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Abstract

Let A and B be topological algebras equipped with separating sequences of submultiplicative seminorms. Forn € N, n > 2,
we investigate under what conditions an almost n-Jordan homomorphism 7 : A — B is an almost n-homomorphism. We
also study the automatic continuity of almost n-Jordan homomorphisms and almost n-homomorphisms. Finally, we present
some results concerning additive n-Jordan homomorphisms on rings.
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1 Introduction

In this paper we always assume that n € N, n>2. In this
section we present the definitions, some preliminary results
and the historical background of the subject.

An additive map (operator) T between rings A and B is
called an n-homomorphism if

T(wmay---a,) =TaTay - - - Tay,,

for every ay, ay,...,a, € A. In particular, T is called an n-
Jordan homomorphism if T(a") = (Ta)", for every a € A.
If n=2 then T is simply called a homomorphism or a
Jordan homomorphism, respectively. When A and B are
algebras, we assume that T is linear.

The concept of n-Jordan homomorphisms between rings
was introduced by Herstein (1956), and the notion of n-
homomorphisms between algebras was introduced by
Hejazian et al. (2005). One of the main problems in this
area is that “under what conditions an n-Jordan homo-
morphism between algebras or rings is an n-homomor-
phism”. Another main problem is that “under what

< Taher Ghasemi Honary
honary @khu.ac.ir

Hamid Hosseinzadeh
math_man83 @yahoo.com

Kharazmi University, Tehran, Islamic Republic of Iran

conditions n-Jordan homomorphisms or n-homomorphisms
between algebras are continuous, when these algebras are
equipped with suitable topologies”. Some authors have
imposed many conditions on A and B to fulfil these prop-
erties. For more general results one may refer to Honary
et al. (2021) and Honary (2022). When A and B are com-
mutative algebras or rings, it has been shown that every
n-Jordan homomorphism is an n-homomorphism. For
example, see, Gselmann (2014), Honary et al. (2021),
Cheshmavar et al. (2020) and Bodaghi and Inceboz (2018).

A sequence of seminorms (p;) on an algebra A is called
submultiplicative if py(xy) < pi(x)pi(y) for all k € N and
every x,y € A. A sequence (p;) of seminorms on A is
called separating if for each non-zero a € A there exists py
such that py(a) # 0. Let (A, (pr)) and (B, (¢x)) be algebras
equipped with the separating sequences of submultiplica-
tive seminorms (py) and (gx). A linear map 7T : (A, (px)) —
(B, (gx)) is called an almost n-homomorphism if there
exists a non-negative ¢ (which may depend on n) such that

n
g (T(araz - --a,) — Ta\Tay - - - Ta, ) < SHPk(ai)7
i1

i=

for every ay,a,,...,a, € A and all k € N. Moreover, T is
called a weakly almost n-homomorphism if there exists a
non-negative ¢ (which may depend on n) such that for each
k €N there exists n(k) € N satisfying the following
inequality
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q(T(ay - --a,) — Tay ---Ta, ) < SHpn(k)(ai)v
i=1

for every ay,...,a, € A. In particular, T is called an almost
n-Jordan homomorphism if there exists a non-negative &
(which may depend on n) such that

a(T(a") — (Ta)") <e(pi(a))”,

for each k € N and every a € A. Similarly, T is called a
weakly almost n-Jordan homomorphism if there exists a
non-negative ¢ (which may depend on n) such that for each
k € N there exists n(k) € N satisfying the inequality

q(T(a") — (Ta)") < e(puwy(a))”,

for every a € A.

In the case that A and B are commutative Fréchet alge-
bras and n = 2, it was shown in Omidi et al. (2020, The-
orem 2.8) that, if the map 7 : A — B is an almost Jordan
homomorphism, then it is an almost homomorphism. By
adopting a different method, we prove this property for any
(weakly) almost n-Jordan homomorphism between com-
mutative topological algebras in Corollaries 2.7 and 2.8.
But for the non-commutative case, we have only partial
answers for this problem, by imposing some conditions on
the topological algebras A, B and the map 7. Another
problem in this area is to find conditions on the topological
algebras A and B so that a (weakly) an almost n-Jordan
homomorphism or a (weakly) an almost n-homomorphism
T : A — B be continuous. K. Jarosz (1985, Proposition 5.5)
was the first one who proved that an almost complex
homomorphism on a Banach algebra is continiuous. Since
then this result has been extended for more general cases
by several authors. For more information on these kinds of
results, one can refer, for example, to Semrl (2002),
Kulkarni and Sukumar (2010), Gselmann (2014), Honary
et al. (2015, 2016, 2017). In this paper, among some other
results, we present suitable conditions to fulfil these
properties.

A subset V of a complex algebra A is called
multiplicatively convex, or briefly, m-convex, if V is con-
vex and idempotent, i.e., VV C V. A subset V of A is called
balanced if 2V C V for all scalars A such that |1] <1. A
topological algebra is locally convex if there is a base of
neighbourhoods of zero consisting of convex sets.

Since each base of convex neighbourhoods of zero
consists a base of absolutely convex (convex and balanced)
sets, we may always assume that a locally convex algebra
has a base of neighbourhoods of zero consisting of abso-
lutely convex sets.

A topological algebra is called a locally multiplicatively
convex algebra, or briefly an Imc algebra, if there is a base
of neighbourhoods of the origin consisting of sets which
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are absolutely convex and idempotent. An interesting class
of topological algebras is the class of Fréchet algebras,
defined as a complete metrizable lmc algebra. It is easy to
see that a separating sequence of submultiplicative semi-
norms on an algebra A induces a topology on A so that
A turns out to be a locally multiplicatively convex (Imc)
topological algebra. This sequence, which induces a
topology on the algebra A, is called the generating
sequence of the topological algebra A.

Remark 1.1 If (p;) is a generating sequence of an algebra
A, then the sequence (Py) with Pi(x) = max;<; <y p;(x), is
an increasing sequence of submultiplicative seminorms on
A, in the sense that Py (x) < Py (x) for all x € A and every
k € N. Moreover, (P;) also generates the same topology on
A. Hence, whenever (pi) is a generating sequence of an
algebra A, we may always assume that (p) is an increasing
sequence on A.

From now on by (A, (px)) we always assume that A is a
topological algebra with the generating submultiplicative
sequence of seminorms (py) on A, which is increasing.

As it is indicated in Goldmann (1990, 3.1.6, pp. 62-63),
the topology of a Fréchet algebra A can be generated by a
separating sequence of submultiplicative seminorms (py)
on A. Moreover, by the remark above, we may assume that
the sequence (py) is increasing. Note that a sequence (x,)
in a topological algebra (A, (px)) converges to x € A if and
only if pg(x, —x) — 0 for each k € N, as n — .

Banach algebras are important examples of Fréchet al-
gebras. In fact, whenever the generating sequence (py) of
the Fréchet algebra A, is defined by pi(x) = ||x|| for all
k € N, the algebra A turns out to be a Banach algebra.

We now recall the following property for the continuity
of alinear map T : (A, (pr)) — (B, (gx)), which is useful in
the sequel. However, when A and B are Fréchet algebras,
this remark has also been mentioned in Goldmann
(1990, Remarks 3.2.2, pp. 72-73). One may also refer to
Fragoulopoulou (2005, p. 8).

Remark 1.2 A linear map T : (A, (px)) — (B, (qx)) is
continuous if and only if for each k € N there exist n(k) €
N and a positive ¢ such that gi(Ta) < cx pyy)(a) for all
a €A.

Based on the previous result, we bring the following
definition:

Definition 1.1 A linear map T : (A, (p)) — (B, (qx)) is
called quasi uniformly continuous if there exists ¢ > 0 such
that for each k € N there exists n(k) € N satisfying
gk(Ta) < ¢ py)(a) for all a € A.
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Proposition 1.1 If a linear map T : (A, (pr)) — (B, (qx))
is quasi uniformly continuous, then it is a weakly almost n-
homomorphism for each n € N, n> 2.

Proof By the hypothesis, there exists ¢ > 0 such that for
each k € N, qi(Ta) < ¢ p,(a) for some n(k) and for every
a € A. Let aj,ay,...,a, be arbitrary elements of A. Then
for each k € N we have

g (T(aray - - -ay) — Ta1Tay - - - Tay,) < qi(T(ar1az - - - ay))
+ qr(Tar)qx(Taz) - - - qi(Tay)
< pagy(@raz -+ - ap) + "puy(@1)pawy(@2) - -

<(c+ ") [ Pa (@)
i=1

*Pn(k) (an)

Hence, T: A — B is a weakly almost n-homomorphism,
with ¢ = ¢ + ¢", which depends on n. O

It is clear from Remark 1.2 that if, in particular, (B, || - ||)
is a normed algebra, then every continuous linear map
T: (A, (pe) — (B,]|-]]) is quasi uniformly continuous.
Hence, we conclude the following result:

Corollary 1.2 If T : (A, (px)) — B is a continuous linear
map, where B is a normed algebra, then T is a weakly
almost n-homomorphism for each n> 2.

Proposition 1.3 Letr 0<p<n and T: (A, (px)) —
(B, (qx)) be a linear map satisfying the following inequality
for some ¢>0

" P
g (T(araz - --ay) — Ta\Taz - - - Ta, ) < 8(21%(%’)) )

i=1

for each k € N and every ay,a;, ..
homomorphism.

.,a, € A. Then T is an n-

One may compare this result with Corollary 2.2.

Proof For every m € N we have

n r
m'q(T(araz -+ -a,) — TanTay - - - Ta, ) <e (Zpk(ma,-)>

i=1

Hence

n 4
&
qu(T(aaz---ay) = TaTay - Tay) < (Zm(m))

for all mkeN. If m— oo then q(T(araz---ay)
—Ta Ta, - - - Ta,) = 0 for every k € N. Since (gi) is sep-
arating, it follows that

T(ajay---a,) = TayTay - - - Tay,.

Hence, T is an n-homomorphism. O

Definition 1.2 A ring A is of characteristic different
from n (charA # n) if the equality nx = 0 implies that
x =0 for every x € A. A ring A is of characteristic greater
than n (charA > n) if the equality nlx = 0 implies that
x =0 for all x € A.

The following result, which appeared in Honary et al.
(2021, Theorem 2.2), is very useful in the sequel.

Theorem 1.4 Let A and B be rings and T : A — B be an
additive n-Jordan homomorphism. Then

T <Z As(1)As(2) " 'ao<n>> =Y TagyTag) - Tag),

GES, GES,

where S, is the set of all permutations (bijections)
o:{1,2,...,n} = {1,2,...,n}.
In particular, if char B > n then

T(xynfl _’_yxyn72 NI _’_ynflx)
= Tx(Ty)"™' + TyTx(Ty)" > + -« + (Ty)" ' Tx,

for every x,y € A

2 Basic Results on Almost n-Jordan
Homomorphisms and Almost n-
Homomorphisms

In this section we investigate under what conditions on the
Imc-algebras A and B, an almost n-Jordan homomorphism
T : A — B is an almost n-homomorphism. We also show
that under certain conditions on the topological algebras A
and B, an almost n-Jordan homomorphism 7 : A — B is
either continuous or it is an n-homomorphism.

We first present a key result, which is very useful in the
sequel.

Theorem 2.1 If T : (A, (pwm)) — (B, (gm)) is an almost n-
Jordan homomorphism for some & >0, then we have

Gm <T (Z As(1)dg(2) " 'a(r(n)>
gES,
- Z TasyTag) -+ Taa’(n)) <e2" (ZIM(%)) ;

€S, i=1

for all m € N and every a;,a,...,a, € A.
Moreover, if T : A — B is a weakly almost n-Jordan
homomorphism, then for every m € N there exists n(m) €

N such that
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qm <T (Z Ag(1)dg(2) " " ac(n))
geS,
- Z Taa’(l)Taa(Z) t Taa(n)) < 2" <an(m) (ai)> 5
i=1

gES,

for every aj,ay,...,a, € A.

Proof By Honary et al. (2021, Theorem 2.1) we have

n—1 n
D asas) oy = Y (D" Y (Zal) )
g€S, k=0 [I|=n—k \ i€l

for every ay,az,...,a, €A, where I is a subset of
{1,2,...,n} and Il denotes the cardinal of /. Similarly, for
B we have

-1 n
Z Tas)Taso) - - Tagm) = Z(—l)k Z (Z Tai) )
gES, k=0 |T|=n—k \ i€l
(2)

=

Since T : A — B is linear, from (1) it follows that

T(Zaam)aa(z)'“aa(m) :ni(—l)k > T((Zai)n)

oE€S, k=0 [f|l=n—k iel
(3)

Now by (2) and (3) we conclude the following equality:

T <Z Ag(1)do(2) " 'aa(n)> - Z TagyTag) - - Tagsn)

gEeS, (S

S () -5

Therefore, the following inequalities hold for each m € N:

Gm (T (Z Ag(1)Ag(2) " " * aa(n)) - Z TasmyTae) - Tao(n))

GES, GES,

5 2 {(5) (5]
S > <pm(z ai))

i€l

g
g

n—

<> 8<2pm(a,-)>n

k=0 |T|=n—k \ i€l

Z g<i[’m(ai)>

~1
=0 |I|=n—k

n

~

In the case that T is a weakly almost n-Jordan homomor-
phism, the proof is immediate. O
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Corollary 2.2 With the same hypothesis as in Theorem 2.1,
if A and B are commutative, then for every k € N and every

a,as,...,a, € A we have

n
2" [ &

g(T(araz - --a,) — Ta\Taz - - - Ta, ) < = (Zpk(ai)> .
: i=1

Moreover, if T is a weakly almost n-Jordan homomor-
phism, then for every k € N there exists n(k) € N such that

2" (& '
qu(T(araz---ay) = TaTay -~ Tay) < — <an(k)(ai)> ;
' i=1

for every aj,as,...,a, €A

Proof Tt is clear that ) _¢ dg(1)ds(2) "
a - - a,, and similarly

. aa(n) = n!a1

Z Tas(1)Tagw) -+~ Tasyy = n'TayTay - - - Ta,.
g€S,

Hence, the result follows by the Theorem. O

Note that the above inequalities are not sharp. For
example, when A and B are commutative normed algebras
and 7 : A — B is an almost 3-Jordan homomorphism for
some ¢ >0, we can show that

3
|T(arazas) — TayTasTas | < el | + laall + [las]])’,

for every aj,ay,a3 €A. See
(2020b, Theorem 10).

Zivari-Kazempour

Corollary 2.3 Let (A,|-|)) be a normed algebra and
T: (A -])— (B,(gx)) be an almost n-Jordan homo-
morphism for some ¢ > 0. Then

Gk <T <Z As(1)do(2) " " ao(n))

gEeS,

— Z Taa(l)Taa(z) N Ta{,(n)> < 8(2]’1)" H ||a,<||,

gES, i=1

for each k € N and every a,,as, . ..,a, € A. In particular, if
A and B are commutative, then T is an almost n-
homomorphism.

Proof Let ay,ay,...,a, € A. Since the inequality clearly
holds when a; = 0 for some i, we may assume that a; # 0
for all i. If we take b; =y, then |l1bi]] = 1 and hence by

Theorem 2.1 we have
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Gk (T (Z be()bs(2) - -+ b(i(n))

g€ES,

= Tho1)Thopy)

1 o Tba’(n)) ngn <Z|bl”>
aES, i=1

= ¢(2n)".
Hence,
Gk <T <Z As(1)do(2) " " aa(n))
gEeS,
- Z TagyTag() - - - Tag(n)> <e(2n)" H [la:]]-
gES, i=1

In the case that A and B are commutative, it follows that
e(2n)" 4
q(T(ayay - - a,) — TayTa, - - - Ta, ) < (n—')H lla:]|-
i

Consequently, T is an almost n-homomorphism. (]

Note that Corollary 2.3 will be extended to more general
cases later on. See Theorem 2.6, Corollaries 2.7 and 2.8.

Remark 2.1 If T : (A, (px)) — (B, ] - ||) is a weakly almost
n-Jordan homomorphism for some ¢ > 0, then by the defi-
nition, for each k € N there exists n(k) € N satisfying the
inequality

IT(a") = (Ta)")|| < &(puiey (@))",

for every a € A. If r = min{n(k) : k € N}, it follows that
IT(a") — (Ta)")|| < e&(pr(a))", for every a € A. We use this
fixed r in the following results.

A ring or an algebra A is called a domain if for every
a,b € A the equality ab = 0 implies that either a =0 or
b =0. If a domain is also commutative, it is called an
integral domain.

Theorem 2.4 Let T: (A, (pr)) — (B,||-||) be a weakly
almost n-Jordan homomorphism for some ¢ >0, and let r
be the natural number introduced in the remark above. If A

is commutative and B is an integral domain, then one of the
following holds:

(i) For every b € A, if p,(b) = 0 then Tb = 0,

(i) T is an n-homomorphism.

Proof By Corollary 2.2 for every aj,as,..
have

La, €A we

2" [ & !
IT(araz - - ay) — Ta1Tay - - - Tay|| < o (Zpr(ai)> .
- \=l
(4)

We now follow a similar method as in the proof of Honary
et al. (2017, Lemma 3.1) and apply (4) to prove the fol-
lowing inequalities:
For an arbitrary z € A we have
H(Tz)"*l(T(alaz ceay) —TayTay - - - Tan)H
=||T(a1az-- a,)(T2)"™" = TayTay - - - Ta,(Tz)"™" I
<||T(araz - a)(T2)" ™" = T(aar - a,2" 7Y
-+ ||T(a1a2 . -a,,,l(a,,znfl)) - TalTag e Ta,lflT(anZnil)H
+ ||TarTay - - - Ta, 1 T(a,2" ") — TayTay - - - Ta, (Tz)"™||
2"
<= p@ar-a) + (0= Dp,()
+ (Pr(al) +prla) + -+ prlan—1) +Pr(anznil))n

+ ITanTaz -+ Tay [ (prlan) + (2 = Dpi(2))']

n

Now assume that (i) does not hold. Then there exists b € A
such that p,(b) =0 and Th # 0. Hence, for an arbitrary
m €N we have T(mb) #0 and p,(mb) = mp,(b) =0.
Since p, is submultiplicative, it follows that

pr(ab™ 1) < p,(a,)p.(b)""" = 0. If we take z = mb, from
the inequalities above, we conclude that

|(T(mb))" (T(a1as - a,) — Ta\Tas - - Tay,) |

= i' [@r(alaz a)".

n—1 n
+ (Zm(m)) +TayTa - Tay-1 || (pr (an))"
i=1

Therefore,
H(Tb)"fl (T(araz---ay) — Ta\Tay - --Tan)H

_ 2 [pranas )"+ (S pra))" T Ta - Tan 1 o))

nlm—!
If m — oo, it follows that
(Tb)nfl(T(alaz . an) —Ta Tay - - - Tan) =0.

Since Tb # 0 and B is an integral domain, we conclude that
T(ajay---a,) = TayTay - - - Ta,. Therefore, T is an n-ho-
momorphism. U]

Remark 2.2 1t is interesting to note that if we omit the com-
mutativity property of A and B in Theorem 2.4, and take T as a
weakly almost n-homomorphism, then the result is still valid.
For the proof we can follow the same method as in the proof of
Honary et al. (2017, Lemma 3.1), to show the following
inequality:

[(T2)" " (T(ar -+ a) — Tay - - Tay|| < epr(@)pr(2)" " 2py(aa) - - prl(an)

+ ||Tay - - - Tay||).

If in Theorem 2.4, (i) does not hold, then there exists a € A

such that p,(a) = 0 and T(a) # 0. If we take z = a in the
inequality above, we conclude that
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||(Ta)"71(T(a1 <-ay) —Tay---Tay)|| = 0.

Since B is a domain it follows that T is an n-homomor-
phism. This result is actually an extension of Honary et al.
(2017, Lemma 3.2).

When A is a Fréchet algebra (not necessarily commutative)
and 7:A — C is a weakly almost multiplicative linear
functional, the result above was proved in Honary et al.
(2016, Theorem 2.7). In the special case that A is a Banach
algebra and 7: A — C is an almost homomorphism, the
continuity of 7 is an old result due to Jarosz (1985, Proposition
5.5). This result was also extended to more general cases in the
recent years.

The following result is an extension of Omidi et al.
(2020, Theorem 2.11).

Theorem 2.5 Let T : (A, (pr)) — C be a weakly almost n-
Jordan homomorphism. If A is commutative then T is either
continuous or it is an n-homomorphism.

Proof By Remark 1.2, T is continuous if and only there
exist m € N and M > 0 such that |Ta| < Mp,,(a) for each
a € A. Now assume that T is not continuous. We show that
T is an n-homomorphism. By the property above for each
m € N there exists ¢, € A satisfying the inequality
|Tc,,| > mp,(c,), where r is the natural number introduced
in the Remark 2.1. We now consider two cases.

We first assume that there exists my € N such that
pr(cm) =0. If we take b=cy, then |T(b)|=
|Tem, | > mop,(cmy) = mopr(b) =0, which implies that
Tb # 0. Consequently, case (i) in Theorem 2.4 does not
occur and hence T is an n-homomorphism.

If p,(cy) # O for every m € N, then |Tb,,| > m for all

Cm

m € N, where b,, = Paem] and p,(b,,) = 1. By the proof of

Theorem 2.4, for every ay, ay, ...,a, € A, we have

T (b)" || T(a1a2 - - - an) — TarTay - - - Tay|
< % (o (@a--a) + (= 1))
+ (pr(ar) +pr(az) + -+ prlan—1) +pr(an))n

+|Ta\Tay - - - Ta,_1||(pr(a,) +n —1)"

g2"
= FLn Mn.
Therefore,
M, M,
T - —TaTa> - - - Ta,| < .
| (a1az Cln) aplaz an| = |T(bm)|n—l - mn-1

Since % — 0, it follows that
m—o0

T(aay---a,) =TaTay - - - Tay,.
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Remark 2.3 1t is interesting to note that the theorem above
is still valid if A is not necessarily commutative and
T:(A,(pr)) — C is a weakly almost n-homomorphism.
For the proof one can use the inequality in Remark 2.2 and
proceed with a similar argument as in the theorem above.
This result also appeared in Honary et al. (2017, Theo-
rem 3.3), but our method is rather different from Honary
et al. (2017) and yields a shorter proof. Note that this result
is also an extension of Honary et al. (2016, Theorem 2.7).

In the case that A is a Banach algebra and B is a
semisimple commutative Fréchet algebra, every weakly
almost n-homomorphism 7 : A — B is automatically con-
tinuous (Honary et al. 2017, Theorem 3.10). Moreover, for
n =2 this result is still valid if A is a functionally
continuous  Fréchet  algebra  (Honary et  al.
2016, Theorem 2.9).

However, it is not yet known whether Theorem 2.5 is
still valid if C is replaced by a normed algebra B, which is
an integral domain.

We now present the following key result, which is the
extension of Corollary 2.3 and will be very useful in the
sequel.

Theorem 2.6 If T: (A, (px)) — (B, (qx)) is an almost n-
Jordan homomorphism for some ¢ >0, then the following

inequality holds for each k&N and for every
ay,a,...,a, € A:
qk <T <Z Ag(1)Ag(2) " " * aa(u)) - Z T(aa(l))T(ao(Z)) e T(aa(n))>
GES, GES,
<en)" [ [ pela).
i=1

Proof Three cases may occur. Let kK € N be an arbitrary
element.
Case 1. For every i (1 <i<n), pi(a;) # 0. By Theo-

rem 2.1, we have
Ag(1) Qg (2) Qg (n)
a|T -
( (Z Pk<“a<n>)>
- Z T(aa(l)) T(aa(z)) T(aﬁ(n))
GGS”Pk(aau))Pk(%(z)) Pk(%@))

5 Pelag(y) pr(as)
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Gk (T (Z Ag(1)dg(2) * " * a(i(n))
g€ES,

(mTag) - Taa<n>>
gES,

— Z Ta,\Ta,
<e(2n)" Hpk(a,-).
=1

Case 2. We assume that there are £ (1 </ <n) elements of
the set {ai,...,a,} such that py(a;) # 0 and for the other
elements of {ay,...,a,}, pr(a;) = 0. Without loss of gen-
erality, we may assume that p;(a;) # 0 whenever 1 <i</
and py(a;) = 0 whenever £ <i<n.

Let m € N be arbitrary and take b; = [#";) for1 <i</
and b; = ma; for £<i<n. Hence py(b;) =1 for 1 <i</
and pp(b;) =0 for £+ 1<i<n.

By Theorem 2.1, we have

. Tba(n)>

4k (T (Z be(1)bs2) - - bm)) -
€S, S\

> Tby)Th
¢ n "
<g2" (Zpk(b )+ Z Pk(bi)>
i=1

i=(+1
=&2"0" = g(20)"

Consequently,
Mg (1)dq(2) "~ * do(n)

T
qk( <(; m'py(ar)pi(az) - - 'Pk(W))

_ Zm "T(a5(1))T (a52)) - - - T(g(n))

€S, m'p(ar)pi(az) - - pr(ar)
<eg(20)".

Therefore,

qk <T <Z As(1)do(2) " " ao(n))
geSs,
= T(ag1))T(ag) - - T(%(n>)>

gES,

mn 0 Hpk al

Since n — ¢ > 0, the right hand side of this inequality tends
to zero as m — oo. Hence, the left hand side of the
inequality is also zero. Since [[_, px(a;) = 0 in this case,
the required inequality holds in this case too.

Case 3. If pi(a;) =0 for every i (1<i<n), then
(3", pr(a;))"= 0. Hence by Theorem 2.1 the left hand
side of the required inequality is also zero.

Therefore, the required inequality holds in all cases. [

The following interesting result is an extension of Omidi
et al. (2020, Theorem 2.8)

Corollary 2.7 If (A, (px)) and (B, (qx)) are commutative,
then every almost n-Jordan homomorphism T : (A, (p)) —
(B, (qx)) is an almost n-homomorphism.

Proof By the commutativity property of A and B, the
following inequality holds by the theorem:

g(i’,l)n ﬁpk(ai)»

i=1

qe(T(aray -+ a,) — TayTay - - - Tay, ) <

for all aj,as,...,a, € A. Hence T is an almost n-homo-
morphism. O

The following result is also an easy consequence of the
theorem above.

Corollary 2.8 If T:(A,(pr)) — (B,(qx)) is a weakly
almost n-Jordan homomorphism, then for every k € N
there exists n(k) € N such that

Gk (T <Z Ag(1)e(2) " " * ao(n))
gEeS,
- Z T(as1))T (as(2)) - T(aa(n>)>

g€eSs,
n

< F(zn)n Hpn(k) (ai)7

i=1

for all ay,a,,...,a, € A. In particular, if A and B are
commutative, then 7 is a weakly almost n-homomorphism.

Remark 2.4

1. i) Since the topology of Fréchet algebras can be
generated by sequences of separating submultiplicative
seminorms, Corollaries 2.7 and 2.8 are valid whenever
A and B are commutative Fréchet algebras.

2. (ii) As a consequence of Corollaries 2.7 and 2.8, if
(A, (pr)) and (B, (qx)) are commutative then a map
T: (A, (pr)) — (B, (gx)) is a (weakly) almost n-Jordan
homomorphism if and only if it is a (weakly) almost n-
homomorphism. Hence, for the continuity of (weakly)
almost n-Jordan homomorphisms between commuta-
tive topological algebras (A, (px)) and (B, (gx)), it is
enough to consider the continuity of (weakly) almost n-
homomorphisms between (A, (px)) and (B, (gx)).

By the remark above and Honary et al. (2017, Theo-
rem 3.10), we conclude the following result, which is an
extension of Zivari-Kazempour (2020b, Theorem 11).

Theorem 2.9 Let A be a commutative Banach algebra and
(B, (qx)) be a semisimple commutative Frechet algebra. If
T:A — (B,(q)) is a weakly almost n-Jordan homomor-
phism, then it is automatically continuous.

52, €\ Springer
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Note that if we drop the commutativity of A in the
theorem above, but we assume that 7 is a weakly almost n-
homomorphism, the result is still valid, as it is shown in
Honary et al. (2017, Theorem 3.10). However, these results
are extensions of Zivari-Kazempour (2020b, Theorem 7)
and Shayanpour et al. (2016, Theorem 2.4). Moreover, the
following result is an extension of Honary et al.
(2017, Theorem 3.10).

Theorem 2.10 Let (A, (py)) be a functionally continuous
Frechet algebra and (B, (qx)) be a semisimple commuta-
tive Frechet algebra. If T : (A, (pr)) — (B,(qx)) is a
weakly almost n- homomorphism, then it is automatically
continuous. Moreover, if A is commutative then every
weakly almost n-Jordan homomorphism T : (A, (py)) —
(B, (qx)) is automatically continuous.

Proof Let ¢ € My, where Mp is the class of all continuous
multiplicative linear functionals on B. By Honary et al.
(2017, Corollary 3.8) ¢ o T : (A, (pr)) — C is a weakly
almost n-multiplicative linear functional on A, and since A
is functionally continuous, it is continuous by Honary et al.
(2017, Corollary 3.6). Now we follow the same method as
Honary et al. (2017, Theorem 3.10) to conclude that T is
automatically continuous. Note that the equality radB =
(Mkero: @ € Mg} is also valid for commutative
Fréchet algebras.

In the case that A and B are commutative and 7 :
(A, (pr)) — (B, (qx)) is a weakly almost n-Jordan homo-
morphism, 7 is a weakly almost n-homomorphism by
Corollary 2.8 and hence, it is automatically continuous. [

3 Certain Properties of n-Jordan
Homomorphisms on Rings

In this section we present two results concerning additive
n-Jordan homomorphisms on rings. For further properties
of n-Jordan homomorphisms and n-homomorphisms on
rings and algebras, one may refer to Honary (2022) and
Honary et al. (2021).

Definition 3.1 For the rings A and B, a mixed n-Jordan
homomorphism is an additive map 7 : A — B such that
T(a"b) = (Ta)"Tbh, for all a,b € A.

The notion of mixed n-Jordan homomorphism was first
introduced in Neghabi et al. (2020).

The following result is an extension of Zivari-Kazem-
pour (2020a, Theorem 3.3).

Theorem 3.1 Let T:A — B be an additive n-Jordan
homomorphism from a ring A into a ring B such that
char B > n. If T(A) is commutative and T (ab) = T(ba) for

52, €\ Springer

every a,b €A, then T is a mixed (n— 1)-Jordan
homomorphism.

Proof By Theorem 1.4, we have
T(a"'b+d" *ba+ - +aba" > +ba" ") = nT(a)" ' T(b),

for every a,b € A.
On the other hand, from the hypotheses we conclude
that for every 0 <i,j <n — 1, wherei +j = n — 1, we have

T(aibaj) = T(a"ilb) = T(ba"fl),
and
(Ta)'T(b)(Tay = (Ta)" ' Th = Th(Ta)"" ",

for all a,b € A.

Since A and B may not have identities, as a convention
we assume that, a®b = ba® = b and (Ta)’c = ¢(Ta)’ = ¢
for every a,b € A and every c € B. Consequently,

nT(a"'b) = n(Ta)" ' Tb,

for every a,b € A. Since char B > n, B is of characteristic

different from 7 and hence, T(a"~'b) = (Ta)" ' Tb, that is,
T is a mixed (n — 1)—-Jordan homomorphism. O

The next result is an extension of Zivari-Kazempour
(2020a, Theorem 3.4).

Theorem 3.2 Suppose that A and B are rings, where
charB > n and T : A — B is an additive n-Jordan homo-
morphism such that T(A) is commutative and T(ab) =
T(ba) for every a,b € A. Then T is an n-homomorphism if
ker T is an ideal in A.

Proof By the hypothesis, for every aj,a>,b € A we have
a1b — ba; € kerT and since ker7T is an ideal, a,a;b—
aybay € kerT. On the other hand, T(aya1b) = T(abay).
Hence ajba; — aba; € kerT for every aj,ar,b € A. It
follows that for all ay,a,...,aq;,...,q;,...,a, €A, where
1<i,j<n. we have T(aai1---aj_1a;) = T(ajai+; -
aj-1a;), (i+1<j).
Since ker T is an ideal we conclude that

(Cllaz e 'ai—l) (aiai+1 Credj-14p — aidig 'ai—lai> (aj+1 e ’an)
ckerT.
Hence

T(alaz ©@i-10iGiy c - Aj—14iAjy - 'lln)
=T(a1ar- - ai 1441 -~ @Gy - ay).
In fact, we have shown that if we substitute a; by a; in the

product ajas---a;--a;---ay,, then T([]i_,a;) does not
change. Therefore, if ¢ € S, is an arbitrary permutation,
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then  T(ag(1)@o(2) o) = T(@raz---a,) for every

ai,as,...,a, € A. By Theorem 1.4, we have

r Z As(1)dg(2) """ Ao(n) | = Z Tag(yTag(2) - - - Tag(n)-

g€ES, g€ES,

By the argument above, T(Eﬁesn Ag(1) Ag(2) """ Ag(n))
=n!T(aja; ---a,). Since T(A) is commutative we have
ZUGS,, Tag(l)Taa(z) tee Taa<,,) = I’l!Ta] Ta; - -- Tan. Since
char B > n, it follows that T(aya; - - - a,) = Ta  Tay - - - Tay,,
that is, 7' is an n-homomorphism. O
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