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Abstract
Let A and B be topological algebras equipped with separating sequences of submultiplicative seminorms. For n 2 N, n� 2,

we investigate under what conditions an almost n-Jordan homomorphism T : A ! B is an almost n-homomorphism. We

also study the automatic continuity of almost n-Jordan homomorphisms and almost n-homomorphisms. Finally, we present

some results concerning additive n-Jordan homomorphisms on rings.
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1 Introduction

In this paper we always assume that n 2 N, n� 2. In this

section we present the definitions, some preliminary results

and the historical background of the subject.

An additive map (operator) T between rings A and B is

called an n-homomorphism if

Tða1a2 � � � anÞ ¼ Ta1Ta2 � � � Tan;

for every a1; a2; . . .; an 2 A. In particular, T is called an n-

Jordan homomorphism if TðanÞ ¼ ðTaÞn, for every a 2 A.

If n ¼ 2 then T is simply called a homomorphism or a

Jordan homomorphism, respectively. When A and B are

algebras, we assume that T is linear.

The concept of n-Jordan homomorphisms between rings

was introduced by Herstein (1956), and the notion of n-

homomorphisms between algebras was introduced by

Hejazian et al. (2005). One of the main problems in this

area is that ‘‘under what conditions an n-Jordan homo-

morphism between algebras or rings is an n-homomor-

phism’’. Another main problem is that ‘‘under what

conditions n-Jordan homomorphisms or n-homomorphisms

between algebras are continuous, when these algebras are

equipped with suitable topologies’’. Some authors have

imposed many conditions on A and B to fulfil these prop-

erties. For more general results one may refer to Honary

et al. (2021) and Honary (2022). When A and B are com-

mutative algebras or rings, it has been shown that every

n-Jordan homomorphism is an n-homomorphism. For

example, see, Gselmann (2014), Honary et al. (2021),

Cheshmavar et al. (2020) and Bodaghi and Inceboz (2018).

A sequence of seminorms ðpkÞ on an algebra A is called

submultiplicative if pkðxyÞ� pkðxÞpkðyÞ for all k 2 N and

every x; y 2 A. A sequence ðpkÞ of seminorms on A is

called separating if for each non-zero a 2 A there exists pk
such that pkðaÞ 6¼ 0. Let ðA; ðpkÞÞ and ðB; ðqkÞÞ be algebras
equipped with the separating sequences of submultiplica-

tive seminorms ðpkÞ and ðqkÞ. A linear map T : ðA; ðpkÞÞ !
ðB; ðqkÞÞ is called an almost n-homomorphism if there

exists a non-negative e (which may depend on n) such that

qk Tða1a2 � � � anÞ � Ta1Ta2 � � � Tanð Þ� e
Yn

i¼1

pkðaiÞ;

for every a1; a2; . . .; an 2 A and all k 2 N. Moreover, T is

called a weakly almost n-homomorphism if there exists a

non-negative e (which may depend on n) such that for each

k 2 N there exists nðkÞ 2 N satisfying the following

inequality
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qk Tða1 � � � anÞ � Ta1 � � � Tanð Þ� e
Yn

i¼1

pnðkÞðaiÞ;

for every a1; . . .; an 2 A. In particular, T is called an almost

n-Jordan homomorphism if there exists a non-negative e
(which may depend on n) such that

qk TðanÞ � ðTaÞnð Þ� eðpkðaÞÞn;

for each k 2 N and every a 2 A. Similarly, T is called a

weakly almost n-Jordan homomorphism if there exists a

non-negative e (which may depend on n) such that for each

k 2 N there exists nðkÞ 2 N satisfying the inequality

qk TðanÞ � ðTaÞnð Þ� eðpnðkÞðaÞÞn;

for every a 2 A.

In the case that A and B are commutative Fréchet alge-

bras and n ¼ 2, it was shown in Omidi et al. (2020, The-

orem 2.8) that, if the map T : A ! B is an almost Jordan

homomorphism, then it is an almost homomorphism. By

adopting a different method, we prove this property for any

(weakly) almost n-Jordan homomorphism between com-

mutative topological algebras in Corollaries 2.7 and 2.8.

But for the non-commutative case, we have only partial

answers for this problem, by imposing some conditions on

the topological algebras A, B and the map T. Another

problem in this area is to find conditions on the topological

algebras A and B so that a (weakly) an almost n-Jordan

homomorphism or a (weakly) an almost n-homomorphism

T : A ! B be continuous. K. Jarosz (1985, Proposition 5.5)

was the first one who proved that an almost complex

homomorphism on a Banach algebra is continiuous. Since

then this result has been extended for more general cases

by several authors. For more information on these kinds of

results, one can refer, for example, to Šemrl (2002),

Kulkarni and Sukumar (2010), Gselmann (2014), Honary

et al. (2015, 2016, 2017). In this paper, among some other

results, we present suitable conditions to fulfil these

properties.

A subset V of a complex algebra A is called

multiplicatively convex, or briefly, m-convex, if V is con-

vex and idempotent, i.e., VV � V . A subset V of A is called

balanced if kV � V for all scalars k such that jkj � 1. A

topological algebra is locally convex if there is a base of

neighbourhoods of zero consisting of convex sets.

Since each base of convex neighbourhoods of zero

consists a base of absolutely convex (convex and balanced)

sets, we may always assume that a locally convex algebra

has a base of neighbourhoods of zero consisting of abso-

lutely convex sets.

A topological algebra is called a locally multiplicatively

convex algebra, or briefly an lmc algebra, if there is a base

of neighbourhoods of the origin consisting of sets which

are absolutely convex and idempotent. An interesting class

of topological algebras is the class of Fréchet algebras,

defined as a complete metrizable lmc algebra. It is easy to

see that a separating sequence of submultiplicative semi-

norms on an algebra A induces a topology on A so that

A turns out to be a locally multiplicatively convex (lmc)

topological algebra. This sequence, which induces a

topology on the algebra A, is called the generating

sequence of the topological algebra A.

Remark 1.1 If ðpkÞ is a generating sequence of an algebra

A, then the sequence ðPkÞ with PkðxÞ ¼ max1� i� k piðxÞ, is
an increasing sequence of submultiplicative seminorms on

A, in the sense that PkðxÞ�Pkþ1ðxÞ for all x 2 A and every

k 2 N. Moreover, ðPkÞ also generates the same topology on

A. Hence, whenever ðpkÞ is a generating sequence of an

algebra A, we may always assume that ðpkÞ is an increasing

sequence on A.

From now on by ðA; ðpkÞÞ we always assume that A is a

topological algebra with the generating submultiplicative

sequence of seminorms ðpkÞ on A, which is increasing.

As it is indicated in Goldmann (1990, 3.1.6, pp. 62–63),

the topology of a Fréchet algebra A can be generated by a

separating sequence of submultiplicative seminorms ðpkÞ
on A. Moreover, by the remark above, we may assume that

the sequence ðpkÞ is increasing. Note that a sequence ðxnÞ
in a topological algebra ðA; ðpkÞÞ converges to x 2 A if and

only if pkðxn � xÞ ! 0 for each k 2 N, as n ! 1.

Banach algebras are important examples of Fréchet al-

gebras. In fact, whenever the generating sequence ðpkÞ of
the Fréchet algebra A, is defined by pkðxÞ ¼ kxk for all

k 2 N, the algebra A turns out to be a Banach algebra.

We now recall the following property for the continuity

of a linear map T : ðA; ðpkÞÞ ! ðB; ðqkÞÞ, which is useful in

the sequel. However, when A and B are Fréchet algebras,

this remark has also been mentioned in Goldmann

(1990, Remarks 3.2.2, pp. 72–73). One may also refer to

Fragoulopoulou (2005, p. 8).

Remark 1.2 A linear map T : ðA; ðpkÞÞ ! ðB; ðqkÞÞ is

continuous if and only if for each k 2 N there exist nðkÞ 2
N and a positive ck such that qkðTaÞ� ck pnðkÞðaÞ for all

a 2 A.

Based on the previous result, we bring the following

definition:

Definition 1.1 A linear map T : ðA; ðpkÞÞ ! ðB; ðqkÞÞ is

called quasi uniformly continuous if there exists c[ 0 such

that for each k 2 N there exists nðkÞ 2 N satisfying

qkðTaÞ� c pnðkÞðaÞ for all a 2 A.
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Proposition 1.1 If a linear map T : ðA; ðpkÞÞ ! ðB; ðqkÞÞ
is quasi uniformly continuous, then it is a weakly almost n-

homomorphism for each n 2 N, n� 2.

Proof By the hypothesis, there exists c[ 0 such that for

each k 2 N, qkðTaÞ� c pnðkÞðaÞ for some n(k) and for every

a 2 A. Let a1; a2; . . .; an be arbitrary elements of A. Then

for each k 2 N we have

qk Tða1a2 � � � anÞ � Ta1Ta2 � � � Tanð Þ� qkðTða1a2 � � � anÞÞ
þ qkðTa1ÞqkðTa2Þ � � � qkðTanÞ

� c pnðkÞða1a2 � � � anÞ þ cnpnðkÞða1ÞpnðkÞða2Þ � � � pnðkÞðanÞ

� ðcþ cnÞ
Yn

i¼1

pnðkÞðaiÞ:

Hence, T : A ! B is a weakly almost n-homomorphism,

with e ¼ cþ cn, which depends on n. h

It is clear from Remark 1.2 that if, in particular, ðB; k � kÞ
is a normed algebra, then every continuous linear map

T : ðA; ðpkÞÞ ! ðB; k � kÞ is quasi uniformly continuous.

Hence, we conclude the following result:

Corollary 1.2 If T : ðA; ðpkÞÞ ! B is a continuous linear

map, where B is a normed algebra, then T is a weakly

almost n-homomorphism for each n� 2.

Proposition 1.3 Let 0� p\n and T : ðA; ðpkÞÞ !
ðB; ðqkÞÞ be a linear map satisfying the following inequality

for some e� 0

qk Tða1a2 � � � anÞ � Ta1Ta2 � � � Tanð Þ� e
Xn

i¼1

pkðaiÞ
 !p

;

for each k 2 N and every a1; a2; . . .; an 2 A. Then T is an n-

homomorphism.

One may compare this result with Corollary 2.2.

Proof For every m 2 N we have

mnqk Tða1a2 � � � anÞ � Ta1Ta2 � � � Tanð Þ� e
Xn

i¼1

pkðmaiÞ
 !p

Hence

qk Tða1a2 � � � anÞ � Ta1Ta2 � � � Tanð Þ� e
mn�p

Xn

i¼1

pkðaiÞ
 !p

for all m; k 2 N. If m ! 1 then qk Tða1a2 � � � anÞð
�Ta1Ta2 � � � TanÞ ¼ 0 for every k 2 N. Since ðqkÞ is sep-

arating, it follows that

Tða1a2 � � � anÞ ¼ Ta1Ta2 � � � Tan:

Hence, T is an n-homomorphism. h

Definition 1.2 A ring A is of characteristic different

from n (char A 6¼ n) if the equality nx ¼ 0 implies that

x ¼ 0 for every x 2 A. A ring A is of characteristic greater

than n (char A[ n) if the equality n!x ¼ 0 implies that

x ¼ 0 for all x 2 A.

The following result, which appeared in Honary et al.

(2021, Theorem 2.2), is very useful in the sequel.

Theorem 1.4 Let A and B be rings and T : A ! B be an

additive n-Jordan homomorphism. Then

T
X

r2Sn
arð1Þarð2Þ � � � arðnÞ

 !
¼
X

r2Sn
Tarð1ÞTarð2Þ � � � TarðnÞ;

where Sn is the set of all permutations (bijections)

r : f1; 2; . . .; ng ! f1; 2; . . .; ng.
In particular, if char B[ n then

T xyn�1 þ yxyn�2 þ � � � þ yn�1x
� �

¼ TxðTyÞn�1 þ TyTxðTyÞn�2 þ � � � þ ðTyÞn�1Tx;

for every x; y 2 A

2 Basic Results on Almost n-Jordan
Homomorphisms and Almost n-
Homomorphisms

In this section we investigate under what conditions on the

lmc-algebras A and B, an almost n-Jordan homomorphism

T : A ! B is an almost n-homomorphism. We also show

that under certain conditions on the topological algebras A

and B, an almost n-Jordan homomorphism T : A ! B is

either continuous or it is an n-homomorphism.

We first present a key result, which is very useful in the

sequel.

Theorem 2.1 If T : ðA; ðpmÞÞ ! ðB; ðqmÞÞ is an almost n-

Jordan homomorphism for some e� 0, then we have

qm T
X

r2Sn
arð1Þarð2Þ � � � arðnÞ

 ! 

�
X

r2Sn
Tarð1ÞTarð2Þ � � � TarðnÞ

!
� e2n

Xn

i¼1

pmðaiÞ
 !n

;

for all m 2 N and every a1; a2; . . .; an 2 A.

Moreover, if T : A ! B is a weakly almost n-Jordan

homomorphism, then for every m 2 N there exists nðmÞ 2
N such that
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qm T
X

r2Sn
arð1Þarð2Þ � � � arðnÞ

 ! 

�
X

r2Sn
Tarð1ÞTarð2Þ � � � TarðnÞ

!
� e2n

Xn

i¼1

pnðmÞðaiÞ
 !n

;

for every a1; a2; . . .; an 2 A.

Proof By Honary et al. (2021, Theorem 2.1) we have

X

r2Sn
arð1Þarð2Þ � � � arðnÞ ¼

Xn�1

k¼0

ð�1Þk
X

jIj¼n�k

X

i2I
ai

 !n

; ð1Þ

for every a1; a2; . . .; an 2 A, where I is a subset of

f1; 2; . . .; ng and |I| denotes the cardinal of I. Similarly, for

B we have

X

r2Sn
Tarð1ÞTarð2Þ � � �TarðnÞ ¼

Xn�1

k¼0

ð�1Þk
X

jIj¼n�k

X

i2I
Tai

 !n

:

ð2Þ

Since T : A ! B is linear, from (1) it follows that

T
X

r2Sn
arð1Þarð2Þ � � � arðnÞ

 !
¼
Xn�1

k¼0

ð�1Þk
X

jIj¼n�k

T
X

i2I
ai

 !n !
:

ð3Þ

Now by (2) and (3) we conclude the following equality:

T
X

r2Sn
arð1Þarð2Þ � � � arðnÞ

 !
�
X

r2Sn
Tarð1ÞTarð2Þ � � � TarðnÞ

¼
Xn�1

k¼0

ð�1Þk
X

jIj¼n�k

T
X

i2I
ai

 !n !
�

X

i2I
Tai

 !n" #
:

Therefore, the following inequalities hold for each m 2 N:

qm T
X

r2Sn
arð1Þarð2Þ � � � arðnÞ

 !
�
X

r2Sn
Tarð1ÞTarð2Þ � TarðnÞ

 !

�
Xn�1

k¼0

X

jIj¼n�k

qm T
X

i2I
ai

 !n !
�

X

i2I
Tai

 !n" #

�
Xn�1

k¼0

X

jIj¼n�k

e pmð
X

i2I
aiÞ

 !n

�
Xn�1

k¼0

X

jIj¼n�k

e
X

i2I
pmðaiÞ

 !n

�
Xn�1

k¼0

X

jIj¼n�k

e
Xn

i¼1

pmðaiÞ
 !n

� e2n
Xn

i¼1

pmðaiÞ
 !n

:

In the case that T is a weakly almost n-Jordan homomor-

phism, the proof is immediate. h

Corollary 2.2 With the same hypothesis as in Theorem 2.1,

if A and B are commutative, then for every k 2 N and every

a1; a2; . . .; an 2 A we have

qk Tða1a2 � � � anÞ � Ta1Ta2 � � � Tanð Þ� e2n

n!

Xn

i¼1

pkðaiÞ
 !n

:

Moreover, if T is a weakly almost n-Jordan homomor-

phism, then for every k 2 N there exists nðkÞ 2 N such that

qk Tða1a2 � � � anÞ � Ta1Ta2 � � � Tanð Þ� e2n

n!

Xn

i¼1

pnðkÞðaiÞ
 !n

;

for every a1; a2; . . .; an 2 A

Proof It is clear that
P

r2Sn arð1Þarð2Þ � � � arðnÞ ¼ n!a1
a2 � � � an, and similarly
X

r2Sn
Tarð1ÞTarð2Þ � � �TarðnÞ ¼ n!Ta1Ta2 � � � Tan:

Hence, the result follows by the Theorem. h

Note that the above inequalities are not sharp. For

example, when A and B are commutative normed algebras

and T : A ! B is an almost 3-Jordan homomorphism for

some e� 0, we can show that

kTða1a2a3Þ � Ta1Ta2Ta3k� e
�
ka1k þ ka2k þ ka3k

�3
;

for every a1; a2; a3 2 A. See Zivari-Kazempour

(2020b, Theorem 10).

Corollary 2.3 Let ðA; k � kÞ be a normed algebra and

T : ðA; k � kÞ ! ðB; ðqkÞÞ be an almost n-Jordan homo-

morphism for some e� 0. Then

qk T
X

r2Sn
arð1Þarð2Þ � � � arðnÞ

 ! 

�
X

r2Sn
Tarð1ÞTarð2Þ � � � TarðnÞ

!
� eð2nÞn

Yn

i¼1

kaik;

for each k 2 N and every a1; a2; . . .; an 2 A. In particular, if

A and B are commutative, then T is an almost n-

homomorphism.

Proof Let a1; a2; . . .; an 2 A. Since the inequality clearly

holds when ai ¼ 0 for some i, we may assume that ai 6¼ 0

for all i. If we take bi ¼ ai
kaik, then kbik ¼ 1 and hence by

Theorem 2.1 we have
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qk T
X

r2Sn
brð1Þbrð2Þ � � � brðnÞ

 ! 

�
X

r2Sn
Tbrð1ÞTbrð2Þ � � � TbrðnÞ

!
� e2n

Xn

i¼1

kbik
 !n

¼ eð2nÞn:

Hence,

qk T
X

r2Sn
arð1Þarð2Þ � � � arðnÞ

 ! 

�
X

r2Sn
Tarð1ÞTarð2Þ � � � TarðnÞ

!
� eð2nÞn

Yn

i¼1

kaik:

In the case that A and B are commutative, it follows that

qk T a1a2 � � � anð Þ � Ta1Ta2 � � � Tanð Þ� eð2nÞn

n!

Yn

i¼1

kaik:

Consequently, T is an almost n-homomorphism. h

Note that Corollary 2.3 will be extended to more general

cases later on. See Theorem 2.6, Corollaries 2.7 and 2.8.

Remark 2.1 If T : ðA; ðpkÞÞ ! ðB; k � kÞ is a weakly almost

n-Jordan homomorphism for some e� 0, then by the defi-

nition, for each k 2 N there exists nðkÞ 2 N satisfying the

inequality

kTðanÞ � ðTaÞnÞk� eðpnðkÞðaÞÞn;

for every a 2 A. If r ¼ minfnðkÞ : k 2 Ng, it follows that

kTðanÞ � ðTaÞnÞk� eðprðaÞÞn, for every a 2 A. We use this

fixed r in the following results.

A ring or an algebra A is called a domain if for every

a; b 2 A the equality ab ¼ 0 implies that either a ¼ 0 or

b ¼ 0. If a domain is also commutative, it is called an

integral domain.

Theorem 2.4 Let T : ðA; ðpkÞÞ ! ðB; k � kÞ be a weakly

almost n-Jordan homomorphism for some e� 0, and let r

be the natural number introduced in the remark above. If A

is commutative and B is an integral domain, then one of the

following holds:

(i) For every b 2 A, if prðbÞ ¼ 0 then Tb ¼ 0,

(ii) T is an n-homomorphism.

Proof By Corollary 2.2 for every a1; a2; . . .; an 2 A we

have

kTða1a2 � � � anÞ � Ta1Ta2 � � �Tank�
e2n

n!

Xn

i¼1

prðaiÞ
 !n

:

ð4Þ

We now follow a similar method as in the proof of Honary

et al. (2017, Lemma 3.1) and apply (4) to prove the fol-

lowing inequalities:

For an arbitrary z 2 A we have

ðTzÞn�1 Tða1a2 � � � anÞ � Ta1Ta2 � � � Tanð Þ
�� ��

¼ Tða1a2 � � � anÞðTzÞn�1 � Ta1Ta2 � � � TanðTzÞn�1
�� ��

� Tða1a2 � � � anÞðTzÞn�1 � Tða1a2 � � � anzn�1Þ
�� ��

þ Tða1a2 � � � an�1ðanzn�1ÞÞ � Ta1Ta2 � � � Tan�1Tðanzn�1Þ
�� ��

þ Ta1Ta2 � � � Tan�1Tðanzn�1Þ � Ta1Ta2 � � � TanðTzÞn�1
�� ��

� e2n

n!

h
prða1a2 � � � anÞ þ ðn� 1ÞprðzÞð Þn

þ prða1Þ þ prða2Þ þ � � � þ prðan�1Þ þ prðanzn�1Þ
� �n

þ kTa1Ta2 � � � Tan�1kðprðanÞ þ ðn� 1ÞprðzÞÞn
i

Now assume that (i) does not hold. Then there exists b 2 A

such that prðbÞ ¼ 0 and Tb 6¼ 0. Hence, for an arbitrary

m 2 N we have TðmbÞ 6¼ 0 and prðmbÞ ¼ mprðbÞ ¼ 0.

Since pr is submultiplicative, it follows that

prðanbn�1Þ� prðanÞprðbÞn�1 ¼ 0. If we take z ¼ mb, from

the inequalities above, we conclude that

ðTðmbÞÞn�1ðTða1a2 � � � anÞ � Ta1Ta2 � � � TanÞ
�� ��

� e2n

n!

"
prða1a2 � � � anÞð Þn:

þ
Xn�1

i¼1

prðaiÞ
 !n

þkTa1Ta2 � � � Tan�1kðprðanÞÞn
#

Therefore,

ðTbÞn�1ðTða1a2 � � �anÞ�Ta1Ta2 � � �TanÞ
�� ��

�
e2n prða1a2 � � �anÞð Þnþ

Pn�1
i¼1 prðaiÞ

� �n
þkTa1Ta2 � � �Tan�1kðprðanÞÞn

h i

n!mn�1
:

If m!1, it follows that

ðTbÞn�1ðTða1a2 � � � anÞ � Ta1Ta2 � � � TanÞ ¼ 0:

Since Tb 6¼ 0 and B is an integral domain, we conclude that

Tða1a2 � � � anÞ ¼ Ta1Ta2 � � � Tan. Therefore, T is an n-ho-

momorphism. h

Remark 2.2 It is interesting to note that if we omit the com-

mutativity property of A and B in Theorem 2.4, and take T as a

weakly almost n-homomorphism, then the result is still valid.

For the proof we can follow the samemethod as in the proof of

Honary et al. (2017, Lemma 3.1), to show the following

inequality:

kðTzÞn�1ðTða1 � � � anÞ � Ta1 � � � Tank� eprða1ÞprðzÞn�1ð2prða2Þ � � � prðanÞ
þ kTa2 � � �TankÞ:

If in Theorem 2.4, (i) does not hold, then there exists a 2 A

such that prðaÞ ¼ 0 and TðaÞ 6¼ 0. If we take z ¼ a in the

inequality above, we conclude that
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kðTaÞn�1ðTða1 � � � anÞ � Ta1 � � � TanÞk ¼ 0:

Since B is a domain it follows that T is an n-homomor-

phism. This result is actually an extension of Honary et al.

(2017, Lemma 3.2).

When A is a Fréchet algebra (not necessarily commutative)

and T : A ! C is a weakly almost multiplicative linear

functional, the result above was proved in Honary et al.

(2016, Theorem 2.7). In the special case that A is a Banach

algebra and T : A ! C is an almost homomorphism, the

continuity of T is an old result due to Jarosz (1985, Proposition

5.5). This result was also extended to more general cases in the

recent years.

The following result is an extension of Omidi et al.

(2020, Theorem 2.11).

Theorem 2.5 Let T : ðA; ðpkÞÞ ! C be a weakly almost n-

Jordan homomorphism. If A is commutative then T is either

continuous or it is an n-homomorphism.

Proof By Remark 1.2, T is continuous if and only there

exist m 2 N and M[ 0 such that jTaj �MpmðaÞ for each
a 2 A. Now assume that T is not continuous. We show that

T is an n-homomorphism. By the property above for each

m 2 N there exists cm 2 A satisfying the inequality

jTcmj[mprðcmÞ, where r is the natural number introduced

in the Remark 2.1. We now consider two cases.

We first assume that there exists m0 2 N such that

prðcm0
Þ ¼ 0. If we take b ¼ cm0

, then jTðbÞj ¼
jTcm0

j[m0prðcm0
Þ ¼ m0prðbÞ ¼ 0, which implies that

Tb 6¼ 0. Consequently, case (i) in Theorem 2.4 does not

occur and hence T is an n-homomorphism.

If prðcmÞ 6¼ 0 for every m 2 N, then jTbmj[m for all

m 2 N, where bm ¼ cm
prðcmÞ and prðbmÞ ¼ 1. By the proof of

Theorem 2.4, for every a1; a2; :::; an 2 A, we have

jTðbmÞn�1jjTða1a2 � � � anÞ � Ta1Ta2 � � � Tanj

� e2n

n!

h
prða1a2 � � � anÞ þ ðn� 1Þð Þn

þ prða1Þ þ prða2Þ þ � � � þ prðan�1Þ þ prðanÞð Þn

þ jTa1Ta2 � � � Tan�1jjðprðanÞ þ n� 1Þn
i

¼ e2n

n!
Ln ¼ Mn:

Therefore,

jTða1a2 � � � anÞ � Ta1Ta2 � � � Tanj �
Mn

jTðbmÞjn�1
� Mn

mn�1
:

Since Mn

mn�1 �!
m!1

0, it follows that

Tða1a2 � � � anÞ ¼ Ta1Ta2 � � � Tan:

h

Remark 2.3 It is interesting to note that the theorem above

is still valid if A is not necessarily commutative and

T : ðA; ðpkÞÞ ! C is a weakly almost n-homomorphism.

For the proof one can use the inequality in Remark 2.2 and

proceed with a similar argument as in the theorem above.

This result also appeared in Honary et al. (2017, Theo-

rem 3.3), but our method is rather different from Honary

et al. (2017) and yields a shorter proof. Note that this result

is also an extension of Honary et al. (2016, Theorem 2.7).

In the case that A is a Banach algebra and B is a

semisimple commutative Fréchet algebra, every weakly

almost n-homomorphism T : A ! B is automatically con-

tinuous (Honary et al. 2017, Theorem 3.10). Moreover, for

n ¼ 2 this result is still valid if A is a functionally

continuous Fréchet algebra (Honary et al.

2016, Theorem 2.9).

However, it is not yet known whether Theorem 2.5 is

still valid if C is replaced by a normed algebra B, which is

an integral domain.

We now present the following key result, which is the

extension of Corollary 2.3 and will be very useful in the

sequel.

Theorem 2.6 If T : ðA; ðpkÞÞ ! ðB; ðqkÞÞ is an almost n-

Jordan homomorphism for some e� 0, then the following

inequality holds for each k 2 N and for every

a1; a2; . . .; an 2 A:

qk T
X

r2Sn
arð1Þarð2Þ � � � arðnÞ

 !
�
X

r2Sn
Tðarð1ÞÞTðarð2ÞÞ � � �TðarðnÞÞ

 !

� eð2nÞn
Yn

i¼1

pkðaiÞ:

Proof Three cases may occur. Let k 2 N be an arbitrary

element.

Case 1. For every i (1� i� n), pkðaiÞ 6¼ 0. By Theo-

rem 2.1, we have

qk T
X

r2Sn

arð1Þ
pkðarð1ÞÞ

arð2Þ
pkðarð2ÞÞ

� � �
arðnÞ

pkðarðnÞÞ

 ! 

�
X

r2Sn

Tðarð1ÞÞ
pkðarð1ÞÞ

Tðarð2ÞÞ
pkðarð2ÞÞ

� � �
TðarðnÞÞ
pkðarðnÞÞ

!

� eð2nÞn:

Hence,
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qk T
X

r2Sn
arð1Þarð2Þ � � � arðnÞ

 ! 

�
X

r2Sn
Tarð1ÞTarð2Þ � � � TarðnÞ

!

� eð2nÞn
Yn

i¼1

pkðaiÞ:

Case 2. We assume that there are ‘ (1� ‘\n) elements of

the set fa1; . . .; ang such that pkðaiÞ 6¼ 0 and for the other

elements of fa1; . . .; ang, pkðaiÞ ¼ 0. Without loss of gen-

erality, we may assume that pkðaiÞ 6¼ 0 whenever 1� i� ‘

and pkðaiÞ ¼ 0 whenever ‘\i� n.

Let m 2 N be arbitrary and take bi ¼ mai
pkðmaiÞ for 1� i� ‘

and bi ¼ mai for ‘\i� n. Hence pkðbiÞ ¼ 1 for 1� i� ‘

and pkðbiÞ ¼ 0 for ‘þ 1� i� n.

By Theorem 2.1, we have

qk T
X

r2Sn
brð1Þbrð2Þ � � � brðnÞ

 !
�
X

r2Sn
Tbrð1ÞTbrð2Þ � � � TbrðnÞ

 !

� e2n
X‘

i¼1

pkðbiÞ þ
Xn

i¼‘þ1

pkðbiÞ
 !n

¼ e2n‘n ¼ eð2‘Þn

Consequently,

qk T
X

r2Sn

mnarð1Þarð2Þ � � � arðnÞ
m‘pkða1Þpkða2Þ � � � pkða‘Þ

 ! 

�
X

r2Sn

mnTðarð1ÞÞTðarð2ÞÞ � � � TðarðnÞÞ
m‘pkða1Þpkða2Þ � � � pkða‘Þ

!

� eð2‘Þn:

Therefore,

qk T
X

r2Sn
arð1Þarð2Þ � � � arðnÞ

 ! 

�
X

r2Sn
Tðarð1ÞÞTðarð2ÞÞ � � � TðarðnÞÞ

!

� eð2‘Þn

mn�‘

Y‘

i¼1

pkðaiÞ

Since n� ‘[ 0, the right hand side of this inequality tends

to zero as m ! 1. Hence, the left hand side of the

inequality is also zero. Since
Qn

i¼1 pkðaiÞ ¼ 0 in this case,

the required inequality holds in this case too.

Case 3. If pkðaiÞ ¼ 0 for every i (1� i� n), thenPn
i¼1 pkðaiÞ

� �n¼ 0. Hence by Theorem 2.1 the left hand

side of the required inequality is also zero.

Therefore, the required inequality holds in all cases. h

The following interesting result is an extension of Omidi

et al. (2020, Theorem 2.8)

Corollary 2.7 If ðA; ðpkÞÞ and ðB; ðqkÞÞ are commutative,

then every almost n-Jordan homomorphism T : ðA; ðpkÞÞ !
ðB; ðqkÞÞ is an almost n-homomorphism.

Proof By the commutativity property of A and B, the

following inequality holds by the theorem:

qk Tða1a2 � � � anÞ � Ta1Ta2 � � � Tanð Þ� eð2nÞn

n!

Yn

i¼1

pkðaiÞ;

for all a1; a2; . . .; an 2 A. Hence T is an almost n-homo-

morphism. h

The following result is also an easy consequence of the

theorem above.

Corollary 2.8 If T : ðA; ðpkÞÞ ! ðB; ðqkÞÞ is a weakly

almost n-Jordan homomorphism, then for every k 2 N

there exists nðkÞ 2 N such that

qk T
X

r2Sn
arð1Þarð2Þ � � � arðnÞ

 ! 

�
X

r2Sn
Tðarð1ÞÞTðarð2ÞÞ � � � TðarðnÞÞ

!

� eð2nÞn
Yn

i¼1

pnðkÞðaiÞ;

for all a1; a2; . . .; an 2 A. In particular, if A and B are

commutative, then T is a weakly almost n-homomorphism.

Remark 2.4

1. i) Since the topology of Fréchet algebras can be

generated by sequences of separating submultiplicative

seminorms, Corollaries 2.7 and 2.8 are valid whenever

A and B are commutative Fréchet algebras.

2. (ii) As a consequence of Corollaries 2.7 and 2.8, if

ðA; ðpkÞÞ and ðB; ðqkÞÞ are commutative then a map

T : ðA; ðpkÞÞ ! ðB; ðqkÞÞ is a (weakly) almost n-Jordan

homomorphism if and only if it is a (weakly) almost n-

homomorphism. Hence, for the continuity of (weakly)

almost n-Jordan homomorphisms between commuta-

tive topological algebras ðA; ðpkÞÞ and ðB; ðqkÞÞ, it is
enough to consider the continuity of (weakly) almost n-

homomorphisms between ðA; ðpkÞÞ and ðB; ðqkÞÞ.

By the remark above and Honary et al. (2017, Theo-

rem 3.10), we conclude the following result, which is an

extension of Zivari-Kazempour (2020b, Theorem 11).

Theorem 2.9 Let A be a commutative Banach algebra and

ðB; ðqkÞÞ be a semisimple commutative Fréchet algebra. If

T : A ! ðB; ðqkÞÞ is a weakly almost n-Jordan homomor-

phism, then it is automatically continuous.
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Note that if we drop the commutativity of A in the

theorem above, but we assume that T is a weakly almost n-

homomorphism, the result is still valid, as it is shown in

Honary et al. (2017, Theorem 3.10). However, these results

are extensions of Zivari-Kazempour (2020b, Theorem 7)

and Shayanpour et al. (2016, Theorem 2.4). Moreover, the

following result is an extension of Honary et al.

(2017, Theorem 3.10).

Theorem 2.10 Let ðA; ðpkÞÞ be a functionally continuous

Fréchet algebra and ðB; ðqkÞÞ be a semisimple commuta-

tive Fréchet algebra. If T : ðA; ðpkÞÞ ! ðB; ðqkÞÞ is a

weakly almost n- homomorphism, then it is automatically

continuous. Moreover, if A is commutative then every

weakly almost n-Jordan homomorphism T : ðA; ðpkÞÞ !
ðB; ðqkÞÞ is automatically continuous.

Proof Let u 2 MB, where MB is the class of all continuous

multiplicative linear functionals on B. By Honary et al.

(2017, Corollary 3.8) u o T : ðA; ðpkÞÞ ! C is a weakly

almost n-multiplicative linear functional on A, and since A

is functionally continuous, it is continuous by Honary et al.

(2017, Corollary 3.6). Now we follow the same method as

Honary et al. (2017, Theorem 3.10) to conclude that T is

automatically continuous. Note that the equality radB ¼T
fkeru : u 2 MBg is also valid for commutative

Fréchet algebras.

In the case that A and B are commutative and T :

ðA; ðpkÞÞ ! ðB; ðqkÞÞ is a weakly almost n-Jordan homo-

morphism, T is a weakly almost n-homomorphism by

Corollary 2.8 and hence, it is automatically continuous. h

3 Certain Properties of n-Jordan
Homomorphisms on Rings

In this section we present two results concerning additive

n-Jordan homomorphisms on rings. For further properties

of n-Jordan homomorphisms and n-homomorphisms on

rings and algebras, one may refer to Honary (2022) and

Honary et al. (2021).

Definition 3.1 For the rings A and B, a mixed n-Jordan

homomorphism is an additive map T : A ! B such that

TðanbÞ ¼ ðTaÞnTb, for all a; b 2 A.

The notion of mixed n-Jordan homomorphism was first

introduced in Neghabi et al. (2020).

The following result is an extension of Zivari-Kazem-

pour (2020a, Theorem 3.3).

Theorem 3.1 Let T : A ! B be an additive n-Jordan

homomorphism from a ring A into a ring B such that

char B[ n. If T(A) is commutative and TðabÞ ¼ TðbaÞ for

every a; b 2 A, then T is a mixed ðn� 1Þ-Jordan
homomorphism.

Proof By Theorem 1.4, we have

T an�1bþ an�2baþ � � � þ aban�2 þ ban�1
� �

¼ nTðaÞn�1TðbÞ;

for every a; b 2 A.

On the other hand, from the hypotheses we conclude

that for every 0� i; j� n� 1, where iþ j ¼ n� 1, we have

T
�
aibaj

�
¼ T

�
an�1b

�
¼ T

�
ban�1

�
;

and

ðTaÞiTðbÞðTaÞj ¼ ðTaÞn�1Tb ¼ TbðTaÞn�1;

for all a; b 2 A.

Since A and B may not have identities, as a convention

we assume that, a0b ¼ ba0 ¼ b and ðTaÞ0c ¼ cðTaÞ0 ¼ c

for every a; b 2 A and every c 2 B. Consequently,

nTðan�1bÞ ¼ nðTaÞn�1Tb;

for every a; b 2 A. Since char B[ n, B is of characteristic

different from n and hence, Tðan�1bÞ ¼ ðTaÞn�1Tb, that is,

T is a mixed ðn� 1Þ–Jordan homomorphism. h

The next result is an extension of Zivari-Kazempour

(2020a, Theorem 3.4).

Theorem 3.2 Suppose that A and B are rings, where

char B[ n and T : A ! B is an additive n-Jordan homo-

morphism such that T(A) is commutative and TðabÞ ¼
TðbaÞ for every a; b 2 A. Then T is an n-homomorphism if

ker T is an ideal in A.

Proof By the hypothesis, for every a1; a2; b 2 A we have

a1b� ba1 2 ker T and since ker T is an ideal, a2a1b�
a2ba1 2 ker T . On the other hand, Tða2a1bÞ ¼ Tða1ba2Þ.
Hence a1ba2 � a2ba1 2 ker T for every a1; a2; b 2 A. It

follows that for all a1; a2; . . .; ai; . . .; aj; . . .; an 2 A, where

1� i; j� n. we have Tðaiaiþ1 � � � aj�1ajÞ ¼ Tðajaiþ1 � � �
aj�1aiÞ, ðiþ 1\jÞ.

Since ker T is an ideal we conclude that
�
a1a2 � � � ai�1

��
aiaiþ1 � � � aj�1aj � ajaiþ1 � � � ai�1ai

��
ajþ1 � � � an

�

2 ker T :

Hence

T
�
a1a2 � � � ai�1aiaiþ1 � � � aj�1ajajþ1 � � � an

�

¼ T
�
a1a2 � � � ai�1ajaiþ1 � � � aj�1aiajþ1 � � � an

�
:

In fact, we have shown that if we substitute ai by aj in the

product a1a2 � � � ai � � � aj � � � an, then T
Qn

i¼1 ai
� �

does not

change. Therefore, if r 2 Sn is an arbitrary permutation,
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then T arð1Þarð2Þ � � � arðnÞ
� �

¼ T a1a2 � � � anð Þ for every

a1; a2; . . .; an 2 A. By Theorem 1.4, we have

T
X

r2Sn
arð1Þarð2Þ � � � arðnÞ

 !
¼
X

r2Sn
Tarð1ÞTarð2Þ � � � TarðnÞ:

By the argument above, T
P

r2Sn arð1Þ

�
arð2Þ � � � arðnÞÞ

¼ n!T a1a2 � � � anð Þ. Since T(A) is commutative we haveP
r2Sn Tarð1ÞTarð2Þ � � � TarðnÞ ¼ n!Ta1Ta2 � � � Tan. Since

char B[ n, it follows that Tða1a2 � � � anÞ ¼ Ta1Ta2 � � � Tan,
that is, T is an n-homomorphism. h
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Math Soc 41(6):1497–1509

Honary TG, Omidi M, Sanatpour AH (2016) Automatic continuity of

almost multiplicative linear functionals on Fréchet algebras. Bull
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