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Abstract
Cost-effective sampling design is a problem of major concern in some experiments, especially when the measurement of

the characteristic of interest is costly or painful or time-consuming. In the current paper, the Fisher information matrix of

the log-extended exponential–geometric distribution LEEGDða; bÞ with parameters a and b based on simple random

sample, ranked set sample (RSS), median RSS (MRSS) and extreme RSS is discussed. We obtain the expressions for the

Fisher information matrix in each case and use them to perform efficiency comparisons. It is found that MRSS is most

efficient when one parameter is inferred at a time (with the other parameter known), while RSS is most efficient when both

parameters are inferred simultaneously. A real data set is used for illustration.

Keywords Ranked set sample � Median ranked set sampling � Extreme ranked set sampling � Fisher information matrix

1 Introduction

A random variable X has the log-extended exponential–

geometric distribution if it has the probability density

function(pdf)

f x; a; bð Þ ¼ að1 þ bÞxa�1

ð1 þ bxaÞ2

with distribution function

F x; a; bð Þ ¼ ð1 þ bÞxa
1 þ bxa

ð1Þ

where 0\x\1, a[ 0, b[ 0. We write LEEGDða; bÞ to

denote the distribution as defined in (1). The applications

of this distribution are well known in the populations of

cities, the intensities of earthquakes and the sizes of power

outages. For further details on the importance and appli-

cations of this distribution, one may refer to Mitzenmacher

(2004), Newman (2005), Sornette (2006) and Clauset et al.

(2009).

Ranked set sampling (RSS) is a sampling technique used

when the measurement of sampling units is quite difficult

or expensive in terms of cost, time or other factors. How-

ever, a small set of units can easily be ranked according to

the variable of interest, without requiring the actual mea-

surement. Introduced by McIntyre (1952), the mathemati-

cal theory for RSS was given by Takahasi and Wakimoto

(1968). Dell and Clutter (1972) showed that RSS is more

efficient than simple random sampling (SRS) even with an

error in ranking. To reduce the errors in ranking, Samawi

et al. (1996) introduced a modification of RSS called

extreme RSS (ERSS). Another scheme of RSS was

investigated by Muttlak (1997) which is the median

RSS(MRSS). For further introduction of these sampling

schemes, refer to the literature (Abu-Dayyeh et al. 2013;

Hassan 2013; Hussian 2014) and Esemen and Grler (2018).
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In the literature, there are numbers of studies focused on

parametric inference of distributions under RSS and its

modifications. Stokes (1995) studied parameter estimation

of the parameter for the location-scale family distributions

under RSS. Shaibu and Muttlak (2004) studied parameter

estimation of the parameter for the normal, exponential and

gamma distributions under modified RSS. Xiaofang et al.

(2018) studied parameter estimation of the parameter for

the log-logistic distribution under RSS. However, one can

in case the efficiency of RSS be increasing the sample size

which may imply to increase the errors in ranking. Al-

Saleh and Al-Omari (2002) suggested multistage RSS

method that increases the efficiency of RSS for fixed

sample size. Also, see Jemain and Al-Omari (2006) for

estimating the population mean using multistage median

ranked set samples, Al-Omari and Jaber (2008) for per-

centile double ranked set sampling, Al-Hadhrami and Al-

Omari (2009) considered Bayesian inference on the vari-

ance of normal distribution using moving extremes RSS,

Shadid et al. (2011) for best linear unbiased estimators and

best linear invariant estimators of the location and scale

parameters and the population mean using RSS, Al-

Hadhrami and Al-Omari (2012) considered Bayes estima-

tion of the mean of normal distribution using moving

ERSS, Al-Omari and Al-Hadhrami (2011) investigated

maximum likelihood estimators of the parameters of a

modified Weibull distribution using extreme RSS, Haq

et al. (2013) for partial RSS, Haq et al. (2014) for mixed

RSS methods, and Al-Omari (2015) used the L RSS in

estimating the distribution function. For some additional

results and references, one can see Sinha et al. (1996),

Chen et al. (2013, 2016, 2017), Dey et al. (2017), Chen

et al. (2018), Qian et al. (2019), Chen et al. (2019) and He

et al. (2019).

In the current paper, the Fisher information matrix of the

log-extended exponential–geometric distribution

LEEGDða; bÞ with parameters a and b based on simple

random sample (SRS), ranked set sample (RSS), median

RSS (MRSS) and extreme RSS (ERSS) is discussed. These

contents are, respectively, arranged in Sects. 2, 3, 4 and 5.

Comparisons and conclusions are presented in Sect. 6. A

real data set is used for illustration.

2 Fisher Information Matrix in SRS

Let X1;X2; . . .;Xmf g be a simple random sample of size

m from (1). Pedro et al. (2018) obtained the Fisher infor-

mation matrix based on these samples:

ISRSða; bÞ ¼
I11; SRS I12; SRS

I12; SRS I22; SRS

� �

¼

m

a2
þ 2mbð1 þ bÞ

a2
C3ðb; 3; 1Þ � 2mð1 þ bÞ

a
C3ðb; 2; 1Þ

� 2mð1 þ bÞ
a

C3ðb; 2; 1Þ
m

3ð1 þ bÞ2

2
664

3
775;

ð2Þ

where Cmðz; s; aÞ ¼
R 1

0
ua logs�1ð1=uÞ
ð1þzuÞmþ1 du, m ¼ 0; 1; 2. . . for any

real numbers a� 0, s� 1.

3 Fisher Information Matrix in RSS

An important advantage of RSS approach is that it

improves the efficiency of estimators of the population

parameters by providing more representative sample from

the target population. In this section, we will study the

Fisher information matrix for LEEGDða; bÞ with model

parameters a and b under RSS. The RSS method suggested

by McIntyre (1952) can be summarized as follows: One

first draws m2 units at random from the population and

partitions them into m sets of m units. The m units in each

set are ranked without making actual measurements. From

the first set of m units, the unit ranked lowest is chosen for

actual quantification. From the second set of m units, the

unit ranked second lowest is measured. The process is

continued until the unit ranked largest is measured from the

mth set of m units.

Let X1ð1Þ;X2ð2Þ; . . .;XmðmÞ
� �

be a ranked set sample of

size m from (1), then the pdf of XiðiÞ is

fðiÞðxÞ ¼ cði;mÞFi�1ðx; a; bÞ 1 � Fðx; a; bÞ½ �m�i
f ðx; a; bÞ

¼ cði;mÞ a ð1 þ bÞxað Þi

xð1 þ bxaÞmþ1
ð1 � xaÞm�i;

where cði;mÞ ¼ m!
ðm�iÞ!ði�1Þ!. The log-likelihood function

based on these samples is

L�RSS ¼ d0 þ
Xm
i¼1

ði� 1Þ ln
1 þ bð Þxa

iðiÞ

1 þ bxa
iðiÞ

þ
Xm
i¼1

ðm� iÞ ln
1 � xa

iðiÞ

1 þ bxa
iðiÞ

þ
Xm
i¼1

ln
a 1 þ bð Þxa�1

iðiÞ

1 þ bxa
iðiÞ

� �2
;

where d0 is a value which is free of a and b.

Taking the first derivative for L�RSS, we have
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oL�RSS

oa
¼ m

a
þ
Xm
i¼1

ði� 1Þ ln xiðiÞ �
bxa

iðiÞ
ln xiðiÞ

1 þ bxa
iðiÞ

 !

�
Xm
i¼1

ðm� iÞ
xa
iðiÞ

ln xiðiÞ

1 � xa
iðiÞ

þ
bxa

iðiÞ
ln xiðiÞ

1 þ bxa
iðiÞ

 !

þ
Xm
i¼1

ln xiðiÞ � 2
Xm
i¼1

bxa
iðiÞ

ln xiðiÞ

1 þ bxa
iðiÞ

and

oL�RSS

ob
¼ m mþ 1ð Þ

2 1 þ bð Þ �
Xm
i¼1

ði� 1Þ
xa
iðiÞ

1 þ bxa
iðiÞ

�
Xm
i¼1

ðm� iÞ
xa
iðiÞ

1 þ bxa
iðiÞ

� 2
Xm
i¼1

xa
iðiÞ

1 þ bxa
iðiÞ

¼ m mþ 1ð Þ
2 1 þ bð Þ � mþ 1ð Þ

Xm
i¼1

xa
iðiÞ

1 þ bxa
iðiÞ

:

Taking the second derivative for L�RSS, we have

o2L�RSS

oa2
¼ � m

a2
� b

Xm
i¼1

ði� 1Þ
xa
iðiÞ

ln2 xiðiÞ

1 þ bxa
iðiÞ

� �2

0
B@

1
CA

�
Xm
i¼1

ðm� iÞ
xa
iðiÞ

ln2 xiðiÞ

1 � xa
iðiÞ

� �2
þ

bxa
iðiÞ

ln2 xiðiÞ

1 þ bxa
iðiÞ

� �2

0
B@

1
CA

� 2b
Xm
i¼1

xa
iðiÞ

ln2 xiðiÞ

1 þ bxa
iðiÞ

� �2
;

o2L�RSS

ob2
¼ �m mþ 1ð Þ

2 1 þ bð Þ2
þ mþ 1ð Þ

Xm
i¼1

x2a
iðiÞ

1 þ bxa
iðiÞ

� �2

and

oL�RSS

oaob
¼ � mþ 1ð Þ

Xm
i¼1

xa
iðiÞ

ln xiðiÞ

1 þ bxa
iðiÞ

� �2
:

Then, we can obtain

I11;RSS ¼ �E
o2L�RSS

oa2

� 	

¼ m

a2
þ bmðmþ 1ÞE xa ln2 x

ð1 þ bxaÞ2

 !
þ mðm� 1Þ

E
xa ln2 x

ð1 � xaÞ2

 !
� mðm� 1ÞE xa ln2 x

ð1 � xaÞ2

ð1 þ bÞxa
1 þ bxa

 !

¼ m

a2
þ bmðmþ 1Þð1 þ bÞ

a2

Z 1

0

t ln2 t

1 þ btð Þ4
dt

þ mðm� 1Þð1 þ bÞ
a2

Z 1

0

t ln2 t

ð1 � tÞ2ð1 þ btÞ2
dt

� mðm� 1Þð1 þ bÞ2

a2

Z 1

0

t2 ln2 t

ð1 � tÞ2ð1 þ btÞ3
dt

¼ m

a2
þ m mþ 1ð Þb 1 þ bð Þ

a2
C3 b; 3; 1ð Þ

þ 2m m� 1ð Þf 3ð Þ
a2 1 þ bð Þ2

þ m m� 1ð Þb
a2 1 þ bð Þ2

C0 b; 3; 0ð Þ

þ m m� 1ð Þb
a2 1 þ bð Þ C1 b; 3; 0ð Þ � m m� 1ð Þ

a2
C2 b; 3; 0ð Þ;

ð3Þ

I22;RSS ¼ �E
o2L�RSS

ob2

� 	
¼ m mþ 1ð Þ

2 1 þ bð Þ2

� m mþ 1ð ÞE x2a

1 þ bxað Þ2

 !

¼ m mþ 1ð Þ
2 1 þ bð Þ2

� m mþ 1ð Þ 1 þ bð ÞC3 b; 1; 2ð Þ

ð4Þ

and

I12;RSS ¼ �E
o2L�RSS

oboa

� 	
¼ m mþ 1ð ÞE xa ln x

1 þ bxað Þ2

 !

¼ �m mþ 1ð Þ 1 þ bð Þ
a

C3 b; 2; 1ð Þ;

ð5Þ

where fð3Þ ¼
P1

m¼1
1
m3. Combining (3), (4) with (5), we

can obtain the Fisher information matrix under RSS:

IRSSða; bÞ ¼
I11;RSS I12;RSS

I12;RSS I22;RSS

� �
: ð6Þ
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4 Fisher Information Matrix in MRSS

The MRSS procedure, which is another scheme of RSS,

was investigated by Muttlak (1997). The procedure is as

follows: Randomly draw units of size m2 from the infinite

population for which the unknown parameter is to be

estimated, and randomly partition them into m sets of

m units. If m is even, select the m
2
th rank unit from each in m

2

sets for actual measurement. Select the m
2
þ1


 �
th rank unit

from each in the other sets. Such a ranked set sample of

size m is denoted by MRSSE. If m is odd, from each set of

m units the mþ1
2

th unit is measured. Such a ranked set

sample of size m is denoted by MRSSO. In this section, we

will study the Fisher information matrix for LEEGDða; bÞ
with model parameters a and b under MRSS.

Let fX1ðm
2
Þ;X2ðm

2
Þ; . . .;Xmðm

2
þ1Þg be an MRSSE of size

m from (1), then the pdfs of X
i m

2ð Þði ¼ 1; 2; . . .; m
2
Þ and

Xiðm
2
þ1Þði ¼ m

2
þ 1; m

2
þ 2; . . .;mÞ are, respectively,

fðm
2
Þ xð Þ ¼ c

m

2
;m

� �
a 1 þ bð Þ

m
2

ð1 � xaÞ
m
2

ð1 þ bxaÞmþ1
x
am�2

2

and

fðm
2
þ1Þ xð Þ ¼ c

m

2
þ 1;m

� �
a 1 þ bð Þ

m
2
þ1 ð1 � xaÞ

m
2
�1

ð1 þ bxaÞmþ1
x
aðmþ2Þ�2

2 :

The log-likelihood function based on these samples is

L�MRSSE ¼ d1 þ m ln aþ mðmþ 1Þ
2

lnð1 þ bÞ

þ am� 2

2

Xm=2

i¼1

ln xiðm
2
Þ

þ m

2

Xm=2

i¼1

ln 1 � xa
iðm

2
Þ

� �

� mþ 1ð Þ
Xm=2

i¼1

ln 1 þ bxa
iðm

2
Þ

� �

þ aðmþ 2Þ � 2

2

Xm
i¼m

2þ1

ln xiðm
2
þ1Þ

þ m� 2

2

Xm
i¼m

2
þ1

ln 1 � xa
iðm

2
þ1Þ

� �

� ðmþ 1Þ
Xm
i¼m

2
þ1

ln 1 þ bxa
iðm

2
þ1Þ

� �
;

where d1 is a value which is free of a and b.

Then, the first derivative of L�MRSSE can be written as

oL�MRSSE

oa
¼ m

a
þ m

2

Xm=2

i¼1

ln x
iðm

2
Þ

� m

2

Xm=2

i¼1

xaiðm
2
Þ ln xiðm

2
Þ

1 � xa
iðm

2
Þ

� bðmþ 1Þ
Xm=2

i¼1

xaiðm
2
Þ ln xiðm

2
Þ

1 þ bxa
iðm

2
Þ

þ mþ 2

2

Xm
i¼m

2
þ1

ln xiðm
2
þ1Þ �

m� 2

2

Xm
i¼m

2
þ1

xaiðm
2
þ1Þ ln xiðm

2
þ1Þ

1 � xa
iðm

2
þ1Þ

� bðmþ 1Þ

Xm
i¼1

xa
iðm

2
þ1Þ

ln xiðm2þ1Þ

1 þ bxa
iðm

2
þ1Þ

and

oL�MRSSE

ob
¼ mðmþ 1Þ

2ð1 þ bÞ � ðmþ 1Þ
Xm=2

i¼1

xaiðm
2
Þ

1 þ bxa
iðm

2
Þ

� ðmþ 1Þ
Xm
i¼m

2þ1

xaiðm
2
þ1Þ

1 þ bxa
iðm

2
þ1Þ

:

The second derivative of L�MRSSE can be written as

o2L�MRSSE

oa2
¼�m

a2

�m

2

Xm=2

i¼1

xaiðm
2
Þ ln2 xiðm

2
Þ

ð1� xa
iðm

2
ÞÞ

2
�bðmþ1Þ

Xm=2

i¼1

xa
iðm

2
Þ
ln2 xiðm

2
Þ

1þbxa
iðm

2
Þ

� �2

�m�2

2

Xm
i¼m

2
þ1

xaiðm
2
þ1Þ ln2 xiðm

2
þ1Þ

1� xa
iðm

2
þ1Þ

� �2
�bðm

þ1Þ
Xm
i¼m

2
þ1

xa
iðm

2
þ1Þ

ln2 xiðm2þ1Þ

1þbxa
iðm

2
þ1Þ

� �2
;
o2L�MRSSE

ob2

¼�mðmþ1Þ
2ð1þbÞ2

þðmþ1Þ
Xm=2

i¼1

x2a
iðm

2
Þ

ð1þbxa
iðm

2
ÞÞ

2
þðm

þ1Þ
Xm
i¼m

2
þ1

x2a
iðm

2
þ1Þ

1þbxa
iðm

2
þ1Þ

� �2

and
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o2L�MRSSE

oaob
¼ � mþ 1ð Þ

Xm=2

i¼1

xa
iðm

2
Þ
ln xiðm

2
Þ

1 þ bxa
iðm

2
Þ

� �2

� mþ 1ð Þ
Xm
i¼m

2
þ1

xa
iðm

2
þ1Þ

ln xiðm
2
þ1Þ

1 þ bxa
iðm

2
þ1Þ

� �2
:

Then, we can obtain

I11;MRSSE ¼ �E
o2L�MRSSE

oa2

� 	
¼ m

a2
þ m2

4
E

xaðm
2
Þ ln2 xðm

2
Þ

1 � xa
ðm

2
Þ

� �2

0
B@

1
CA

þ bmðmþ 1Þ
2

E
xa
ðm
2
Þ
ln2 xðm

2
Þ

1 þ bxa
ðm

2
Þ

� �2

0
B@

1
CA

þmðm� 2Þ
4

E
xaðm

2
þ1Þ ln2 xðm

2
þ1Þ

1 � xaðm
2
þ1Þ

� �2

0
B@

1
CA

þ bmðmþ 1Þ
2

E
xa
ðm

2
þ1Þ

ln2 xðm
2
þ1Þ

1 þ bxa
ðm

2
þ1Þ

� �2

0
B@

1
CA

¼ m

a2
þ 1

4a2
m2c

m

2
;m

� �
1 þ bð Þ

m
2

Z 1

0

t
m
2 ln2 tð1 � tÞ

m
2
�2

ð1 þ bxaÞmþ1
dt

þ 1

2a2
bmðmþ 1Þcðm

2
;mÞ 1 þ bð Þ

m
2

Z 1

0

t
m
2 ln2 tð1 � tÞ

m
2

ð1 þ bxaÞmþ3
dt

þ 1

4a2
mðm� 2Þc m

2
þ 1;m

� �
1 þ bð Þ

m
2
þ1

Z 1

0

t
m
2
þ1 ln2 tð1 � tÞ

m
2
�3

ð1 þ btÞmþ1
dt þ 1

2a2
bmðmþ 1Þc m

2
þ 1;m

� �

1 þ bð Þ
m
2þ1

Z 1

0

t
m
2
þ1 ln2 tð1 � tÞ

m
2
�1

ð1 þ btÞmþ3
dt ¼ m

a2

þ 1

4a2
m2c

m

2
;m

� �
1 þ bð Þ

m
2

Xðm�4Þ=2

k¼0

m�4
2 k


 �

�1ð ÞkCm b; 3;
m

2
þ k

� �
þ 1

2a2
bmðmþ 1Þc m

2
;m

� �

1 þ bð Þ
m
2

Xm=2

k¼0

m
2k

 �

�1ð ÞkCmþ2 b; 3;
mþ 2

2
þ k

� 	

þ 1

4a2
mðm� 2Þc m

2
þ 1;m

� �
1 þ bð Þ

m
2
þ1
Xðm�6Þ=2

k¼0

m�6
2 k


 �
�1ð ÞkCm b; 3;

mþ 2

2
þ k

� 	

þ 1

2a2
bmðmþ 1Þc m

2
þ 1;m

� �
1 þ bð Þ

m
2þ1

Xðm�2Þ=2

k¼0

m�2
2 k


 �

�1ð ÞkCmþ2 b; 3;
m

2
þ k

� �
;

ð7Þ

I22;MRSSE ¼ �E
o2L�MRSSE

ob2

� 	

¼ mðmþ 1Þ
2ð1 þ bÞ2

� mðmþ 1Þ
2

E
x2a
ðm

2
Þ

ð1 þ bxaðm
2
ÞÞ

2

0
@

1
A

� mðmþ 1Þ
2

E
x2a
ðm

2
þ1Þ

ð1 þ bxaðm
2
þ1ÞÞ

2

0
@

1
A ¼ mðmþ 1Þ

2ð1 þ bÞ2

� 1

2
mðmþ 1Þð1 þ bÞ

m
2c

m

2
;m

� �Z 1

0

t
mþ2

2 ð1 � tÞ
m
2

1 þ btð Þmþ3
dt

� 1

2
mðmþ 1Þð1 þ bÞ

m
2
þ1
c

m

2
þ 1;m

� �
Z 1

0

t
mþ4

2 ð1 � tÞ
m
2
�1

1 þ btð Þmþ3
dt ¼ mðmþ 1Þ

2ð1 þ bÞ2
� 1

2
mðmþ 1Þð1 þ bÞ

m
2

c
m

2
;m

� �Xm=2

k¼0

m

2
k

 !
�1ð ÞkCmþ2 b; 1;

mþ 2

2
þ k

� 	

� 1

2
mðmþ 1Þð1 þ bÞ

m
2
þ1
c

m

2
þ 1;m

� �

Xðm�2Þ=2

k¼0

m�2
2 k


 �
�1ð ÞkCmþ2 b; 1;

mþ 4

2
þ k

� 	

ð8Þ

and

I12;MRSSE ¼ �E
o2L�MRSSE

oab

� 	

¼ m mþ 1ð Þ
2

E
xa
ðm

2
Þ
ln xðm

2
Þ

ð1 þ bxa
ðm

2
Þ
Þ2

0
@

1
Aþ m mþ 1ð Þ

2

E
xa
ðm
2
þ1Þ

ln xðm
2
þ1Þ

ð1 þ bxa
ðm
2
þ1Þ
Þ2

0
@

1
A ¼ 1

2a
m mþ 1ð Þ 1 þ bð Þ

m
2c

m

2
;m

� �

Z 1

0

t
m
2ð1 � tÞ

m
2 ln t

1 þ btð Þmþ3
dt þ 1

2a
m mþ 1ð Þ 1 þ bð Þ

m
2
þ1
cðm

2
þ 1;mÞ

Z 1

0

t
m
2
þ1ð1 � tÞ

m
2
�1

ln t

1 þ btð Þmþ3
dt ¼ 1

2a
m mþ 1ð Þ 1 þ bð Þ

m
2cðm

2
;mÞ

Xm=2

k¼0

m
2k

 �

�1ð Þkþ1Cmþ2 b; 2;
m

2
þ k

� �
þ 1

2a
m mþ 1ð Þ

1 þ bð Þ
m
2
þ1
cðm

2
þ 1;mÞ

Xðm�2Þ=2

k¼0

m�2
2 k


 �
�1ð Þkþ1Cmþ2

b; 2;
m

2
þ k

� �
:

ð9Þ

Combining (7), (8) with (9), we can obtain the Fisher

information matrix based on MRSSE:
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IMRSSEða; bÞ ¼
I11;MRSSE I12;MRSSE

I12;MRSSE I22;MRSSE

� �
: ð10Þ

Let fX1ðmþ1
2
Þ;X2ðmþ1

2
Þ; . . .;Xmðmþ1

2
Þg be an MRSSO of size

m from (1), the pdf of Xiðmþ1
2
Þ is

fðmþ1
2
Þ xð Þ ¼ c

mþ 1

2
;m

� 	
a 1 þ bð Þ

mþ1
2

x
aðmþ1Þ�2

2 ð1 � xaÞ
m�1

2

ð1 þ bxaÞmþ1
:

We can obtain based on these samples

I11;MRSSO ¼ m

a2
þ 1

2a2
mðm� 1Þ 1 þ bð Þ

mþ1
2 c

mþ 1

2
;m

� 	

Xðm�5Þ=2

k¼0

m�5
2 k


 �
�1ð ÞkCm b; 3;

mþ 1

2
þ k

� 	
þ 1

a2
mðmþ 1Þ

b 1 þ bð Þ
mþ1

2 c
mþ 1

2
;m

� 	 Xðm�1Þ=2

k¼0

m�1
2 k


 �
�1ð ÞkCmþ2

b; 3;
mþ 1

2
þ k

� 	
; ð11Þ

I22;MRSSO ¼ mðmþ 1Þ
2ð1 þ bÞ2

� mðmþ 1Þc mþ 1

2
;m

� 	

1 þ bð Þ
mþ1

2

Xðm�1Þ=2

k¼0

m�1
2

k

 !
�1ð ÞkCmþ2 b; 1;

mþ 3

2
þ k

� 	

ð12Þ

and

I12;MRSSO ¼ 1

a
mðmþ 1Þ 1 þ bð Þ

mþ1
2 c

mþ 1

2
;m

� 	

Xðm�1Þ=2

k¼0

m�1
2

k

 !
�1ð Þkþ1Cmþ2 b; 2;

mþ 1

2
þ k

� 	
:

ð13Þ

The establishing procedures of (11), (12) and (13) are

similar as those of (7), (8) and (9).

Combining (11), (12) with (13), we can obtain the Fisher

information matrix based on MRSSO

IMRSSOða; bÞ ¼
I11;MRSSO I12;MRSSO

I12;MRSSO I22;MRSSO

� �
: ð14Þ

5 Fisher Information Matrix in ERSS

Take the sorting error into consideration, Samawi et al.

(1996) introduced a modification of RSS called extreme

RSS (ERSS). The procedure of ERSS is described as

follows: Randomly draw units of size m2 from the popu-

lation, and randomly partition them into m sets of m units.

If m is even, select the lowest ranked unit from each in m
2

sets for actual measurement. Select the largest ranked unit

from each in the other sets for actual measurement. Such a

ranked set sample of size m is denoted by ERSSE. If m is

odd, select the lowest ranked unit from each in m�1
2

sets for

actual measurement. Select the largest ranked unit from

each in m�1
2

sets for actual measurement. Select the mþ1
2

ranked unit from the mth set for actual measurement. Such

a ranked set sample of size m is denoted by ERSSO. In this

section, we will study the information matrix for

LEEGDða; bÞ with model parameters a and b under ERSS.

Let fX1ð1Þ;X2ð1Þ; . . .;XmðmÞg be an ERSSE of size m from

(1), then the pdfs of Xið1Þði ¼ 1; 2; . . .; m
2
Þ and XiðmÞði ¼

m
2
þ 1; m

2
þ 2; . . .;mÞ are, respectively,

fð1ÞðxÞ ¼ amð1 þ bÞ ð1 � xaÞm�1

ð1 þ bxaÞmþ1

and

fðmÞðxÞ ¼ amð1 þ bÞm xam�1

ð1 þ bxaÞmþ1
:

The log-likelihood function based on these samples is

L�ERSSE ¼ d2 þ m ln aþ mðmþ 1Þ
2

lnð1 þ bÞ

þ ðm� 1Þ
Xm=2

i¼1

lnð1 � xaið1ÞÞ þ ða� 1Þ
Xm=2

i¼1

ln xið1Þ

� ðmþ 1Þ
Xm=2

i¼1

lnð1 þ bxaið1ÞÞ

þ ðam� 1Þ
Xm
i¼m

2
þ1

ln xiðmÞ

� ðmþ 1Þ
Xm
i¼m

2
þ1

lnð1 þ bxaiðmÞÞ;

where d2 is a value which is free of a and b.

Taking the first derivative for L�ERSSE, we have

oL�ERSSE

oa
¼ m

a
� ðm� 1Þ

Xm=2

i¼1

xaið1Þ ln xið1Þ

1 � xa
ið1Þ

þ
Xm=2

i¼1

ln xið1Þ � ðmþ 1Þ
Xm=2

i¼1

bxaið1Þ ln xið1Þ

1 þ bxa
ið1Þ

þ m
Xm
i¼m

2
þ1

ln xiðmÞ � ðmþ 1Þ
Xm
i¼m

2
þ1

bxaiðmÞ ln xiðmÞ

1 þ bxa
iðmÞ
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and

oL�ERSSE

ob
¼ mðmþ 1Þ

2ð1 þ bÞ � ðmþ 1Þ
Xm=2

i¼1

xaið1Þ
1 þ bxa

ið1Þ

� ðmþ 1Þ
Xm
i¼m

2
þ1

xaiðmÞ
1 þ bxa

iðmÞ
:

Taking the second derivative for L�ERSSE, we have

o2L�ERSSE

oa2
¼ � m

a2
� ðm� 1Þ

Xm=2

i¼1

xaið1Þ ln2 xið1Þ

ð1 � xa
ið1ÞÞ

2

� bðmþ 1Þ
Xm=2

i¼1

xaið1Þ ln2 xið1Þ

ð1 þ bxa
ið1ÞÞ

2
� bðmþ 1Þ

Xm
i¼m

2
þ1

xaiðmÞ ln2 xiðmÞ

ð1 þ bxa
iðmÞÞ

2
;
o2L�ERSSE

ob2
¼ �mðmþ 1Þ

2ð1 þ bÞ2

þ ðmþ 1Þ
Xm=2

i¼1

x2a
ið1Þ

ð1 þ bxa
ið1ÞÞ

2
þ ðmþ 1Þ

Xm
i¼m

2
þ1

x2a
iðmÞ

ð1 þ bxa
iðmÞÞ

2

and

o2L�ERSSE

oaob
¼ � mþ 1ð Þ

Xm=2

i¼1

xa
ið1Þ

ln xið1Þ

ð1 þ bxa
ið1Þ
Þ2

� mþ 1ð Þ

Xm
i¼m

2
þ1

xa
iðmÞ

ln xiðmÞ

ð1 þ bxa
iðmÞ
Þ2
:

Then, we can obtain

I11;ERSSE ¼ �E
o2L�ERSSE

oa2

� 	
¼ m

a2
þ mðm� 1Þ

2

E
xað1Þ ln2 xð1Þ

ð1 � xað1ÞÞ
2

 !
þ bmðmþ 1Þ

2
E

xað1Þ ln2 xð1Þ

ð1 þ bxað1ÞÞ
2

 !

þ bmðmþ 1Þ
2

E
xaðmÞ ln2 xðmÞ

ð1 þ bxaðmÞÞ
2

 !
¼ m

a2
þ 1

2a2
m2ðm� 1Þ

ð1 þ bÞ
Xm�3

k¼0

m� 3

k

� 	
ð�1ÞkCmðb; 3; k þ 1Þ þ 1

2a2

m2ðmþ 1Þbð1 þ bÞ
Xm�1

k¼0

m� 1

k

� 	
ð�1ÞkCmþ2ðb; 3; k þ 1Þ

þ 1

2a2
m2ðmþ 1Þbð1 þ bÞmCmþ2ðb; 3;mÞ; ð15Þ

I22;ERSSE ¼ �E
o2L�ERSSE

ob2

� 	
¼ mðmþ 1Þ

2ð1 þ bÞ2
� mðmþ 1Þ

2

E
x2a
ð1Þ

ð1 þ bxað1ÞÞ
2

 !
� mðmþ 1Þ

2
E

x2a
ðmÞ

ð1 þ bxaðmÞÞ
2

 !

¼ mðmþ 1Þ
2ð1 þ bÞ2

� 1

2
m2ðmþ 1Þð1 þ bÞ

Xm�1

k¼0

m� 1

k

� 	
ð�1Þk

Cmþ2ðb; 1; k þ 2Þ � 1

2
m2ðmþ 1Þð1 þ bÞmCmþ2ðb; 1;mþ 1Þ

ð16Þ

and

I12;ERSSE ¼ �E
o2L�ERSSE

oboa

� 	
¼ mðmþ 1Þ

2
E

xa
ð1Þ

ln xð1Þ

ð1 þ bxa
ð1Þ
Þ2

 !

þ mðmþ 1Þ
2

E
xa
ðmÞ

ln xðmÞ

ð1 þ bxa
ðmÞ
Þ2

 !
¼ 1

2a
m2ðmþ 1Þð1 þ bÞ

Xm�3

k¼0

m� 3

k

� 	
ð�1Þkþ1Cmðb; 2; k þ 1Þ � 1

2a
m2ðmþ 1Þ

ð1 þ bÞmCmþ2ðb; 2;mÞ:
ð17Þ

Combining (15), (16) with (17), we can obtain the Fisher

information matrix based on ERSSE:

IERSSEða; bÞ ¼
I11;ERSSE I12;ERSSE

I12;ERSSE I22;ERSSE

� �
: ð18Þ

Let X1ð1Þ;X2ð1Þ; . . .;Xmðmþ1
2
Þ be an ERSSO of size m from

(1), then we can obtain based on these samples

I11;ERSSO ¼ m

a2
þ 1

2a2
mðm� 1Þ2ð1 þ bÞ

Xm�3

k¼0

m� 3

k

� 	

ð�1ÞkCmðb; 3; k þ 1Þ þ 1

2a2
bmðm2 � 1Þð1 þ bÞm

Xm�1

k¼0

m� 1

k

� 	
ð�1ÞkCmþ2ðb; 3; k þ 1Þ þ 1

2a2
ðm� 1Þ

ð1 þ bÞ
mþ1

2 Cmþ2ðb; 3;mÞ þ 1

2a2
ðm� 1Þ

ð1 þ bÞ
mþ1

2 cðmþ 1

2
;mÞ

Xðm�5Þ=2

k¼0

m�5
2

k

 !
�1ð ÞkCmðb; 3;

mþ 1

2

þ kÞ þ 1

a2
bðmþ 1Þ 1 þ bð Þ

mþ1
2 cðmþ 1

2
;mÞ

Xðm�1Þ=2

k¼0

m�1
2

k

 !

�1ð ÞkCmþ2ðb; 3;
mþ 1

2
þ kÞ;

ð19Þ
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I22;ERSSO ¼ mðmþ 1Þ
2ð1 þ bÞ2

� 1

2
mðm2 � 1Þ

ð1 þ bÞ
Xm�1

k¼0

m� 1

k

� 	
ð�1ÞkCmþ2ðb; 1; k þ 2Þ

� 1

2
mðm2 � 1Þð1 þ bÞmCmþ2ðb; 1;mþ 1Þ

� ðmþ 1Þcðmþ 1

2
;mÞ 1 þ bð Þ

mþ1
2

Xðm�1Þ=2

k¼0

m� 1

2
k

0
@

1
Að�1ÞkCmþ2ðb; 1; k þ 2Þ

ð20Þ

and

I12;ERSSO ¼ 1

2a
mðm2 � 1Þð1 þ bÞ

Xm�1

k¼0

m� 1

k

� 	

ð�1Þkþ1Cmþ2ðb; 2;
mþ 1

2
þ kÞ � 1

2a
mðm2 � 1Þ

ð1 þ bÞmCmþ2ðb; 2;mÞ þ 1

a
ðmþ 1Þ 1 þ bð Þ

mþ1
2

cðmþ 1

2
;mÞ

Xðm�1Þ=2

k¼0

m�1
2

k

 !
�1ð Þkþ1Cmþ2ðb; 2;

mþ 1

2
þ kÞ:

ð21Þ

The establishing procedures of (19), (20) and (21) are

similar as those of (15), (16) and (17).

Combining (19), (20) with (21), we can obtain the Fisher

information matrix based on ERSSO:

IERSSOða; bÞ ¼
I11;ERSSO I12;ERSSO

I12;ERSSO I22;ERSSO

� �
: ð22Þ

6 Comparison and Conclusions

6.1 Numerical Comparison

In this subsection, we will compare efficiency of RSS for

parameter estimation for LEEGDða; bÞ. For parameter

inference of a, the relative efficiency of RSS with respect

to (w.r.t.) SRS, the relative efficiency of MRSSK(K=E or

O) w.r.t. SRS and the relative efficiency of ERSSK w.r.t.

SRS may be defined as

RE1 ¼ I11; RSS

I11; SRS

;

RE2 ¼ I11; MRSSK

I11; SRS

;

RE3 ¼ I11; ;ERSSK

I11; SRS

;

respectively. For parameter inference of b, the relative

efficiency of RSS w.r.t. SRS, the relative efficiency of

MRSSK w.r.t. SRS and the relative efficiency of ERSSK

w.r.t. SRS may be defined as

RE4 ¼ I22; RSS

I22; SRS

;

RE5 ¼ I22; MRSSK

I22; SRS

;

RE6 ¼ I22; ERSSK

I22; SRS

;

respectively. For parameter inference of a and b, the rel-

ative efficiency of RSS w.r.t. SRS, the relative efficiency of

MRSSK w.r.t. SRS and the relative efficiency of ERSSK

w.r.t. SRS may be defined as

RE7 ¼ det IRSS a; bð Þf g
det ISRS a; bð Þf g ;

RE8 ¼ det IMRSSK a; bð Þf g
det ISRS a; bð Þf g

RE9 ¼ det IERSSK a; bð Þf g
det ISRS a; bð Þf g ;

respectively.

It can be seen that REiði ¼ 1; 2; . . .; 9Þ are free of a. The

results are, respectively, given in Tables 1, 2 and 3.

From Table 1, we conclude the following:

(1) RE1 [ 1, which means that for parameter inference

of a from LEEGDða;bÞ in which b is known, RSS is

more efficient than SRS.

(2) RE2 [ 1, which means that for parameter inference

of a from LEEGDða; bÞ in which b is known, MRSS

is more efficient than SRS.

(3) RE3 [ 1, which means that for parameter inference

of a from LEEGDða; bÞ in which b is known, ERSS

is more efficient than SRS.

(4) Comparing RE1, RE2 with RE3, we can conclude

that for parameter inference of a from LEEGDða; bÞ
in which b is known, MRSS is more efficient than

the other sampling designs.

From Table 2, we conclude the following:

(5) RE4 [ 1, which means that for parameter inference

of b from LEEGDða; bÞ in which a is known, RSS is

more efficient than SRS.

(6) RE5 [ 1, which means that for parameter inference

of b from LEEGDða; bÞ in which a is known, MRSS

is more efficient than SRS.

(7) RE6 [ 1, which means that for parameter inference

of b from LEEGDða; bÞ in which a is known, ERSS

is more efficient than SRS.
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(8) Comparing RE4, RE5 with RE6, we can conclude

that for parameter inference of b from LEEGDða; bÞ
in which a is known, MRSS is more efficient than the

other sampling designs.

From Table 3, we conclude the following:

(9) RE7 [ 1, which means that for parameter inference

of a and b from LEEGDða; bÞ, RSS is more

efficient than SRS.

(10) RE8 [ 1, which means that for parameter inference

of a and b from LEEGDða; bÞ, MRSS is more

efficient than SRS.

(11) RE9 [ 1, which means that for parameter inference

of a and b from LEEGDða; bÞ, ERSS is more

efficient than SRS.

(12) Comparing RE7, RE8 with RE9, we can conclude

that for parameter inference of a and b from

LEEGDða; bÞ, RSS is more efficient than the other

sampling designs.

Table 1 The relative efficiency of the RSS, MRSS and ERSS for

parameter inference of a

b m RSS (RE1) MRSS (RE2) ERSS (RE3)

2 2 1.3997 1.3997 1.3997

3 1.8053 1.9688 1.8060

4 2.2079 2.4127 2.0073

5 2.6062 2.9320 2.3889

6 3.0195 3.4026 2.4881

7 3.3993 3.8834 2.8501

8 3.8358 4.3740 2.8867

9 4.2077 4.8614 3.2582

10 4.6084 5.3294 3.2208

3 2 1.4034 1.4115 1.7255

3 1.8221 1.9934 1.4075

4 2.2073 2.4268 1.8200

5 2.6324 2.9826 1.9814

6 3.0275 3.4397 2.3909

7 3.4594 3.9857 2.4521

8 3.8317 4.4305 2.8556

9 4.2385 4.9457 2.8305

10 4.6261 5.3978 3.2190

4 2 1.4044 1.4089 1.4064

3 1.8172 2.0067 1.8169

4 2.0299 2.4449 1.9769

5 2.6428 3.0279 2.3906

6 3.0219 3.4727 2.4195

7 3.4543 4.0157 2.8272

8 3.8317 4.5162 2.8072

9 4.2385 5.0075 3.1814

10 4.6261 5.5050 3.1153

5 2 1.4132 1.4180 1.4130

3 1.8136 2.0176 1.8093

4 2.2197 2.4694 1.9669

5 2.6303 3.0340 2.3689

6 3.0685 3.5294 2.4290

7 3.4590 4.0683 2.8118

8 3.8745 4.5591 2.7760

9 4.2769 5.0909 3.1684

10 4.6980 5.5880 3.0740

Table 2 The relative efficiency of the RSS, MRSS and ERSS for

parameter inference of b

b m RSS (RE4) MRSS (RE5) ERSS (RE6)

2 2 1.5000 1.5000 1.5000

3 1.9894 2.3644 1.9752

4 2.5364 3.0886 2.0227

5 2.9567 3.8379 2.4671

6 3.4700 4.4470 2.2139

7 3.9767 5.3083 2.7284

8 4.4955 5.9748 2.3985

9 4.8489 6.5953 2.8385

10 5.5944 7.6221 2.5328

3 2 1.5430 1.5676 1.5700

3 1.9716 2.3738 1.9685

4 2.4437 2.9261 1.9484

5 3.0775 3.9490 2.5515

6 3.4572 4.4453 2.2464

7 3.9918 5.3147 2.7534

8 4.4391 5.9715 2.3690

9 4.9899 6.7956 2.9151

10 5.5706 7.5852 2.5269

4 2 1.5153 1.5038 1.5344

3 2.0533 2.4289 2.0279

4 2.5417 3.0436 2.0227

5 2.9925 3.8769 2.4850

6 3.4487 4.4326 2.2138

7 4.0521 5.4289 2.8219

8 4.5455 6.0028 2.3953

9 5.1618 7.0301 3.0267

10 5.5354 7.5339 2.5309

5 2 1.5137 1.5191 1.5082

3 2.0590 2.4613 2.0554

4 2.4447 2.9211 1.9500

5 3.0174 3.8826 2.4783

6 3.5081 4.4865 2.2396

7 4.0865 5.4513 2.8396

8 4.4960 6.0054 2.3989

9 5.0349 6.8484 2.9422

10 5.4529 7.4465 2.2668
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6.2 A Real Data Application

In this section, we present a data analysis with a real data.

The data set is available from Frees1 (2010) and consists of

73 observations on 7 variables. The data were collected

from a questionnaire carried out with the purpose of

relating cost-effectiveness to management philosophy of

controlling the company’s exposure to various property and

casualty losses, after adjusting for company effects such as

size and industry type. These data have been previously

analyzed by Schmit and Roth (1990), Gomez-Deniz et al.

(2014) and Jodra and Jimenez-Gamero (2016). In this

section, interest is centered on the variable FIRMCOST

(divided by 100), which is a measure of the cost-effec-

tiveness of the risk management practices of the firm. The

LEEGD was fitted to the variable FIRMCOST/100; the

maximum likelihood estimators of a and b are, respec-

tively, 1.4322 and 52.1069. It can also be checked that the

correlation coefficient between the theoretical and the

empirical cumulative probabilities is 0.9956. The result of

the analysis is presented in Tables 4 and 5. It can be seen

from these tables that there are the same conclusions as

simulation results of the previous sections. This agrees with

the simulation results of the previous sections.

Acknowledgements The authors thank the Editor in Chief, an asso-

ciate editor and reviewers for their valuable comments and sugges-

tions to improve the paper. This research was supported by the

National Science Foundation of China (Grant No. 11901236), Sci-

entific Research Fund of Hunan Provincial Science and Technology

Department (Grant No. 2019JJ50479), Scientific Research Fund of

Hunan Provincial Education Department (Grant No. 18B322), Win-

ning Bid Project of Hunan Province for the 4th National Economic

Census (Grant No. [2020]1), Young Core Teacher Foundation of

Hunan Province (No. [2020]43) and Fundamental Research Fund of

Xiangxi Autonomous Prefecture (Grant No. 2018SF5026).

Table 3 The relative efficiency of the RSS, MRSS and ERSS for

parameter inference of a and b

b m RSS (RE7) MRSS (RE8) ERSS (RE9)

2 2 1.7135 1.7135 1.7135

3 2.5697 2.5291 2.4167

4 3.7910 4.2292 3.5595

5 4.2683 4.3259 4.3157

6 6.0820 5.4412 4.9377

7 7.0385 6.2326 6.0484

8 8.8474 7.0107 6.5304

9 9.1215 6.6088 6.9311

10 13.8448 10.6167 8.8794

3 2 1.9483 2.1911 2.2164

3 2.4685 2.5058 2.3558

4 3.1662 3.0645 2.7456

5 5.2564 4.9011 4.8775

6 5.4085 5.0236 4.6805

7 8.0592 6.6894 6.3864

8 8.3201 7.5169 6.1810

9 10.8555 8.3695 8.0435

10 13.6285 9.8815 8.1636

4 2 1.7973 1.7193 1.8287

3 3.0759 2.8555 2.9131

4 3.8077 3.8661 3.4125

5 4.8091 5.0981 4.5722

6 5.7650 5.4627 4.6769

7 7.8857 7.0812 6.7183

8 9.8099 7.9570 6.4194

9 12.0301 9.5548 8.9824

10 12.3041 9.2913 7.8390

5 2 1.7883 1.8951 1.7815

3 3.0930 3.1888 2.8508

4 3.4536 3.4986 2.9900

5 4.2614 4.4276 3.9526

6 6.8179 5.8389 5.1487

7 8.9131 7.9468 7.4541

8 8.5599 7.7664 5.9726

9 10.9542 8.7639 7.9693

10 12.5967 10.0658 7.4540

Table 4 The relative efficiency of the RSS, MRSS and ERSS for

parameter inference of a

m RSS (RE1) MRSS (RE2) ERSS (RE3)

2 3.7982 3.7982 3.7982

3 4.9342 5.7828 4.9191

4 6.1168 7.1738 5.0424

5 7.2420 8.9953 6.1627

6 8.4114 10.4614 5.6858

7 9.5242 12.2230 6.8023

Table 5 The relative efficiency of the RSS, MRSS and ERSS for

parameter inference of b

m RSS (RE4) MRSS (RE5) ERSS (RE6)

2 1.6175 1.6175 1.6175

3 1.9247 2.4746 1.9247

4 2.5099 2.9283 2.0916

5 2.9796 3.8073 2.4830

6 3.4612 4.4303 2.3536

7 3.9845 5.1565 2.8126

1 https://instruction.bus.wisc.edu/jfrees/jfreesbooks/Regression%20

Modeling/BookWebDec2010/data.html, filename: RiskSurvey.
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