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Abstract
In this current study, we delve into a comparative analysis of the Gruneisen parameter within the context of carbides and

bromides embedded in cast iron under high compressive conditions. Our investigation is accompanied by a meticulous

evaluation, wherein we juxtapose the outcomes with those derived from four distinct equations of states (EOSs): namely

the M-L Jones EOS, Brennan–Stacey EOS, Birch–Murnaghan EOS, and Vinet–Rydberg EOS. Across the compression

spectrum ranging from 1 to 0.91, our study unravels intriguing patterns. Notably, the modified Lenard Jones EOS emerges

as the most fitting candidate for encapsulating the thermo elastic characteristics of carbides and bromides within the cast

iron matrix. This assertion is substantiated by a distinctive observation: The modified Lenard Jones EOS yields a minimal

slope in the graph depicting the relationship between the Gruneisen parameter and the volume compression ratio. In

essence, our work sheds light on a compelling EOS choice, furthering our understanding of these materials’ intricate

behavior under extreme compression.
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1 Introduction

The intricate world of cast iron unveils an arsenal of

mechanical marvels, where the interplay between compo-

sition, microstructure, and production methods crafts

materials that withstand the harshest of environments.

These alloys, recognized for their exceptional abrasive

resistance, harbor secrets within their crystalline

structures—secrets that hold the key to their remarkable

mechanical prowess (Moustafa et al. 2000).

Within the heart of cast iron, concealed carbides and

borides emerge as the unsung heroes, wielding the power to

transform mundane iron into a formidable defender against

wear and tear. These precipitated entities—Fe2C, Fe3C,

Fe23C7, and their kin—bestow resilience upon the alloy.

Yet, innovation has not ceased with tradition; a subtle

infusion of chromium and boron, alchemical touchstones,

reshapes these entities into (Fe, Cr)xC(B) formations (Feng

et al. 2012). The outcome is a symphony of enhanced

elasticity and tenacity, elevating the performance of these

alloys above their ordinary counterparts. Unveiling the

mystique behind this transformative alchemy requires more

than just a discerning eye; it demands the precision of first

principles calculations, grounded in the density functional

theory (DFT).

This computational crucible illuminates the electronic

tapestry, stability, and mechanical aptitude of these elusive

compounds. As the veil of synthesis constraints lifts,

ab initio calculations become the catalyst, enabling us to

peer into the properties that define these alloys’ mettle. The

symphony of cast iron’s mechanical performance echoes
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across the realm of abrasion-resistant applications. This

hinged harmony pivots on the trinity of chemical compo-

sition, micro structural nuances, and crafting techniques.

Fracture toughness and hardness—essential attributes—

find their roots entwined with the crystalline choreography

of carbides and borides (Uhlenhaut et al. 2006; Zhou et al.

2009a; Shein et al. 2006; Xie et al. 2005). Their intricate

crystal structures may stand before us, but the underlying

physical and chemical nuances, shrouded by fabrication

limitations, persist as enigmas. In the realm of under-

standing, scientific pioneers have ventured forth. Shein’s

voyage into the electronic and magnetic domains of X3C

(where X dances with Fe, Co, Ni) unearthed the meta-

stability of Fe3C and the allure of formation enthalpy.

Meanwhile, Chen and colleagues, wielding empirical

potentials, deciphered the stability and thermodynamics of

X7C3 (Mn, Cr, Fe), while Music delved into Cr7C3’s

electronic tapestry. Fe2B, a polymorph of intrigue,

unveiled its unstable visage through nonequilibrium sor-

cery (Music et al. 2004).

Such revelations expanded further—multi-component

carbides (Fe, Si)3C, (Fe, Cr)3C, Fe12Cr12W4C8B4—cour-

ted exploration. Si’s dalliance with Fe3C showcased solu-

bility limitations, diverging from the script penned by Cr-

doped Fe3C. These crystalline serenades played out under

the watchful gaze of first principles calculations. In this

ongoing odyssey, Xiao, and peers ventured into the

mechanical choreography of X2B compounds, their

insights intertwining with the grand tapestry of knowledge.

And now, in this narrative, we embark upon a similar

voyage, where EOSs calculations unveil the intricate dan-

ces of carbides and borides within cast iron’s realm. The

mechanical properties of cast iron should consider the nano

particle additive, which can greatly enhance the mechani-

cal properties. (Xiao et al. 2011, 2010; Zhou et al. 2009b;

Jang et al. 2009; Zuo and Liu 2021; Dixit et al. 2024).

The present study provided a different approach from

convention existing models and the present approach is

also shedding light on applicability of Equations of states.

Various researchers have calculated the Gruneisen param-

eter from different equations of states, some of them have

mentioned in the section of method of analysis. All the

formulations of Gruneisen parameter have their own

importance because they are applicable to various classes

of materials (Srivastava et al. 2023b, c, g; Pandey et al.

2023a). Any single formulation of Gruneisen parameter

cannot guarantee to be applicable on all class of materials

even at high pressure range. So it become important to

separate a good formulation of Gruneisen parameter from

number of formulation existing, the present study provided

such facility to the researchers. Various fundamental for-

mulations to calculate Gruneisen parameter are given

below…..

Slater gamma (Slater 1939) gave the formula for cal-

culation of Gruneisen parameter which is given below……

c ¼ 0:5
dK

dP

� �
� 1

6

� �

Vashchenko and Zubarev derived free volume expan-

sion for Gruneisen parameter (Srivastava et al. 2023f).

c ¼
0:5 dK

dP

� �
� 5

6
þ 2

9
P
KT

� 	

1 � 4
3


 �
P
KT

� 	

Borton and Stacey (Barton and Stacey 1985) gave the

fallowing formula to calculate Gruneisen parameter…

c ¼
0:5 dK

dP

� �
� 1

6
þ 2:35

3
1 � P

3KT

� 	

1 � 4
3


 �
P
KT

� 	

2 Method of Analysis

As the general form of straight line equation is y ¼ mxþ c,

where m is slope of straight line from x axis. In the present

analysis we have analyzed the Gruneisen parameter c at

high compression, so it is best suitable for us to replace y to

c and x to (V/V0).

Now the equation of straight line becomes

c ¼ m
V

V0

� �
þ c ð1Þ

Since the graph of Gruneisen parameter to V/V0 is

straight line and it passes through number of compression

points. Taking only extreme points under consideration we

will be able to analyze the slope of plots. Let at com-

pression point V
V0

� 	
1

the value of Gruneisen parameter is

c1. While at compression point V
V0

� 	
2

the value of Gru-

neisen parameter is c2.

Since all these points are within straight line so they will

satisfy the equation of straight line.

From this we have obtained two different equation given

fallowing.

c1 ¼ m
V

V0

� �
1

þc ð2Þ

and

c2 ¼ m
V

V0

� �
2

þc ð3Þ

From these two equations, we can easily obtain the

value of slope of plot for Gruneisen parameter which is

given by
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m ¼ dc

d V
V0

� 	
2
4

3
5 ¼ c2 � c1

V
V0

� 	
2
� V

V0

� 	
1

2
64

3
75 ð4Þ

The EOS having minimum value of m will be the best

suitable EOS for describing the thermo elastic properties of

materials under consideration. For describing Gruneisen

parameter we can obtain a straight line equation for it from

Eqs. (1) and (2)

c ¼ c1 þ m
V

V0

� �
� V

V0

� �
1

� 

ð5Þ

Now from Eqs. (4) and (5) we will obtain fallowing

relationship.

c ¼ c1 þ
c2 � c1

V
V0

� 	
2
� V

V0

� 	
1

2
64

3
75 V

V0

� �
� V

V0

� �
1

� 

ð6Þ

The Equations of states developed by Brennan–Stacey,

Vinet–Rydberg, Birch–Murnaghan, and modified Lenard

Jones are given below, respectively, by Eqs. (7–10)……..

P ¼ 3K0x
�4

ð3K00 � 5Þ exp
ð3K00 � 5Þð1 � x3Þ

3

� �
� 1

� 

ð7Þ

P ¼ 3K0x
�2ð1 � xÞ exp½gð1 � xÞ� ð8Þ

P ¼ 3

2
K0½x�7 � x�5�½1 þ 3

4
ðK00 � 4Þðx�2 � 4Þ� ð9Þ

where x ¼ V
V0

� 	1
3

and g ¼ 3
2
ðK 0

0 � 1Þ

P ¼ K0

n

� �
yð Þ�n y�n � 1½ � ð10Þ

where n ¼ K00
3

and y ¼ V
V0

� 	
.

3 Results and Discussion

The important input parameters used in the analysis of

Gruneisen parameter are given in the Table 1:

The values of Gruneisen parameter obtained from dif-

ferent EOS are illustrated in the Figs. 1, 2, 3 and 4. The

formulation predicted by Borton and Stacey (Barton and

Stacey 1985) for Gruneisen parameter have been used in

the analysis of carbides and bromides in cast irons. Four

different EOSs viz. modified Lenard Jones (Sun 2005),

Brennan–Stacey (Stacey et al. 1981; Pandey et al. 2023b),

Vinet–Rydberg (Vinet et al. 1986; Pandey et al. 2023c),

and Birch–Murnaghan EOS (Birch 1947; Pandey et al.

2023e; Srivastava et al. 2023a) have been used. The values

of pressure and Gruneisen parameter at high compression

obtained from different EOS are given in Tables 2, 3, 4,

and 5.

From Fig. 1 and Table 4, we can observe that the

modified Lenard Jones EOS has minimum slope while

Vinet–Rydberg EOS has maximum slope. For calculation

of slope of plots we can use Eq. (4)

Slope dc

d V
V0

� 	 ¼ c2�c1

V
V0

� 	
2

� V
V0

� 	
1

2
4

3
5.

So the slope for modified Lenard Jones EOS is

dc

d V
V0

� 	
2
4

3
5
M�L Jones

¼1:882657�1:995
0:91�1

¼ 0:80381.

and the slope for Vinet–Rydberg EOS is

dc

d V
V0

� 	
2
4

3
5

Brennan�StaceyEOS

¼1:747357�1:955
0:91�1

¼ 2:307.

So from these calculations we can observe that the graph

of Gruneisen parameter obtained from modified Lenard

Jones EOS makes an angle 38.79� while an angle of 66�
formed in case of Vinet–Rydberg EOS from (V/V0) axis.

So from these observations we can see that the values

obtained from modified Lenard Jones EOS are decreasing

but very slowly in comparison with other. The modified

Lenard Jones EOS is useful to calculate Gruneisen

parameter up to compression range 0.91 for

Fe12Cr12W4C12.

Slope dc

d V
V0

� 	 ¼ c2�c1

V
V0

� 	
2

� V
V0

� 	
1

2
4

3
5.

So the slope for modified Lenard Jones EOS is

dc

d V
V0

� 	
2
4

3
5
M�L Jones

¼1:249495�1:27
0:91�1

¼ 0:227833.

and the slope for Brennan–Stacey EOS is

dc

d V
V0

� 	
2
4

3
5

Brennan�StaceyEOS

¼1:134989�1:27
0:91�1

¼ 1:5

The above mathematical analysis explains distinct

characteristics among different equations of states (EOS),

while calculating the slopes derived from calculations

Table 1 Table for Bulk modulus and pressure derivative of bulk

modulus at zero pressure

Species K0(GPa) K00 References

Fe12Cr12W4C12 358.56 5.81 Feng et al. (2012)

Fe2B 331.04 4.44 Feng et al. (2012)

Fe3C 259.20 4.25 Feng et al. (2012)

Fe12Cr12W4C8B4 306.64 4.29 Feng et al. (2012)
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using Eq. (4), as shown in Fig. 2 and Table 2. Particularly,

the modified Lenard Jones EOS displays a minimal slope,

while the Brennan–Stacey EOS having the maximum

slope. This observation is consistent with the graphical

representation and numerical data. By applying Eq. (4) to

determine the slope of the plots, it becomes evident that the

graph depicting the Gruneisen parameter derived from the

modified Lenard Jones EOS forms an angle of 12.80 with

respect to the (V/V0) axis. Conversely, the Brennan–Stacey

EOS graph forms an angle of 56�. Such findings underscore

the notable difference in behavior, indicating that values

obtained from the modified Lenard Jones EOS remain

relatively constant at higher compression levels in com-

parison with other models. Further analysis employing the

Birch–Murnaghan EOS demonstrates that the Gruneisen

parameter graph derived from this equation forms an angle

of 16.30. This suggests that the Birch–Murnaghan EOS and

the modified Lenard Jones EOS perform similarly in pre-

dicting the Gruneisen parameter up to a compression range

of 0.95. However, as compression increases beyond this

1.6
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Fig. 1 Gruneisen parameter of

Fe12Cr12W4C12 at high
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Table 2 Calculation of Pressure and Gruneisen parameter at high compression for Fe2B

V/

V0

Pressure(GPa) Gruneisen parameter

Brennan–

Stacey EOS

Birch–

Murnaghan EOS

Vinet–

Rydberg EOS

M-L Jones

EOS

Brennan–

Stacey EOS

Birch–

Murnaghan EOS

Vinet–

Rydberg EOS

M-L Jones

EOS

1 0 0 0 0 1.27 1.27 1.27 1.27

0.99 3.402016 3.402153 3.402033 3.402161 1.254971 1.266946 1.256512 1.26765

0.98 6.993734 6.994878 6.993882 6.994945 1.239951 1.26392 1.243162 1.265317

0.97 10.78528 10.7893 10.78581 10.78953 1.224938 1.260922 1.229943 1.263003

0.96 14.78735 14.79727 14.78868 14.79785 1.209932 1.257952 1.216852 1.260707

0.95 19.01128 19.03146 19.01403 19.03264 1.194933 1.255009 1.203883 1.258429

0.94 23.46905 23.50539 23.4741 23.5075 1.17994 1.252094 1.191031 1.256169

0.93 28.17335 28.23351 28.18187 28.23699 1.164952 1.249206 1.178292 1.253926

0.92 33.13763 33.23127 33.15112 33.23665 1.149968 1.246346 1.165659 1.251702

0.91 38.37613 38.5152 38.39649 38.52316 1.134989 1.243513 1.15313 1.249495

Table 3 Calculation of pressure and Gruneisen parameter at high compression for Fe3C

V/

V0

Pressure(GPa) Gruneisen parameter

Brennan–

Stacey EOS

Birch–

Murnaghan EOS

Vinet–

Rydberg EOS

M-L Jones

EOS

Brennan–

Stacey EOS

Birch–

Murnaghan EOS

Vinet–

Rydberg EOS

M-L Jones

EOS

1 0 0 0 0 1.175 1.175 1.175 1.175

0.99 2.661193 2.661295 2.66121 2.661304 1.16092 1.172282 1.162767 1.173214

0.98 5.465516 5.466363 5.465653 5.466432 1.146846 1.169585 1.150637 1.171438

0.97 8.420377 8.42335 8.420866 8.423593 1.132778 1.166909 1.138607 1.169672

0.96 11.53361 11.54093 11.53483 11.54153 1.118715 1.164256 1.126672 1.167917

0.95 14.81347 14.82836 14.81598 14.82957 1.104656 1.161623 1.114829 1.166172

0.94 18.26873 18.29548 18.27329 18.29765 1.090602 1.159012 1.103073 1.164438

0.93 21.90861 21.95283 21.91624 21.95641 1.07655 1.156423 1.091402 1.162714

0.92 25.74291 25.81163 25.7549 25.81717 1.062501 1.153855 1.07981 1.161001

0.91 29.78197 29.88388 29.79995 29.89206 1.048455 1.151308 1.068295 1.159298

Table 4 Calculation of pressure and Gruneisen parameter at high compression for Fe12Cr12W4C12

V/

V0

Pressure(GPa) Gruneisen parameter

Brennan–

Stacey EOS

Birch–

Murnaghan EOS

Vinet–

Rydberg EOS

M-L Jones

EOS

Brennan–

Stacey EOS

Birch–

Murnaghan EOS

Vinet–

Rydberg EOS

M-L Jones

EOS

1 0 0 0 0 1.955 1.955 1.955 1.955

0.99 3.710306 3.710379 3.710264 3.710471 1.933129 1.938999 1.929891 1.946265

0.98 7.680844 7.681464 7.680502 7.682231 1.911282 1.923379 1.90535 1.937714

0.97 11.92866 11.9309 11.9275 11.9336 1.889457 1.908126 1.881351 1.929343

0.96 16.47197 16.47763 16.46921 16.48433 1.867654 1.893227 1.857866 1.921148

0.95 21.33024 21.34203 21.32481 21.3557 1.845871 1.878669 1.834873 1.913123

0.94 26.52425 26.546 26.51485 26.57072 1.824107 1.864439 1.812347 1.905266

0.93 32.07626 32.11312 32.06131 32.15419 1.802361 1.850525 1.790266 1.897572

0.92 38.01002 38.06876 37.98773 38.13294 1.780632 1.836917 1.768609 1.890037

0.91 44.351 44.44029 44.31932 44.53598 1.758919 1.823604 1.747357 1.882657
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point, the modified Lenard Jones EOS emerges as the more

reliable model for accurately predicting the behavior of

Fe2B at higher compression ratios.

Slope dc

d V
V0

� 	 ¼ c2�c1

V
V0

� 	
2

� V
V0

� 	
1

2
4

3
5.

So the slope for modified Lenard Jones EOS is

dc

d V
V0

� 	
2
4

3
5
M�L Jones

¼1:159798�1:175
0:91�1

¼ 0:16891.

and the slope for Brennan–Stacey EOS is

dc

d V
V0

� 	
2
4

3
5

Brennan�StaceyEOS

¼1:048555�1:175
0:91�1

¼ 1:40.

By analyzing Fig. 3 and Table 3, it is apparent that the

modified Lenard Jones EOS has the least slope, while the

Brennan–Stacey EOS exhibits the highest slope. The slope

calculations, derived from Eq. (4), reveal that the Gruneisen

parameter graph derived from the modified Lenard Jones EOS

forms an angle of 9.50 degrees with the (V/V0) axis. Further, the

Brennan–Stacey EOS graph creates an angle of 54.460 degrees

with the same axis. These observations suggest that the values

obtained from the modified Lenard Jones EOS remain rela-

tively constant at higher compression levels compared to oth-

ers. Further calculations for the Birch–Murnaghan EOS show

that its Gruneisen parameter graph forms an angle of 14.70

degrees. This indicates that, up to a compression ratio of 0.95,

both the Birch–Murnaghan EOS and the modified Lenard Jones

EOS are equally effective in calculating the Gruneisen

parameter. However, at higher compression ratios, the modi-

fied Lenard Jones EOS emerges as the superior choice among

all EOSs for Fe3C, offering more accuracy and stability.

Slope dc

d V
V0

� 	 ¼ c2�c1

V
V0

� 	
2

� V
V0

� 	
1

2
4

3
5.

So the slope for modified Lenard Jones EOS is

dc

d V
V0

� 	
2
4

3
5
M�L Jones

¼ 1:178339�1:195
0:91�1

¼ 0:18512.

and the slope for Brennan–Stacey EOS is

dc

d V
V0

� 	
2
4

3
5

Brennan�StaceyEOS

¼1:066672�1:195
0:91�1

¼ 1:42586.

Based on Fig. 4 and Table 5, it is evident that the

modified Lenard Jones equations of states (EOS) demon-

strates the lowest slope, while the Brennan–Stacey EOS

exhibits the highest slope. Using Eq. (4) for slope calcu-

lations of the plots, we can observe that the graph derived

from the modified Lenard Jones EOS forms an angle of

10.470 degrees with the (V/V0) axis, whereas the Brennan–

Stacey EOS forms an angle of 54.950 degrees. These cal-

culations highlight that the values obtained from the

modified Lenard Jones EOS remain relatively constant at

higher compression levels compared to others. Similarly,

upon analyzing the Birch–Murnaghan EOS, the Gruneisen

parameter obtained forms an angle of 14.890 degrees. The

whole story indicates that the Birch–Murnaghan EOS and

the modified Lenard Jones EOS are equally effective in

calculating the Gruneisen parameter up to a compression

ratio of 0.95. However, as we move compression ratios, the

modified Lenard Jones EOS seems as the very best choice

among the EOSs considered for Fe12Cr12W4C8B4 due to its

consistency and reliability.

Table 5 Calculation of pressure and Gruneisen parameter at high compression for Fe12Cr12W4C8B4

V/

V0

Pressure(GPa) Gruneisen parameter

Brennan–

Stacey EOS

Birch–

Murnaghan EOS

Vinet–

Rydberg EOS

M-L Jones

EOS

Brennan–

Stacey EOS

Birch–

Murnaghan EOS

Vinet–

Rydberg EOS

M-L Jones

EOS

1 0 0 0 0 1.195 1.195 1.195 1.195

0.99 3.14889 3.149012 3.148909 3.149022 1.18072 1.192241 1.18251 1.193101

0.98 6.468449 6.469466 6.468607 6.469542 1.166447 1.189505 1.17013 1.191215

0.97 9.96757 9.97114 9.968133 9.971405 1.15218 1.186792 1.157856 1.18934

0.96 13.65565 13.66445 13.65705 13.6651 1.137919 1.184101 1.145684 1.187477

0.95 17.54262 17.5605 17.54551 17.56182 1.123662 1.181434 1.13361 1.185625

0.94 21.63898 21.67114 21.64425 21.67351 1.10941 1.178789 1.121629 1.183786

0.93 25.95584 26.00901 25.96466 26.01291 1.095161 1.176167 1.109737 1.181958

0.92 30.50495 30.58761 30.51884 30.59366 1.080916 1.173568 1.097932 1.180143

0.91 35.29876 35.42136 35.3196 35.43031 1.066672 1.170991 1.086208 1.178339
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4 Conclusions

Based on the provided results and observations, we can draw

the following conclusions: Comparison of EOS Angles: The

Gruneisen parameter graph obtained from the modified

Lenard Jones EOS makes an angle of approximately 38.790,

12.80, 9.50, and 10.470 with the (V/V0) axis for different

materials (Fe12Cr12W4C12, Fe2B, Fe3C, and Fe12Cr12W4C8-

B4, respectively). The Vinet–Rydberg EOS graph forms an

angle of approximately 660 for Fe12Cr12W4C12. The Bren-

nan–Stacey EOS graphs form angles of approximately 560,

54.460, and 54.950 for Fe12Cr12W4C12, Fe2B, and Fe12Cr12-

W4C8B4, respectively. The Birch–Murnaghan EOS graph

forms angles of approximately 16.30, 14.70, and 14.890 for

Fe12Cr12W4C12, Fe2B, and Fe12Cr12W4C8B4, respectively.

4.1 Behavior of Modified Lenard Jones EOS

The values obtained from the modified Lenard Jones EOS

exhibit a trend of decreasing, but very slowly, as the com-

pression increases. This is observed for different materials.

The modified Lenard Jones EOS values remain almost

constant at high compression levels in comparison with other

EOS models (Brennan–Stacey and Birch–Murnaghan).

4.2 EOS Suitability for Gruneisen Parameter
Calculation

The modified Lenard Jones EOS is stated to be useful for

calculating the Gruneisen parameter up to a compression

range of 0.91 for Fe12Cr12W4C12, 0.95 for Fe2B, and 0.95

for Fe3C. At higher compression ratios, the modified

Lenard Jones EOS is suggested to be the best overall EOS

for calculating the Gruneisen parameter for Fe2B, Fe3C and

Fe12Cr12W4C8B4.

4.3 Birch–Murnaghan EOS Comparison

The Birch–Murnaghan EOS is noted to be equally useful as

the modified Lenard Jones EOS in calculating the Gru-

neisen parameter up to a compression range of 0.95 for

different materials.

4.4 High Compression Behavior

The modified Lenard Jones EOS values are observed to be

almost constant at high compression, making it potentially

more suitable for these conditions compared to other EOS

models. In summary, the modified Lenard Jones EOS

exhibits specific advantages in terms of its behavior at high

compressions and its suitability for calculating the Gru-

neisen parameter for various materials. However, the

Birch–Murnaghan EOS also performs well in certain cases.

The specific choice of EOS model would depend on the

material being studied and the compression range of

interest (Srivastava et al. 2023d, e).
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