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Abstract

In this paper, we construct a Durrmeyer variant of the modified «-Bernstein-type operators introduced by Kajla and Acar
(Ann Funct Anal 10(4):570-582, 2019), for o € [0, 1]. We investigate the degree of approximation via the approach of
Peetre’s K-functional and the Lipschitz-type maximal function. The quantitative Voronovskaja- and Griiss Voronovskaja-
type theorems are discussed. Further, we determine the rate of convergence by the above operators for the functions with

derivatives of bounded variation.
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1 Introduction

Let ¢ : J — R be bounded on J = [0, 1]. In 1912, to prove
Weierstrass approximation theorem (Weierstrass 1885),
Bernstein (1912) defined a sequence of linear positive
operators, known as Bernstein operators, as follows:

an;x):ipn,m(x)w(%), vel )
m=0

where
Pym(n) = (Zz) ®'(1—%)"", 0<m<n.

It is easily verified that the Bernstein basis functions
P, (%) satisfy the recurrence relation
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Pom(n) = (1 —w)Ppim(n) + %Pyu_im—1(®), YV O<m<n.
There are many applications of Bernstein operators in
fields such as mathematics, physics, computer science and
engineering. Due to their useful structure, many research-
ers discovered their various approximation properties and
made significant contributions, the interested reader may
refer to Paltanea (2004), Gonska (2007), Gonska and Rasa
(2009), Gavrea and Ivan (2012), Tachev (2012), etc. Chen
et al. (2017) defined a generalization of Bernstein operators
(1.1) based on a real parameter ‘o’ satisfying 0 <o <1, as

" m
Ln AL = Pn m,o B E eJ .
A0 = Pt (%) (12
where the o-Bernstein basis function P, 4 (), for n > 2, is
given by
n—2
Pn,'n.ac(x) — (
m

4 (” - 2) (1= o)™ (1 — )™

m—72
+ (:1) ar™ (1 —n)"™"

with (":22) = (”:12) =0. It is easily seen that P, (%),

verifies the recurrence relation

)(1 — )" (1 — )" !

(1.3)
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Pn,'n,ac(%) = (] - %)Pnfl.m,oc(%) + %Pnfl,mfl,x(%)y
V O<m<n, and n>3.

Chen et al. (2017) studied the uniform convergence theo-
rem and the Voronovskaja-type asymptotic formula, etc.
For the special case « = 1, the operators (1.2) reduce to
(1.1). Acar and Kajla (2018) introduced a bivariate exten-
sion of (1.2) and studied some approximation properties of
these operators and the associated GBS (Generalized
Boolean Sum) operators. Kajla and Acar (2018) defined the
Durrmeyer-type modification of (1.2) and studied the local
and global approximation properties and Voronovskaja-
type asymptotic theorem. For more details of the research
work in this direction, we refer to cf. (Lupas and Lupas
1987; Nowak 2009; Aral et al. 2013; Acar et al. 2016;
Gupta and Tachev 2017; Mohiuddine et al. 2017; Acu
et al. 2018; Mohiuddine et al. 2020; Kajla et al. 2020; Rao
et al. 2021; Mishra and Gandhi 2019; Mohiuddine 2020;
Mohiuddine and Ozger 2020; Ozger et al. 2020, etc.).
Khosravian-Arab et al. (2018) introduced a new family of
Bernstein operators as follows:

Byﬁ'(w;u)zipyg(x)w(f) welJ (1.4)

m=0 n

where

P () = a(w,m)Py) L, () +a(l =%, )P0 (),
1<m<n-—1

Pl () = a(w,m)(1 = %),

P () = a(1l =, n)n"!

and

a(nu,n) =ap(n) +»ai(n), n=0,1,2,3,... (1.5)

ap(n) and a; (n) being two unknown sequences, which may
be defined in an appropriate manner. If ag(n) =1, and
ay(n) = —1, then (1.4) reduces to (1.1). Gupta et al. (2019)
defined a Kantorovich version of the operators (1.4) and
studied some better approximation properties. For i €
C(J), the space of continuous functions on J with the
uniform norm denoted by ||.||, Kajla and Acar (2019)
introduced a modification of the generalized Bernstein
operators (1.4) by means of a parameter o, 0 <o <1 as
follows:

Bﬁfa‘wm)=i%<x>w(ﬂ), Vel
m=0

n

(1.6)

where

52, €\ Springer

PnM,;“(%) =a(t,n)Py_1ms(®) +a(l — %, n)Py_im_14(%),
(1.7)

and P, (%) is the same as defined in (1.3) and examined
the uniform convergence and the asymptotic approxima-
tion. It is clear that for o = 1, the operators (1.6) include
the operators (1.4).

Inspired by the above research work, for y € C(J), we
define a Durrmeyer-type modification of the operators (1.6)
as follows:

K (i) =
(1.8)

n

> P () / 1P (H(t)dt
nm,o o n,m,o 9

m=0

where P, (%) is the a-Bernstein basis function as defined
in (1.3). It is evident that for ag(n) = 1, a;(n) = —1, and
o = 1, the operator (1.8) includes the Bernstein—Durrmeyer
operator introduced by Durrmeyer (1967) and subsequently
studied by many other researchers (Derriennic 1981;
Berens et al. 1992; Zhou 1992; Karsli 2019, etc.).
Throughout this paper, we assume that the sequences ag(n)
and a(n) satisfy the relation 2a(n) + a;(n) = 1.

The purpose of this paper is to investigate the approxi-
mation degree of the operators (1.8) with the aid of the
Peetre’s K-functional and the Lipschitz-type maximal
function. We also discuss the quantitative Voronovskaya-
and Griiss—Voronovskaya-type theorem. The rate of con-
vergence for functions with the derivative of bounded
variation is also derived.

2 Preliminaries

Throughout this paper, we assume Nj:= N U {0}. Let
ej(t) = ¥, j € Ny. By a simple computation, we get

1 1
. n .
P, (Hdt = (] — ) gt
| Pantoac= [ ()i

2.1

_nl(m+))! @1)
Comln+j+ 1)

Lemma 1 (Kajla and Acar 2019) For Y3, _m/P)l (%),

Jj € Ny, we have the following identities:
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n

(i) Y P a(0) = 2a0(n) +ai(n) = 1

m=0
(i) ZmPﬂy( ) =+ (1=2%)(ag(n) + ai(n))
m=0

i) Yop ) =

+ nx (2a0(n)(2—3%) +a; (n)(3—5%)>
+ (ao(n) + a1 (n))
—2%(1 — %) <2<mo(n) + (1 4+ o)a (n)>

3pM,1
(iv) g manGC

m=0
=% + n?{3%%ay(n)(3 — 4x) + 3%%a;(n)(2—3%)}
+ n{(8% — 3%*(5 + 4«)
+ 2%3(5 + 6%))ag(n)
+ (7% — 6%*(3 + &) + 2% (7 + 3a))ay (n) }
+{(1 4+ 2%(5 — 9%) + 18%* (3 — 2)
+ 6% (4 — 60))ag(n)
+ (14 4% (1 = 30) + 6%*(1 — 20) (2% — 3))a; (n)}

Z m*PML (%) = n*u* 4+ 4n3 %3 (4—5%)ag(n)

nmd

+ 2% (5 — Tw)ai (n) + 20°%*[16 — 12%(a + 3)
+%2(23 + 120)]ag(n)
+ n*%?[25-2%(33 + 6a) + #*(47 + 120)]a; (n)
+ dnn[4 — 240 + 22%* (30— 1)
W (17 — 42a)]ag(n)
+ 15 — %(29 + 600) + 4%* (4200 — 1)
+24°(7 — 54a)]a; (n)
4 [1 4+ 16%(3 — 4a) + 32%* (11 — 9)
+ 48% (5 — 60(2 + ))]ao(n)
+ [1+2%(17 — 250) + 2%*(133a — 10)
+ 2493 (7 — 90)(2 + %))y (n).

As a consequence of Lemma 1, we obtain:

Lemma 2 The operators K,}K’&l(.;%), verify the following

equalities:

(i) Kﬁl(l;%) =2ap(n) + a1(n) =

(i) K () =

)
1-2%)(ap(n) + al(”)))

(
[ (1—o)(n—4)
(n=1Dnn+1)(n+2)

tox 1)(n—T—2)(n 3) }{"2“2

+ nx <2ao(n)(2—3%) + al(n)(3—5%)>
+ (ao(n) + a1(n))—2%(1 — %) (Zaao(n)

(1 +a)a <>)}

2)(1 — o)
nfl n+1 Y(n+2)

+

T 1)(n +2)(n 13) }{’”‘

(n

(1=2%)(ao(n) + ai(n))}
2(1 —a)
{ n—|—1 (n+2)

(n +1)(n +2)(n +3) H

+ o+ o+

Let 1! (%) = K)5'((t = %)";%), r € No. Further, let us
assume that lim,_,..a;(n) = p;, for i =0,1. Then by a
simple computation, using Lemma 2, we reach the fol-
lowing crucial result:

Lemma 3 For the operators KX!'(.; %), we have
() Tim sy () = (1=2%)(1 + po + pi)
(if) lim ”Hﬁ,w&lz( ) = (2po +p1 + Dx(l — %)
(iii) lim nz,uM 14( %) = 12%2(1 — %)%

n—o00
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Remark From Lemma 3, for all sufficiently large n and
< %qﬁz(%) and u%;l’él(%) <
n%d>4(%), where ¢*(x) = #(1 —x) and C is a positive
constant. Our following result shows that the operators
K"l are bounded operators.

nweJ, we have /12{0’(172(%)

Lemma 4 Fory € C(J), and for each v € J, we have

<.

KM (s )

Proof Applying the definition of the operators (1.8) and
using Lemma 2, we have

Ml ”(”2 - 1) - M, 1
1
/0 Pums O (0)ldt
< WK (15) = [l
which completes the proof. O

3 Main Results

First, we show that the operator K.'(i/) is an approxi-
mation process for function € C(J).

3.1 Basic Uniform Convergence Theorem

Theorem 1 Ify € C(J) and o € J, then
lim K%' ;%) = ¢ (%),

n—oo ’

uniformly in » € J.

Proof Applying Lemma 2, it follows that lim,_
KM (Vin) =, j=0,1
the well-known Bohman—Korovkin theorem (Korovkin
1960), we obtain the desired result. O

,2 uniformly in » € J. Hence, by

3.2 Local Approximation

For yy € C(J) and any J > 0, the Peetre’s K-functional
K(;0) is defined by

K(;0) = inf - ollg"ll, 6>0
(b:0)= inf (I —gl+olg"l. 9>0). @)

where C*(J) = {g:g" € C(J)}. By DeVore and Lorentz
(1993), 3 a constant M > 0 such that

52, €\ Springer

K(W;0) <M (y;V3), 8> 0, (3.2)

where @, (; \/é_)) is the second-order modulus of continu-
ity of € C(J), defined as

oy (Y; Vo) = sup  sup [Y(x+h)
0<h< /8 %nthel
+ Y(x — h)|.
Also, for y € C(J), the first-order modulus of continuity is
given by

o(y;0) = sup sup |Y(x+h)

0<|h| <6 nx+hel

—2y(%)

— ()]
Theorem 2 For y € C(J), 3 a constant M > 0 such that
K i) — w0 < o (52100

+ oY 10 (%),

where &5 (#) = i,5,0 (%) + (1 (0))”.

Proof Let us define an auxiliary operator as follows:
Koty () = KO () + 0 00) = (o (),

where o, (%) is defined as in Lemma 2. From (3.3), it is

(3.3)

clear that K_i/{; (Y;%) is a linear operator and applying
Lemma 2

KL () =1, K5 ((t—wn);%) = 0. (3.4)

Let g € C?(J) and x € J be arbitrary. Then by Taylor’s
formula,

t
g(t) = g() + (t — W) () + / (t — w)g"(u)du

Now, applying the linear operator 152/{; (.;%) on both sides

of the above equation and using Eq. (3.4), we get

Ky (gi0) — g(w) = Koy, ( / (- u)g”(u)du)
—xx( ] = ¢ )
- / " o) — ) ),
Hence,
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KM 1 (g:%) — KM 1 ( t— ul |g" (u)|dul; ) which completes the proof. ]
Lipschitz-type space: In view of Szasz (1950), for x € J
+/ o) — [ a0 o
u Ly = {w < ey - vl <m [
)2
(k=P + G — 07
;teJ,n e (0, 1]},
lg”
where p € (0,2], and My > 0 is a constant dependent only
on .

Theorem 3 Let s € Lipj(\g). Then for all v € (0, 1], we have
M1 £
b4 2
S Mw (ﬂn,a,Z( ) ) )

%

< {K,T;((t i)

+ (K0 - )2}|g"||
< {udttae) + Gt 0)* g

= & 00)llg"l
(3.5)

K (s n) — ()

n,o

Proof First of all, we show the result for the case p =2

By our hypothesis, we have

Now from Eq. (3.3) and using Lemma 2, we have )
R (30| <3l s S| G

For x € J, Y € C(J) and any g € C*(J), from Egs. (3.5) ZPMM

and (3.6), we obtain 1

K)o | Panatli) = w0
<Ko (W3 %) = (%) + ¥ (o () — (%) e ;)(?’j; ;)) T Z“m;)P"M"ﬁ’“(t)
1 2
/0 Puma(t) ((tt;”;)) dt

V teJand n € (0,1],

M, 1
+ Kn,ot (g7%) - g(%)

Now using the inequality 15 < 1

< KN~ g)iw)

+ lg() =¥ 0l + Y (o (%)) — ()]

<4y — gll + &y ()18l + (s o (%) — 1) we get

<4l — gl + &L NIl + (s 115 (). K gs) — )| < M n(n® — 1)
Taking infimum on the right-hand side over all g € C?(J) T on (n=2)(n+ 1)+ 20
and using the definition of Peetre’s K-functional given by Z pM / (1)t — M)z dt
(3.1), we obtain ninal i

M.1
éMﬁl (%) _ lun,oc,Z (%)
K (50) = 00| < 4K (3 20 o o ) (). =My (=),
Hence considering the relation (3.2), we get This proves the result for p = 2. Now, we show the above
theorem for 0< p<2 By using Holder inequality with
q == and q» = 5=, we get

&bl (w)

Ssz(‘//;T)

Kot (W) — ()

+w(w |:un11( )|)7

#2, §) Springer
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Kot (W) — ()

Puma(DW(t) — lp(x)|%dt}

n(n*—1)
SM“/{ )t 1)+ 22

(=)

This completes the proof. O

Next, we study a local direct estimate for the operators
defined in (1.8). First of all, we define the Lipschitz-type
maximal function of order p, given by Lenze (1988) as

() — ()]

T Vuedandp € (0,1].

@p(h;%) = sup

t#u, e

(3.7)

For similar studies, one can refer to Kajla and Agrawal
(2015), Kajla et al. (2017), Kajla (2017) and Neer et al.
(2017).

22, Q) Springer

Theorem4 Lety € C(J) and 0<p < 1. Then,¥ n € J, we
have

[0S

K (s n) — ()

<@, (Y5 %) (uiﬁ;fz(%)) :

Proof 1In view of (3.7),
W (1) — ()| <@, (s 0) [t — /"

Applying the operator K%' (.;%) on the above inequality,
then using Lemma 3 and the Holder inequality with ¢, = %,

gr = ﬁ, we have

Kt W () = w0l < @y (s 0) K5 (1t = %) %)

n,o
14

<oy (K- 0in).

2-p
2

(i 70)

P

— @, (Y5 %) <“%£2(%)>2'

3.3 Asymptotic approximation by K"

We present a Voronovskaja-type asymptotic theorem for
the operators K%' (1; %), defined in (1.8).

Theorem 5 Let y € C(J) and o € J. If Y/ () exists at a
given point » € J then we have

lim n(K,lfo;l(l//; ) — lﬂ(%))

= (1-2%)(1 4 po + p )Y (%
Y (%)
-

Furthermore, if /" € C(J) then Eq. (3.8) holds uniformly
inn€eJ.

(3.8)

+ (2po+p1+ Dn(1 — %)

Proof By using Taylor’s formula, we have

2
(L

Yt) =) + (t =y’ (%) +
+ (]’)(t, %)(t - %)27

where ¢(t,x) € C(J) and ¢(t,x) — 0, as t — »n. Now
operating by K%&l(.;u) on both sides of (3.9) and using

(3.9)

Lemma 3, we get
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KM () — () = W/ (0K (£ — )5 %)
: 2(!%) K (t=%))
+ KL %) (E = %)% %).

+

Hence,

lim n(K,’X’O;l(I//; %) — lp(%)) = (1-2%)(1 +po +p1)¥' (%)

¥’ (%)
2
+ lim K (p(1 %) (t — )% %).

+ (2[7() +p1+ 1)%(1 — %)

(3.10)

Since ¢(t,n) - 0ast— u, fora givene >0, 3aod>0
such that |¢(t,%)|<e whenever |t—x%|<d, and for

2
[t — | >0, we have |p(t, )] SM“;?) , where M > 0. Let
7s(t) be the characteristic function of the interval

(v — d,x + 0). Now using Lemma (3), we obtain

K (@ (t ) (t = 0)%5 )

n,o

<% (1601 - 92007
#0800l (1= 1500 )
<eklf (=) + 30 (0= 0

60(1) +O<12>, asn — oo.
n n

Hence, due to the arbitrariness of € >0, we have
lim, . KX (¢ (t, %)(t — %)*; %) = 0. Thus by (3.10), we
get

lim n(Kfa;l(t//;%) - lﬁ(%)) = (1-2%)(1 + po + p1 )Y (%)

V'e).

+ (2po+p1+ (1 = %)=

This completes the proof of the first assertion of the
theorem.

The second assertion follows due to the uniform
continuity of 1" on J enabling § to become independent
of x, and all the other estimates hold uniformly in x € J. [J

3.4 Quantitative Voronovskaja-Type Theorem

Next, we calculate the order of approximation for the
operators (1.8) by means of the Ditzian—Totik modulus of

smoothness. Let ¢(x) = /%(1 —x). For y € C(J), the

Ditzian—-Totik modulus of smoothness of first order (Dit-
zian and Totik 2012) is defined as
wy(;8) = sup

e e ()

%:tmsz(%)eJ},

and the corresponding Peetre’s K-functional is given by

Ky(p;0) = inf {|ly =gl +3llgll}, (6 >0),
8EWy (/)

where  Wy(J) = {g: 8 € ACic(J), ||¢g'|| <o}  and

ACjyc(J) is the space of locally absolutely continuous

functions on every closed and bounded interval [a,b] C J.

It is well-known from Ditzian and Totik (2012) that 9 a

constant M > 0, such that
M~ 0 (11 8) < Ko(:9) < Mooy (49). (3.11)

Theorem 6 For any W € C*(J) and sufficiently large n,
there holds the following two inequalities:

(0 n{Kﬁf;(w; ) — ) — 1, G ()

VOO0 || <M s g0n ),
(i

{KM (i) — () — W8 oW (o)

- 00
where M'is some positive constant.
Proof Fory € C?(J) and t,» € J, using Taylor’s formula,
we have
O~ 000 = (A0 + [ (6 i G
Hence,

(t =)’

WO~y (¢~ .

W () —
t
- / (t — W) (¥ () — ¥ ())du.

v (%)

Now applying the linear positive operator K}%'(.;%) on
both sides of the above equation, we have

52, €\ Springer
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Y'(%)

Kot (0 0) = (%) = 13}y GOV () = 1,55 (0)

gKi?f( / =l () )

For any g € C?(J), Finta (2011, p. 337) estimated the
right-hand quantity of Eq. (3.12) as follows:

Y (w)|du

(3.12)

t
1=l @)~ 9 Golan| <20 - gt
T+ 2gg 6 (ot — wf. (3.13)
Now, combining (3.12) and (3.13)
A0 = 00) = 12360 ) = o)
<2y — glKM(t — %)% )

+2/lpg |~ (WK ([t — %[ ).

Now, using Cauchy—Schwarz’s inequality and Remark 2,
we obtain

Kot (5 %) = (%)

lp”(%) M1 (%)

2 lun,mZ

— 1 (W (%) —

<20y — gllu (%)

+ 2] g [l Ll (0 Pl ()}
<20y — gl (%)

+2(|¢g/ll¢p™ <x>{un,&2< V{001

=500+ 25 1916700
n2

=22 (00l sl + 02601221 ).

Since ¢p*(n) < p(n) <1, Vu € J, we get

P o)

g
= ).

v 2(%) H}Z&l,z(%)‘

<2/y" ¢

Kot (W) —

() = 19 (%) —
I

<2 (1w - ol + 600

and

Kot (W) —

W) = ¥ (1) —

1o

Taking the infimum on the right-hand side of the above
relations over all g € Wy (J), we obtain

S (e

2

@ Springer

{KMl(w, %) =) = g (Y () —“mzwa(%)}
‘ _ ] MK n1 ),
MKW ),

where M’ = 2C. Now, applying relation (3.11), we reach
the required result. O

3.5 Griiss-Voronovskaya-Type
Theorem for the Operators K,’,‘f’&1

Theorem 7 For \,g € C*(J), there holds the following
equality:

Jim | KO ) = KO8 iR 0
=¥ (0)g' (%) (2po + p1 + Dn(1 — %),
uniformly » € J.

Proof We have the double derivative of the product of two
functions ¥ and g as

(W) () = 0" ()806) + 20/ ()8 (4) + "GN ).
By making an appropriate arrangement, we get
R (K (9g); ) — K2 (g K (g:0))
= ] K0 ) — W) (0
vty

ot (%)
[Kf‘“ o) =002, )
V) g mm}
- Kﬁ,@l (i) 25 g ) — 10180
—#ﬂﬂz(%)}
42 VIS0 oy 80

(w0~ K203
20 [w( )~ K s “)]}

Using Theorem 1, for any ¢ € C(J), KM (y; %) — y(x),
as n — oo, uniformly in % € J, and for /" (x) € C(J), from
the proof of Theorem 5, it is clear that
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W(%) M1

tim (K381 )~ o) = 5 )
- ‘//2—(,%)!124;2 (%)) =0,

uniformly in % € J. Hence, applying Lemma 3, we obtain
the desired result. O

3.6 Approximation of functions with derivatives
of bounded variation (DBV)

Cheng (1983) obtained the rate of convergence of Bern-
stein polynomials for functions of bounded variation (BV).
Bojanic and Cheng (1989) obtained the rate of convergence
of Bernstein polynomials for functions with DBV. Bojanic
and Khan (1991) estimated the rate of convergence of some
operators for functions with DBV. Subsequently, many
mathematicians studied in this direction (Bojanic and
Cheng 1989, 1992; Zeng and Chen 2000; Gupta et al.
2003; Ibikli and Karsli 2005; Gupta et al. 2005). We shall
obtain the rate of convergence of the operators K%&l (Y; %)
defined by (1.8) for functions (t;%) having DBV. We
show that the operators KX.! (; %) converge to the function
(%), where /' (x+) and y/'(x—) exist. Let DBV(J) be the
class of all absolutely continuous functions f on J, having a
derivative /' equivalent with a function of BV on every
finite subinterval of J. Note that the function € DBV (J)
can be represented as

W) = / " e(Ddt + p(0),

where g is a function of BV on every finite subinterval of J.
We observe that the operator (1.8) may be rewritten as

KX (i) / NNt 0w (tdt, (3.14)
where N%&I(t, %) is the kernel defined as
2 _ 1) n
NML (4 nin P ()Prpa(b).
n,o ( %) (niz)(n+ 1) +2amgo n,m,u(%) § ,1( )
(3.15)

Lemma 5 For V% € (0,1) and sufficiently large n, we
have

2057
t M
(1) o (t:%) :/ N (v, w)dv < ”“72()
’ 0 (n—1)*’
0<t<u,
1 Ml
@) (0= = [ g P,
’ t (t—x)
n<t<l.
Proof (1) By deﬁnition, we have
t /N2
/IHM&I (t,n) < / (% v) N,%l (v, %)dv
' 0 n—t )
< 1 /l(v —0)PNM (v, ) dv
N (% — 1’)2 0 ma AT
1 M,1
=0 %
(% t)2 'unocZ( )
Similarly, we can prove the other inequality (ii). 0
Let
Y1) —Y(n—),0<t<x
() =y (n+), n<t<l

Theorem 8 Let y € DBV(J), » €
ciently large. Then, we have

(0,1) and n be suffi-

KA () — s\““”“”/(“) W ()
et i(w%—@w)
umz( %)

W(2R) = () = (1)
(||w||+|¢< e

10 e ) + | LD g
Proof By the hypothesis (3.16), we have
+ V() ; V(x-) sgn(t — x) (3.17)
+o,00(wiy - HEHTIED),
where

52, €\ Springer
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1, fort=wun "(n4) +
5. (1) = ’ KMI :
aw={, o K0 = w0l | D i,
Now using Lemma 2, Egs. (3.14) and (3.17), we get + 0]+ ||
Y’ (%4' M1
! + ' ( \/ Hag,
KA 0 = 00 [ (00 = GO (1001 2

/(/w dv)NMl(t w)dt
[

%t) — ¥ (x—-)
2

3.00) (W0) = 50/ e+ 9/0)) ) |

since [ | ([ (o =306 + v o,

NI (t, %)dt = 0, we have

/l(t — %N (t, w)dt

/ (/ W (v dv)Nj;gl(t w)dt
(‘”(” )/ It — N (8, %) dt.

Now, we break the second term on the right-hand side of
(3.18) as follows:

/ </1// dv)zvf‘“(t w)dt
/ (/ Wl (v dv)NMl(t n)dt
/ </ W ( dv)NM'(t n)dt

=-IL+5L

+ sgn(v — %)

(3.18)

Then from (3.18), we get

() + ¥ (x0)
2

Ko (Ws) = (%)

‘|KM1 t—n);%)| + 1] + |1

+’(¢(%+);lﬁ(%—))

Ko ([t = %[ ).

Now applying Cauchy—Schwarz inequality, we have

(3.19)

Using Lemma 5 and integration by parts,

/ (/ Wl (v dv)NMl(t w)dt
/ (/ W (v dv)—)Ml(,x)dt

/ V(DAL (1, w)dt.

Consequently,

|11|</ WL (8, )t

= Ki(» )+K2( ), (say).

Since ¥, (%) = 0 by the hypothesis 3.16, it follows that

(x=2%)
Ky() = / L) — W02 (1, )t

Now, using Lemma 5, we get

(%)
K <00 [ 0~ ol

By the definition of total variation of i and putting
t=(n—-1%),

(n=%) [ %
Kl( ) Mf?xlz( )/0 " <\/l//;> (%lt)zdt
v _
Vi [ x d
—ﬂ%xlz( )/ (V‘p;)%
Hence

Since by Lemma 5, iMl(t %) <1 and ¥, (x) =0, we
obtain
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W (D) 235 (1, %)dt

< [ W v eoa

Hence combining the estimates of K; (%) and K>(x), we get

|n|<“"“< Z(\/w) 7(\/w> (3:20)
n—% "

m

Using Lemma 5, we can write

( / Wl (v dv>N,§”a‘(t %)dt‘
| [ ([ o) 3 (- sz200)a
/m </ W ( dv)NMl( )dt‘.

Now applying integration by parts and hypothesis (3.16)

|| =

| ([ v )1 - ey

[T - zﬁf;}(t,u))dt]

%

L (/Mt(‘“”) - e ) NS (1 0.
‘/jﬂ W, (v)dv .#ﬁ’:gng/ju W11 = M (1)t

‘ /z:(w) — YN (1, )dt‘

1
0 Genl| [ - oni %)dt’

%

Ey + Ey + E3 + E4, (say).

Now, using hypothesis (3.16)

M,1
:un‘oz,2<%)

E =
%2

: (wv) - w'<x+>>dv

%

and

— Attt w))dt

2%
E =/ WL

= [ 0L - 2 et

2%
+/ WL = 2 (L, %)dt = Jy + .

u+ﬁ

Now in view of Lemma 5, 1 — i%l(t, %) <1 and from
hypothesis (3.16), ¥ () = 0, therefore

n+2=
J1§/ NACE
nt+2= t a nt2=
S () s(Vo) [
" s ,
V)

Now again using Lemma 5 and definition (3.16), we get

v, (w)ldt

2%
d= [ WL = 25 )t

3

2%
<ulh0) [ W0 = w0l

Vr‘r% (t - %)2 .

From the definition of total variation of Y and put
t=n+7%

D < iyt (% / (\/lﬁ>
e /n(\/w)dv um;m%(“\*j%).

m=1

Hence,

s (V)

Now, we calculate E4. Using Cauchy—Schwarz inequality,

umz( Z(V‘P>

m=1

1
Ee= W0 [ (6= (t,a«)dt\

K

1
<Y (et)| 5 It -

< Wb / [t — %N (8, )l
Mt — %)% w) = Y ()|

%[N (t, %)dt

= |y (+)] Han (%)

In order to estimate E3, we note that 7>2x, hence (t —
%) > %, therefore

52, €\ Springer
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B [ WO Go0at+ [ eI o
<||w|/ NI (8, )dt+ [ |/ N (1, )t
< (Wl + W) / NI (1, )t
<l + oo [

2%

< (Y

w2

N8, w)dt

Hence collecting the estimates of E;

M,1
"";—i(“)\wzx) ) )

+—<\/W) umz( Z(W)

(3.21)

— E4, we have

|| <

Now combining Egs. (3.19)-(3.21), we reach the desired
result. 0
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