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Abstract

Stability analysis of impulsive nonlinear fractional-order system (FOS) is discussed. First, the existence and uniqueness of
solutions for FOS is discussed with help of fixed point theory. The nonlinear system is considered with a constant time
delay and impulsive effects. Then, novel sufficient conditions to prove the Mittag—Leffler stability (MLS) of FOS are
established by using well known mathematical techniques. Also, the results are extended to present finite-time MLS
conditions for considered nonlinear FOSs. Finally, examples are given to show the validity of the derived results.
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1 Introduction

Systems modeled with fractional-order calculus have led to
the new developments and results which are applied in
several fields such as mechanics, biology, economics,
biophysics, aerodynamics, signal and image processing.
The applications of fractional calculus in viscoelasticity
and electrical circuits with fractance have found in litera-
ture, see for instance (Debnath 2003; Miller and Ross 1993;
Lakshmikantham 2008; Tabouche 2021) and references
therein. Particularly, results on some physical problems
using fractional-order dynamics found in nonlinear regu-
larized long-wave model (Yavuz and Abdeljawad 2020),
Schrodinger—-KdV equation (Yavuz et al. 2021), circulant
Halvorsen system (Hammouch et al. 2021), and option
pricing models (Yavuz 2022). Recently, Naik et al. (2020)
studied the COVID-19 model using fractional-order oper-
ator and discussed the average absolute relative error

P< K. Mathiyalagan
kmathimath@gmail.com
Yong-Ki Ma
ykma@kongju.ac.kr

Department of Mathematics, Bharathiar University,
Coimbatore 641 046, India

Department of Applied Mathematics, Kongju National
University, Gongju-si, Chungcheongnam-do 32588, Republic
of Korea

between actual cases and the model’s solution for infec-
tious class, also discussed the impact of alternative drugs
applied for treating the infected individuals. Fractional-
order dynamics based susceptible-infected-recovered epi-
demic model for predicting the spread of an infectious
disease were studied in Dasbasi (2021).

It is noted that when dealing with dynamical systems
using varity of differential equations, the first and foremost
one is existence of solution (Deep and Tunc 2020). Bohner
et al. (2021) studied the fractional Volterra integro-differ-
ential equation with multiple kernels and delays. Yavuz
et al. (2018) derived the approximate analytical solution
for fractional partial differential equations with singular
and nonsingular kernels using the Atangana—Baleanu and
Liouville—Caputo fractional operators. On the other hand,
impulses in differential equations reflects the dynamics of
real world problems with unexpected discontinuities and
rapid changes at certain instants such as blood flows, heart
beats and so on, see Guo and Jiang (2012), Stamova and Tr
(2016), & Area and Nieto (2021). Slynko and Tunc (2019)
studied the Lyapunov stability of impulsive linear switched
systems by constructing an equivalent impulsive system
without switching.

In literature, the concepts of stability analysis of
impulsive FOS are studied by various approaches; in this
paper, we made an attempt to study MLS analysis for
nonlinear impulsive FOS with time delays. Stability of
solutions is essential one in the qualitative theory of
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dynamical systems as it addresses the system trajectories
under small perturbations of initial conditions. The stability
analysis of FOS is more difficult than the classical ones
because the derivative of fractional-order is nonlocal and
has infirm singular kernels (Agarwal et al. 2015, 2007;
Arthi et al. 2019; Baleanu and Wu 2019; Yunquan and
Chunfang 2016; Arthi et al. 2021). Recently, many authors
focused on the various types of stability analysis for FOS,
for example, the g-MLS and direct Lyapunov method for
g-FOS was discussed in Li et al. (2018). Hyers-Ulam sta-
bility of nonlinear fractional system with delays has been
analysed in Khan et al. (2020). Stability of fractional
predator-prey system with harvesting rate was presented in
Yavuz and Sene (2020). The Mittag—Leffler input stability
of FOSs with exogenous disturbances using the Lyapunov
characterization were studied in Sene (2020). The finite-
time stability results for discrete-time FOSs using Gronwall
inequality have been investigated in Wu et al. (2018a). The
exponential stability of nonlinear FOS using Hurwitz state
matrix and Lyapunov direct method was established in
Sene (2019).

Among the different approaches MLS which is gener-
ally characterised by Mittag—Leffler functions holds the
features of power-law convergence. So, compared to the
other methods MLS is more useful in FOSs because the
Mittag—Leffler functions are commonly used in fractional
calculus. Li et al. (2010) proposed the MLS using frac-
tional Lyapunov direct method. MLS and uniform
asymptotic stability of nonlinear impulsive FOS were
obtained in Stamova (2015). The MLS of nonlinear FOS
with impulses was analysed in Yang et al. (2017). The
MLS for impulsive FOSs with instantaneous and non-in-
stantaneous impulses are studied in Agarwal et al. (2017).
The MLS of nonlinear FOS by extended the Lyapunov
direct method has been studied in Li et al. (2009). The
MLS for linear impulsive fractional delayed difference
equations was discussed in Wu et al. (2018b). The MLS for
coupled system of FOS with impulses were investigated in
Li (2015). The MLS and generalized MLS for fractional
genetic regulatory networks using the fractional Lyapunov
method has been established in Ren et al. (2015).The MLS
for nonlinear fractional neutral singular systems were
obtained by Li et al. (2012). The finite time stability of
delayed FOSs by Mittag—Leffler functions was analyzed in
Li and Wang (2018). MLS estimator for nonlinear FOS
using linear quadratic regulator approach has been studied
in Martnez-Fuentes and Martnez-Guerra (2018).

To the best of our knowledge, MLS of FOS with time
delays has not yet been fully analyzed, which motivates our
present study. There are few results available in the liter-
ature for MLS of FOS with impulsive effects that could not
be suitable for impulsive FOSs with time delays. With this
motivation, the existence and uniqueness of solutions, MLS
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analysis of the impulsive nonlinear FOS with time delays
are established using the well-known fixed point theorems
and Mittag—Leffler approach. Further the main contribu-
tions of this paper are outlined as:

e The existence and uniqueness of solutions for the FOS
is discussed with help of fixed point theory.

e Some novel conditions for MLS of FOS are established
for the considered nonlinear system is with time delays
and impulses.

e Further the results are extended to finite-time MLS of
considered systems.

Finally, few examples are provided to validate the advan-
tages and effectiveness of the proposed results.

2 Problem Description

Consider the impulsive fractional-order nonlinear system
with constant time delay given by

oDyx(t) = f(t,x(1)) + Ax(t) + Bx(t — o), t € J /11,12, . . .lm,
x(1) = ¢(1), t € [~0,0],
Ax(ty) = x(t) —x(t; ) = Lix(t; ), k=1,2,...m,
(1)

where (D] denotes the operator Caputo fractional deriva-
tive of v-order (0<v<1), f(-) is a nonlinear function
assumed to be Lipshitz continuous, A and B are constant
matrices, ¢ is the constant time delay, J = [0,T], T € R,
O<ti<t...<t,<T, I;:R"— R* are continuous for
k=1,2,...m, x(tf)= GE%x(tk +e€) and x(f;) =

lir(g{ x(t; + €). PC'([~0,T], R") be the Banach space of all

piecewise continuous functions from [—a, T] into R".
Before presenting our main results, the following
hypotheses are introduced.

(Hi) PC'([-0,T])(p) = {x € PC'([~0,T],R") :

Il < p} and PC'(p) = {§ € PC" : ¢, <p}.
Vp > 0.

(Hy) There exists a constant />0, such that
Il )| <I|y(2)||, for almost every ¢ € J and all
¥ € PC'(p).

(H3) There exists a constant u >0, such that
£ (1) = f(.¥) [ < plly — o ll;,  for  almost
every t € J and all Y, , € PC'(p).

(Hy) Let I € C(R",R") maps bounded set into bounded

set, for a constant M > 0, such that ||Ix(x(z;)) —

L@ <Mx =yl for
PC'([~0,T))(p) for k =1,2,...m.

each X,y €

Let us recall some basic definitions and lemmas which
are useful in deriving the main results.
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Definition 1 (Li et al. 2010) The solution x(¢) of system
(1) is said to be Mittag—Leffler stable, if

le(t) | < mlx(10) Ev(=A(r = 10)")",

where 7y is the initial time, v € (0,1), b >0, m(0) =0,
m(x)>0 and m(x) is locally lipshitz on x(t) €
PC'([—0c,T],R") with lipshitz constant my.

Definition 2 (Hei and Wu 2016) The system (1) is finite
time stable with respect to {0, €,J}, for d <e, if and only if
lpll<d = |x(2)]|<e, VteJ, where x(t) € PC'([-a,
TL,R"), ¢l = sup ||l

c<t<0

3 Main Results
3.1 Existence and Uniqueness Results

Before discussing the stability results, we discuss the
existence, uniqueness for system (1).

o (1),

¢(0) + ﬁ/ot(t — 0)"'[£(0,x(0)) + Ax(0) + Bx(6 — 0)]d0,

¢(0) + I (x(r7) + ﬁ/ot(t —0)"'[f(0,x(0)) + Ax(0) + Bx(0 — 0)]d0,

x(1) = x0 — FL/OIO(tO —0)"'(f(2,x(2)) + Ax(2)

+ Bx(0 — ¢))d0

1 ! v—1
o /0 (6= 0) (e, x(1)) + Ax(2)

+ Bx(60 — 0))do,
is only solution of fractional Cauchy problem

‘D)x(t) = f(t,x(t)) + Ax(t) + Bx(0 — 0),
telJ, x(t)=x0, to>0.

Theorem 3 Let O0<v<l and f:JxPC' —R" be
Lebesgue measurable function with respect to t on J. A
function x(t) € PC'([—a,T],R") is a solution of the system
(1), if and only if, x(t) € PC'([~0,T],R") is a solution of
the fractional-order integral equations given by

t € [—a,0],

re [Oatl)a

t € [f,h), (4)

$(0) + 3 Iux(ip) + % / (t — 0) "V [F(0,x(0)) + Ax(0) + Bx(0 — 0)|d0, 1 € [t T].
k=1 0

Lemma 1 (Lazarevic and Spasic 2009) Let 0 <v<1 and
let f : J — R be continuous, the initial value problem

0D}x(1) = £(t,x(1)) + Ax(1) + Bx(0 — o), 1 € [0,T],
%(0) =(0)

(2)
has the following Volterra fractional integral
_ 1 ! v—1
K0 =90) + 55 [ =0 r0.x0) £ 4x0)

+Bx(0 — 0)]d0,t € [0,T].

Then, every solution of (3) is also a solution of (2) and
conversely.

Lemma 2 (Feckan et al. 2012) Let v € (0,1) and f : J —
R be continuous. A function x € C(J,R) is given by

Proof Assume x(¢) satisfies the system (1). If # € [0,¢)
then

oDyx(t) =f(1,x(1)) + Ax(r)
+ Bx(t—o0), t€[0,1),

(5)
with x(0) = ¢(0). Integrating (5) from O to #; then

) = 9(0) + 755 [ (=0 1£(0.5(0)

+Ax(0) + Bx(0 — 0)]d0.

Suppose ¢ € [f1,12), then

oD}x(t) = f(t,x(1)) + Ax(t) + Bx(t — 0), t € [t1,t),

with x(#7) = x(¢t1) + 1, (x(¢;)). Then, by Lemma 2, we get
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5, =07 15(0,400)
Ax(0) + Bx(0 — 0))d0
1 i y—1

+m/0 (t—0)""[£(0,x(0)) + Ax(0) + Bx(0 — ¢)]d0
=x(07) + he(6)) ~ 15 / (11 — 0 [£(0,x(0))
+Ax(0) + Bx(0 — 0)]d0

1 ' v—1
WA (1 —0)"""[£(0,x(0)) + Ax(0) + Bx(0 — 7)]d0

—0(0) + i) + 1 [ '~ 0 [F(0.(0))
+Ax(0) + Bx(0 — 0)]d0.

+

Suppose ¢ € [t,,13), by Lemma 2, we have

Fx(t) =

')

$(0) + ﬁ /0 (6= 0) (0, x(0)) + Ax(0)Bx(6 —
$(0) + I (x(ty) + % /0 (0= 0)V (0, x(0)) + Ax(0) + Bx(0 — 0)]d0,

m 1 t -
0 Lx(t,))+—=— | (t—10) 0,x(6
)+ Y htes) + gy =0 0.40)
+Ax(0) + Bx(0 — 0)]d0.
Conversely, let x(¢) satisfies (4). If # € [0, ¢,) then using the
fact that (D] is the left inverse of I/, we have (5). If

t € [txytky1),k =1,2,...m then using the ideas of the
Caputo derivative, we obtain

oD} = f(t,x(t)) + Ax(t) + Bx(t —
and Ax(r;) = L(x(t;)).

0), t € [t tir1),

Next, to discuss the uniqueness of system (1), define a
mapping for x € PC'([—a,T],R") as

t €[—a,0],

5)]do, t€[0,1),

t€lt,n),

(0) + i Lx(t7) + L/Z(I — 9)v71[f(9,x(9)) + Ax(0) + Bx(0 — 0)]d0, t € [t,,T).
=1 0

() =) = g5 | (62— 0y (0.x(0)
+Ax(0) + Bx(0 — ¢)]d0

1 ! -
i m/o (t—0)""[f(0,x(0)) + Ax(0) + Bx(0 — )]d0

=x(t; ) + bx(t;) / (t— 0)"~ 1 £(0,x(0))
+Ax(0) 4 Bx(0 — )]d()
I .
+ m/o (t = 0)""'[£(0,x(0)) + Ax(0) + Bx(0 — ¢)]d0
= ¢(0) + Iix(f]) + hx(t;)

+ ﬁ | /O (1 0" (0.3(0)) + Ax(6) + Bx(0 - 0)}d0.

By similar arguments, for ¢ € [t,,, T], one can have

22, Q) Springer

Theorem 4 Assume (H,), (H,), (H3) and (Hy) hold, then

the system (1) has at least one solution on J provided that

6O + s Bl plla* + (1 + Al + 1BINT" p] + mM -
p —_ b

(6)

p}, k=1,2,...m.

where M = max { || I (x(z

Ol <
(Hy) it is clear that
PC!([—0,T])(p) is a closed, bounded and convex subset of
PC'([~a,T],R"). Now, we use Schauder fixed point the-
orem to prove that F in (6) has a fixed point.

Step 1. F maps PC'([—a,T])(p) into PC'([—a,T])(p).

Proof From Assumption
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According to Holder inequality and the condition (H5), ! .
for € 0.1) ety e e ot IE)0 ~ =01 = 51 [ 607 om0
. IR RN T —£(0,x(0)))d0]|
O <190+ 55 | €= 0 (0.0 o o H/ R
oA NORN
i =0 lax(o)jao .
1 ! v—1
i | €= 07 IBs(0 - )0 R
L t— =1 X —Bx(0 — 0)]do
<UO)] + 557 | =0 170.x(0) a0 Bx(0 — )|d0].
L t —0)" 'l Ax Using Step 1, we get
+m>/§) (t 0) e < BBIIONS" 1 upl (0,5(0)) — £(0,x(0))]
+ ||B||m/ (t—a—s)v71||x(0)||d0 T Tv+1) TH+1) e ’ ’
- IY su X, — AX
<190+ s [0 o0 T OO
[ d Bxi(0) — Bx(0
+L/ (t — 0)"" | Ax(0) 0 +r(v+1)§ggll x,(0) — Bx(0)]-
F(V) 0 (9)
+1B] r(|‘|,¢1| 1) [(t=0)"=1'] By similar arguments, for ¢ € [, 1), k=1,2,...m
BRI R, |(Fx)(e) — (Fx)(0)
+Bl 7 / (1= )" |(O)l|a0 '
< 1S + gy 1B 41 = |2 = Bt ”H
<:.(I+IAII+IIBII)t1p} r(lv) /Ol(t 0)" (0, 3(0)) — £(0 x(H))]dQH
B 1 ! v—1
) o /0 (t—0) [sz(())—Ax(O)]d()H
Similarly, for ¢ € [f, fx1), k=1,2,...m 1 ! -
-0 Bx;(0 — ¢) — Bx(0 — ¢)|d0
IF) @ < (19 (0)]| + mM T / oo et m a0 ) H
Bl + U+ Al + BT < ;Hn(xz(rf)) ~ ) + [P
<p T
@® +mig’||f(9,xz(9)) —f(0,x(0))]
Combining (7), (8) and noting that |(Fx)(r)|| = e H)Suplle/(f))—AX(@)ll
Il <l¢l <p, for te[-0,0], it yields ,
I(FX)(0)ll <p.  Hence F:PC'([~0,T])(p) — PC! B 0) B0
([=a,T])(p). s
Step 2. F is continuous. (10)

Let x; be a sequence such that x; —x on
PC'([~0,T])(p), by the continuity of f(z,1) with respect
to W, Ii(y) with respect to y and x({) with respect to {,
respectively, it is easy to see that f(¢,x,(1)) — f(¢,x(2)),
ted, L(x) — L(x), k=1,2,...m on PC'([—0a,T])(p)
and x;(1) — x(t), t € J as | — oo.

For r € [0,1))

Since [ — oo, f(t,x,(t)) convergent to fiz, x(¥)), Ii(x;) is
convergent to I(x), k =1,2,...m and x(¢) is convergent
to x(f) for t € J. Combining (9) and (10), noting that
I(Fx) (1) — (F)0)l] = [6(e) — $(0)]] = 0 for 1 € [~0,0],
it yields ||(Fx;)(t) — (Fx)()||,,— 0 as [ — oo. Therefore
F is continuous.

Step 3. F maps bounded sets into equicontinuous sets of
PC'([~0,T],R").
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Since PC!'([-a,T])(p) be a bounded set and
x € PC'([—0,T])(p), obviously Fx is equicontinuous on
[—0,0]. For any arbitrary 0, 0, € [0,1), 0; <0,, based on
the Holder inequality and Step 1, we have

[[(Fx)(02) = (Fx)(01)
Blll¢le”
- T'(v+1)

1 O v—1 v—1
10207 =0 =0yy(0.x(0)

+Ax(0) +Bx(0)||d0

+ﬁ /0 192 11002 0)" "1 (0.(0)) + Ax(0) + Bx(0) | d0

BBt A8l g,y
i+l Bley, g,

||B||||<I5||0 +l%£lvpjl||)A||P+||B||P](0 o,

as 0, — 01, the RHS of above inequality tends to zero.
Then Fx is equicontinuous on [0, 7).

By similar arguments, for the time interval [#, t+1), we
obtain

1(Fx)(62) = (Fx)(601)]]
< IBlliglle” + 2lip + [1Allp + [[BllP]

T(v+1) (0> = 61)" =0,

as 6, — 0;. This shows that Fx is equicontinuous on
[tk7tk+l) fork=1,2,...m

In other words, F(PC'([-0,T)))(p) C
PC'([~a,T])(p) is uniformly bounded according to Step
1, then A(PC'([—a,T]))(p) is a relatively compact subset
of PC'([—0o,T],R"). Thus

F: PC'([-0,T])(p) — PC'([~0,T])(p) is completely
continuous.

Therefore, in the view of Steps 1-3 and by Schauder
fixed point theorem, one can conclude that F has a fixed
point in PC'([—0, T])(p) and which is a solution of system
(1) on J. O

since

Theorem 5 Assume (H,), (H), (H3) and (H,) hold, then
the system (1) has a unique solution on J, provided the

following inequality holds
1
=——-1B ! A B
c r(v+1)[” ll¢lle” + (u+ Al + [1B]])

(11)

Proof Let F be a function defined by (6). Then

22, Q) Springer

'+ mM<1.

F: PC!([~0,T])(p) = PC'([=0,T])(p).

Now, we apply the Banach contraction principle to
prove F has a unique fixed point.

According to the condition (H3) and inequality (11), for
arbitrary x1,x, € PC'([—a,T])(p), for t € [~0,0]

[(Fx1) (1) — (Fxa) ()| = ([ (1) — p(1)[| = O.
Suppose t € [0,1)

II(Fxl)(t)—(sz)(t)H:ﬁ / (- 0) (0.1 (0)

OO0+ | [ -0 0)-Ara0)ae|
1 ! v—1

S Y0) /0 (1—0) [Bxl(Oa)sz(Ha)]dHH

1 -
g—u/ —6)"""d0 sup ||x; —x2
gt | -0 a0 sp s

1 )
Al / (+=0)""d0 sup 1~

SEI

B
+|| ||||¢||0' +_|| H/ —0 v ldQSup ||x1 x2||1
r'(v+ se[0,]
LN R NN
ST(v+1) * T(v+1)
IBlllI¢lle”  #lBll T
T(v1)  T(w1) 2l

<cllxi—x2l|
By similar arguments for ¢€ [thkJrl), k=1,2,...m, we have

1(Fx) (1) = (Fr2) (Dl <

( )||x1 %2l

Al
I'(v+1)
[B]lll¢lo"

I'(v+1)

8|
I'(v+1)

<cler=x2|l

[lx1 —x2[ o

+

[[x1 —x2 | oo +mM |1 —x2]|

Since ¢ < 1, it follows that F is strict contraction. Hence by
Banach fixed point theorem it can be concluded that there
exists a unique fixed point and which is the unique solution
of system (1). O

3.2 Mittag-Leffler Stability

In this section, we prove the MLS of system (1) by using
Laplace transform.

Theorem 6 Let x(t) € PC'([—o,T],R") in (4) is a solution
of the system (1) and satisfies
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1B]|o"

lx(O| < (1 —nM)~ |¢||{1+ T+ 1)

where 1 :W, then the system (1) is Mittag—Leffler

stable.

Proof 1In general, let 7 € [t tx4+1) then
m

- 1 ! v—1
m+;umm+ﬁgéww>v&wm
+ Ax(6) + Bx(0 — 0)]d0,

taking norm on both sides

|+Z’|Ik tk

1 ! v—1
ﬁmlmmwwww

1 ! v—1
+m/0(t—0) ||Ax(0)]|d0

L e oyl
Hw(ﬁwtow
<601+ YD)

| ! v—1
ﬁmlwaumwww

1 ! v—1
+m/o(t_0) |Ax(6)]|d0

(O] <[l¢(0

1x(0)]|40

0
+4wh%5/:u—a—mkwmmwe

1 t—o -
HMT%(H%®HWW
<[14(0 HZM%

+1fUWWMww

L'(v).Jo
1 ! v—1
—I—m/o (t—0)""||Ax(0)]|dO0
ol v 1
+ Il (H)[(I*G) *tHIIBHm

@wwa

By Assumptions (H;) and (Hy), we have

}E‘,(nt"), t € [tm, T),

XN < NPl + nMlx(@)| + LoDy [[x(D)]| + 1Al oDy [ x(1)]
o 1Blli¢lle”
I'(v+1)

+ 1Bl oD, [Ix(0) -

For any function Q(¢) > 0, (12) becomes

x| =[]l +nM||lx(@)|| + 1 oD; " [[x(1)]]
Bl ¢lle”

rv+1)
+ 1Bl oD " [[x(2)[| = O(1).

+ Al oD X + 5

Taking Laplace transform on both sides

[x(O)|| = Hd)” +nM||x(0)|| + 1 s||x(0)]]
1B~ 1x(0)] - O(s).
101145 a0
(1 —nM)|x(0)]| = [1+ 2] |

i/

where n = W. Next, taking Inverse Laplace trans-
form on both sides, one can have

(1= ()] =11+ s | )

— Q1) + 7 Ey(nt"),

where '+' denotes the convolution operator and the term
t7'E,(nt") > 0.
Then, it then follows that

(@)l < (1 —nM) ™!

o1+ s

(V+ 1):| v(ﬂtv)7 re [tnathrl)'

Therefore, from Definition 1, the solution of the system (1)
is Mittag—Leffler stable. O

It is well-known that the concept of short time stability
(or) finite-time stability has attracted much attention
because it has a special property that for given bounded
initial condition, the system state does not exceeds some
bounds during the time interval. Considering this, now the
above MLS is extended to finite-time MLS using the fol-
lowing corollary.
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Coro!lary 1 The S).)stem (D isﬁnite time s.tc.zle with respect It is casy to see f(t, x(f)) — tanh x; (¢) with [ = = 1,
to {0,¢€,J}, <e, if and only if, the conditions 02 0 tanh x; (7)

(S1) There exists a constant M >0, such that A= { O 0 2] with ||A|| = 0.2,
(x| <Me,  for  k=1,2,...m and  any 00.2 001
x € PC\([—a,T),R"), B= {_0'01 0.0 } with ||B| = 0.0224, ¢ = 0.04.

(S,) {nMe ) [1 n %] Ev(ntv)} <e

_IllA[+]B]
1—nM

hold.

where n

Proof Under the condition (S;) and by Theorem 6, we
have

IOl < 11l + nMe + = / (1 — 0" |£(0.x(0))

() Jo
+Ax(0) + Bx(0 — 0)]||d0.

Now, it is easy to see that

o< e+ o1+ A7 T

By Definition 2, the solution of the system (1) is finite-time
Mittag—Leffler stable. O

Remark 1 It is noted that the core ideas and proof process
in deriving the results in Theorem’s 4 & 5 on the existence
and uniqueness of solutions of the considered time-delay
system is followed from the similar ideas used in Guo and
Jiang (2012) for a system without time-delay. Also, the
MLS results proposed in Theorem 6 are new and different
from the finite-time stability results discussed for an evo-
lution system in Hei and Wu (2016). So this paper discloses
the new results for time-delay systems which are not dis-
cussed in the existing literature.

4 Numerical Examples
4.1 Example 1

Consider the following impulsive time delay fractional-

order system

oD%3x;(t) = tanhx; () + 0.2x1(¢) + 0.02x; (1 — 0.04)
—0.01x,(t — 0.04),

0D%3x5(2) = tanhx, () + 0.2x5(1) — 0.01x; (# — 0.04)
+0.02x,(t — 0.04),

teJ/ty, ta,. . by,

xi1(1) =0.1, x(1)=0.2, re€[-0.04, 0],

Axy (1) = x1 (1) — x2(1 — k) = 0.05,

Axy (1) = x1(t) — x2(¢ — k) = 0.05.

)

52, €\ Springer

It is easy to see that all Assumptions (H;), (H»), (H3)
and (H,) are hold. Now, for the choice of n = 10, 6 = 0.5,
€ = 1, it is easy to see the proposed conditions in Theorems
4-6 are satisfied. Hence, it can conclude that the unique
solution of above system exist and which is MLS.

4.2 Example 2

Consider the impulsive time delay fractional-order system

DY x(t) = 0.04x(t) — 0.2x( — 0.05) +-0.06 t € J /11, ta, .. .ty
x(1)=0.15 1 € [-0.05, 0]
Ax(t) =x(t) —x(t — k) =0.007.

Let n = 10, 0 = 0.3, e = 0.4, then we can verify that (S;)
in Corollary 1 is satisfied for the considered system. So we
can calculate that the above system is finite-time MLS and
by solving the inequality in (S;), the estimated time is
obtained as 7' ~ 0.3719.

5 Conclusion

The qualitative analysis of nonlinear impulsive FOSs with
time delays has been investigated, particularly on the
existence, uniqueness and MLS of considered systems. The
proposed results are new and have some novel ideas as the
delay dependent conditions were established using the
Laplace transforms and fractional-order calculus. Further,
the results are extended to finite-time MLS of the consid-
ered FOSs. Finally, some examples are provided to validate
the theoretical analysis. In practice the delay in the system
design will be of time-varying in nature and also the
nonlocal conditions in the initial data gives the better
approximation in many physical problems, extending the
results for these cases will be our future research directions.
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