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Abstract

This paper is concerned with numerical solution of time fractional stochastic advection-diffusion type equation where the
first order derivative is substituted by a Caputo fractional derivative of order « (0 <« < 1). This type of equations due to
randomness can rarely be solved, exactly. In this paper, a new approach based on finite difference method and spline
approximation is employed to solve time fractional stochastic advection-diffusion type equation, numerically. After
implementation of proposed method, the under consideration equation is transformed to a system of second order dif-
ferential equations with appropriate boundary conditions. Then, using a suitable numerical method such as the backward
differentiation formula, the resulting system can be solved. In addition, the error analysis is shown in some mild conditions
by ignoring the error terms O(A#?) in the system. In order to show the pertinent features of the suggested algorithm such as
accuracy, efficiency and reliability, some test problems are included. Comparison achieved results via proposed scheme in
the case of classical stochastic advection-diffusion equation (¢ = 1) with obtained results via wavelets Galerkin method
and obtained results for other values of « with the values of exact solution confirm the validity, efficiency and applicability
of the proposed method.

Keywords Fractional stochastic advection-diffusion equation - Stochastic partial differential equations - Caputo fractional
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1 Introduction ideal information is rarely encountered. For example, our

information about the permeability of the soil, magnitude

Since, there exist connection between phenomena in the
real world and partial differential equations (PDEs), so they
have been extensively used to formulate a wide range of
applied problems. In many practical situations such as
advection-diffusion equation which is one of the most
important PDEs and arising in ground water flows, such
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of source term, inflow or outflow conditions, etc, are not
accurate. Uncertainties in this problem can be modeled by
stochastic advection-diffusion equation. Over a long period
of time, these random factors were ignored due to lack of
powerful computational tools and problems were modeled
by deterministic advection-diffusion equation. In the last
years, researchers published some papers on the develop-
ment of numerical methods to solve various kinds of
advection-diffusion equations. For example finite differ-
ence method (Sousa 2009; Singh et al. 2019), difference
methods (Liu et al. 2007), explicit and implicit Euler
approximations method (Zhuang et al. 2009), finite ele-
ment method (Zheng et al. 2010; Badr et al. 2018), gen-
eralized finite difference method (Prieto et al. 2011), lattice
Boltzmann method (Servan-Camas and Tsai 2008), impli-
cit MLS meshless method (Zhuang et al. 2011), finite
volume scheme (Ollivier-Gooch and Van Altena 2002),
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Ritz approximation (Firoozjaee et al. 2018), predictor-
corrector method (Babaei et al. 2019), etc. In recent dec-
ade, by increasing the computational power, mathemati-
cians imported some random factors into deterministic
models and studied more accurate functional equation
models to solve more demanding problems. Stochastic
functional equations were created by inserting random
factors into deterministic functional equations. Study of
stochastic functional equations such as stochastic differ-
ential equations (SDEs), stochastic partial differential
equations (SPDEs) and stochastic integral equations (SIEs)
can be very useful in applications, since they arise in many
real situations. Presenting an accurate and efficient
scheme to approximate solution of stochastic functional
equations is a essential requirement, due to the fact that
most stochastic functional equations no have analytical
solution or providing their analytic solution is very hard.
These numerical techniques include wavelet method
(Khodabin et al. 2015), meshless method based on radial
basis functions (Mirzace and Samadyar 2018; Ahmadi
et al. 2017; Dehghan and Shirzadi 2015), spectral method
(Taheri et al. 2017), operational matrix method (Heydari
et al. 2014; Mirzaee and Samadyar 2017), implicit Euler
approximation (Kamrani and Jamshidi 2017), wavelet
Galerkin method (Heydari et al. 2016), etc.

Fractional calculus plays an important role in many
branches of science, as it can fill the gap left for the correct
discovery of real phenomena. Many control, biophysical,
electromagnetic, biophysical, mechanical, signal and image
processing, blood flow, HIV infection, etc. problems are
modeled through fractional differential equations (Baleanu
et al. 2012; Mirzaee and Samadyar 2018). In many cases,
the exact solution of these equations is unknown and it is
very difficult and even impossible to find the exact solu-
tion. On the other hand, it still remains a lot of improve-
ments in the present numerical approaches due to the non-
local property of the fractional derivative. Therefore, pro-
viding an accurate numerical scheme to solve fractional
differential equations is one of the most important subject
in numerical analysis which has attracted interest of many
researchers. Recently, fractional differential equations and
fractional integral equations have been extensively studied.
For example, operator splitting for fractional reaction-dif-
fusion equations (Baeumer et al. 2008), some numerical
approaches based on piecewise interpolation for fractional
calculus, and some new improved approaches based on the
Simpson method for the fractional differential equations
(Li et al. 2011), discussing on stability and convergence of
the fractional Euler method, the fractional Adams method
and the high order methods based on the convolution for-
mula by using the generalized discrete Gronwall inequality
(Li and Zeng 2013), using spline approximation for the
Caputo derivative in the fractional diffusion and obtaining
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an implicit numerical method for solving it (Sousa 2011),
finite difference method to solve the space-fractional con-
vection-diffusion equation and discussion on stability,
consistency and therefore convergence of this method (Su
et al. 2011), numerical solution of a fractional partial dif-
ferential equation with Riesz space fractional derivatives
(Yang et al. 2010), finite element method to solve singu-
larly perturbed fractional advection—dispersion equation
with boundary layer (Roop 2008), using operational matrix
method based on second kind Chebyshev polynomials for
the fourth-order biharmonic equation (Heydari and Avaz-
zadeh 2018), unconditionally stable weighted average finite
difference method for fractional diffusion equation (Sousa
and Li 2015), introducing operational matrix of fractional
order based on Legendre functions and application of them
to solve time fractional convection-diffusion equations
(Abbasbandy et al. 2015).

In this paper, we are concerned with a fractional
stochastic advection-diffusion equation with a time frac-
tional derivative of order o (0 <« < 1). The general form of
time fractional stochastic advection-diffusion type equation
is given by

0%u(x,1) dB(t)\ %u(x,1)
o <ﬁ * VT) o )
aa“é}: D wneo]x o1,

with the following initial and boundary conditions

u(x, O) :f(x)7 X e [Ov 1]7
u(0,1) = go(t), t€][0,1] (2)
u(lat):gl(t)7 1‘6[0,1],

where f3, y and ¢ are real constant, f(x), go(¢) and g, (¢) are
the stochastic processes defined on the probability space
(Q, F,P), u(x, t) is an unknown stochastic process which
should be approximated.axggf‘” represents Caputo partial

derivative of order o which is defined as follows (Mirzaee
and Samadyar 2017):

ap(p) — L SAUC)
Df(t) - r(n _ OC)/O (l‘* S)lfn+o<ds7

n—1l<a<n,t>0.

(3)

Moreover, B(t) denotes one-dimensional Brownian motion
process which satisfies in the following properties (Mirzaee
and Samadyar 2019):

(1)  B(0) = 0 (with the probability 1).

(2) For 0<s<t<T the increment B(t) — B(s) is ran-
dom variable with mean zero and variance t — s.
Consequently, B(t) — B(s) ~ v/t —sN'(0,1) where
N (0, 1) denotes normal distribution with zero mean
and unit variance.
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(3) For 0<s<t<u<v<T the increments B(t) — B(s)
and B(v) — B(u) are independent.

From Eq. (1), we can obtain the following popular PDEs:

e Deterministic time fractional advection-diffusion
equation is obtained by letting y = 0.

e Time fractional stochastic diffusion type equation
(Heat equation) is obtained by letting ¢ = 0 and y # 0.

e Deterministic time fractional advection equation is
obtained by letting f =y =0 and ¢ # 0.

In the current paper, we employ finite difference method
and spline approximation to provide approximate solution
of time fractional stochastic advection-diffusion type
equation (1) with the initial and boundary conditions (2).

The outline of this article is as follows: Sect. 2 is
devoted to presenting a new method based on finite dif-
ference method and spline approximation to solve time
fractional stochastic advection-diffusion type equation (1)
with the initial and boundary conditions (2), numerically.
Section 3 discussed on error analysis of the suggested
method. Accuracy and efficiency of the proposed method
are checked in Sect. 4 via some test problems. Finally, this
paper end with some concluding remarks in Sect. 5.

2 Numerical Scheme

In this section, we develop an efficient numerical
scheme to estimate the solution of time fractional
stochastic advection-diffusion type equation (1) with initial
and boundary conditions (2).

To present numerical method to solve Eq. (1), we con-
sider an arbitrary positive integer number N and defined
time step-size as At = # Also, we define mesh points as
ti=jAt where j=0,1,..,N and insert t=¢ (j=
1,2,...,N) into Eq. (1). So, we have

Oulx, ) (ﬂﬂdlil(ttj))a a()c)cz,rj)+aa (a):tj)' ()

or*

Let yj(x) = u(x,),j =0,1,..
boundary conditions (2), we
yi(1) = g1(%), and yo(x) = f(x).

.,N. Thus from initial and
have  y;(0) = go(#)),

Backward finite difference formula to approximate dBd—(tlf)
is given by
. _dB(5) _B(t) —B(t-1)
/ dt At ’ (5)
j=12,..N.

By substituting Eq. (5) into Eq. (4) and using notation
yj(x) = u(x,t;), we have the following system of N
boundary value problems

LU0 _ (5t 9 570) + ). 6

j=12,.. N,
subject to the following boundary conditions

¥;(0) = go(1)),
yi(1) = &1(1),

j=1,2,...N,

7
j=1,2,...N. @

LetZ; :%U: 1,2,...,N) and use Eq. (3). So, we get

1 i _you(x,s)
Ir(1-— oc)/o (5=5) Os ds

1 &L e _y Ou(x,s)
_F(l—a);/,k (G =) "y 4.

I, =
(8)

Spline linear approximation of % where #; <s <ty 1S

given by

S — 4 0u(x, i) | trpr — sOu(x, f)
Silx,8) = At ot At ot

+ 0(AF).
9)

By inserting Si(x,s) into Eq. (8) and doing some compu-
tations, we conclude

1 il Tgt1 B
1= m;A (1 — 5) Sk (x, s)ds
A 1 ; 0 ( ) tlfoc (10)
e u(x, ty B )
= ajj + O(Al‘ ),
FG-o)&= ™ o r2-oa)
where the coefficients q;; are given by
g
e N k=0,
= G—k+ 1) =2k (k= 1), <k<j—1,
L, k=j.

Remark 1 From definitions of a;;, we can easily show that

J

> ay=(2-w) (11)
k=0

At this step, we should estimate 6"(;{” for
k=0,1,...,N. For k = 0, we use forward finite difference
formula as follows

Ou(x,t9) —u(x,tr) + du(x,t1) — 3u(x, 1)
50(x) = =
(@) + () ~3p()
2At '

The first order derivative 24&%) for k = 1,2,...,N—1 can

ot
be approximated via central finite difference formula as
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. 6u(x, Ik) . l/t()C7 fk+1) — u(x, l‘kfl) Cl 0, 0 0
) =5~ = 2A
@l r=| 7le=|® " X
Yi+1\X) = Yik—1X = ,0 = :
= 13 :
TAr ) (13) :
and for k = N, we apply backward finite difference formula o 0 0 T Oy
as y1(x) 0
— 0
Oulo ) 3ulx i) — dux, ixo) + u(x, i) [ W A 2
o) = o 2At (14) Y = ;Y= Iri—o) yolx)
~ 3yw(x) = dyv—1(x) +yv—2(x)
- 2At ' yn (%) On
From Egs. (12)—(14), we conclude So, the system of N boundary value problem (17) can be
written in the following matrix form
Ut 5 )+ 0(AR), k=0,1,...N. s, , ,
o | e Oy’ (x) + oy (x) = v(x) + Ay(x) + YO(AP), (18)
Substituting Eq. (15) into Eq. (10) and using Remark 1, where A — F(ASI‘:’;) [AX + B], and
conclude
‘ an 0 0o ... 0
Atliz J ap an 0 0
Ti=——— agi 5k(x) + O(Atz) A=
J r(3 _ O!) ; J( )
t.lfog IN alzN asy an
+ =2 O(A?? o3
re-o (Ar%) . 1
A O(AP) A~ ? ’
= akjék( ) _— aygj X=
rsd—o) kE:; r3-o) _71 o %
ST o 5 0
£ -1
o= %) (A7) O :
2ap, —-aon 0 ... 0 0 0 0
A SN )+ oaR). (16) e G 0 0 0 0
— 1Ok . Ao & do2
r3—o)&" rR2-oa) N 2
Therefore, by using Eq. (16), the system of N boundary 2agy -1 %QON—I 0 ... 0 0 0 0
value problem (6) can be written as follows 2oy o o L -3 3
P ) NN ) AaNN 2“NN

(B 307100 + 0(8) = 3 —57 D i)
k=0

tjla 0A2 i=1,2 N 1
+ = t = /
re-o (Ar), j R (17)

subject to the boundary conditions (7).
Forj=1,2,...,N, we let

2112
{===—,
re—o)
3 1
Op=F+re, n=—5a4—5ay
and put

22, Q) Springer

The error term YO(A#?) in the system of N boundary value
problems is neglected and the following system is
concluded

Oy"(x) + 0¥'(x) = v(x) + Ay (x). (19)

We solve the system (19) by backward differentiation
formula which has been explained in Salehi et al. (2018).

3 Error Analysis

In this section to investigate the error analysis of the pre-
sent method, we let ¢ = 0. Thus, the obtained exact and
approximate system of N boundary value problem take the
following form:
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@y (x) = v(x) + Ay(x) + YO(Ar),

y(0) =Gy, y(1) =G, 20
and

O (3) = v(x) + AT(2). o
¥(0) = Go, ¥(1)=Gu,

where Go = [go(t1), 80(t2), - - ~780(IN)]T and

G =lgi1(h),81(12), - gol ()]
In the following, we intend show that how neglecting

the error term can impact on the solution. Let

e(x) = y(x) — ¥(x), and then by using Eqs (20) and (21),

we get

e’ (x) = Ae(x) + YO(A?),

e(0) =0,e(1) =0, (22)

Assume that ® is an invertible matrix. By multiplying
Eq. (22) in ®!, we have the following system of N
boundary value problems

¢’(x) = Ae(x) + YO(AP),

e(0) =0, e(l)=0, (23)

where A= ©® 'Aand Y = @' Y. Let A1, 4y, . .., Ay be the
distinct eigenvalues of the matrix A and Vi,V2,...,Vy be
the corresponding eigenvectors of them. It is easily to show
that all eigenvalues i, 15, ..., Ay are negative. Let \//Tj =
o +if; for j=1,2,...,N. So, the exact solution of
Eq. (23) is obtained as follows

e(x) = Z exp(a;x) (c1j cos(fix) + oy sin(fx)) v

j=1
— —
+ aj + axx,

(24)

where the unknown constant values cj; and ¢y for j =
1,2,...,N are determined via boundary conditions and a;
and 5 are constant unknown vectors such that

Aa; =0, Aaj=0(a— O 'YO(A?)). (25)

Suppose that A is a non-singular matrix and use Eq. (6).
Therefore, we conclude

@ =0, Aa;=-A"'YO(A?).

(26)

By inserting the obtained values in Eq. (26) into Eq. (25),
we have the following formula for error function

e(x) = Z exp(a;x) (c1j cos(Bix) + a7 sin(fx)) v

j=1

— A'YO(AF?).

(27)

Since the eigenvalues of the matrix A have negative real
parts, the sigma in vector function e(x) exponentially
converges to zero whenever x increases or Ar — 0.
Therefore,

le()l < €+ AT | M O(A?), (28)

where M, = ||Y||, = ﬁ We require provide an upper
bound for ||[A7'|,, when Ar decreases. The values of
|A~"|, for different values of o and At have been reported
in Table 1. This table indicates that the values of [|A™"||

are independent of the variation of Ar and only dependent
on o. Also, from this table we conclude that the values of
|A™"|| decrease when o approaches to 2. Suppose that M,
be an upper bound for ||[A™'||,.. The numerical computa-
tions insure that this value exists and is independent of Ar.
Therefore,

le()ll <€+ MiMO(AP), (29)
le()ll <€+ MO(AP), (30)

where M = M| M,.
In fact, we computationally proved the following
theorem.

Theorem 1 Suppose that y(x) and y(x) denote the solution
of system of boundary value problems (20) and (21), re-
spectively. So, we have
. 2M,
- <et = O(AF? 0,1

I¥() = 50l S e+ p s OAR X E 1L (31
where € exponentially converges to zero as x increase or
At — 0, My is an upper bound of |A™"||, which is inde-
pendent of A(t). Thus, for sufficiently small At, we have

Iy(x) = ¥()|l. = O(A?),x € [0,1]. (32)

4 Numerical Example

In this section, numerical results of applying proposed
method on three test problems are reported to verify the
validity of theoretical discussion presented in the Sect. 2.
The accuracy and efficiency of the mentioned method are
checked via absolute error measure which is defined as
follows:

e(x,-, t) = |uexact(xia t) - “approx(xh t)|7

(33)

52, €\ Springer



612

Iran J Sci Technol Trans Sci (2021) 45:607-617

Table 1 Values of ||A™"||, for At

different choice of At a0 o=11 a=12 o=13 a=14 a=15 o=16 a=17 o=18 a=19
% 1.4350 0.9241 0.6631 0.4984 0.3854 0.3045 0.2452 0.2012 0.1683
% 1.3877 0.8597 0.5868 0.4167 0.3033 0.2249 0.1698 0.1304 0.1020
% 1.3098 0.7711 0.4961 0.3308 0.2255 0.1564 0.1104 0.0792 0.0578
# 1.2222 0.6796 0.4106 0.2563 0.1633 0.1059 0.0697 0.0467 0.0318
ﬁ}o 1.1345 0.5940 0.3363 0.1963 0.1169 0.0707 0.0435 0.0272 0.0173
4 1.0510 0.5173 0.2741 0.1495 0.0831 0.0469 0.0269 0.0157 0.0093

[
]
=

for a fixed certain time 7 € (0, 1] and nodal points x; = iAx
where Ax denotes spatial step size which is calculated as
Ax = ﬁ Furthermore, as we mentioned in the previous
section, At denotes time step size which is computed as
At = # Notice that in this section M and N denote the
number of nodal points in x and ¢ directions, respectively. It
is noteworthy that the associated algorithms with the pre-
sent approach have been written in the Matlab software and
have been performed on a Laptop with Intel Core i3 CPU
(2.40 GHz) and 4.00 GB RAM.

Example 1 Consider the following time fractional
stochastic advection-diffusion type equation
Ou(x,t) (L dB(1) )6214()67 t)  Ou(x,r)

o  \n2 dt ox? ox (34)

+f (1), (x1) €0,1] x [0, 1],
together with the following initial and boundary conditions
u(x,0)=0, 0<x<lI,
u(0,1) =0, 0<r<l1, (35)
u(l,r)=0, 0<r<1,
and

dB(t)

272 *sin(mx) 1
L v (= "a

— nt* cos(mx).

) 1% sin(mx)

The exact solution of Eq. (34) is u(x,t) = ¢ sin(mx).

In this paper, finite difference method and spline
approximation are employed to compute approximate
solution of Eq. (34) with the initial and boundary
conditions (35). The values of exact solution and approx-
imate solution at time ¢ = 1 for different values of o =
0.25,0.5,0.75,1 for Ax = At = 0.01 and Ax = A7 = 0.002
are reported in Tables 2 and 3, respectively. These results
confirm that there exist a good agreement between the
numerical solution and exact solutions. Also, the graphs of
absolute error for Ax = Ar = 0.01 and Ax = At = 0.002 at
time ¢ = 1 are plotted in Figs. 1 and 2, respectively. This
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figures show that our proposed method is reliable to obtain
an accurate approximate solution.

Example 2 Consider the following stochastic advection-
diffusion equation

Ou(x, 1) dB(t)\ 0*u(x, 1)
or <1+ﬁ dt )
+f(x, 1), (x1) €

together with the following initial and boundary conditions

B 36u(x, 1)
ox2 Oox
[0,1] x [0, 1],

(36)

u(x,0) = exp(2x),
u(0,1) = exp(—2¢),

0<x<1,

0<r<1, (37)

u(l,r) =exp(2 —2t), 0<t<1,
and
f(x,1) = —2exp(2x — 21) [1 + 2(1 + Bdl;_gt))_?’]

The exact solution of Eq. (36) is u(x, ) = exp(2x — 21).
In this paper, finite difference method and spline
approximation are employed to compute approximate
solution of Eq. (36) with f =1 and the initial and
boundary conditions (37). The values of exact solution
and approximate solution at time ¢ = 1 for different values
of =0.25,0.5,0.75,1 for Ax=Ar=0.01 and Ax=
At = 0.002 are reported in Tables 4 and 5, respectively.
These results confirm that there exist a good agreement
between the numerical solution and exact solutions. Also,
the graphs of absolute error for Ax = Az = 0.01 and Ax =
At =0.002 at time t=1 are plotted in Figs. 3 and 4,
respectively. This figures show that our proposed method is
reliable to obtain an accurate approximate solution. Also,
we consider wavelet Galerkin method (Heydari et al. 2016)
to compare this method with the previous method for
solving stochastic advection-diffusion equation. Wavelet
Galerkin method has been used to solve stochastic
advection-diffusion equation (36) with § = 0, numerically.
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Table 2 Numerical results of - B
Example 1 with Af — Ax — (xi, 1) Exact solution Approximate
0.01 at time 7 = 1 o =0.25 a=0.5 a=0.75 =1
(0.0, 0.0) 0.0000000 0.0000000 0.0000000 0.0000000 0.0000000
(0.1, 0.1) 0.3090169 0.3091028 0.3090852 0.3090711 0.3090600
0.2, 0.2) 0.5877852 0.5879527 0.5879183 0.5878909 0.5878692
(0.3, 0.3) 0.8090169 0.8090563 0.8090482 0.8090418 0.8090367
0.4, 0.4) 0.9510565 0.9509554 0.9509762 0.9509927 0.9510058
(0.5, 0.5) 1.0000000 0.9999257 0.9999409 0.9999531 0.9999627
(0.6, 0.6) 0.9510565 0.9510849 0.9510790 0.9510744 0.9510707
0.7, 0.7) 0.8090169 0.8091694 0.8091381 0.8091132 0.8090934
(0.8, 0.8) 0.5877852 0.5880230 0.5879741 0.5879353 0.5879044
(0.9, 0.9) 0.3090169 0.3090595 0.3090507 0.3090438 0.3090383
(1.0, 1.0) 0.0000000 0.0002173 0.0001726 0.0001371 0.0001089
Table 3 Numerical results of . .
Example 1 with Ar = Ax — (i, 1) Exact solution Approximate
0.002 at time r =1 a=0.25 =05 o =0.75 a=1
(0.0, 0.0) 0.0000000 0.0000000 0.0000000 0.0000000 0.0000000
(0.1, 0.1) 0.3090169 0.3090283 0.3090259 0.3090241 0.3090226
0.2, 0.2) 0.5877852 0.5877968 0.5877944 0.5877925 0.5877910
(0.3, 0.3) 0.8090169 0.8090254 0.8090237 0.8090223 0.8090212
0.4, 0.4) 0.9510565 0.9510735 0.9510700 0.9510672 0.9510650
(0.5, 0.5) 1.0000000 1.0000187 1.0000148 1.0000118 1.0000093
(0.6, 0.6) 0.9510565 0.9510789 0.9510743 0.9510706 0.9510677
0.7, 0.7) 0.8090169 0.8090415 0.8090364 0.8090324 0.8090292
(0.8, 0.8) 0.5877852 0.5878060 0.5878017 0.5877983 0.5877956
(0.9, 0.9) 0.3090169 0.3090313 0.3090283 0.3090260 0.3090241
(1.0, 1.0) 0.0000000 0.0000110 0.0000087 0.0000069 0.0000055
4 10 ; . . . 5 210 . . . .
alpha=0.25 alpha=0.25
35H =7~ alpha=0.5 i — — —alpha=0.5
DI === alpha=0.75 o5l = - alpha=0.75 4
alpha=1 : alpha=1
3r ,\\ 1 w ;
. I L2 A i 1
g 251 f}\\ 1 % }l “\H\\lehl r"‘\fl.‘ rl\ \
g i \l > l\, ‘:” h’”f‘ P W \\f‘ VWN
5 2f A 5157 TR R A TT T s TR 1
2 {lLint 4 3 ALY P A ™ "‘\f‘«n\.,;, i
3 i [\l 3 Ci N e ‘ R A A
215 | i i/ :\ [ < 4L K 1 ,'\: ll‘n"‘“,\ iy 4l IV'MM
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Fig. 1 Absolute errors of presented scheme for Example 1 with Az =

Ax = 0.01 at time t = 1

Fig. 2 Absolute errors of presented scheme for Example 1 with At =

Ax =0.002 at t

ime t =1
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Table 4 Numerical results of

Example 2 with Af — Ax — (xi, 1) Exact solution Approximate
0.01 at time t = 1 o=0.25 a=0.5 o=0.75 a=1
(0.0, 0.0) 0.1353352 0.1353352 0.1353352 0.1353352 0.1353352
(0.1, 0.1) 0.1652988 0.1653218 0.1653171 0.1653133 0.1653104
0.2,0.2) 0.2018965 0.2019077 0.2019054 0.2019035 0.2019021
(0.3, 0.3) 0.2465969 0.2465778 0.2465817 0.2465848 0.2465873
(0.4, 0.4) 0.3011942 0.3011467 0.3011564 0.3011642 0.3011704
0.5, 0.5) 0.3678794 0.3678435 0.3678509 0.3678567 0.3678614
(0.6, 0.6) 0.4493289 0.4492904 0.4492983 0.4493046 0.4493096
(0.7, 0.7) 0.5488116 0.5487677 0.5487767 0.5487839 0.5487896
(0.8, 0.8) 0.6703200 0.6702411 0.6702573 0.6702702 0.6702804
0.9, 0.9) 0.8187307 0.8187069 0.8187118 0.8187157 0.8187188
(1.0, 1.0) 1.0000000 0.9999352 0.9999485 0.9999591 0.9999675
]T;T;;lel\;ugﬁ;l(ﬁ r_eslerts_of (i, 1) Exact solution Approximate
0.002 at time t = 1 a=0.25 a=0.5 o=0.75 =1
(0.0, 0.0) 0.1353352 0.1353352 0.1353352 0.1353352 0.1353352
(0.1, 0.1) 0.1652988 0.1653004 0.1653000 0.1652998 0.1652996
(0.2, 0.2) 0.2018965 0.2018995 0.2018989 0.2018984 0.2018980
(0.3, 0.3) 0.2465969 0.2465995 0.2465990 0.2465986 0.2465982
0.4, 0.4) 0.3011942 0.3011959 0.3011956 0.3011953 0.3011950
(0.5, 0.5) 0.3678794 0.3678841 0.3678831 0.3678824 0.3678817
(0.6, 0.6) 0.4493289 0.4493338 0.4493328 0.4493320 0.4493314
(0.7, 0.7) 0.5488116 0.5488178 0.5488165 0.5488155 0.5488147
(0.8, 0.8) 0.6703200 0.6703247 0.6703237 0.6703230 0.6703224
0.9, 0.9) 0.8187307 0.8187363 0.8187351 0.8187342 0.8187335
(1.0, 1.0) 1.0000000 1.000004 1 1.0000033 1.0000026 1.0000020
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Fig. 3 Absolute errors of presented scheme for Example 2 with At =

Ax = 0.01 at time t = 1
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Fig. 4 Absolute errors of presented scheme for Example 2 with At =

Ax = 0.002 at

time t = 1
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Table 6 Comparison of absolute )

errors of Example 2 obained by Methods 02,02)  (04,04)  (0.6,06)  (0.8,0.8)

two different methods Wavelet Galerkin method (Heydari et al. 2016)  1.5377E—5 3.7708E—4 4.4558E—4 3.0031E—4
Present method 1.5182E—6 8.7889E—7 2.4369E—6 2.3604E—6

Table 7 Numerical results of - B

Example 3 with Ar = Ax — (%, 17) Exact solution Approximate

0.01 at time r =1 o =0.25 a«=0.5 o =0.75 =1
(0.0, 0.0) 0.2852239 0.2852239 0.2852239 0.2852239 0.2852239
(0.1, 0.1) 0.3852239 0.3852460 0.3852415 0.3852379 0.3852350
0.2, 0.2) 0.4852239 0.4858311 0.4857062 0.4856070 0.4855282
(0.3,0.3) 0.5852239 0.5856964 0.5855992 0.5855220 0.5854607
0.4, 0.4) 0.6852239 0.6857832 0.6856682 0.6855768 0.6855042
(0.5, 0.5) 0.7852239 0.7857075 0.7856081 0.7855291 0.7854663
(0.6, 0.6) 0.8852239 0.8852768 0.8852659 0.8852573 0.8852504
0.7, 0.7) 0.9852239 0.9851309 0.9851500 0.9851652 0.9851773
(0.8, 0.8) 1.0852239 1.0851845 1.0851926 1.0851990 1.0852042
0.9, 0.9) 1.1852239 1.1855784 1.1855055 1.1854476 1.1854016
(1.0, 1.0) 1.2852239 1.2861574 1.2859654 1.2858129 1.2856918

Notic that, by considering f = 0, Eq. (36) is transformed u(x,0)=0, 0<x<I,

into the following ordinary advection-diffusion equation '

) u(0,t) = B(s)ds, 0<t<l1
Qu(x, 1) _ 0 u(x,t) 3au(x, r) ©,9) /0 (s)ds, ’ (40)

(x,1) € [0,1] x [0,1].
(38)

ot ox2 ox

It is necessary to mention that solving Eq. (36) due to
randomness is more difficult than Eq. (38). However, the
values of absolute error obtained via presented method for
Ax = At = 0.002 are compared with the values of absolute
error achieved by wavelet Galerkin method in Table 6.
From this table, we conclude that our method is more
accurate than wavelet Galerkin method.

Example 3 Consider the following time fractional
stochastic advection-diffusion type equation

0%u(x,1) dB(t)\*u(x, 1) Ou(x, 1)
a1 ) e e A,
(x,1) € 0,1] x [0,1],
(39)

together with the following initial and boundary conditions

t
u(l,t):t2+/B(s)ds, 0<r<1,
0

and

x> 1

flx, 1) = TG =) +F(l — O‘)/o (t —s) "B(s)ds
—a* —0 /tB(s)ds.
Jo

The exact solution of Eq. (39) is u(x,?) = x> + [; B(s)ds.

In this paper, finite difference method and spline
approximation are employed to compute approximate
solution of Eq. (39) with ¢ =1 and the initial and
boundary conditions (40). The values of exact solution
and approximate solution at time # = 1 for different values
of =0.25,0.5,0.75,1 for Ax=Ar=0.01 and Ax=
At = 0.002 are reported in Tables 7 and 8, respectively.
These results confirm that there exist a good agreement
between the numerical solution and exact solutions. Also,
the graphs of absolute error for Ax = Ar = 0.01 and Ax =
At =0.002 at time t =1 are plotted in Figs. 5 and 6,
respectively. This figures show that our proposed method is
reliable to obtain an accurate approximate solution. Also,
we consider wavelet Galerkin method (Heydari et al. 2016)
to compare this method with the previous method for
solving stochastic advection-diffusion equation. Wavelet
Galerkin method has been used to solve stochastic

2
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Table 8 Numerical results of

Example 3 with Af — Ax — (xi,11) Exact solution Approximate
0.002 at time t = 1 o =0.25 =05 o =0.75 a=1
(0.0, 0.0) 0.4717762 0.4717762 0.4717762 0.4717762 0.4717762
(0.1, 0.1) 0.5717762 0.5718648 0.5718466 0.5718321 0.5718206
0.2, 0.2) 0.6717762 0.6717301 0.6717396 0.6717471 0.6717531
(0.3, 0.3) 0.7717762 0.7717851 0.7717833 0.7717818 0.7717807
0.4, 0.4) 0.8717762 0.8718545 0.8718384 0.8718256 0.8718155
0.5, 0.5) 0.9717762 0.9718688 0.9718498 0.9718346 0.9718226
(0.6, 0.6) 1.0717762 1.0718380 1.0718253 1.0718152 1.0718072
(0.7, 0.7) 1.1717762 1.1718807 1.1718592 1.1718421 1.1718286
(0.8, 0.8) 1.2717762 1.2719208 1.2718911 1.2718674 1.2718487
0.9, 0.9) 1.3717762 1.3719493 1.3719137 1.3718854 1.3718630
(1.0, 1.0) 1.4717762 1.4719602 1.4719224 1.4718923 1.4718684
-3
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Fig. 5 Absolute errors of presented scheme for Example 3 with At =
Ax = 0.01 at time r = 1

advection-diffusion equation (39) with ¢ = 0, numerically.
Notic that, by considering ¢ = 0, Eq. (39) is transformed to
stochastic heat equation. By comparing absolute error
graphs in this paper with absolute error graph in the paper
(Heydari et al. 2016), we conclude that our method is more
accurate than wavelet Galerkin method.

5 Conclusion

In this paper, a new efficient technique is developed for
solving time fractional stochastic advection-diffusion type
equation. In this method, first we discrete the time direction
and substitute nodal points #; in the consideration equation.

@ Springer

Fig. 6 Absolute errors of presented scheme for Example 3 with At =
Ax = 0.002 at time t = 1

Moreover, the existent first derivative in the definition of
Caputo time fractional derivative is approximated via lin-
ear spline approximation. After some computations, the
solution of time fractional stochastic advection-diffusion
type equation is transformed into the system of boundary
value problems. Also, we prove that neglecting error terms
in the system of boundary value problems will give a
truncation error O(A#?). Finally, we have applied present
method to solve three test problems and obtained numerical
results have been reported in tables. Numerical results
demonstrate that the present scheme is accurate, efficient,
very fast and can produce acceptable results.

Acknowledgements The authors would like to state our appreciation
to the editor and referees for their costly comments and constructive
suggestions which have improved the quality of the current paper.



Iran J Sci Technol Trans Sci (2021) 45:607-617

617

References

Abbasbandy S, Kazem S, Alhuthali MS, Alsulami HH (2015)
Application of the operational matrix of fractional-order Legen-
dre functions for solving the time-fractional convection-diffusion
equation. Appl Math Comput 266:31-40

Ahmadi N, Vahidi AR, Allahviranloo T (2017) An efficient approach
based on radial basis functions for solving stochastic fractional
differential equations. Math Sci 11:113-118

Babaei A, Jafari H, Ahmadi M (2019) A fractional order HIV/AIDS
model based on the effect of screening of unaware infectives.
Math Methods Appl Sci 42(7):2334-2343

Badr M, Yazdani A, Jafari H (2018) Stability of a finite volume
element method for the time-fractional advection-diffusion
equation. Numer Methods Partial Differ Equ 34(5):1459-1471

Baeumer B, Koviacs M, Meerschaert MM (2008) Numerical solutions
for fractional reaction-diffusion equations. Comput Math Appl
55(10):2212-2226

Baleanu D, Diethelm K, Scalas E, Trujillo J (2012) Fractional
calculus models and numerical methods. Series on Complexity,
Nonlinearity and Chaos. World Scientific, Singapore

Dehghan M, Shirzadi M (2015) meshless simulation of stochastic
advection-diffusion equations based on radial basis functions.
Eng Anal Bound Elem 53:18-26

Firoozjace MA, Jafari H, Lia A, Baleanu D (2018) Numerical
approach of Fokker—Planck equation with Caputo—Fabrizio
fractional derivative using Ritz approximation. J Comput Appl
Math 339:367-373

Heydari MH, Avazzadeh Z (2018) An operational matrix method for
solving variable-order fractional biharmonic equation. Comput
Appl Math 37(4):4397-4411

Heydari MH, Hooshmandasl MR, Maalek Ghaini FM, Cattani C
(2014) A computational method for solving stochastic Ito—
Volterra integral equations based on stochastic operational
matrix for generalized hat basis functions. J Comput Phys
270:402-415

Heydari MH, Hooshmandasl MR, Barid Loghmani G, Cattani C
(2016) Wavelets Galerkin method for solving stochastic heat
equation. Int J Comput Math 93.9:1579-1596

Kamrani M, Jamshidi N (2017) Implicit Euler approximation of
stochastic evolution equations with fractional Brownian motion.
Commun Nonlinear Sci Numer Simulat 44:1-10

Khodabin M, Maleknejad K, Fallahpour M (2015) Approximation
solution of two-dimensional linear stochastic Fredholm integral
equation by applying the Haar wavelet. Int J Math Model
Comput 5(4):361-372

Li C, Zeng F (2013) The finite difference methods for fractional
ordinary differential equations. Numer Funct Anal Opt
34.2:149-179

Li C, Chen A, Ye J (2011) Numerical approaches to fractional
calculus and fractional ordinary differential equation. J Comput
Phys 230(9):3352-3368

Liu F, Zhuang P, Anh V, Turner I, Burrage K (2007) Stability and
convergence of the difference methods for the space-time
fractional advection-diffusion equation. Appl Math Comput
191(1):12-20

Mirzaee F, Samadyar N (2017) Application of operational matrices
for solving system of linear Stratonovich Volterra integral
equation. J] Comput Appl Math 320:164-175

Mirzaee F, Samadyar N (2017) Application of orthonormal Bernstein
polynomials to construct a efficient scheme for solving fractional
stochastic integro-differential equation. Optik Int J Light Elec-
tron Opt 132:262-273

Mirzaee F, Samadyar N (2018) Using radial basis functions to solve
two dimensional linear stochastic integral equations on non-
rectangular domains. Eng Anal Bound Elem 92:180-195

Mirzaece F, Samadyar N (2019) On the numerical solution of
fractional stochastic integro-differential equations via meshless
discrete collocation method based on radial basis functions. Eng
Anal Bound Anal 100:246-255

Mirzaee F, Samadyar N (2018) On the numerical method for solving a
system of nonlinear fractional ordinary differential equations
arising in HIV infection of CD4% T cells. Iran J Sci Technol
Trans Sci 1-12

Ollivier-Gooch C, Van Altena M (2002) A high-order-accurate
unstructured mesh finite-volume scheme for the advection-
diffusion equation. J Comput Phys 181(2):729-752

Prieto FU, Muifioz JJB, Corvinos LG (2011) Application of the
generalized finite difference method to solve the advection-
diffusion equation. J] Comput Appl Math 235(7):1849-1855

Roop JP (2008) Numerical approximation of a one-dimensional space
fractional advection-dispersion equation with boundary layer.
Comput Math Appl 56(7):1808-1819

Salehi Y, Darvishi MT, Schiesser WE (2018) Numerical solution of
space fractional diffusion equation by the method of lines and
splines. Appl Math Comput 336:465—480

Servan-Camas B, Tsai FTC (2008) Lattice Boltzmann method with
two relaxation times for advection-diffusion equation: third order
analysis and stability analysis. Adv Water Resour
31(8):1113-1126

Singh A, Das S, Ong SH, Jafari H (2019) Numerical solution of
nonlinear reaction-advection-diffusion equation. ] Comput Non-
linear Dyn 14(4):041003

Sousa E (2009) Finite difference approximations for a fractional
advection diffusion problem. J Comput Phys 228(11):4038-4054

Sousa E (2011) Numerical approximations for fractional diffusion
equations via splines. Comput Math Appl 62(3):938-944

Sousa E, Li C (2015) A weighted finite difference method for the
fractional diffusion equation based on the Riemann-Liouville
derivative. Appl Numer Math 90:22-37

Su L, Wang W, Wang H (2011) A characteristic difference method
for the transient fractional convection-diffusion equations. Appl
Numer Math 61(8):946-960

Taheri Z, Javadi S, Babolian E (2017) Numerical solution of
stochastic fractional integro-differential equation by the spectral
collocation method. J Comput Appl Math 321:336-347

Yang Q, Liu F, Turner I (2010) Numerical methods for fractional
partial differential equations with Riesz space fractional deriva-
tives. Appl Math Model 34(1):200-218

Zheng Y, Li C, Zhao Z (2010) A note on the finite element method for
the space-fractional advection diffusion equation. Comput Math
Appl 59(5):1718-1726

Zhuang P, Liu F, Anh V, Turner I (2009) Numerical methods for the
variable-order fractional advection-diffusion equation with a
nonlinear source term. SIAM J Numer Anal 47(3):1760-1781

Zhuang P, Gu Y, Liu F, Turner I, Yarlagadda PKDV (2011) Time-
dependent fractional advection-diffusion equations by an
implicit MLS meshless method. Int J Numer Methods Eng
88(13):1346-1362

o — @ Springer



	Finite Difference and Spline Approximation for Solving Fractional Stochastic Advection-Diffusion Equation
	Abstract
	Introduction
	Numerical Scheme
	Error Analysis
	Numerical Example
	Conclusion
	Acknowledgements
	References




