 021, )

]

We now introduce V¢ a fictitious finite element space,
defined identically as V" and with the choice of mesh size
h =& We note P°: L2(T'3) — X*(T3) the L?(T'3)-projec-
tion operator onto X*(I'3). Therefore, we can write

a,(u,0) + 1 [uh ﬁ

+H L,

0,13

£,y

0,0) 4 )

—rI3

r—l
<C [erH(lu—ulll o+ 110 = 041, o)

|

which is the desired result (4.2). O

1
|0, 0) [l ]

0,I3

Theorem 4.2 Suppose Q C R? is a bounded polygonal
domain. Let x = (u,0) and x, = (u;,0,) denote the solu-
tions of Problems (P) and (PV,;), respectively. Assuming
that (u,0) € [HT(Q)] x H"(Q) (where r € (0,1/2]),
the subsequent prior estimate holds
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1 1
e = telly o + 110 = Ol o + 20 (ut, 0) + [t ]

0.T;
lir

<Ce" (||MH%+,7Q + HQH%—H,Q)

(4.4)

for a constant C > 0 which is independent of a parameter &
and of a solution x of Problem (P).

Proof By taking test functions v € (H'(Q)?) and y €
H'(Q) and multiplying Eq. (2.1) and (2.2) by them, we
subsequently employ Green’s formula and incorporate the
boundary conditions (2.6), (2.7), and (2.10) to derive

(Bx,y)yx + €(u,0,) + /1‘ ay(u,0) v, da

:(feay))(a vy:(V,lp)GX.

It’s worth mentioning that the Eq. (4.5) can be interpreted
meaningfully if its integral term is viewed as a duality
pairing between Hp, = H'/?(I';) and its dual space
Hf, = H '/*(I's). Hence, assuming u € [H(Q)]? and
Ve H%+’(Q) provides justification for this relationship by
ensuring

(4.5)

oy, € H’(F3).

Considering the ellipticity relation (3.11) of the operator A,
along with the relations (3.15) and (4.5), we infer that

mng—stX (Bx — Bxg, X — X))y

< (Bx,x — xp)y — (Bxg, x — X))y
< / (O-v(u; 6) + é [us,xv]+) (uv - us,v) da
I;
+ U(ug, 0:,0 — 0,) — £(u,0,0 — 0,)

1
< / ay(u,0) u, da + / - [um]Jr u,da+7T
I; ;&

—/ av(u,H)ugﬁvda—/ !
F3 F‘%

[ue, \,]+ U,y da,

(4.6)
where
T = 0(u 0,0 —0;) — £(u, 0,0 — 0,).

Due to the contact conditions (2.8) on I';, we observe that

/ ay(u,0) uy,da = 0, (4.7)
I3

/ ! (] "y da < 0. (4.8)
r; €

Additionally, recalling the beneficial property (3.13), the
identical condition (2.8) results in

- /r 3 ay(u,0) u;yda < — / ov(u, 0) [usy] " da,  (4.9)

I3
1 + 1 + +
- [I/t, ‘] Uy da = — - [uc.v] [Mz;,v] da. (410)
F; r3 €

Then, using the relations (4.7)—(4.10) and the well-known
Young inequality, (4.6) becomes

2
myg|loc — xe [

< - / <0",(u, 0) + % [u&’v]+> (e " da+T
I3

< ¢ / (m,(u 0) + 1[ug,‘,]+>
( 1, 0) — oy(u, 0) + i[usﬁ,r) da+T
< o)+ Liu |

0,I'3

+ 8/ (m,(u, 0) + ! [ugjv]’L) oy(u,0)da+T
I3 &

2
<-e +&°0 (u, 0)

1
O-v(ua 0) + - [us.v]+
& 0,Ts

1 +
+ ; [”s.v]

e'llov(u, O, r,+T
-3

< —éllov(u, 0)
2 826

0, 25

2
llov(u, 0) ||r,F3+T7

1 1 :
- £v+ v 9 sv+
] 0,1, 0) + [,

—rI;3
B82—26

+
(4.11)

where 6 € [0,1] and f§ > 0. Considering the two estimates
(4.1)—(4.2), we can infer that

2
my|loc — xe [

§2(0+r)—1 1 2
< —¢ (1 -C ) oy(u, 0) + - [us,v]+
ﬁ & 0,13
82((5+r)—1 ) )
+C 7 [l = el o + 16 = 0,17 g
[35
o0 +T.
(4.12)

On the other hand, we have
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T = kT(uS‘\, —
JT3

- / k(s — ) 910 — 0¢)(0 — 0,) da

8) ¢.(0: — 0F)(0 — 0;) da

= [ Ko = )20~ 0r) = 0200 = 00))(0 = 0,) da
[ erli = 8) = kel = ) 920~ 00)(0 ~ 0.) da
s
Then, we deduce for some non-negative constant C > L,L
that

2
I TI< M0 = Ocllor, + LoL [lusy — wllor, 10— O:llor,
L,L

< <M(p JrTO(

2 2
) 10— 0,12y + oL ity — ]2,
< (8, + SV 10— 0,2 0+ Cotls — uf
> T 40 ell1,0 «|Ue — Ul o-
(4.13)

We next use the two estimates (4.13) and (4.12) to deduce

82(5+r)71 5
(mB—C 3 —ch) ||u—u£||1,(2

82(5+r)71 C )
O R e A L
2(0+r)—1 1 2
+g(1 —c?t ) o1, 0) + ~ [, ]+
B € 0,T3
2(1-0)
<p oy (u, )| -, -
(4.14)

We then choose 6 = § — r (which give 2(d +r) — 1 = 0),
and

p=c(i+ !
o mpg mB+M<P7

S T -
C B B Z(mg +M(p7%>.

This choice of 6, « and f§ was made in order to guarantee
that

82(5+r)71

mg — C —Ca>0,
B
82((5+r)—l C
et M,- >0
mp ,B ®» 4a )
82(5+r)71
1-C > 0.
B

Thus, the desired bound (4.4) follows from the estimate
o, 0)[], . <€ (Il + 16lls:,.0)-

O
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4.2 A Priori Estimate of of Tresca’s Friction
Problem

Theorem 4.3 Suppose x = (u,0) and x, = (u,, 0,) repre-

sent the solutions of Problem (PV) and Problem (PV,),

respectively. If we assume the regularities u € (H*"(Q))*

and 0 € H%+’(Q) with 0<r<1/2, then the following a
priori estimate holds

1 1
| — “1:”1,9 + 16— 06”1,9 + ¢ ||ov(u, 0) + e [”&,vr
0,3
1 1
t+e Gf(uv 0) +- [Mﬂaf}sg
€ 0.l
Lir

<CH* (llull g+ 100 all),

(4.15)

where C > 0 does not depend on a penalized parameter ¢,
nor on x = (u, 0) solution of Problem (PV).

Proof 1It’s notable to observe that the friction conditions
(2.9) and the definition of [], , entail

/R <61(u7 f) +é [u*’*f]ﬁg) (ur — ugr) da
_ /F 3 <o’z(u,0) +l[“mhg) e da

The estimate (4.2) obtained in Lemma 4.1 still holds, by
replacing ||a,(u, 0) + }[us] ||, r, by

IN

IN

+
5,13

)
5,3

for s = —r or s = 0, see (Chouly and Hild 2013b, Theo-
rem 4.1). Subsequently, employing similar methodologies
as presented in (Chouly and Hild 2013b, Theorem 4.1), we
can derive the estimate (4.15), thereby establishing Theo-
rem 4.2. O

1 1
ay(u, 0) + - [”8.,1’]+ o.(u,0) + z [t4:c],

8

4.3 A Priori Estimate of the Approximation
Frictionless Problem

Theorem 4.4 Consider x!' = (u",0") and x, = (u;,0,) as

er7e
the solutions of problems (PV") and (PV,), respectively.
Then, for any ¢ > 0 and any h > 0, the subsequent a priori
error estimate is valid
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e — ullly o + 110 — 01]], . + (2 + Ch?) It

1
’E [uw

1 h
- E [us,v]+

0.I'5
< c{llu = el g =], o +10 = 0l

0= &af, V' =04 &) e xt,
(4.16)

where C > 0 is independent of the constrained solution
x = (u, 0) and the parameters & and e.

Proof Taking y" — x as test function in Problem (PV"),
we obtain

(Bxil7yh - xl‘:)X + é(ui" H?a fh - 9{:)
1 e
o [T da= ey - @17)

Vyh _ (vh,éh) c Xh.

The penalized problem (PV,) aligns with the finite element
problem (PV?) in such a way that the solution x, = (u,, 0;)

of Problem (PV;) also satisfies, for every
yt= (", &) € X", the equation
(Bx87yh)x + e(usv 987 éh)

1 (4.18)

+_/ [us‘v]ny da = (fevyh)x~
& T;

We take the test function x! = (u”,0") € X" in equation
(4.18) to deduce
(Bxﬁvyh - xfl)X + E(ut'a 987 éh - eeh)
1 (4
G da— P~ 10
vyl = (M e X"
Given that the operator B exhibits strong monotonicity and
Lipschitz continuity (see (3.11)—(3.12)), we have
mpg ||x; — xfl”)z( < (Bx, — Bx},x, — X))y

< (Bx; — Bx", x, — ")y + (Bx, — Bx!', y" — ),

<My x; — 2l =5l

+ (Bxs,yh - xil)x - (Bxi',yh _xi-l)x’
Vyh — (Vh, ih) c Xh.
(4.20)

Employing Young’s inequality and the triangle inequality,
the preceding estimate (4.20) is transformed into

1 aM?
h2 hy2 h2
malle, — A1 < 5 e, — 2 + 202 e~ 1
+ (Bxg,y" — )y — (B, Y =)y
1 2 2 2
< 5, — x5 + oM (|l — xllx + e = »"[Ix)
+ (Bx«':‘vyh _x.}c,z)x - (Bxg7yh —xi’)x, Vyh
= (v, &) e x".
(4.21)

To assess the last two terms of the previous inequality, we
utilize equations (4.17) and (4.19) to derive

(Bxs,yh - x’:)x - (Bxilvyh - XQ)X

= / (l [Mi1»]+ _l [”é:,v]Jr) (V}J - uil,v) da
r; \& é
O 0, — 0 — B, 0,8 — 0

&) e

= (G = b )

- (1 es] L [u’m*) (s — V") da
T3 & & ’
+0(ul 0" — 0y — 0(ug, 0,, & — O").

e e

(4.22)

We estimate the first term of (4.22) by

1 1
/ <__ [e,] " — " M’,f) (”il,v — Ugy) da
T; & &
1 1 1 1
= —¢ /1“3 (; [u‘g,v]Jr - [ufy‘,]Jr) (; Uy — Eui") da

(4.23)

IA
|
o

For the second term of (4.22), we (3.26), (3.27) and Cau-
chy—Schwartz inequality to obtain

1o 1,
/r3 (E [uC,V] _E [us‘\*

+) (tey — V") da

(4.24)

Through the utilization of interpolation (3.23), in con-
junction with the continuity of the trace operator and
Young’s inequality, we obtain
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[| (e = V") v =P (ue —") - VHO-FS

1 1
[§ e =4

0.
<at|t [es]” ! L)Y e =
- e g 0,3 ' 2l
1 1 ? 2
<chll= [ue]" == [Mﬁl.vr +c H”S - Vh”lﬂ
& & 0,13 ’
1 1 ’
< Ch |- [uc.vrr - [”g.vﬁ
£ &7 0,3

+C (e = ulf o+ =Vl g).
(4.25)
Using condition (4.18) and stability properties in (3.22) and
(3.25), and choosing
y* — (Rh(Ph(ue —Vh)) 0 _ éh)’
K = 0(u;, 0,, 0. — &) — 0@, 0", 0, — &M,

we can deduce from Problem (PV") that

S e = W) R = 1))
< (Bx, — Bl y*)y + L(ug, 0, 0. — E") — 0@, 0",0, — &")
<Mp [lx = xlx Iy [lx + £
< Mg [, = x[|x { IR (" (u, —v")]], o
+0: =&l o} + K
< CMp ||, — 2|1 {11 (u = ") llyr, +10; = &
< CMgl|x, _XQHX {H“F - ””1,9
—Ollo+ 10—} +K

h“l,Q}+K

+ [l ="l o + 116
1 2
< *Hxa *xh”x

(CMB 2
+f{” 8‘””19"‘”” Viia

+10. =0l o+ 10— &0} + K,
(4.26)

where the term K is as follows

K= - kT(”s‘\* - g) (/)L(Qs - QF)(GE‘ - éh) da

_/ kT(ufv_
T3 ’

= /r k(e — 8) (@r(0: — OF) — @ (0F — 0F)) (0. — &") da

g) (/)L(Hl.: —0F) (0, — fh)da

+ / (kr (1, — &) — ke (", — 2)) @, (6! — 07) (0, — &") da.
I3

Then, we finally find

22, Q) Springer

K]
<M,||0, - 0" 0, — &
<10~ o, 10~ &l
+L‘/7L||u&v_ &,y He é,hHOI"g
M hy 2 h)2
g4—§||08—98||0,r3+( o) jo. - &,
+aLyL ||ty — ”Z\z”o,r;

M, hi2
sfjneg—enm

*“?H%.Q
M, 2 C 2
sgneg—eﬁnl,ﬁ(m o) (0.~ ot

10— "l q) +aC lu, — u

+ (aMy + - ) 10: = €17 + C [lu,

i
(4.27)

We now combine (4.25), (4.26) and (4.27) to rewrite the
estimate (4.24) as follows

e

1
< & [lxe — h”x +ch ]+ - § ]+

‘ [us v
0,I'3

oaMj 2 2
0 (14 558) (e - i g + - Vi)
C oCM} 2 )
+ (ot + £+ 25 (10, - 0 g + 10— 1)

4o 2
Jij2
- 06”1,9'

M,
h 2 q
+oC lu, — ] g + 32 10,
(4.28)
For the third term of (4.22), wee know that
ol 08, — 01y — (u, 0, E" — O")

- / kr (!, — ), (0! — 0r)(&" — 01 da
I

- /r kr(ul, — 8) (10" — 05) — o0, — 0)) (&' — 0" da
o
+ /1"3 (k7( PRy g)

Then, the following majoration inequality holds.

— )@, (0, — 0p)(&" — 0!) da

— ki (ttsy — 8)) 91 (0s — O)(&" — 0) da
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|0y, 07,8" = 07) — £ue, 0, 8" = 07)]
<M, |10 = Oullor, N1E" = O llor,
+L,L ||"‘fl» —teyllor, " — 9?”0,&
< S 10t = 0, + (oot + 225
||0h - fh”Sn + alyL [lugy — svHO I

2
S

N (w + )neh NP g+ oC e — 2
C
q hi2
< 4; ||9s—93||17§2Jr (“MQ)JFE)

(10: = 011 0 + 10 — 01 0 + 110 — "1 o)
+ oC ||u; —

2
”?“ 1,0
(4.29)

Next, we combine (4.23), (4.28) and (4.29) to reformulate
the estimate (4.22), we express it in the following manner

(Bvayh - xi’)X

1 1
z [”wr T [Mf’f

(meyh - x?)X -

1
ol L PR

2
(Ch—¢)

0.I;
+ C[l + T} ([foe — “\ﬁn +lu=v"7q)

C O(CM 2 chi 2
+ [2otty + £+ 2558 (10, - 013 + 10 - 1)

M,
+ 2aC |lu, — uZH%Q + {2 P

oM, + }ne 0

(4.30)

. 2 2 2
Recalling |- [lx = [ - [[v + 1 - llg»

[ “1lg = Il - Il o- We use the inequality (4.30) to rewrite the

Il 11 lly and

estimate (4.21) as follows

3 h2
[ 2~ 21 | =

M C 2
+ |:mB _2__2_;/)_1M(/) _£:| ”0?_0?“10
1 1 :
+eé ’[”&,vr T[“i’.v}+
&7 0,T'5
1 1 :
SChH_ [u“'v]+ __[ug\' +
€ e 0I5
3aM?
+c[1 +=3 B} (e =l + 1w =1 )
C 3CoM>?
+ [2atty -+ 2558 (0. 0l + 10 - ).

(4.31)

Under appropriate mathematical condition on o > 0
involving mp, M, and C, the terms mg — 3. — 22C and

mp — % — % — oM, — % are non-negative. So, (4.31)
implies the desired estimation (4.16). d

Theorem 4.5 Given the conditions stated in Theorem 4.4,
if x = (u, 0) represents the solution of Problem (3.8) such
that

ue Q)T 0eH(Q) with 0<r<2,

then the ensuing estimate holds true

= ]|, o110 = O], o +(e2 = CB2) [0y (u, 0)
1
+ ) (4.32)
0T

Lip iy
< (1 + ) (Iullys o + 10010

where C > 0 is independent of x = (u, 0), ¢ and h.

Proof Given that x" = (u",0") € X", we select
A= 0") = (T,(w), Z,(0)),

where 7 ,11 denotes Lagrange’s interpolation operator asso-
ciated with X" = V" x Q". The conventional Lagrange
interpolation approximations in the H'(Q) norm are pro-
vided for r € (— 2 , 2] as detailed in prior works (see khalfi
et al. (2023); Bourichi et al. (2016); Dione (2019); Ern and
Guermond (2004))

Hu— (u ||lg<chJr ||u||s+rQ,

433
10 = Z4(0)]], o < ch*"0]]3 (439

+r,Q°

We opt for penalty and mesh parameters to ensure ¢ > h.
Subsequently, utilizing the triangle inequality, Theorem 4.5
is derived from Theorems 4.4, 4.2, and the interpolation
estimate (4.33). O

Remark 4.6 Ultimately, to establish a convergence rate for
the approximation (4.32), we may select &(h) := ch?, where
c and y are fixed positive constants; hence, the penalty
parameter ¢ becomes a function of the mesh size 4. Con-
sequently, we obtain

1. When & scales in accordance with A, meaning
e(h) := (C +1)*h, we derive the following a priori
estimate from Theorem 4.4:

1
e = wtlly 0+ 110 = 0711, o + B2l 0 (u, 0)

1 r
+- [ug,vr_ S Ch7+ (||u|‘3+rQ + H9||3+r9)

&

0,I3

2. When ¢(h) := C?h" with 0<y<1, Theorem 4.4 gives

us the following a priori estimate:
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h
e = ]l 0+ 110 = O], 0

7 —y 1
+ Ch7<1 - th) oy(u,0) + ;[uh ,

0,I'3

N
< W (|l + [01l0)-

4.4 A Priori Estimate of the Approximation
Tresca’s Friction Problem

Theorem 4.7 Let x. = (u,,0.) and x" = (u", 0" solutions
of problems (PV,) and (Wg), respectively. Subsequently,

for any ¢ > 0 and h > 0, the ensuing a priori estimate is
obtained

lies — ]l @ + 116

+ (s% — Ch%) H‘i [u,;,v]Jr

h
- 91; ||1,Q

1
+HE [uﬁaf]z:g S [us.r]z:g
0,I3

< C (llue = ull g +llu =10
0, = Ola + 110 - &0), Vs =0, e X",
(4.34)

where a constant C > 0 remains independent of x =
(u,0), ¢ and h.

Proof The proof technique employed here resembles that
of Theorem 4.4. Initially, as utilized in establishing (4.21),
we have

2
_xile

1 2 aM?
< o e =l =52 e =

mp ‘ ‘X,;

i

+ (Bxsayh X ) (Bxgvy h)X (435)
1 2

< ool = ot (Ix =2l + [ =5[13),
+ (Bxg,y" — xl) = (Bxl Y — ), Wy

= ("¢ ex"

Recalling (3.29) and (3.30), where the terms u,, and u, .
are introduced, we derive

22, Q) Springer

(B-xmyh _xh)X -

& (Bxlslayh _x?)X

1 1
LG =l )0l
Ty & &
1 h 1 h h
+ T, _‘ [MS,‘E]J;g - E [uS,T]cg (Vr - us,r) da

+0(ul 0" — 0"y — 0(u,, 0,, & — 0"

&1 ve

(e — v];) da

v ;e
1 1.,
+ /l"; (8 [uﬂ‘f]sg - E [u&,r]sg

Oy, 08,8 — 00) — e(u,, 0,, 8" — 0F)

87 8’

=851+8+8+84+Ss,

where the quantities S, S, S3 , S4 and S5 are defined as
follows.

S [ (Gl = ) ) — e (a3)
S [ (Gl = A ) Ddn (a38)
= [ (b= b )~y (439)
o= [ (5 o= Bl YO = e (40)
S5 = U(u, 07, &' = 07) — L, 0,, " = 07). (441)

We already have estimated the term S in (4.23), and we
get

(4.42)

&V

1 1
Sl S — & Hf [“s,v}+ - [uh }+H .
& & 0,13

Using the properties (3.31)—(3.32), we estimate the term S3
as follows

1 1 1 1
S3 = —¢ /r3 (E [MS,T]I;g T [uil,r]cg> <E Uer — e ug,r) da

(4.43)

For the remaining terms S, and S4, we use (3.24)-(3.27)
and Cauchy-Schwartz inequality to get
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[ )((uafv")-va”(uﬂfvh)-v)da

1 1
+ (— sl — L 1) P
r \& g ©

(e ) (-,
[ (G b= b ) P =),

Hence, we conclude that

. — V") vda

—P'(u, — vh)f) da

1
So+ 84 < HZ (o] —

*Ph(ua - "h) : V||0r3

+/r<% ] = L )R" (P(u, — V")) - vda

e (R

’ /r G [4s2]eg = % [ui@kg) R (P (1, —

Moreover, by the same arguments as those used in the
estimation (4.25)—(4.26)—(4.27), we obtain

Dellor,

W), da.

(4.44)

H((M;; - Vh)

0,I'3

)’CHO,F3

1 1
S Ch H [usﬁv]jL - [MZV]JF
€ 9 0,I'3

2
0,I'3

2 2
+ C{llue = ullf g+ lu =113 0 }

(4.45)

and

S (G = ) RO =) vt
+/r3(§[uu]g—§[ Lo R

e, = ullf o + Nl = 1)

) (16, ~ 01 o+ 10 - €12

e+ 52 10, - 0 o

- h))rda

1 )
< > [l — IHX

+<ocM +—= +

+oC |Ju; —
(4.46)

Thus, the sum S, 4+ S; can be estimated as follows

Sy + Sy
1 2
<Ch H7 [us‘v}Jr
€ 0,3
1 aM
o =l (1 58 (1=l + = 1R )
C  aCMj} .
+ (at, +- 2+ 28 (0. - 0l + 10— 1)

4o 2
M
2 )12
”fl”lg + T; 0. — 6, ||1,Q~

Lo
- E [uaz,\']

1
+Hg [uﬁ‘f} [ua tleg
0,I'3

+ aC |lu; —
(4.47)

Finally, we already have estimated the term S5 in (4.29), as
following

M
S5 < 32 10: = Ol g +2Cllus — [T

C
+ (st 52) (10~ 020+ 10~ 0+ 10— ).
(4.48)

We combine (4.35) with the estimates (4.42), (4.43), (4.47)
and (4.48) to get

3
(mB—ﬂ_Z“C) |17 i
M C 7|2
+ (-2 Moot~ S 10— i
1 1 o
+e ‘7 [Lt ,\}+ N [”h\r +H7 [Lt ’ h
gt e " lory lle e
1o P
_E [MSJ]Lg oL
1 + 1 h 1+ : 1
<Ch E [te,] - [u“] o.r;+ % [us,r]eg
2
s
g BT 0,1 |

3OCM 2 2
0 (14758) (Ju - g+ - 1E)

C  3CaM}
+(2aM¢+—+ =5

52+ 25 (I~ 01+ 10 - 1)

(4.49)

where C > L,L is independent of x = (u,0),& and h. As
we have noted for estimation (4.31), we recall that for
appropriate condition on o we have

3 3 M C
mB—E—ZaC>0 and mg—g—z—;:—ocM,/,—E>O,
which let us conclude the desired estimation (4.34). U

Theorem 4.8 Under hypotheses of Theorem 4.7, if the
solution x = (u,0) of Problem (3.20) is such that

ueH(Q) and 0€ H'(Q) with 0<r<2,

there exists ¢ > 0 independent of x = (u, 0), € and h such
that

3%
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H” - ”};HLQ"'”H - 9hH1,9+(8% - Ch%)

&

1
0-1'(1"7 9) + E [uil»]Jr

+
0,I3

1 1
<O + ) (lullyepa + 160;1,0).

1
O'T(I/t, q)) + g [uzl,r]sg

0,13
(4.50)

Remark 4.9 Similar to the frictionless scenario, to ascer-
tain the convergence rate outlined in Theorem 4.8, we
adjust the penalty parameter as a function of the mesh size.
Therefore, if we consider, for instance, ¢(h) := (C + 1)2h,
signifying that the penalty parameter ¢ aligns with the mesh
size h, we obtain the ensuing a priori estimate

e =], o110 = 021},

1
+ 2 ||l (u, 0) +— [l )
&€ o,
Loy
+ af(ua 6) +- [usﬁr]sg
& 0,3

Lir
<O (|l g+ 1600)-

5 Conclusions

A thermoelastic unilateral contact problem in d =2,3
dimensional domain Q with and without Tresca’s friction
law has been presented in this work. First, the variational
formulations and their corresponding linear finite element
approximations are provided. The unilateral contact con-
dition is weakly imposed here using the penalty method.
Finally, error estimates dependent on the penalty parameter
¢ and the mesh size h were obtained. Furthermore,
assuming the solution maintains regularity, a convergence
result was established.
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