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Abstract
Let G ¼ ðV ;EÞ be a simple graph. A function f : V �! f�1; 1g is a signed dominating function if for every vertex v 2 V ,

the closed neighborhood of v contains more vertices with function value 1 than with �1. The weight of a function f is

xðf Þ ¼
P

v2V f ðvÞ. The signed domination number of G, csðGÞ, is the minimum weight of a signed dominating function on

G. A signed dominating function of weight csðGÞ is called csðGÞ-function. A csðGÞ-function can also be represented by a

set of ordered pairs Sf ¼ fðv; f ðvÞÞ : v 2 Vg. A subset T of Sf is called a forcing subset of Sf if Sf is the unique extension of

T to a csðGÞ-function. The forcing signed domination number of Sf f ðSf ; csÞ ¼ minfjT j : T is a forcing subset of Sf g and the
forcing signed domination number of G, f ðG; csÞ, is defined by f ðG; csÞ ¼ minff ðSf ; csÞ : Sf is a csðGÞ-functiong. In this

paper, we deal with the signed domination number of several classes of graph. Also the forcing signed domination number

of some graphs are determined.

Keywords Signed domination number � Forcing signed domination number � Cartesian product � Direct product �
Join graph

1 Introduction

Let G be a simple graph with vertex set V and edge set E.

The graph G is a complete t-partite graph if there is a

partition V ¼ V1 [ . . . [ Vt of the vertex set, such that two

vertices v1 and v2 are adjacent if and only if v1 and v2 are in

the different parts of the partition. If jVkj ¼ nk ð1� k� tÞ,
then G is denoted by Kn1;...;nt . Let G1 and G2 be two graphs

with vertex sets V1 and V2 and edge sets E1 and E2,

respectively. The Cartesian product G ¼ G1hG2 has the

vertex set V1 � V2, and two vertices ðu1; u2Þ and ðv1; v2Þ of
G are adjacent if and only if either u1 ¼ v1 and u2v2 2 E2

or u2 ¼ v2 and u1v1 2 E1. The direct product of G and H,

denoted by G� H whose vertex set is VðGÞ � VðHÞ, and
for which vertices (g, h) and ðg0; h0Þ are adjacent precisely

if gg0 2 EðGÞ and hh0 2 EðHÞ. We say that G ¼ ðV;EÞ is a
join graph if G is the complete union of two graphs G1 ¼

ðV1;E1Þ and G2 ¼ ðV2;E2Þ. In other words, V ¼ V1 [ V2

and E ¼ E1 [ E2 [ fuvju 2 V1; v 2 V2g. If G is the join

graph of G1 and G2, then we write G ¼ G1 þ G2.

For a vertex v 2 V , the closed neighborhood N[v] of v is

the set consisting of v and all of its neighbors. For a

function g : V �! f�1; 1g and a vertex v 2 V we define

gðN½v�Þ ¼
P

u2N½v� gðuÞ. A signed dominating function of G

is a function g : V �! f�1; 1g such that gðN½v�Þ[ 0 for

all v 2 V . The weight of a function g is xðgÞ ¼
P

v2V gðvÞ.
The signed domination number, csðGÞ, is the minimum

weight of all signed dominating functions on G. A signed

dominating function of weight csðGÞ is called a csðGÞ-
function. This concept was defined in Dunbar et al. (1995)

and has been studied by several authors (see for instance

Dunbar et al. 1995; Favaron 1996; Füredi and Mubayi

1999; Haas and Wexler 2004; Volkman and Zelinka 2005;

Zelinka 2006). We denote g(N[v]) by g[v]. Also for signed

dominating function g, the set fv 2 V : gðvÞ ¼ �1g deno-

ted by V�
g .

A signed dominating function g of G can also be rep-

resented by Sg ¼ fðv; gðvÞÞ j v 2 Vg. Let g be a

csðGÞ�function. A subset T of Sg is called a forcing subset

of Sg, if Sg is the unique extension of T to a csðGÞ�func-

tion. The forcing signed domination number of Sg,
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f ðSg; csÞ, is defined by f ðSg; csÞ ¼ minfjTj j T is a forcing

subset of Sgg. The forcing signed domination number of G

is defined by f ðG; csÞ ¼ minff ðSg; csÞ j Sg is a

csðGÞ�function g. The forcing signed domination number

was introduced by Sheikholeslami in Sheikholeslami

(2007) in which f ðG; csÞ determined for several classes of

graphs.

In this paper, we compute the signed domination num-

ber of several classes of graph, including Pn þ K1,

P2hK1;n, P2hKn, Kn � Km and Kn;...;n. Also, the forcing

signed domination numbers of some graphs are

determined.

2 Main Results

We begin with the following lemma to obtain the forcing

signed domination number of complete graph Kn.

Lemma 1 Füredi and Mubayi (1999) Let G be a complete

graph of order n. Then

csðGÞ ¼
1 if n is odd;

2 if n is even:

�

Theorem 1 The forcing signed domination number of

complete graph Kn is dn
2
e � 1.

Proof Let VðKnÞ ¼ fv1; v2; . . .; vng and f be a cs�function

of Kn. We have jV�
f j ¼ dn

2
e � 1. Without loss of generality,

suppose that f ðviÞ ¼ �1 for i ¼ 1; 2; . . .; dn
2
e � 1 which

implies that T ¼ V�
f is a forcing set of S. Hence,

f ðG; cSÞ� dn
2
e � 1. On the contrary, assume that T 0 is a

forcing subset and jT 0j\dn
2
e � 1. Since all vertices are

adjacent, there are at least dn
2
e þ 1 distinct extensions of T 0

to a cS-function. This is a contradiction. h

In the following two theorems, we consider the join

graph of Pn and K1 and we determine the signed domina-

tion number as well as the forcing signed domination

number of Pn þ K1. Let VðPn þ K1Þ ¼ v0; v1; . . .; vn
where degðv0Þ ¼ n. If n ¼ 1; 2, then Pn þ K1 is isomorphic

to P2;K3 and so csðPn þ K1Þ ¼ 2; 1, respectively. Also it is

not hard to see that csðP3 þ K1Þ ¼ 2. For n� 4, we deduce

the following theorem.

Theorem 2 For n� 4, cSðPn þ K1Þ ¼ nþ 1� 2dn
3
e.

Proof Define g : V �! f�1; 1g where gðviÞ ¼ �1 if and

only if i ¼ 3k þ 1 and 0� k� n�1
3

� �
. For any 1� i� n,

N½vi� \ V�
g

�
�
�

�
�
� ¼ 1 and degðviÞ� 2, so g is a signed domi-

nating function and xðgÞ ¼ nþ 1� 2dn
3
e. Hence,

cSðPn þ K1Þ� nþ 1� 2dn
3
e. On the other side, let h be a

cs-function of Pn þ K1 where hðv0Þ ¼ �1. Since

2� degðviÞ� 3 for 1� i� n, so hðviÞ ¼ 1. Hence, xðhÞ ¼
n� 1 and as a result of that xðhÞ[ nþ 1� 2dn

3
e. This is a

contradiction. Thus, hðv0Þ ¼ 1. If hðviÞ ¼ hðvjÞ ¼ �1, then

ji� jj � 3. As a consequence jV�
h j � dn

3
e. Therefore,

xðhÞ� nþ 1� 2dn
3
e. This completes the proof. h

Lemma 2 Sheikholeslami (2007) For a graph G,

f ðG; csÞ ¼ 0 if and only if G has a unique cs-function.
Moreover, f ðG; csÞ ¼ 1 if and only if G does not have a

unique cs-function but some pair ðv;�1Þ belongs to exactly

one cs-function.

Theorem 3 For n� 1,

f ðPn þ K1; cSÞ ¼
0 n 	 1 mod3ð Þ;
1 otherwise:

�

Proof Let k be a positive integer. There are three cases:

Case

1:

Let n ¼ 3k þ 1 and consider the cs-function g

which is defined in proof of Theorem 2. Let h be

another cs-function of Pn þ K1 . We show that

h ¼ g. On the contrary, suppose that g 6¼ h. So for

some 0� i� k � 1, V�
h \ fv3i; v3iþ2g 6¼ ;. Hence,

hðv3i�1Þ ¼ hðv3i�2Þ ¼ 1 or hðv3iÞ ¼ hðv3i�1Þ ¼ 1.

So jV�
h j � k. Thus, xðhÞ[ csðPn þ K1Þ. This is a

contradiction. Thus, g ¼ h and by Lemma 2,

f ðPn þ K1; csÞ ¼ 0.

Case

2:

Let n ¼ 3k and let h be a cs-function of Pn þ K1

such that V�
h ¼ fv3; v6; . . .; vng. Then, in each

induced subgraph of fv1; v2; . . .; vng which is

isomorphic to P3, there is exactly one vertex with

label �1. Let T ¼ fðv3;�1Þg. Then, T is a forcing

subset of h and f ðPn þ K1; csÞ� 1. Since there are

more than one cs-function for Pn þ K1, f ðPn þ
K1; csÞ� 1 and so f ðPn þ K1; csÞ ¼ 1.

Case

3:

Let n ¼ 3k þ 2 and let g, h be two cs-functions of
Pn þ K1 such that V�

g ¼ fv2; v5; . . .; vng and

V�
h ¼ fv1; v4; . . .; vn�1g. By Lemma 2,

f ðPn þ K1; csÞ� 1. Let T ¼ fðv2;�1Þg be a sub-

set of g. Since jV�
g j ¼ dn

3
e, so T is a forcing subset.

Thus, f ðPn þ K1; csÞ� 1. This completes the

proof.

h

Now we consider the Cartesian product of P2 and K1;n.

Let V ¼ fu0; . . .; un; v0; v1; . . .; vng be the vertex set of

P2hK1;n where the induced subgraph on fu0; u1; . . .; ung
and fv0; v1; . . .; vng are K1;n. In Theorems 4 and 7, we

determine signed domination and forcing signed domina-

tion numbers of P2hK1;n.
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Theorem 4 For n� 1, cSðP2hK1;nÞ ¼ 2.

Proof Let g : V �! f�1; 1g such that gðvÞ ¼ �1 if and

only if v 2 fv1; . . .vdn
2
e; udn

2
eþ1; . . .; ung. Since

1� g½ui�; g½vi� � 3 for 0� i� n, g is a signed dominating

function. Hence, csðP2hK1;nÞ�xðgÞ ¼ 2. Let h be a cs-
function and xðhÞ\2. Then, jV�

h j[ n. So h½u0� ¼ 0 or

h½v0� ¼ 0. This is a contradiction. Therefore,

csðP2hK1;nÞ ¼ 2. h

Theorem 5 Zelinka (2006) Let Ka;b be a complete bipar-

tite graph with b� a. Then

csðKa;bÞ ¼

aþ 1 if b ¼ 1;

b if 2� b� 3 and a is even;

bþ 1 if 2� b� 3 and a is odd;

4 if b� 4 and a; b are both even;

6 if b� 4 and a; b are both odd;

5 if b� 4 and a; b have different parity:

8
>>>>>>>><

>>>>>>>>:

Theorems 4 and 5 imply the following Corollary.

Corollary 1 For every positive integer n,

csðP2hK1;nÞ\csðP2Þ � csðK1;nÞ.

Theorem 6 Sheikholeslami (2007) For n 2 f3; 4; 5g,
f ðCn; csÞ ¼ 1 and for n� 6,

f ðCn; csÞ ¼
1 if n 	 0 mod3ð Þ;
2 if n 	 1; 2 mod3ð Þ:

�

Theorem 7 For n� 1, f ðP2hK1;n; csÞ ¼ dn
2
e.

Proof Let f be a cs-function of P2hK1;n. Then, jV�
f j ¼ n.

If n ¼ 1, then P2hK1;n ’ C4 and by Theorem 6,

f ðP2hK1;n; csÞ ¼ 1. Let n� 2. Since jV�
f j ¼ n and

degðviÞ ¼ degðuiÞ ¼ 2 for 1� i� n, so u0; v0 62 V�
f . On the

other hand, jNðxÞ \ V�
f j � dn

2
e where x 2 fu0; v0g. It is

clear that f ðviÞ ¼ �f ðuiÞ for 1� i� n. Hence, ðvi; f ðviÞÞ
forces ðui; f ðuiÞÞ. Let T 
 Sf where jTj\dn

2
e. Then, there

are at least two distinct extensions of T. Thus, T is not a

forcing subset of f and so the forcing signed domination

number of P2 � K1;n is dn
2
e. h

Theorem 8 Sheikholeslami (2007) Let G be a graph with

D� 3, g be a signed dominating function of G and

u; v 2 VðGÞ. If gðuÞ ¼ gðvÞ ¼ �1, then dðu; vÞ� 3.

Let V ¼ V1 [ V2 be the vertices set of P2hKn such that

V1 ¼ fv1; . . .; vng and V2 ¼ fu1; . . .; ung where induced

subgraph on Vi is Kn for 1� i� 2. Also uj; vj are adjacent

for 1� j� n. Now, we obtain the signed domination

number of P2hKn.

Theorem 9 For any positive integer n,

csðP2hKnÞ ¼
2 n ¼ 2;

4 2\n is even or n ¼ 3;

6 3\n is odd:

8
><

>:

Proof If n ¼ 2, then P2hKn ’ C4 and so csðP2hKnÞ ¼ 2.

If n ¼ 3, then P2hKn is a 3-regular graph of diameter two.

Let f be a cs-function of P2hKn. By Theorem 8, jV�
f j ¼ 1.

Thus, csðP2hKnÞ ¼ 4.

Consider two following cases when n[ 3.

Case

1:

Let n be even. Define f : VðP2hKnÞ �! f�1; 1g,
where f ðvÞ ¼ �1 if and only if

v 2 fv1; . . .; vn
2�1g [ fun

2
; . . .; un�2g. For each

v 2 V , 1� f ½v� � 3 and also xðf Þ ¼ 4. Thus,

csðP2hKnÞ� 4. Let g be a cs-function of P2hKn.

If n ¼ 4, then jVi \ V�
g j � 2 for 1� i� 2. Also if

jV1 \ V�
g j ¼ 2, then V2 \ V�

g ¼ ; and so

xðgÞ ¼ 4. Hence, csðP2hK4Þ ¼ 4. Let n[ 4.

Since the Cartesian product of P2 and Kn is n-

regular graph, so there are at most n
2
vertices of

label �1 in the closed neighborhood of each

vertex. Without loss of generality, let

jV1 \ V�
g j ¼ n

2
. Then, V2 \ V�

g ¼ ;. Hence,

xðgÞ ¼ n[ 4. This is contradiction by

csðP2hKnÞ� 4. Thus, for 1� i� 2, jVi \
V�
g j � n

2
� 1 and so xðgÞ ¼ csðP2hKnÞ� 4.

Case

2:

Let n be odd. Define f : VðP2hKnÞ �! f�1; 1g,
where f ðvÞ ¼ �1 if and only if

v 2 fv1; . . .; vbn
2
c�1g [ fubn

2
c; . . .; un�3g. For each

v 2 V , 2� f ½v� � 4 and also xðf Þ ¼ 6. Thus,

csðP2hKnÞ� 6. Let h be a cs-function of P2hKn.

If n ¼ 5, then jVi \ V�
h j � 2 for 1� i� 2. Also if

jV1 \ V�
h j ¼ 2, then V2 \ V�

h ¼ ; and so

csðP2hK4Þ ¼ 6. Let n[ 5. Let jV1 \ V�
h j ¼ bn

2
c.

If for some 1� j� n, hðujÞ ¼ �1, then h½vj� ¼ 0

which is a contradiction. Hence, V2 \ V�
h ¼ ; and

so xðhÞ ¼ nþ 1[ 6. This is not true. Thus, for

1� i� 2, jVi \ V�
h j � bn

2
c � 1 and so

csðP2hKnÞ� 6. This completes the proof.

h

By Theorems 1 and 9, we have following Corollary.

Corollary 2 For n[ 2, cSðP2hKnÞ� csðP2Þ � csðKnÞ.

Theorem 10 Let G be a complete n-partite graph with n2

vertices where n� 3. Then
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csðGÞ ¼
3 if n is odd;

4 if n is even:

�

Proof Let G be a complete n-partite graph. Let V ¼
A1 [ . . . [ An where Ai ¼ fvij : 1� j� ng and induced

subgraph on Ai has no edge for 1� i� n. Let n be odd. We

define f : V ! f�1; 1g such that f ðvÞ ¼ �1 if and only if

v 2 vij :
�

1� i�bn
2
c � 1 and 1� j�dn

2
eg [ vij :

�

bn
2
c� i� n and 1� j�bn

2
cg. It is not hard to see that for

any v 2 V , jN½v� \ V�
f j ¼ jV�

f j � bn
2
c þ 1 and f ½v� � 1 and

so f is a signed dominating function of weight xðf Þ ¼ 3. As

a consequence, cSðGÞ� 3. On the contrary, suppose that

there is a cs-function g such that xðgÞ\3. Hence,

jV�
g j[ 1

2
ðn2 � 3Þ. Let jV�

g j ¼ 1
2
ðn2 � 1Þ. Two following

steps help us to reach the result.

– If Ai \ V�
g ¼ ; for some 1� i� n, then g½v� ¼ 2� n for

any v 2 Ai and since n� 3, g½v�\0. This is not true.

Hence, Ai \ V�
g 6¼ ; for every 1� i� n.

– If jAi \ V�
g j � dn

2
e for every 1� i� n, then

jV�
g j � 1

2
ðn2 þ nÞ. This is impossible. So there is

1� j� n such that jAj \ V�
g j � bn

2
c. Let u 2 Aj \ V�

g .

Then,

g½u� ¼ n2 � nþ 1� 2
1

2
ðn2 � 1Þ � jAj \ V�

g j þ 1

� �

� 2bn
2
c � n� � 1:

This is a contradiction. Therefore, cSðGÞ ¼ 3 when n is

odd.

Now suppose that n is even and we define f : V �!
f�1; 1g such that f ðvÞ ¼ �1 if and only if v 2 fvij :
1� i� n� 2 and 1� j

� n
2
g [ fvij : n� 1� i� n and 1� j� n

2
� 1g. It is easily

seen that 1� f ½v� � 5 for each v 2 V . Hence, f is a signed

dominating function and xðf Þ ¼ 4.

Let g be a cs-function where jV�
g j ¼ jV�

f j þ 1. We show

that for any 1� i� n, Ai \ V�
g 6¼ ;. On the contrary, let

Ak \ V�
g ¼ ; for some 1� k� n and u 2 Ak. Then,

g½u� ¼ 3� n� 0. This is a contradiction. Thus, for any

1� i� n, Ai \ V�
g 6¼ ;. Let w 2 Ai \ V�

g . Then,

g½w� ¼ n2 � nþ 1� 2 jV�
g j � jAi \ V�

g j þ 1
�
�
�

�
�
�� 1. So jAi \

V�
g j � n

2
for any 1� i� n and so n2

2
� 1 ¼ jV�

g j � nðn
2
Þ

which is impossible. Therefore, csðGÞ ¼ 4 where n is

even. This completes the proof. h

Theorem 11 Dunbar et al. (1995), Henning and Slater

(1996) Let G be a k�regular graph of order n. If k is odd,

then c
S
ðGÞ� 2n

kþ1
and if k is even, then c

S
ðGÞ� n

kþ1
.

Let V ¼ fvij : 1� i� n ; 1� j�mg be the vertex set of

Kn � Km for any positive integers 1\n\m. Then, vij and

vks are adjacent if and only if i 6¼ k and j 6¼ s. Also for any

1� i� n and 1� j�m, the induced subgraphs on Ai ¼
fvij : 1� j�mg and Bj ¼ fvij : 1� i� ng are empty. With

these notations in mind, we will prove the following result:

Theorem 12 For any positive integers 1\n\m,

csðKn � KmÞ ¼

2 n ¼ 2;m is odd;

4 n ¼ 2;m is even;

3 n ¼ 3;m is odd;

5 n 6¼ 3;mn is odd;

6 3\n\m have different parity;

8 2 6¼ n;m are both even:

8
>>>>>>>><

>>>>>>>>:

Proof Consider following cases:
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Case 1. If n ¼ 2, then Kn � Km is a bipartite graph and

ðm� 1Þ-regular. Define f : V �! f�1; 1g such

that f ðvijÞ ¼ �1 if and only if 1� i� 2 and

1� j�dm
2
e � 1. Since for any i and j,

N½vij� \ V�
f

�
�
�

�
�
��dm

2
e � 1, so f ½vij� � 1. Thus, f is

a signed dominating function and xðf Þ ¼ 2; 4

and so csðKn � KmÞ� 2; 4 depending on m is

odd or even, respectively. On the other hand, by

Theorem 11, if m is odd, then csðKn � KmÞ� 2,

otherwise csðKn � KmÞ� 4.

Case 2. If n ¼ 3 and m is odd. Define f : V �! f�1; 1g
such that f ðvijÞ ¼ �1 if and only if 1� i� 3

and 1� j�bm
2
c. Hence, jN½vij� \ V�

f j � 2bm
2
c for

any i and j. So f is a signed dominating function

of weight xðf Þ ¼ 3.

If g is a cs-function and csðK3 � KmÞ\xðf Þ,
then jV�

g j[ jV�
f j. Let jV�

g j ¼ jV�
f j þ 1 ¼ 3m�1

2
.

Let 1� i� 3 and Ai \ V�
g ¼ ;. Then, g½u� ¼

3� m for each u 2 Ai. So for any 1� i� 3,

Ai \ V�
g 6¼ ;. The same argument shows Bj \

V�
g 6¼ ; for any 1� j�m. If there is 1� ‘�m

such that jB‘ \ V�
g j ¼ 2, then for vi‘ 2 V�

g we

have

g½vi‘� ¼ 2m� 1

� 2 jV�
g j � jAi \ V�

g j � jB‘ \ V�
g j þ 2

	 

� 1

As a consequence jAi \ V�
g j � mþ1

2
. Since

jV�
g j ¼

P3
i¼1 jAi \ V�

g j, so jV�
g j � 3mþ3

2
. This is

not true. Thus, for any 1� j�m, jBj \ V�
g j ¼ 1

and so jV�
g j ¼ m. Again this is not true.

Therefore, csðK3 � KmÞ ¼ 3.

Case 3. Let n 6¼ 3 and mn is odd. Define f : V �!
f�1; 1g such that f ðvÞ ¼ �1 if and only if v 2
vij : i 	 1þ kðmod nÞ ; j 	 1þ kðmod mÞ ;

�

1� k� mn�5
2

g. Thus, for any i, j, bm
2
c� jAi \

V�
f j � dm

2
e and bn

2
c� jBj \ V�

f j � dn
2
e. Hence, for

v 2 V , jN½v� \ V�
f j � mn�1

2
� bm

2
c � bn

2
c and so

f ½v� � 1. So f is a signed dominating function of

weight xðf Þ ¼ 5. Hence, csðKn � KmÞ� 5.

Let g be a signed dominating function where

xðgÞ\5. Then, jV�
g j[ mn�5

2
. Let jV�

g j ¼ mn�3
2

.

Suppose that Ai \ V�
g ¼ ;. If there is Bj for

some 1� j�m such that jBj \ V�
g j � bn

2
c, then

g½vij� ¼ ðm� 1Þðn� 1Þ

þ 1� 2 jV�
g j � jBj \ V�

g j
	 


� 4� n\0:

Hence, for any 1� j�m, jBj \ V�
g j � dn

2
e and

then jV�
g j �mdn

2
e. This makes a contradiction.

Therefore, Ai \ V�
g 6¼ ; for any 1� i� n. By

similar argument, we can see Bj \ V�
g 6¼ ; for

1� j�m. If there are i and j such that

jAi \ V�
g j � bm

2
c, jBj \ V�

g j � bn
2
c and also

vij 2 V�
g , then

g½vij� ¼ ðm� 1Þðn� 1Þ

þ 1� 2 jV�
g j � jAi \ V�

g j � jBj \ V�
g j þ 2

	 

:

Thus g½vij� � � 1. This is a contradiction.

Otherwise, i.e., for any i, j,

wherejAi \ V�
g j � bm

2
c, jBj \ V�

g j � bn
2
c,

gðvijÞ ¼ þ1, then jV�
g j � bm

2
cdn

2
e þ bn

2
cdm

2
e

which is not true. Therefore, for any 1� i� n,

jAi \ V�
g j � dm

2
e or jBj \ V�

g j � dn
2
e for any

1� j�m. But both cases are impossible.

Hence, csðKn � KmÞ ¼ 5.
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Case 4. Let n[ 3 and m, n have different parity. We

define function f : V �! f�1; 1g such that

f ðvÞ ¼ �1 if and only if

v 2 vij : i 	 1þ kðmod nÞ;
�

j 	 1þ kðmod mÞ; 1� k� mn� 6

2
g:

Likewise Case 3, for any i, j we have dm
2
e �

1� jAi \ V�
f j � dm

2
e and dn

2
e � 1� jBj \

V�
f j � dn

2
e . Thus, jN½v� \ V�

f j � mn
2
� bm

2
c � bn

2
c

for any v 2 V . So f is a signed dominating

function of weight xðf Þ ¼ 6. Hence,

csðKn � KmÞ� 6. As above we can see

csðKn � KmÞ ¼ 6.

Case 5. Let 2\n\m are both even. Define f : V �!
f�1; 1g such that f ðvÞ ¼ �1 if and only if

v 2 vij : i 	 1þ kðmod nÞ; j 	 1þ k
�

ðmod mÞ; 1� k� mn� 8

2

�

:

With the same argument in Case 3, it is easily

seen that csðKn � KmÞ ¼ 8.

h

By Theorem 12 and Lemma 1, we deduce the following

Corollary.

Corollary 3 For 2� n\m, csðKn � KmÞ� csðKnÞ
�csðKmÞ.
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