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Abstract

Let G = (V, E) be a simple graph. A function f : V — {—1, 1} is a signed dominating function if for every vertex v € V,
the closed neighborhood of v contains more vertices with function value 1 than with —1. The weight of a function f is
o(f) = > ,cyf(v). The signed domination number of G, y,(G), is the minimum weight of a signed dominating function on
G. A signed dominating function of weight y,(G) is called y,(G)-function. A y,(G)-function can also be represented by a
set of ordered pairs Sy = {(v,f(v)) : v € V}. A subset T of Sy is called a forcing subset of S; if Sy is the unique extension of
T'to a y,(G)-function. The forcing signed domination number of Sy f(Sy, 7,) = min{|T| : T is a forcing subset of Sy} and the
forcing signed domination number of G, f(G,7,), is defined by f(G,y,) = min{f (S, 7,) : S¢ is a y,(G)-function}. In this
paper, we deal with the signed domination number of several classes of graph. Also the forcing signed domination number

of some graphs are determined.
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1 Introduction

Let G be a simple graph with vertex set V and edge set E.
The graph G is a complete #-partite graph if there is a
partition V = V; U... UV, of the vertex set, such that two
vertices v; and v, are adjacent if and only if v; and v, are in
the different parts of the partition. If |Vi| = n; (1 <k <1),
then G is denoted by K, . Let G| and G, be two graphs
with vertex sets V| and V, and edge sets E| and E»,
respectively. The Cartesian product G = G,[JG, has the
vertex set Vi x V,, and two vertices (uy,uy) and (vy,v;) of
G are adjacent if and only if either u; = v; and upv, € E;
or up = v, and uyvy € Ey. The direct product of G and H,
denoted by G x H whose vertex set is V(G) x V(H), and
for which vertices (g, k) and (g’, /) are adjacent precisely
if g¢’ € E(G) and hi' € E(H). We say that G = (V,E) is a
join graph if G is the complete union of two graphs G| =
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(V1,E;) and G, = (Va,E). In other words, V =V, UV,
and E=E UE,U{wl|u € Vi,v € V,}. If G is the join
graph of G; and G,, then we write G = G| + G».

For a vertex v € V, the closed neighborhood N[v] of v is
the set consisting of v and all of its neighbors. For a
function g: V — {—1,1} and a vertex v € V we define
8(NDV]) = 3" enp 8(u)- A signed dominating function of G
is a function g : V — {—1,1} such that g(N[v]) > 0 for
all v € V. The weight of a function g is w(g) = >, o, 8(v).
The signed domination number, y,(G), is the minimum
weight of all signed dominating functions on G. A signed
dominating function of weight y,(G) is called a y,(G)-
function. This concept was defined in Dunbar et al. (1995)
and has been studied by several authors (see for instance
Dunbar et al. 1995; Favaron 1996; Fiiredi and Mubayi
1999; Haas and Wexler 2004; Volkman and Zelinka 2005;
Zelinka 2006). We denote g(N[v]) by g[v]. Also for signed
dominating function g, the set {v € V : g(v) = —1} deno-
ted by V.

A signed dominating function g of G can also be rep-
resented by S,={(v,g(v))|veV}. Let g be a
7,(G)—function. A subset T of S, is called a forcing subset
of S, if S, is the unique extension of T to a y,(G)—func-
tion. The forcing signed domination number of S,,
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F(Sg,7,), is defined by f(S,,y,) = min{|T||T is a forcing
subset of S,}. The forcing signed domination number of G
is defined by f(G,y,) = min{f(S,,7,)|S, is a
7,(G)—function }. The forcing signed domination number
was introduced by Sheikholeslami in Sheikholeslami
(2007) in which f(G,y,) determined for several classes of
graphs.

In this paper, we compute the signed domination num-
ber of several classes of graph, including P, + K,
signed domination numbers of some
determined.

graphs are

2 Main Results

We begin with the following lemma to obtain the forcing
signed domination number of complete graph K.

Lemma 1 Fiiredi and Mubayi (1999) Let G be a complete
graph of order n. Then

1 if n is odd;
75(G) = L
2 if n is even.
Theorem 1 The forcing signed domination number of

complete graph K, is [5] — 1.

Proof Let V(K,) = {vi,v2,...,v,} and f be a y,—function
of K,. We have |V;~| = [5] — 1. Without loss of generality,
suppose that f(v;) = —1 for i=1,2,...,[5] =1 which
implies that 7=V, 1is a forcing set of S. Hence,
f(G,ys) <[5] — 1. On the contrary, assume that 7" is a
forcing subset and |T'|<[5] — 1. Since all vertices are
adjacent, there are at least [5] 4 1 distinct extensions of 7"
to a yg-function. This is a contradiction. O

In the following two theorems, we consider the join
graph of P, and K| and we determine the signed domina-
tion number as well as the forcing signed domination
number of P,+K;. Let V(P,+Ki) = vo,vi,..., W
where deg(vo) = n. If n = 1,2, then P, + K, is isomorphic
to Py, K3 and so y,(P, + K1) = 2, 1, respectively. Also it is
not hard to see that y,(P3 + K;) = 2. For n >4, we deduce
the following theorem.

Theorem 2 For n>4, y5(P, + K1) =n+1—2[4].

Proof Define g:V — {—1,1} where g(v;) = —1 if and
only if i=3k+1 and 0<k< |*3}|. For any 1<i<n,
’N[vi] N Vg" =1 and deg(v;) >2, so g is a signed domi-

nating function and (g) =n+1-2[5]. Hence,
7s(Pn 4+ K1) <n+1—2[%]. On the other side, let & be a
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y,-function of P,+K; where h(vy)=—1. Since
2 <deg(v;) <3 for 1 <i<n, so h(v;) = 1. Hence, w(h) =
n — 1 and as a result of that w(h) > n + 1 — 2[§]. This is a
contradiction. Thus, h(vo) = 1. If h(v;) = h(v;) = —1, then
li—jl>3. As a consequence |V, |<[§]. Therefore,
(h) >n+1—2[%]. This completes the proof. O

Lemma 2 Sheikholeslami (2007) For a graph G,
f(G,7,) =0 if and only if G has a unique Yy -function.
Moreover, f(G,y,) =1 if and only if G does not have a
unique 7y ~function but some pair (v, £1) belongs to exactly
one ys-function.

Theorem 3 Forn>1,

0 n=1

f(P11+Kl7VS): {1 (m0d3)7

otherwise.

Proof Let k be a positive integer. There are three cases:

Case  Let n=3k+ 1 and consider the y.-function g

1: which is defined in proof of Theorem 2. Let & be
another y,-function of P, + K; . We show that
h = g. On the contrary, suppose that g # h. So for
some 0<i<k—1,V, N{vs,vai2} # 0. Hence,
h(v3iz1) = h(vsiza) = 1 or h(v3) = h(v3ier) = 1.
So |V, | <k. Thus, w(h) > y,(P, + K;). This is a
contradiction. Thus, g =h and by Lemma 2,
f(P,+Ki,7) =0.

Case Let n = 3k and let & be a y,-function of P, + K|

2: such that V, = {vs,vs,...,v,}. Then, in each
induced subgraph of {vi,v,,...,v,} which is
isomorphic to P3, there is exactly one vertex with
label —1. Let T = {(v3, —1)}. Then, T'is a forcing
subset of  and f(P, + K|, 7,) < 1. Since there are
more than one 7y.-function for P, + K;, f(P, +
Ki,7,) > 1 and so f(P, + K1,7,) = 1.

Case  Letn =3k + 2 and let g, h be two y,-functions of
3: P, +K; such that V, = {v2,vs5,...,v,} and
V, ={vi,va, .., v - By Lemma 2,
f(P,+Ky,y,)>1. Let T = {(vo,—1)} be a sub-
set of g. Since |V, | = [§], so T'is a forcing subset.
Thus, f(P,+ Ki,y,) <1. This completes the

proof.
O

Now we consider the Cartesian product of P, and Kj ,.
Let V ={ug,...,Un,v0,v1,...,vu} be the vertex set of
P,0K, ,, where the induced subgraph on {ug,u;,...,u,}
and {vo,vi,...,v,} are Kj,. In Theorems 4 and 7, we
determine signed domination and forcing signed domina-
tion numbers of P,L1K| .



Iran J Sci Technol Trans Sci (2022) 46:291-296

293

Theorem 4 For n>1, y4(P,0K, ,) = 2.

Proof Let g:V — {—1,1} such that g(v) = —1 if and
only if v E {vl,...v[g,u[gﬂ,...,u,,}. Since
1 <glui,glvi] <3 for 0<i<n, g is a signed dominating
function. Hence, y,(P,0K; ,) <w(g) =2. Let h be a y,-
function and w(h)<2. Then, |V, | > n. So hlug) =0 or
hlvo) =0. This is a contradiction. —Therefore,

VS(P2DK1,H) =2. O

Theorem 5 Zelinka (2006) Let K., be a complete bipar-
tite graph with b < a. Then

a+1 if b=1;
b if 2<b<3 and a is even;
b+1 if 2<b<3 and a is odd;
Vs(Ka,b) = .
4 if b>4 and a,b are both even;
6 if >4 and a,b are both odd;
5 if >4 and a,b have different parity.

Theorems 4 and 5 imply the following Corollary.

Corollary 1 For  every
Vs(PzDKl‘il) <V5(P2) X ’ys(Kl-,ﬂ)'

positive integer n,

Theorem 6 Sheikholeslami (2007) For n € {3,4,5},
f(Cnays) =1 andfor n Z 6’

1 ifn=0

B (mod3);
F(Cuyyy) = {2 ifn=1,2

(mod3).

Theorem 7 For n> 1, f(P,0K; 4, 7,) = [5].

Proof Let fbe a y,-function of P,[JK, ,. Then, |Vf’ | =n.
If n=1, then P,00K;,~C4 and by Theorem 6,
f(P.UOKi,,7,) =1. Let n>2. Since [V/|=n and
deg(v;) = deg(u;) =2 for 1 <i<n, souy,vy & V. On the
other hand, |N(x) NV |[<[5] where x € {ug,vo}. It is
clear that f(v;) = —f(u;) for 1 <i<n. Hence, (v;,f(vi))
forces (u;,f(u;)). Let T C Sy where |T|<[5]. Then, there
are at least two distinct extensions of 7. Thus, 7 is not a

forcing subset of f and so the forcing signed domination
number of P, x Ky, is [§]. O

Theorem 8 Sheikholeslami (2007) Let G be a graph with
A<3, g be a signed dominating function of G and
u,v € V(G). If g(u) = g(v) = —1, then d(u,v) > 3.

Let V = V; UV, be the vertices set of P, 1K, such that
Vi={vi,...,v,} and V, ={uy,...,u,} where induced
subgraph on V; is K, for 1 <i<2. Also u;,v; are adjacent
for 1<j<n. Now, we obtain the signed domination
number of P,[1K,,.

Theorem 9 For any positive integer n,
2 n=2;
7,(P20K,) =< 4 2<n is even or n = 3;
6 3<n is odd.

Proof 1If n =2, then P,0K, ~ C4 and so y,(P,0K,) = 2.
If n = 3, then P,[JK,, is a 3-regular graph of diameter two.
Let f be a y,-function of P,JK,,. By Theorem 8, |Vf‘| =1.
Thus, y,(P.0K,) = 4.

Consider two following cases when n > 3.

Case  Letn be even. Define f : V(P,0K,) — {—1,1},

I: where f(v)=-1 if and only if
ve v,y U{us,...,u, 2} For each
veV, 1<f[v]<3 and also o(f) =4. Thus,
7,(P.0K,) <4. Let g be a y,-function of P,[1K,.
If n = 4, then |ViﬁVg’|§2 for 1 <i<2. Also if
VinV,|=2, then V,NV, =0 and so
o(g) =4. Hence, 7,(P,0K4) =4. Let n>4.
Since the Cartesian product of P, and K, is n-
regular graph, so there are at most 5 vertices of
label —1 in the closed neighborhood of each
vertex. Without loss of generality, let
[Vin Vg‘| =4 Then, V,NV, = (. Hence,
o(g)=n>4. This is contradiction by
v, (P.OK,) <4. Thus, for 1<i<2, |V;n
Vo[ <5 —1and so w(g) = y,(P0K,) > 4.

Case  Let n be odd. Define f : V(P,0K,) — {—1, 1},

2: where f(v)=-1 if and only if
ve{vi,.., vy} U{up, .. up3}. For each
vevV, 2<fv]<4 and also o(f) =6. Thus,
7,(P20K,) <6. Let h be a y,-function of P,[IK,,.
If n =5, then |V; NV, | <2 for 1 <i<2. Also if
VinV,|=2, then V,NV, =0 and so
'))S(PQDK4) =6. Let n > 5. Let |V1 n V;:| = I_%J
If for some 1<j<n, h(u;) = —1, then hly;] =0
which is a contradiction. Hence, V, NV,” = () and
so w(h) =n+ 1 > 6. This is not true. Thus, for
1<i<?2, Vinv, <[5 -1 and S0
y,(P.0K,) > 6. This completes the proof.

O
By Theorems 1 and 9, we have following Corollary.
Corollary 2 For n > 2, y4(P,00K,) > y,(P2) X 7,(Kp).

Theorem 10 Let G be a complete n-partite graph with n*
vertices where n> 3. Then
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3 if n is odd;
75(G) =

4 if n is even.

Proof Let G be a complete n-partite graph. Let V =
AjU...UA, where A;={v;: 1<j<n} and induced
subgraph on A; has no edge for 1 <i<n. Let n be odd. We
define f : V. — {—1, 1} such that f(v) = —1 if and only if
ve {v: 1<i<[2 —Tland 1<j<[2]}U{v;:
|53 <i<nand 1<j<|5]}. It is not hard to see that for
any veV, INMNV; | =|Vi|— 5] + 1 and f[v] > 1 and
so fis a signed dominating function of weight w(f) = 3. As
a consequence, y5(G) <3. On the contrary, suppose that
there is a 7p,-function g such that w(g)<3. Hence,
V| > I(n* = 3). Let IV, | =1(n*—1). Two following
steps help us to reach the result.

- IfANV, = () for some 1 <i<n, then g[v] =2 — n for
any v € A; and since n >3, g[v]<0. This is not true.
Hence, A; NV, = () for every 1 <i<n.

- If ANV [>[5] for every 1<i<n, then
[V, |>3(n* 4+ n). This is impossible. So there is
1<j<n such that [A;NV,[<|5]. Let u€ A;NV, .
Then,

1
g[u]:nz—n+l—2(§(n2—l)—|AjﬂVg+1>

<2[§J—n§71.

This is a contradiction. Therefore, y4(G) =3 when n is
odd.

Now suppose that n is even and we define f: V —
{—1,1} such that f(v) =—1 if and only if v & {v;:
1<i<mn—2and 1 <j
<HU{vj:n—1<i<nand 1<j<5— 1} It is easily

52, €\ Springer

seen that 1 <f[v] <5 for each v € V. Hence, fis a signed
dominating function and w(f) = 4.

Let g be a y,-function where |V, | = |V;| + 1. We show
that for any 1<i<n, A;N Vg’ # (. On the contrary, let
ANV, = () for some 1<k<n and u € A;. Then,
glu] =3 —n<0. This is a contradiction. Thus, for any
1<i<n, ANV, # @. Let w €A;NV,. Then,

glwl=n> —n+1-2/|V;|— ANV, +1]>1.So |A;N

Vg’|2’§1 for any 1<i<n and so g— 1= |Vg’|2n(%)
which is impossible. Therefore, y,(G) =4 where n is
even. This completes the proof. []

Theorem 11 Dunbar et al. (1995), Henning and Slater
(1996) Let G be a k—regular graph of order n. If k is odd,

then y (G) > &% and if k is even, then y(G) >

_n_
[aug

Let V={v;:1<i<n,1<j<m} be the vertex set of
K, x K,, for any positive integers 1 <n<m. Then, v; and
vis are adjacent if and only if i # k and j # 5. Also for any
1<i<mn and 1<j<m, the induced subgraphs on A; =
{vij: 1 <j<m} and B; = {v;; : 1 <i<n} are empty. With
these notations in mind, we will prove the following result:

Theorem 12 For any positive integers 1 <n<m,
2 n=72,mis odd;
n =2,mis even;
n=3,m is odd,;
n # 3, mn is odd,;

3 <n<m have different parity;

V.v(Kn X Km) =

o N Lt WA

2 # n,m are both even.

Proof Consider following cases:
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Case 1.

Case 2.

If n = 2, then K,, X K,, is a bipartite graph and
(m — 1)-regular. Define f : V. — {—1, 1} such
that f(v;) = —1 if and only if 1<i<2 and
1<j<[%]—1. Since for any i and }j,
‘N[v[j] N vff} <[%] = 1, so f[vy] > 1. Thus, f s
a signed dominating function and o(f) = 2,4
and so 7,(K, x K;;) <2,4 depending on m is
odd or even, respectively. On the other hand, by
Theorem 11, if m is odd, then y,(K, x K,,) >2,
otherwise y,(K, x K,) > 4.

If n =3 and m is odd. Define f : V. — {—1,1}
such that f(v;) = —1 if and only if 1<i<3
and 1 <j<|%]. Hence, [N[v;] NV, |<2|3] for
any 7 and j. So fis a signed dominating function
of weight w(f) = 3.

If g is a y,-function and y,(K3 % K,,) <o(f),
then |V, | > |V [. Let |V, | = |V, | + 1 =321
Let 1<i<3 and A;NV, = (). Then, glu] =
3 —m for each u € A;. So for any 1<i<3,
ANV, # (). The same argument shows B; N
Ve % () for any 1 <j<m. If there is 1 <f<m
such that |B, N Vg‘| =2, then for vy € V, we
have

gvie) =2m —1
—2(|v;\ — ANV, = BNV, +2) >1

As a consequence |A; NV, |>™. Since
Vol =0 [Ain V|, so [V | > 252, This is
not true. Thus, for any 1 <j<m, |B; N Vg‘| =1
and so [V, |=m. Again this is not true.
Therefore, y,(K3 x K,,) = 3.

Case 3.

Let n# 3 and mn is odd. Define f:V —
{—1, 1} such that f(v) = —1 if and only if v €
{vij:i=1+k(modn),;=1+k(mod m),

1 <k < m=3} Thus, for any i, j, |2] <|A;N
Vo[ <[%] and 5] <|B; NV, | < [4]. Hence, for
veV, INVNnV | <2t — (%] — [5] and so
fIv] > 1. So fis a signed dominating function of
weight w(f) = 5. Hence, y,(K, X K») <5.

Let g be a signed dominating function where
w(g) <5. Then, |V, | > m=3, Let Vo= mn3,
Suppose that A; NV, = {). If there is B; for
some 1 <j<m such that [B; NV, |<[}], then

glvil = (m—1)(n—1)
+1 —2(\vg—| - |B_,ﬁVg‘|) <4 —n<0.

Hence, for any 1 <j<m,

BNV, |>[5] and
then |V, [ >m[5]. This makes a contradiction.
Therefore, A; NV, # () for any 1<i<n. By
similar argument, we can see B; NV, # 0 for
1<j<m. If there are i and j such that
ANV <23, BNV [<[5] and also
vij € Vg’ , then

glvgl = (m—1)(n—1)
+1 —2(\v;| — ANV, |~ |B NV +2).

Thus g[v;j] < — 1. This is a contradiction.
Otherwise, ie., for any i, J,
whereld; NV, | <[], CRVARE
glvy) =+1,  then |V |=[3][5] + [5][5]
which is not true. Therefore, for any 1 <i<n,
ANV >3] or BNV, [>[3] for any
1<j<m. But both cases are impossible.
Hence, 7,(K, x K,;) = 5.
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Case 4. Let n> 3 and m, n have different parity. We Corollary 3 For 2<n<m, 7y,K,xKy)>7,(K,)
define function f:V — {—1,1} such that X5 (Kn)-
f(v) = —1if and only if
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