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Abstract
In this paper, we construct a Durrmeyer variant of the modified a-Bernstein-type operators introduced by Kajla and Acar

(Ann Funct Anal 10(4):570–582, 2019), for a 2 ½0; 1�. We investigate the degree of approximation via the approach of

Peetre’s K-functional and the Lipschitz-type maximal function. The quantitative Voronovskaja- and Grüss Voronovskaja-

type theorems are discussed. Further, we determine the rate of convergence by the above operators for the functions with

derivatives of bounded variation.

Keywords Peetre’s K-functional � Ditzian–Totik modulus of smoothness � Voronovskaja-type theorem � Grüss
Voronovskaja-type theorem � Functions of bounded variation

Mathematics Subject Classification 41A10 � 41A25

1 Introduction

Let w : J ! R be bounded on J ¼ ½0; 1�. In 1912, to prove

Weierstrass approximation theorem (Weierstrass 1885),

Bernstein (1912) defined a sequence of linear positive

operators, known as Bernstein operators, as follows:

Bnðw; ,Þ ¼
Xn

m¼0

Pn;mð,Þw
�
m

n

�
; , 2 J ð1:1Þ

where

Pn;mð,Þ ¼
n

m

� �
,mð1� ,Þn�m; 0�m� n:

It is easily verified that the Bernstein basis functions

Pn;mð,Þ satisfy the recurrence relation

Pn;mð,Þ ¼ ð1� ,ÞPn�1;mð,Þ þ ,Pn�1;m�1ð,Þ; 8 0\m\n:

There are many applications of Bernstein operators in

fields such as mathematics, physics, computer science and

engineering. Due to their useful structure, many research-

ers discovered their various approximation properties and

made significant contributions, the interested reader may

refer to Pǎltǎnea (2004), Gonska (2007), Gonska and Raşa

(2009), Gavrea and Ivan (2012), Tachev (2012), etc. Chen

et al. (2017) defined a generalization of Bernstein operators

(1.1) based on a real parameter ‘a’ satisfying 0� a� 1, as

Ln;aðw; ,Þ ¼
Xn

m¼0

Pn;m;að,Þw
�
m

n

�
; , 2 J ð1:2Þ

where the a-Bernstein basis function Pn;m;að,Þ; for n� 2; is

given by

Pn;m;að,Þ ¼
n� 2

m

� �
ð1� aÞ,mð1� ,Þn�m�1

þ n� 2

m� 2

� �
ð1� aÞ,m�1ð1� ,Þn�m

þ n

m

� �
a,mð1� ,Þn�m

ð1:3Þ

with n�2
�2

� �
¼ n�2

�1

� �
¼ 0. It is easily seen that Pn;m;að,Þ;

verifies the recurrence relation
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Pn;m;að,Þ ¼ ð1� ,ÞPn�1;m;að,Þ þ ,Pn�1;m�1;að,Þ;
8 0\m\n; and n� 3:

Chen et al. (2017) studied the uniform convergence theo-

rem and the Voronovskaja-type asymptotic formula, etc.

For the special case a ¼ 1, the operators (1.2) reduce to

(1.1). Acar and Kajla (2018) introduced a bivariate exten-

sion of (1.2) and studied some approximation properties of

these operators and the associated GBS (Generalized

Boolean Sum) operators. Kajla and Acar (2018) defined the

Durrmeyer-type modification of (1.2) and studied the local

and global approximation properties and Voronovskaja-

type asymptotic theorem. For more details of the research

work in this direction, we refer to cf. (Lupas and Lupas

1987; Nowak 2009; Aral et al. 2013; Acar et al. 2016;

Gupta and Tachev 2017; Mohiuddine et al. 2017; Acu

et al. 2018; Mohiuddine et al. 2020; Kajla et al. 2020; Rao

et al. 2021; Mishra and Gandhi 2019; Mohiuddine 2020;

Mohiuddine and Özger 2020; Özger et al. 2020, etc.).

Khosravian-Arab et al. (2018) introduced a new family of

Bernstein operators as follows:

BM;1
n ðw; ,Þ ¼

Xn

m¼0

PM;1
n;m ð,Þw

�
m

n

�
; , 2 J ð1:4Þ

where

PM;1
n;m ð,Þ ¼ að,; nÞPM;1

n�1;mð,Þ þ að1� ,; nÞPM;1
n�1;m�1ð,Þ;

1�m� n� 1

PM;1
n;0 ð,Þ ¼ að,; nÞð1� ,Þn�1;

PM;1
n;n ð,Þ ¼ að1� ,; nÞ,n�1:

and

að,; nÞ ¼ a0ðnÞ þ , a1ðnÞ; n ¼ 0; 1; 2; 3; . . . ð1:5Þ

a0ðnÞ and a1ðnÞ being two unknown sequences, which may

be defined in an appropriate manner. If a0ðnÞ ¼ 1; and

a1ðnÞ ¼ �1; then (1.4) reduces to (1.1). Gupta et al. (2019)

defined a Kantorovich version of the operators (1.4) and

studied some better approximation properties. For w 2
CðJÞ; the space of continuous functions on J with the

uniform norm denoted by k:k, Kajla and Acar (2019)

introduced a modification of the generalized Bernstein

operators (1.4) by means of a parameter a, 0� a� 1 as

follows:

BM;1
n;a ðw; ,Þ ¼

Xn

m¼0

PM;1
n;m;að,Þw

�
m

n

�
; 8 , 2 J ð1:6Þ

where

PM;1
n;m;að,Þ ¼ að,; nÞPn�1;m;að,Þ þ að1� ,; nÞPn�1;m�1;að,Þ;

ð1:7Þ

and Pn;m;að,Þ is the same as defined in (1.3) and examined

the uniform convergence and the asymptotic approxima-

tion. It is clear that for a ¼ 1, the operators (1.6) include

the operators (1.4).

Inspired by the above research work, for w 2 CðJÞ; we
define a Durrmeyer-type modification of the operators (1.6)

as follows:

KM;1
n;a ðw; ,Þ ¼ nðn2 � 1Þ

ðn� 2Þðnþ 1Þ þ 2a
Xn

m¼0

PM;1
n;m;að,Þ

Z 1

0

Pn;m;aðtÞwðtÞdt;
ð1:8Þ

where Pn;m;að,Þ is the a-Bernstein basis function as defined

in (1.3). It is evident that for a0ðnÞ ¼ 1, a1ðnÞ ¼ �1, and

a ¼ 1, the operator (1.8) includes the Bernstein–Durrmeyer

operator introduced by Durrmeyer (1967) and subsequently

studied by many other researchers (Derriennic 1981;

Berens et al. 1992; Zhou 1992; Karsli 2019, etc.).

Throughout this paper, we assume that the sequences a0ðnÞ
and a1ðnÞ satisfy the relation 2a0ðnÞ þ a1ðnÞ ¼ 1.

The purpose of this paper is to investigate the approxi-

mation degree of the operators (1.8) with the aid of the

Peetre’s K-functional and the Lipschitz-type maximal

function. We also discuss the quantitative Voronovskaya-

and Grüss–Voronovskaya-type theorem. The rate of con-

vergence for functions with the derivative of bounded

variation is also derived.

2 Preliminaries

Throughout this paper, we assume N0 :¼ N [ f0g. Let

ejðtÞ ¼ tj, j 2 N0. By a simple computation, we get
Z 1

0

Pn;mðtÞtjdt ¼
Z 1

0

n

m

� �
tmþjð1� tÞðn�mÞ

dt

¼ n!ðmþ jÞ!
m!ðnþ jþ 1Þ! :

ð2:1Þ

Lemma 1 (Kajla and Acar 2019) For
Pn

m¼0 m
jPM;1

n;m;að,Þ,
j 2 N0, we have the following identities:
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ðiÞ
Xn

m¼0

PM;1
n;m;að,Þ ¼ 2a0ðnÞ þ a1ðnÞ ¼ 1

ðiiÞ
Xn

m¼0

mPM;1
n;m;að,Þ ¼ n,þ ð1�2,Þða0ðnÞ þ a1ðnÞÞ

ðiiiÞ
Xn

m¼0

m2PM;1
n;m;að,Þ ¼ n2,2

þ n,

�
2a0ðnÞð2�3,Þ þ a1ðnÞð3�5,Þ

�

þ ða0ðnÞ þ a1ðnÞÞ

� 2,ð1� ,Þ
�
2aa0ðnÞ þ ð1þ aÞa1ðnÞ

�

ðivÞ
Xn

m¼0

m3PM;1
n;m;að,Þ

¼ n3,3 þ n2f3,2a0ðnÞð3� 4,Þ þ 3,2a1ðnÞð2�3,Þg
þ nfð8,� 3,2ð5þ 4aÞ
þ 2,3ð5þ 6aÞÞa0ðnÞ
þ ð7,� 6,2ð3þ aÞ þ 2,3ð7þ 3aÞÞa1ðnÞg
þ fð1þ 2,ð5� 9,Þ þ 18,2ð3a� 2Þ
þ 6,3ð4� 6aÞÞa0ðnÞ
þ ð1þ 4,ð1� 3aÞ þ 6,2ð1� 2aÞð2,� 3ÞÞa1ðnÞg

ðvÞ
Xn

m¼0

m4PM;1
n;m;að,Þ ¼ n4,4 þ 4n3,3ð4�5,Þa0ðnÞ

þ 2n3,3ð5� 7,Þa1ðnÞ þ 2n2,2½16� 12,ðaþ 3Þ
þ ,2ð23þ 12aÞ�a0ðnÞ
þ n2,2½25�2,ð33þ 6aÞ þ ,2ð47þ 12aÞ�a1ðnÞ
þ 4n,½4� 24a,þ 22,2ð3a� 1Þ
þ ,3ð17� 42aÞ�a0ðnÞ
þ n,½15� ,ð29þ 60aÞ þ 4,2ð42a� 1Þ
þ 2,3ð7� 54aÞ�a1ðnÞ
þ ½1þ 16,ð3� 4aÞ þ 32,2ð11a� 9Þ
þ 48,3ð5� 6að2þ ,ÞÞ�a0ðnÞ
þ ½1þ 2,ð17� 25aÞ þ 2,2ð133a� 10Þ
þ 24,3ð7� 9aÞð2þ ,Þ�a1ðnÞ:

As a consequence of Lemma 1, we obtain:

Lemma 2 The operators KM;1
n;a ð:; ,Þ; verify the following

equalities:

ðiÞ KM;1
n;a ð1; ,Þ ¼ 2a0ðnÞ þ a1ðnÞ ¼ 1;

ðiiÞ KM;1
n;a ðt; ,Þ ¼ nðn2 � 1Þ

ðn� 2Þðnþ 1Þ þ 2a��
ð1� aÞðn� 3Þ

nðn2 � 1Þ

�

�
n,þ ð1�2,Þða0ðnÞ þ a1ðnÞÞ

�

þ
�

1� a
nðnþ 1Þ þ

a
ðnþ 1Þðnþ 2Þ

�	

¼ anð,Þ;

ðiiiÞ KM;1
n;a ðt; ,Þ ¼ nðn2 � 1Þ

ðn� 2Þðnþ 1Þ þ 2a�

ð1� aÞðn� 4Þ

ðn� 1Þnðnþ 1Þðnþ 2Þ

þ a
ðnþ 1Þðnþ 2Þðnþ 3Þ

�

n2,2

þ n,

�
2a0ðnÞð2�3,Þ þ a1ðnÞð3�5,Þ

�

þ ða0ðnÞ þ a1ðnÞÞ�2,ð1� ,Þ
�
2aa0ðnÞ

þ ð1þ aÞa1ðnÞ
��

þ



3ðn� 2Þð1� aÞ
ðn� 1Þnðnþ 1Þðnþ 2Þ

þ 3a
ðnþ 1Þðnþ 2Þðnþ 3Þ

�
fn,

þ ð1�2,Þða0ðnÞ þ a1ðnÞÞg

þ



2ð1� aÞ
nðnþ 1Þðnþ 2Þ

þ 2a
ðnþ 1Þðnþ 2Þðnþ 3Þ

�	
:

Let lM;1
n;a;rð,Þ ¼ KM;1

n;a ððt� ,Þr; ,Þ, r 2 N0. Further, let us

assume that limn!1aiðnÞ ¼ pi; for i ¼ 0; 1. Then by a

simple computation, using Lemma 2, we reach the fol-

lowing crucial result:

Lemma 3 For the operators KM;1
n;a ð:; ,Þ, we have

ðiÞ lim
n!1

nlM;1
n;a;1ð,Þ ¼ ð1�2,Þð1þ p0 þ p1Þ

ðiiÞ lim
n!1

nlM;1
n;a;2ð,Þ ¼ ð2p0 þ p1 þ 1Þ,ð1� ,Þ

ðiiiÞ lim
n!1

n2lM;1
n;a;4ð,Þ ¼ 12,2ð1� ,Þ2:
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Remark From Lemma 3, for all sufficiently large n and

, 2 J, we have lM;1
n;a;2ð,Þ� C

n /
2ð,Þ and lM;1

n;a;4ð,Þ�
C
n2
/4ð,Þ, where /2ð,Þ ¼ ,ð1� ,Þ and C is a positive

constant. Our following result shows that the operators

KM;1
n;a are bounded operators.

Lemma 4 For w 2 CðJÞ; and for each , 2 J, we have
����K

M;1
n;a ðw; ,Þ

�����kwk:

Proof Applying the definition of the operators (1.8) and

using Lemma 2, we have
����K

M;1
n;a ðw; ,Þ

�����
nðn2 � 1Þ

ðn� 2Þðnþ 1Þ þ 2a

Xn

m¼0

PM;1
n;m;að,Þ

Z 1

0

Pn;m;aðtÞjwðtÞjdt

�kwkKM;1
n;a ð1; ,Þ ¼ kwk;

which completes the proof. h

3 Main Results

First, we show that the operator KM;1
n;a ðwÞ is an approxi-

mation process for function w 2 CðJÞ:

3.1 Basic Uniform Convergence Theorem

Theorem 1 If w 2 CðJÞ and a 2 J, then

lim
n!1

KM;1
n;a ðw; ,Þ ¼ wð,Þ;

uniformly in , 2 J.

Proof Applying Lemma 2, it follows that limn!1
KM;1
n;a ðtj; ,Þ ¼ ,j; j ¼ 0; 1; 2 uniformly in , 2 J. Hence, by

the well-known Bohman–Korovkin theorem (Korovkin

1960), we obtain the desired result. h

3.2 Local Approximation

For w 2 CðJÞ and any d[ 0; the Peetre’s K-functional

Kðw; dÞ is defined by

Kðw; dÞ ¼ inf
g2C2ðJÞ

fkw� gk þ dkg00k; d[ 0g; ð3:1Þ

where C2ðJÞ ¼ fg : g00 2 CðJÞg. By DeVore and Lorentz

(1993), 9 a constant M[ 0 such that

Kðw; dÞ�Mx2ðw;
ffiffiffi
d

p
Þ; d[ 0; ð3:2Þ

where x2ðw;
ffiffiffi
d

p
Þ is the second-order modulus of continu-

ity of w 2 CðJÞ, defined as

x2ðw;
ffiffiffi
d

p
Þ ¼ sup

0\h�
ffiffi
d

p sup
,;,�h2J

jwð,þ hÞ � 2wð,Þ

þ wð,� hÞj:

Also, for w 2 CðJÞ; the first-order modulus of continuity is

given by

xðw; dÞ ¼ sup
0\jhj � d

sup
,;,þh2J

jwð,þ hÞ � wð,Þj:

Theorem 2 For w 2 CðJÞ; 9 a constant M[ 0 such that

jKM;1
n;a ðw; ,Þ � wð,Þj �Mx2

�
w;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nM;1
n;a ð,Þ

q �

þ xðw; lM;1
n;a;1ð,ÞÞ;

where nM;1
n;a ð,Þ ¼ lM;1

n;a;2ð,Þ þ ðlM;1
n;a;1ð,ÞÞ

2:

Proof Let us define an auxiliary operator as follows:

�K
M;1
n;a ðw; ,Þ ¼ KM;1

n;a ðw; ,Þ þ wð,Þ � wðanð,ÞÞ; ð3:3Þ

where anð,Þ is defined as in Lemma 2. From (3.3), it is

clear that �K
M;1
n;a ðw; ,Þ is a linear operator and applying

Lemma 2

�K
M;1
n;a ð1; ,Þ ¼ 1; �K

M;1
n;a ððt� ,Þ; ,Þ ¼ 0: ð3:4Þ

Let g 2 C2ðJÞ and , 2 J be arbitrary. Then by Taylor’s

formula,

gðtÞ ¼ gð,Þ þ ðt� ,Þg0ð,Þ þ
Z t

,
ðt� uÞg00ðuÞdu:

Now, applying the linear operator �K
M;1
n;a ð:; ,Þ on both sides

of the above equation and using Eq. (3.4), we get

�K
M;1
n;a ðg; ,Þ � gð,Þ ¼ �K

M;1
n;a

�Z t

,
ðt� uÞg00ðuÞdu

�

¼ KM;1
n;a

�Z t

,
ðt� uÞg00ðuÞdu

�

�
Z anð,Þ

,
ðanð,Þ � uÞg00ðuÞdu:

Hence,
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���� �K
M;1
n;a ðg;,Þ � gð,Þ

�����KM;1
n;a

�����
Z t

,
jt� uj jg00ðuÞjdu

����; ,
�

þ
����
Z anð,Þ

,
janð,Þ � uj jg00ðuÞjdu

����

�


KM;1
n;a ððt� ,Þ2; ,Þ þ ðanð,Þ � ,Þ2

�

kg00k

�


KM;1
n;a ððt� ,Þ2; ,Þ

þ
�
KM;1
n;a ðt; ,Þ � ,

�2�
kg00k

�


lM;1
n;a;2ð,Þ þ ðlM;1

n;a;1ð,ÞÞ
2

�
kg00k

¼ nM;1
n;a ð,Þkg00k:

ð3:5Þ

Now from Eq. (3.3) and using Lemma 2, we have
���� �K

M;1
n;a ðw; ,Þ

����� 3kwk: ð3:6Þ

For , 2 J; w 2 CðJÞ and any g 2 C2ðJÞ, from Eqs. (3.5)

and (3.6), we obtain
����K

M;1
n;a ðw; ,Þ � wð,Þ

����

�
���� �K

M;1
n;a ðw; ,Þ � wð,Þ þ wðanð,ÞÞ � wð,Þ

����

�
���� �K

M;1
n;a ððw� gÞ; ,Þ

����þ
���� �K

M;1
n;a ðg; ,Þ � gð,Þ

����

þ jgð,Þ � wð,Þj þ jwðanð,ÞÞ � wð,Þj
� 4kw� gk þ nM;1

n;a ð,Þkg00k þ xðw; janð,Þ � ,jÞ
� 4kw� gk þ nM;1

n;a ð,Þkg00k þ xðw; jlM;1
n;a;1ð,ÞjÞ:

Taking infimum on the right-hand side over all g 2 C2ðJÞ
and using the definition of Peetre’s K-functional given by

(3.1), we obtain

����K
M;1
n;a ðw; ,Þ � wð,Þ

����� 4Kðw;
nM;1
n;a ð,Þ
4

Þ þ xðw; jlM;1
n;a;1ð,ÞjÞ:

Hence considering the relation (3.2), we get

����K
M;1
n;a ðw; ,Þ � wð,Þ

�����Mx2ðw;

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nM;1
n;a ð,Þ

q

2
Þ

þ xðw; jlM;1
n;a;1ð,ÞjÞ;

which completes the proof. h

Lipschitz-type space: In view of Szász (1950), for , 2 J

Lip
ðqÞ
M :¼



w 2 CðJÞ : jwðtÞ � wð,Þj �Mw

jt� ,jq

ðtþ ,Þ
q
2

; t 2 J; , 2 ð0; 1�
�
;

where q 2 ð0; 2�; and Mw [ 0 is a constant dependent only

on w.

Theorem 3 Let w 2 Lip
ðqÞ
M . Then for all , 2 ð0; 1�, we have

����K
M;1
n;a ðw; ,Þ � wð,Þ

�����Mw

�
lM;1
n;a;2ð,Þ
,

�q
2

:

Proof First of all, we show the result for the case q ¼ 2.

By our hypothesis, we have
����K

M;1
n;a ðw; ,Þ � wð,Þ

�����
nðn2 � 1Þ

ðn� 2Þðnþ 1Þ þ 2a
Xn

m¼0

PM;1
n;m;aðtÞ

Z 1

0

Pn;m;aðtÞjwðtÞ � wð,Þjdt

�Mw
nðn2 � 1Þ

ðn� 2Þðnþ 1Þ þ 2a

Xn

m¼0

PM;1
n;m;aðtÞ

Z 1

0

Pn;m;aðtÞ
ðt� ,Þ2

ðtþ ,Þ dt:

Now using the inequality 1
tþ, � 1

, ; 8 t 2 J and , 2 ð0; 1�,
we get
����K

M;1
n;a ðw; ,Þ � wð,Þ

�����
Mw

,
nðn2 � 1Þ

ðn� 2Þðnþ 1Þ þ 2a
Xn

m¼0

PM;1
n;m;aðtÞ

Z 1

0

Pn;m;aðtÞðt� ,Þ2dt

¼ Mw

�
lM;1
n;a;2ð,Þ
,

�
:

This proves the result for q ¼ 2: Now, we show the above

theorem for 0\q\2. By using Hölder inequality with

q1 ¼ 2
q and q2 ¼ 2

2�q, we get

Iran J Sci Technol Trans Sci (2021) 45:2049–2061 2053

123



����K
M;1
n;a ðw; ,Þ � wð,Þ

�����
nðn2 � 1Þ

ðn� 2Þðnþ 1Þ þ 2a

Xn

m¼0

PM;1
n;m;aðtÞ

Z 1

0

Pn;m;aðtÞjwðtÞ � wð,Þjdt

�

Xn

m¼0

PM;1
n;m;að,Þ

�
nðn2 � 1Þ

ðn� 2Þðnþ 1Þ þ 2a
Z 1

0

Pn;m;aðtÞjwðtÞ � wð,Þjdt
�2

q
�q

2

�

�

nðn2 � 1Þ
ðn� 2Þðnþ 1Þ þ 2a

�

Xn

m¼0

PM;1
n;m;að,Þ

Z 1

0

Pn;m;aðtÞjwðtÞ � wð,Þj
2
qdt

�

�Mw



nðn2 � 1Þ

ðn� 2Þðnþ 1Þ þ 2a
Xn

m¼0

PM;1
n;m;að,Þ

Z 1

0

Pn;m;aðtÞ
ðt� ,Þ2

tþ ,
dt

�q
2

� Mw

,
q
2



nðn2 � 1Þ

ðn� 2Þðnþ 1Þ þ 2a
Xn

m¼0

PM;1
n;m;að,Þ

Z 1

0

Pn;m;aðtÞðt� ,Þ2dt
� q

2

�Mw

�
lM;1
n;a;2ð,Þ
,

�q
2

:

This completes the proof. h

Next, we study a local direct estimate for the operators

defined in (1.8). First of all, we define the Lipschitz-type

maximal function of order q; given by Lenze (1988) as

�xqðw; ,Þ ¼ sup
t 6¼,;t2J

jwðtÞ � wð,Þj
jt� ,jq 8 , 2 J and q 2 ð0; 1�:

ð3:7Þ

For similar studies, one can refer to Kajla and Agrawal

(2015), Kajla et al. (2017), Kajla (2017) and Neer et al.

(2017).

Theorem 4 Let w 2 CðJÞ and 0\q� 1. Then, 8 , 2 J; we

have
����K

M;1
n;a ðw; ,Þ � wð,Þ

����� �xqðw; ,Þ
�
lM;1
n;a;2ð,Þ

�q
2

:

Proof In view of (3.7),

jwðtÞ � wð,Þj � �xqðw; ,Þjt� ,jq:

Applying the operator KM;1
n;a ð:; ,Þ on the above inequality,

then using Lemma 3 and the Hölder inequality with q1 ¼ 2
q,

q2 ¼ 2
2�q, we have

jKM;1
n;a wðtÞ � wð,Þj� �xqðw; ,ÞKM;1

n;a ðjt� ,jq; ,Þ

� �xqðw; ,Þ
�
KM;1
n;a ðt� ,Þ2; ,

�q
2

�
KM;1
n;a ð12; ,Þ

�2�q
2

¼ �xqðw; ,Þ
�
lM;1
n;a;2ð,Þ

�q
2

:

h

3.3 Asymptotic approximation by KM;1
n;a

We present a Voronovskaja-type asymptotic theorem for

the operators KM;1
n;a ðw; ,Þ, defined in (1.8).

Theorem 5 Let w 2 CðJÞ and a 2 J. If w00ð,Þ exists at a

given point , 2 J then we have

lim
n!1

n

�
KM;1
n;a ðw; ,Þ � wð,Þ

�

¼ ð1�2,Þð1þ p0 þ p1Þw0ð,Þ

þ ð2p0 þ p1 þ 1Þ,ð1� ,Þw
00ð,Þ
2

:

ð3:8Þ

Furthermore, if w00 2 CðJÞ then Eq. (3.8) holds uniformly

in , 2 J.

Proof By using Taylor’s formula, we have

wðtÞ ¼ wð,Þ þ ðt� ,Þw0ð,Þ þ ðt� ,Þ2

2!
w00ð,Þ

þ /ðt; ,Þðt� ,Þ2;
ð3:9Þ

where /ðt; ,Þ 2 CðJÞ and /ðt; ,Þ ! 0; as t ! ,. Now

operating by KM;1
n;a ð:; ,Þ on both sides of (3.9) and using

Lemma 3, we get
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KM;1
n;a ðw; ,Þ � wð,Þ ¼ w0ð,ÞKM;1

n;a ððt� ,Þ; ,Þ

þ w00ð,Þ
2!

KM;1
n;a ððt� ,Þ2; ,Þ

þ KM;1
n;a ð/ðt; ,Þðt� ,Þ2; ,Þ:

Hence,

lim
n!1

n

�
KM;1
n;a ðw; ,Þ � wð,Þ

�
¼ ð1�2,Þð1þ p0 þ p1Þw0ð,Þ

þ ð2p0 þ p1 þ 1Þ,ð1� ,Þw
00ð,Þ
2

þ lim
n!1

nKM;1
n;a ð/ðt; ,Þðt� ,Þ2; ,Þ:

ð3:10Þ

Since /ðt; ,Þ ! 0 as t ! ,, for a given �[ 0; 9 a d[ 0

such that j/ðt; ,Þj\� whenever jt� ,j\d; and for

jt� ,j � d, we have j/ðt; ,Þj �M ðt�,Þ2

d2
, where M[ 0. Let

vdðtÞ be the characteristic function of the interval

ð,� d; ,þ dÞ. Now using Lemma (3), we obtain
����K

M;1
n;a ð/ðt; ,Þðt� ,Þ2; ,Þ

����

�KM;1
n;a

�
j/ðt; ,Þjðt� ,Þ2vdðtÞ; ,

�

þ KM;1
n;a

�
j/ðt; ,Þjðt� ,Þ2ð1� vdðtÞÞ; ,Þ

�

� �KM;1
n;a

�
ðt� ,Þ2; ,

�
þM

d2
KM;1
n;a

�
ðt� ,Þ4; ,

�

¼ � O

�
1

n

�
þ O

�
1

n2

�
; as n ! 1:

Hence, due to the arbitrariness of �[ 0, we have

limn!1 nKM;1
n;a ð/ðt; ,Þðt� ,Þ2; ,Þ ¼ 0: Thus by (3.10), we

get

lim
n!1

n

�
KM;1
n;a ðw; ,Þ � wð,Þ

�
¼ ð1�2,Þð1þ p0 þ p1Þw0ð,Þ

þ ð2p0 þ p1 þ 1Þ,ð1� ,Þw
00ð,Þ
2

:

This completes the proof of the first assertion of the

theorem.

The second assertion follows due to the uniform

continuity of w00 on J enabling d to become independent

of ,; and all the other estimates hold uniformly in , 2 J. h

3.4 Quantitative Voronovskaja-Type Theorem

Next, we calculate the order of approximation for the

operators (1.8) by means of the Ditzian–Totik modulus of

smoothness. Let /ð,Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
,ð1� ,Þ

p
. For w 2 CðJÞ; the

Ditzian–Totik modulus of smoothness of first order (Dit-

zian and Totik 2012) is defined as

x/ðw; dÞ ¼ sup
0� h� d


����w
�
,þ h/ð,Þ

2

�
� w

�
,� h/ð,Þ

2

�����;

,� h/ð,Þ
2

2 J

�
;

and the corresponding Peetre’s K-functional is given by

K/ðw; dÞ ¼ inf
g2W/ðJÞ

fkw� gk þ dk/g0kg; ðd[ 0Þ;

where W/ðJÞ ¼ fg : g 2 AClocðJÞ; k/g0k\1g and

AClocðJÞ is the space of locally absolutely continuous

functions on every closed and bounded interval ½a; b� � J.

It is well-known from Ditzian and Totik (2012) that 9 a

constant M[ 0; such that

M�1x/ðw; dÞ�K/ðw; dÞ�Mx/ðw; dÞ: ð3:11Þ

Theorem 6 For any w 2 C2ðJÞ and sufficiently large n,

there holds the following two inequalities:

ðiÞ
����n


KM;1
n;a ðw; ,Þ � wð,Þ � lM;1

n;a;1ð,Þw0ð,Þ

� 1

2
w00ð,ÞlM;1

n;a;2ð,Þ
������M0x/ðw00;/ð,Þn�1=2Þ;

ðiiÞ
����n


KM;1
n;a ðw;,Þ � wð,Þ � lM;1

n;a;1ð,Þw0ð,Þ

� 1

2
w00ð,ÞlM;1

n;a;2ð,Þ
�����

where M0is some positive constant.

Proof For w 2 C2ðJÞ and t;, 2 J; using Taylor’s formula,

we have

wðtÞ � wð,Þ ¼ ðt� ,Þw0ð,Þ þ
Z t

,
ðt� uÞw00ðuÞdu:

Hence,

wðtÞ � wð,Þ � ðt� ,Þw0ð,Þ � ðt� ,Þ2

2
w00ð,Þ

¼
Z t

,
ðt� uÞðw00ðuÞ � w00ð,ÞÞdu:

Now applying the linear positive operator KM;1
n;a ð:; ,Þ on

both sides of the above equation, we have
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����K
M;1
n;a ðw; ,Þ � wð,Þ � lM;1

n;a;1ð,Þw
0ð,Þ � lM;1

n;a;2ð,Þ
w00ð,Þ
2

����

�KM;1
n;a

�����
Z t

,
jt� ujjw00ðuÞ � w00ð,Þjdu

����; ,
�
:

ð3:12Þ

For any g 2 C2ðJÞ; Finta (2011, p. 337) estimated the

right-hand quantity of Eq. (3.12) as follows:
����
Z t

,
jt� ujjw00ðuÞ � w00ð,Þjdu

����� 2kw00 � gkðt� ,Þ2

þ 2k/g0k/�1ð,Þjt� ,j3: ð3:13Þ

Now, combining (3.12) and (3.13)
����K

M;1
n;a ðw; ,Þ � wð,Þ � lM;1

n;a;1ð,Þw
0ð,Þ � w00ð,Þ

2
lM;1
n;a;2ð,Þ

����

� 2kw00 � gkKM;1
n;a ððt� ,Þ2; ,Þ

þ 2k/g0k/�1ð,ÞKM;1
n;a ðjt� ,j3; ,Þ:

Now, using Cauchy–Schwarz’s inequality and Remark 2,

we obtain
����K

M;1
n;a ðw; ,Þ � wð,Þ

� lM;1
n;a;1ð,Þw0ð,Þ � w00ð,Þ

2
lM;1
n;a;2ð,Þ

����

� 2kw00 � gklM;1
n;a;2ð,Þ

þ 2k/g0k/�1ð,ÞflM;1
n;a;2ð,Þg

1
2flM;1

n;a;4ð,Þg
1
2

� 2kw00 � gklM;1
n;a;2ð,Þ

þ 2k/g0k/�1ð,ÞflM;1
n;a;2ð,Þg

1
2flM;1

n;a;4ð,Þg
1
2

� 2kw00 � gkC
n
/2ð,Þ þ 2C

n
3
2

k/g0k/2ð,Þ

¼ 2C

n

�
/2ð,Þkw00 � gk þ /2ð,Þ k/g

0kffiffiffi
n

p
�
:

Since /2ð,Þ�/ð,Þ� 1; 8 , 2 J, we get
����K

M;1
n;a ðw; ,Þ � wð,Þ � ln;1w

0ð,Þ � w00ð,Þ
2

ln;2ð,Þ
����

� 2C

n

�
kw00 � gk þ /ð,Þ k/g

0kffiffiffi
n

p
�
:

and
����K

M;1
n;a ðw; ,Þ � wð,Þ � lM;1

n;a;1w
0ð,Þ � w00ð,Þ

2
lM;1
n;a;2ð,Þ

����

�/2ð,Þ 2C
n

�
kw00 � gk þ k/g0kffiffiffi

n
p

�
:

Taking the infimum on the right-hand side of the above

relations over all g 2 W/ðJÞ; we obtain

����n


KM;1
n;a ðw; ,Þ � wð,Þ � ln;1ð,Þw0ð,Þ � ln;2ð,Þ

w00ð,Þ
2

�

�����
M0K/ðw00;/ð,Þn�1=2Þ;
M0/2ð,ÞK/ðw00; n�1=2Þ;

(

where M0 ¼ 2C. Now, applying relation (3.11), we reach

the required result. h

3.5 Grüss–Voronovskaya-Type
Theorem for the Operators KM;1

n;a

Theorem 7 For w; g 2 C2ðJÞ, there holds the following

equality:

lim
n!1

n

�
KM;1
n;a ðwg; ,Þ � KM;1

n;a ðw; ,ÞKM;1
n;a ðg; ,Þ

	

¼ w0ð,Þg0ð,Þð2p0 þ p1 þ 1Þ,ð1� ,Þ;

uniformly , 2 J:

Proof We have the double derivative of the product of two

functions w and g as

ðwgÞ00ð,Þ ¼ w00ð,Þgð,Þ þ 2w0ð,Þg0ð,Þ þ g00ð,Þwð,Þ:

By making an appropriate arrangement, we get

nfKM;1
n;a ððwgÞ; ,Þ � KM;1

n;a ðw; ,ÞKM;1
n;a ðg; ,Þg

¼ n



KM;1
n;a ððwgÞ; ,Þ � wð,Þgð,Þ � ðwgÞ0lM;1

n;a;1ð,Þ

� ðwgð,ÞÞ00

2!
lM;1
n;a;2ð,Þ

� gð,Þ
�
KM;1
n;a ðw; ,Þ � wð,Þ � w0ð,Þ

1!
lM;1
n;a;1ð,Þ

� w00ð,Þ
2!

lM;1
n;a;2ð,Þ

	

� KM;1
n;a ðw; ,Þ

�
KM;1
n;a ðg; ,Þ � gð,Þ � g0ð,Þ

1!
lM;1
n;a;1ð,Þ

� g00ð,Þ
2!

lM;1
n;a;2ð,Þ

	

þ 2
w0ð,Þg0ð,Þ

2!
lM;1
n;a;2ð,Þ þ

g00ð,Þ
2!

lM;1
n;a;2ð,Þ

�
wð,Þ � KM;1

n;a ðw; ,Þ
�

þ g0ð,Þ
1!

lM;1
n;a;1ð,Þ

�
wð,Þ � KM;1

n;a ðw; ,Þ
	�

:

Using Theorem 1, for any w 2 CðJÞ; KM;1
n;a ðw; ,Þ ! wð,Þ,

as n ! 1, uniformly in , 2 J, and for w00ð,Þ 2 CðJÞ; from
the proof of Theorem 5, it is clear that
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lim
n!1

n

�
KM;1
n;a ðw; ,Þ � wð,Þ � w0ð,Þ

1!
lM;1
n;a;1ð,Þ

� w00ð,Þ
2!

lM;1
n;a;2ð,Þ

�
¼ 0;

uniformly in , 2 J. Hence, applying Lemma 3, we obtain

the desired result. h

3.6 Approximation of functions with derivatives
of bounded variation (DBV)

Cheng (1983) obtained the rate of convergence of Bern-

stein polynomials for functions of bounded variation (BV).

Bojanic and Cheng (1989) obtained the rate of convergence

of Bernstein polynomials for functions with DBV. Bojanic

and Khan (1991) estimated the rate of convergence of some

operators for functions with DBV. Subsequently, many

mathematicians studied in this direction (Bojanic and

Cheng 1989, 1992; Zeng and Chen 2000; Gupta et al.

2003; Ibikli and Karsli 2005; Gupta et al. 2005). We shall

obtain the rate of convergence of the operators KM;1
n;a ðw; ,Þ

defined by (1.8) for functions wðt; ,Þ having DBV. We

show that the operators KM;1
n;a ðw; ,Þ converge to the function

wð,Þ, where w0ð,þÞ and w0ð,�Þ exist. Let DBV(J) be the

class of all absolutely continuous functions f on J, having a

derivative w0 equivalent with a function of BV on every

finite subinterval of J. Note that the function w 2 DBVðJÞ
can be represented as

wð,Þ ¼
Z ,

0

gðtÞdtþ wð0Þ;

where g is a function of BV on every finite subinterval of J.

We observe that the operator (1.8) may be rewritten as

KM;1
n;a ðw; ,Þ ¼

Z 1

0

NM;1
n;a ðt; ,ÞwðtÞdt; ð3:14Þ

where NM;1
n;a ðt; ,Þ is the kernel defined as

NM;1
n;a ðt; ,Þ ¼ nðn2 � 1Þ

ðn� 2Þðnþ 1Þ þ 2a

Xn

m¼0

PM;1
n;m;að,ÞPn;m;aðtÞ:

ð3:15Þ

Lemma 5 For 8 , 2 ð0; 1Þ and sufficiently large n, we

have

ðiÞ kM;1
n;a ðt; ,Þ ¼

Z t

0

NM;1
n;a ðv; ,Þdv�

lM;1
n;a;2ð,Þ

ð,� tÞ2
;

0� t\,;

ðiiÞ ð1� kM;1
n;a ðt; ,ÞÞ ¼

Z 1

t

NM;1
n;a ðv; ,Þdv�

lM;1
n;a;2ð,Þ

ðt� ,Þ2
;

,� t\1:

Proof (i) By definition, we have

kM;1
n;a ðt; ,Þ�

Z t

0

�
,� v

,� t

�2

NM;1
n;a ðv; ,Þdv

� 1

ð,� tÞ2
Z 1

0

ðv� ,Þ2NM;1
n;a ðv; ,Þdv:

¼ 1

ð,� tÞ2
lM;1
n;a;2ð,Þ:

Similarly, we can prove the other inequality (ii). h

Let

w0
,ðtÞ ¼

w0ðtÞ � wð,�Þ; 0� t\,

0; for t ¼ ,

w0ðtÞ � w0ð,þÞ; ,\t\1

8
><

>:
ð3:16Þ

Theorem 8 Let w 2 DBVðJÞ; , 2 ð0; 1Þ and n be suffi-

ciently large. Then, we have

jKM;1
n;a ðw; ,Þ � wð,Þj �

����
w0ð,þÞ þ w0ð,�Þ

2

����jl
M;1
n;a;1ð,Þj

þ
lM;1
n;a;2ð,Þ
,

X½
ffiffi
n

p
�

m¼1

�_,þ,
m

,�,
m

w0
,

�
þ ,ffiffiffi

n
p
� _,þ

,ffiffi
n

p

,� ,ffiffi
n

p

w0
,

�

þ
lM;1
n;a;2ð,Þ
,2

jwð2,Þ � wð,Þ � ,w0ð,þÞj

þ
�
kwk þ jwð,Þj

,2

�
lM;1
n;a;2ð,Þ

þ jw0ð,þÞjlM;1
n;a;2ð,Þ þ

����
ðw0ð,þÞ � w0ð,�ÞÞ

2

����l
M;1
n;a;2ð,Þ;

Proof By the hypothesis (3.16), we have

w0ðtÞ ¼ w0ð,þÞ þ w0ð,�Þ
2

þ w0
,ðtÞ

þ w0ð,þÞ � w0ð,�Þ
2

sgnðt� ,Þ

þ d,ðtÞ
�
w0ðtÞ � w0ð,þÞ þ w0ð,�Þ

2

�
;

ð3:17Þ

where
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d,ðtÞ ¼
1; for t ¼ ,

0; for t 6¼ ,:




Now using Lemma 2, Eqs. (3.14) and (3.17), we get

KM;1
n;a ðw; ,Þ � wð,Þ

Z 1

0

ðwðtÞ � wð,ÞÞNM;1
n;a ðt; ,Þdt

¼
Z 1

0

�Z t

,
w0ðvÞdv

�
NM;1
n;a ðt; ,Þdt

¼
Z 1

0

� Z t

,



w0ð,þÞ þ w0ð,�Þ

2
þ w0

,ðvÞ

þ w0ð,þÞ � w0ð,�Þ
2

sgnðv� ,Þ

d,ðvÞ
�
w0ðvÞ � 1

2
ðw0ð,þÞ þ w0ð,�ÞÞ

��
dv

	
NM;1
n;a ðt; ,Þdt:

Since

Z 1

0

�Z

,

t

�
w0ðvÞ � 1

2
ðw0ð,þÞ þ w0ð,�ÞÞ

�
d,ðvÞdv

�

NM;1
n;a ðt; ,Þdt ¼ 0; we have

KM;1
n;a ðw; ,Þ � wð,Þ

�
w0ð,þÞ þ w0ð,�Þ

2

�

Z 1

0

ðt� ,ÞNM;1
n;a ðt; ,Þdt

þ
Z 1

0

�Z t

,
w0
,ðvÞdv

�
NM;1
n;a ðt; ,Þdt

�
w0ð,þÞ � w0ð,�Þ

2

�Z 1

0

jt� ,jNM;1
n;a ðt; ,Þdt:

ð3:18Þ

Now, we break the second term on the right-hand side of

(3.18) as follows:

Z 1

0

�Z t

,
w0
,ðvÞdv

�
NM;1
n;a ðt;,Þdt

¼ �
Z ,

0

�Z ,

t

w0
,ðvÞdv

�
NM;1
n;a ðt; ,Þdt

þ
Z 1

,

�Z t

,
w0
,ðvÞdv

�
NM;1
n;a ðt;,Þdt

¼ �I1 þ I2:

Then from (3.18), we get

jKM;1
n;a ðw; ,Þ � wð,Þj

����
w0ð,þÞ þ w0ð,�Þ

2����jK
M;1
n;a ððt� ,Þ; ,Þj þ jI1j þ jI2j

þ
����
�
w0ð,þÞ � w0ð,�Þ

2

�����K
M;1
n;a ðjt� ,j; ,Þ:

Now applying Cauchy–Schwarz inequality, we have

jKM;1
n;a ðw; ,Þ � wð,Þj

����
w0ð,þÞ þ w0ð,�Þ

2

����jl
M;1
n;a;1ð,Þj

þ jI1j þ jI2j

þ
����
�
w0ð,þÞ � w0ð,�Þ

2

�����
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lM;1
n;a;2ð,Þ

q
:

ð3:19Þ

Using Lemma 5 and integration by parts,

I1 ¼
Z ,

0

�Z ,

t

w0
,ðvÞdv

�
NM;1
n;a ðt; ,Þdt

¼
Z ,

0

�Z ,

t

w0
,ðvÞdv

�
o

ot
kM;1
n;a ðt; ,Þdt

¼
Z ,

0

w0
,ðtÞk

M;1
n;a ðt; ,Þdt:

Consequently,

jI1j �
Z ,

0

jw0
,ðtÞjk

M;1
n;a ðt; ,Þdt

¼ K1ð,Þ þ K2ð,Þ; ðsayÞ:

Since w0
,ð,Þ ¼ 0 by the hypothesis 3.16, it follows that

K1ð,Þ ¼
Z ð,� ,ffiffi

n
p Þ

0

jw0
,ðtÞ � w0

,ð,Þjk
M;1
n;a ðt; ,Þdt:

Now, using Lemma 5, we get

K1ð,Þ� lM;1
n;a;2ð,Þ

Z ð,� ,ffiffi
n

p Þ

0

jw0
,ðtÞ � w0

,ð,Þj
1

ð,� tÞ2
dt:

By the definition of total variation of w and putting

t ¼ ð,� ,
vÞ;

K1ð,Þ� lM;1
n;a;2ð,Þ

Z ð,� ,ffiffi
n

p Þ

0

 
_,

t

w0
,

!
1

ð,� tÞ2
dt

¼ lM;1
n;a;2ð,Þ

Z ffiffi
n

p

1

 
_,

,�,
v

w0
,

!
dv

,
:

Hence,

K1ð,Þ�
lM;1
n;a;2ð,Þ
,

X½
ffiffi
n

p
�

m¼1

Z mþ1

m

�_,

,�,
m

w0
,

�
dv:

�
lM;1
n;a;2ð,Þ
,

X½
ffiffi
n

p
�

m¼1

�_,

,�,
m

w0
,

�
:

Since by Lemma 5, kM;1
n;a ðt; ,Þ� 1 and w0

,ð,Þ ¼ 0; we

obtain
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K2ð,Þ ¼
Z ,

ð,� ,ffiffi
n

p Þ
jw0

,ðtÞjk
M;1
n;a ðt; ,Þdt

�
Z ,

ð,� ,ffiffi
n

p Þ
jw0

,ðtÞ � w0
,ð,Þjdt:

Now through the definition of total variation of w

K2ð,Þ�
Z ,

ð,� ,ffiffi
n

p Þ

�_,

t

w0
,ðtÞ
�
dt

�
 
_,

ð,� ,ffiffi
n

p Þ
w0
,

!Z ,

ð,� ,ffiffi
n

p Þ
dt

¼ ,ffiffiffi
n

p
 
_,

ð,� ,ffiffi
n

p Þ
w0
,

!
:

Hence combining the estimates of K1ð,Þ and K2ð,Þ; we get

jI1j �
lM;1
n;a;2ð,Þ
,

X½
ffiffi
n

p
�

m¼1

 
_,

,�,
m

w0
,

!
þ ,ffiffiffi

n
p
 
_,

,� ,ffiffi
n

p

w0
,

!
: ð3:20Þ

Using Lemma 5, we can write

jI2j ¼
����
Z 1

,

�Z t

,
w0
,ðvÞdv

�
NM;1
n;a ðt; ,Þdt

����

�
����
Z 2,

,

�Z t

,
w0
,ðvÞdv

�
o

ot

�
1� kM;1

n;a ðt; ,Þ
�
dt

����
����
Z 1

2,

�Z t

,
w0
,ðvÞdv

�
NM;1
n;a ðt; ,Þdt

����:

Now applying integration by parts and hypothesis (3.16)

jI2j
����
� Z 2,

,
w0
,ðvÞdv

�
ð1� kM;1

n;a ð2,; ,ÞÞ

�
Z 2,

,
w0
,ðtÞ:ð1� kM;1

n;a ðt; ,ÞÞdt
����

þ
����
Z 1

2,

�Z t

,
ðw0ðvÞ � w0ð,þÞÞdv

�
NM;1
n;a ðt; ,Þdt

����:
����
Z 2,

,
w0
,ðvÞdv

����:
lM;1
n;a;2

,2
þ
Z 2,

,
jw0

,ðtÞj:ð1� kM;1
n;a ðt;,ÞÞdt

����
Z 1

2,
ðwðtÞ � wð,ÞÞNM;1

n;a ðt; ,Þdt
����

þ jw0ð,þÞj
����
Z 1

2,
ðt� ,ÞNM;1

n;a ðt; ,Þdt
����

E1 þ E2 þ E3 þ E4; (say):

Now, using hypothesis (3.16)

E1 ¼
lM;1
n;a;2ð,Þ
,2

����
Z 2,

,

�
w0ðvÞ � w0ð,þÞ

�
dv

����

and

E2 ¼
Z 2,

,
jw0

,ðtÞj:ð1� kM;1
n;a ðt; ,ÞÞdt

¼
Z ,þ ,ffiffi

n
p

,
jw0

,ðtÞj:ð1� kM;1
n;a ðt; ,ÞÞdt

þ
Z 2,

,þ ,ffiffi
n

p
jw0

,ðtÞj:ð1� kM;1
n;a ðt; ,ÞÞdt ¼ J1 þ J2:

Now in view of Lemma 5, 1� kM;1
n;a ðt; ,Þ� 1 and from

hypothesis (3.16), w0
,ð,Þ ¼ 0, therefore

J1 �
Z ,þ ,ffiffi

n
p

,
jw0

,ðtÞ � w0
,ð,Þjdt

�
Z ,þ ,ffiffi

n
p

,

�_t

,

w0
,

�
�
� _,þ

,ffiffi
n

p

,

w0
,

�Z ,þ ,ffiffi
n

p

,
dt

¼ ,ffiffiffi
n

p
� _,þ

,ffiffi
n

p

,

w0
,

�
:

Now again using Lemma 5 and definition (3.16), we get

J2 ¼
Z 2,

,þ ,ffiffi
n

p
jw0

,ðtÞj:ð1� kM;1
n;a ðt; ,ÞÞdt

� lM;1
n;a;2ð,Þ

Z 2,

,þ ,ffiffi
n

p
jw0

,ðtÞ � w0
,ð,Þj

dt

ðt� ,Þ2
:

From the definition of total variation of w and put

t ¼ ,þ ,
v,

J2 � lM;1
n;a;2ð,Þ

Z 2,

,þ ,ffiffi
n

p

�_t

,

w0
,

�
dt

ðt� ,Þ2

¼ lM;1
n;a;2ð,Þ

Z ffiffi
n

p

1

�_,þ,
v

,

w0
,

�
dv

,
�

lM;1
n;a;2ð,Þ
,

X½
ffiffi
n

p
�

m¼1

�_,þ,
m

,

w0
,

�
:

Hence,

E2 �
,ffiffiffi
n

p
� _,þ

,ffiffi
n

p

,

w0
,

�
þ
lM;1
n;a;2ð,Þ
,

X½
ffiffi
n

p
�

m¼1

�_,þ,
m

,

w0
,

�
:

Now, we calculate E4. Using Cauchy–Schwarz inequality,

E4 ¼ jw0ð,þÞj
����
Z 1

2,
ðt� ,ÞNM;1

n;a ðt; ,Þdt
����

� jw0ð,þÞj
Z 1

2,
jt� ,jNM;1

n;a ðt; ,Þdt

� jw0ð,þÞj
Z 1

0

jt� ,jNM;1
n;a ðt; ,Þdt

¼ jw0ð,þÞj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
KM;1
n;a ððt� ,Þ2; ,Þ

q
¼ jw0ð,þÞj

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
lM;1
n;a;2ð,Þ

q
:

In order to estimate E3, we note that t� 2,, hence ðt�
,Þ� ,; therefore
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E3 �
Z 1

2,
jwðtÞjNM;1

n;a ðt;,Þdtþ
Z 1

2,
jwð,ÞjNM;1

n;a ðt; ,Þdt

�kwk
Z 1

2,
NM;1
n;a ðt; ,Þdtþ jwð,Þj

Z 1

2,
NM;1
n;a ðt; ,Þdt

�ðkwk þ jwð,ÞjÞ
Z 1

2,
NM;1
n;a ðt; ,Þdt

�ðkwk þ jwð,ÞjÞ
Z 1

2,

ðt� ,Þ2

,2
NM;1
n;a ðt; ,Þdt

�
�
kwk þ jwð,Þj

,2

�
lM;1
n;a;2ð,Þ:

Hence collecting the estimates of E1 � E4; we have

jI2j �
lM;1
n;a;2ð,Þ
,2

jwð2,Þ � wð,Þ � ,w0ð,þÞj

þ ,ffiffiffi
n

p
� _,þ

,ffiffi
n

p

,

w0
,

�
þ
lM;1
n;a;2ð,Þ
,

X½
ffiffi
n

p
�

m¼1

�_,þ,
m

,

w0
,

�

þ
�
kwk þ jwð,Þj

,2

�
lM;1
n;a;2ð,Þ þ jw0ð,þÞjlM;1

n;a;2ð,Þ:

ð3:21Þ

Now combining Eqs. (3.19)–(3.21), we reach the desired

result. h

Acknowledgements Authors are very grateful to the reviewers for

their valuable suggestions and comments to the better presentation of

this article.

References
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