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Abstract

In the present paper, we prove some results on rate of convergence for Dunkl analogue of Stancu type g-Szasz—Mirakjan—
Kantorovich operators in terms of second-order modulus of continuity and Lipschitz functions. Further, we construct the
bivariate extension of these operators and obtain some approximation results.
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1 Introduction

In 1912, Bernstein (1912) introduced a sequence of oper-
ators, known as the Bernstein operators and gave a con-
structive proof of the Weierstrass Approximation Theorem.
Szasz (1950) generalized the Bernstein operators on
unbounded interval [0, co) and obtained the approximation
properties of the operators.

The applications of g-calculus are established for last
30 years in the field of approximation theory. Lupas (1987)
introduced the first g-analogue of the Bernstein polyno-
mials. Later on, several authors studied and introduced
various operators, g-analogues of several operators and
studied their approximation properties (see Acar et al.
2018a, b, c; Cheikh et al. 2014; k:éz and Cekim 2015;
Mursaleen and Ansari 2017; Mursaleen and Khan
2013, 2017; Mursaleen et al. 2015a, b, 2016a, b; Mursaleen
and Nasiruzzaman 2018; Mohiuddine et al. 2018; Srivas-
tava et al. 2017, 2019; Ulusoy and Acar 2016). For more
other details, we can refer Bin Jebreen et al. (2019), Khan
and Sharma (2018), Korovkin (1953), Khan et al. (2019)
and Mohiuddine et al. (2017).
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First we recall some basic definitions and notations of g-
calculus which are used in the present paper.

Definition 1.1 For the given value of |g| <1, the g-integer
[k], is defined by
1— k
1 (keC)
kl,=1¢ 1-4q
Siod =1+qg+¢+ +¢""  (k=neN).
(1.1)

Definition 1.2 For the given value of |g| <1, the g-facto-
rial [k] ! is defined as

MJ—{l (k=0 (1.2)

T,

Rosenblum (1994) generalized the exponential function
in the following form:

00 k
y
eﬂ (y ) = Z A I
=y, (k)
where
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and
I (j 4+ p+3)
T(u+3)

For Vs the recursion formula is given as

7.2+ 1) =

70+ 1) =G+ 1+ 200;11)7,0),
1
GeNonLlin;u>—§>
where
o 0, if je2N
Tl if je2N+1

In 2014, Sucu (2014) introduced the Dunkl analogue of the
Szész operators given by

. c (ny k + 2ﬂ9k
S DIV (L)
=5 Yl

e,u ny

(1.3)

where y >0, >0,n € N and f € C[0, c0).

Ic6z and Cekim (2016) introduced the Kantorovich
integral generalization of ¢-Szdsz operators via Dunkl
generalization. Dunkl analogue of the g-exponential func-
tions is defined by Cheikh et al. (2014) and their recurrence
relations as follows:

euqg(y ZW Y , for ye|[0,00),
=0 Tk (1.4)
1
0,1 > — =
€(0,1), n 5
50 ql\(k;])yk
Euq(y) = Z , € [O,oo) (1-5)
k=0 qu(k)
. 1— q2u0j+1+(j+l) . '
yu,q(‘] + ]> = (T)%L,q(]% JE N7 (16)
where
0 — 0, if je2N,
T, if je2N 4+ 1.

An explicit formula for y, . (n) is defined by

24y (4 4

(1-q)

In Sect. 2, we will recall the definition and auxiliary results
of the Dunkl analogue of Stancu type g-Szasz—Mirakjan—

(¢

Vﬂ.q(k) = , keN.
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Kantorovich operators introduced by Mursaleen and Aha-
san (2018). In Sect. 3, we will obtain the rate of conver-
gence for these operators, in terms of the weighted, second-
order modulus of continuity and Lipschitz functions. In
Sect. 4, we will construct the bivariate form of these
operators and obtain the rate of convergence.

2 Dunkl Analogue of Stancu Type g-Szasz-
Mirakjan-Kantorovich Operators

Srivastava et al. (2017) constructed Dunkl generalization
of g-Szasz—Mirakjan—Kantorovich operators for n € N,
€(0,1), | u| <iandy € [0,00). We have

W, & ()
Eng(I1],9) 25 7g (k)

et 120 g1y
Ty Tl

Kig(fiy) =
2.1)
f(t)dyt,

[k+2u0;]
=2,

where f is a continuously nondecreasing function defined
on [0, c0).

Quite recently, Mursaleen and Ahasan (2018) intro-
duced the Dunkl analogue of Stancu type g-Szdasz—Mirak-
jan—Kantorovich operators. For any n €N, y € [0, 00),
O<g<land|pu| <3

Ka‘ﬁ(f' )_ [n]q i([n]qy)k @
na VY = ) 2 9y ®) ¢

(k14200 ], 1
oy ([l + o

f dgt
k+2101 ] [ ] + ﬁ

=2,

we have

(2.2)

Remark 2.1 1f o = ff = 0 in (2.2), then K*//(f; y) reduce to
the operators (2.1).

For operators (2.2), we have Mursaleen and Ahasan
(2018).

Lemma 2.2 For each y >0, we have

() Kby =1, if f(1)=
Kotﬁ( ) O(+L+My
. " (Mq B) 2, [, )
i F(1) = [n]qt—|—ot
' nl, + B
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[n] t+o

2
3) Iff(r)= <[n +/3> , we have

200 o
— (1 +2gn _—
2, + oy T e

(1 + 3q[n],y + 3qln] g1 — 2u) y + 3q[n]f,y2)
B31,(n], + B
1
3],(n], + B)?
1+ 3(n,y + 3[n], [1 + 24,y + 3[n}jy2)

o 20

LB R, )

2

+

<K (%) < +

3 (1 + Zq[n]qy).

Lemma 2.3 We have the following moments

o 1
(D) Kot —1y) = (CERRERCET) (1 +2‘][”]qy) -1,

B+ ) — 1 2, )
@ Kt =) = grap (“+[2]q)+(_[2]q([n],,+_/3) L)y,

3)
(34l + 30,2111 — 241,
31, (1], + 7

L2 2oqlnl, 1
(nl, + £ \121,(, + B) 2,) )

RN S (S N
([n), + B) Bl, [,

N 2 2aqn], —a—i
(], + B) \ 21, ([n], + B) 2./ )

3 Rate of Convergence

Here, we calculate the rate of convergence for the operators
(2.2) by using modulus of continuity, Lipschitz-type
maximal functions and Peetre’s K-functional. Let
f € Cl0,00), o(f, ) be the modulus of continuity of f and

the maximum oscillation of f for any interval of length does
not exceed d > 0 and defined by the following relation:

o(f,0) = sup [f(w)—f(v) |, (3.1)

[w—v| <o
Since lims_o1+ w(f,0) = 0, for any f € C[0,00) and ¢ > 0,

we have
+ l>w(f, 0).

1700 —r0) | <

The following results give the rate of convergence of the
operators (2.2) in terms of modulus of continuity and the
usual Lipschitz class Lipg(9), respectively, as proved in
Mursaleen and Ahasan (2018).

v,w € [0,00).

[w—v]

(32)

Theorem 3.1 Let the operators Kf;:g(f ;y) is defined by
(2.2) . Then for a given q € (0,1),y>0, and f € C*[0, ),
we have

K8 1 0) | < {1+ VFO o | S
(inl, + B)
(3.3)
where
(30, 30,1+ 200,

20q(n], 1
2l + ) ) )

2, 1 2 Al 4 B
+ (« ) +[2L,> + ((rl, + B)

q

2
s 3[nl,  4qlnl,(In], + ﬁ)>yz7

2],

o(f,0) is defined in (3.1) and (3.2), C*[0,00) is the space
of all uniformly continuous functions defined on R™.

Let f € C[0,00), S >0, 0<¥ <1 and Lipg(¥) denote
the usual Lipschitz class defined by

Lipg(d) = {f :| f(ur) = f(wa) | <S|wy—uz|”, wy,uy € R*}.

(3.4)

Theorem 3.2 Mursaleen and Ahasan (2018) For each f €
Lipg(9),S > 0 and 0<9 <1 satisfying (3.4), we have

9
| KR (F39) —f ) | <S(a(0))2,
where J,(y) = K;‘l‘:g((t —y)%:y) is defined in Lemma 2.3.

The space of all bounded and continuous functions on
= [0, 00) is denoted by Cg[0,c0) and is defined as

52, €\ Springer
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Ca(RM) ={h:he Cp(R")and i € Cx(RT)}, (3.5)

which is equipped with the norm

2@ )= lcymey + || B e,y + 1A llcymtys

(3.6)
and

I Ny we)= sup [A(y) |-

sup (3.7)

Theorem 3.3 For any h € C3(R™), we have
| Kl (hy) = h(y) |

< o n 1
=\l +B)  [2],([n], + B)

2qn],
*(mqqn}q B 1>y>

Jn(¥)
2

x|l h Hc,z,(R*)

[RAIPEAEE
where 2,(y) is given in Theorem 3.2.

Proof For proving this theorem, we need generalized
mean value theorem in the Taylor series expansion and
h € C2(R"), we have

(t—y)

h(t) = h(y) + 1 (y)(t — y) + h"(}) 5 e

Using linearity, we have

KB (h;y) — h(y) =K (K20 (1 = );y)

1Y) gp) K2 (e =3)s),
which implies that
| KB (hsy) —
( 1
(], R (I, +B)

<[2 ] + ﬁ > ) H h/ HCB
1 2_06 (| 7 Hc,,(ur)
*{[n L+ b7 < H,,+[2L,>} 2

N { (( [n), + 30, [1 +2u]q) )

B, BF (i, + P
_ 2ognl, 1
2,0, +h ) )
I 2" ey 3[n);
S +{(1+[3L,([n]q+ﬁ)2

gl NS Dl
2,0, + 8))° 2
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From (3.6) and || /' [|c,j0,00) < || 7 [lc2p0,00)> We have

1 o L2 I 7 Iz
([n], + B)? Bl, 2], 2

N 2 20q[n], L 1
(], + B) \ 21, ([n], + B) 2. ) )
y A llcme 3[n);
2 { (1 B, + 7

g, N\ e
2,0, +8 ) 2

which completes the proof from part (3) of Lemma 2.3. [J

Let K>(f,0) denote the Peetre’s K-functional which is
defined as

Kx(f,0) = cl%,i?w&f*){ (||f = I lley @) 58)
O liggen) he T,

where

T*={h:hec Cg(R") and I, h" € Cp(R")}. (3.9)

Then there exits a constant A >0 such that

K> (f,0) <Ay (f,v/0),d > 0, where w,(f,/d) is the sec-
ond-order modulus of continuity which is defined as

wr(f, V) = sup sup |f(y+2I)

0<I< V3 yeR*

— 2+ D +fO) |-
Theorem 3.4 For f € C3(R") and y € R", we have
| KSP(5y) —F ) |

27 2 4q[n]q
ot + (i,
<2§{(02 f,J RN CACRT) ([jh,([ [, +P)

(3.10)

2)5+ ()

4q(n], 5
( p ([ A, ) z)y“”(y))
+ min 2

1 lewe }
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where wy(f;9), 2n(y) are defined in (3.10) and in Theorem stnz(f; s Gy Y52) = E;
3.2, respectively, and S is a positive constant. Ho sy ([nl]qn.y )
k
Proof For proving this, we need Theorem 3.3. We have 1 & ([”l]q,,]y) :
K20 —£0) | Erar, (1210, 21,6 T (1)
; .
< K hy) | + | K2 (hiy) — (A -
= | n,q(f y)' | n,q( y) (y)‘ « flz(k)qnlz qnzz //f(y,z)dqquy
+ 1 f) = h(y) | Thastny 12 R
n(y) (4.1)

<2 f = llewwny +=5= I A llgme

+ . :
([, +B)  12],(In], + B)

alrl, = B0, +H) )\
A, p )< lee

Clearly from (3.6), we get

17 llesiose) < 1A llezpo00) -

Hence
| K2G9) =) | <2(1f = lleyery

2 2 4qln),
W, P T B, A ([ZL,(["L,H‘) 2)y + 2 (y)
+ | A ||c§(R+)

4

Now take the infimum overall 1 € C3(R™) and by (3.8), we
have

| KEE () —FO) |

2 2 4q[n]
n . + n + P 4 -2 y + )Vn (y)
<2K, ( £, WD T P ([Zw 1P )

4

By using the relation Ciupa (1995) and an absolute con-
stant A > 0, we have

Ka(f;0) < A{on(f; 8) +min(1,0) || £ [|}-

This completes the proof of the theorem. O

4 Construction of Bivariate g-Operators

The aim of this section is to construct a bivariate extension
of Dunkl analogue of Stancu type g¢-Szasz—Mirakjan—
Kantorovich operators defined in (2.2).

Let R2 =[0,00) x [0,00),f : C(R%) —
R,0<gu,,qn, <1 and max{| u; |, | p, |} < 1. We define

where

_[[kl +2H19k1]q,,1 (k1 +1+2H10k1]qn171 1 ]

o, A,
k2 + 211500, k2 + 1+ 20504,],, 1
) J ko1 + 2]
qn, ["2}%2 qn; [nZ]q,lz 21qn,
[kt —+ 241 Or, ]
:{(y, z) € R* such that —p——— " <
1
qn, [nl]q,,]
by + 1+ 20,0k, 1
< ] — + and
qnll [nl]q,ll [nl}flnl
k2 + 24,0, k2 + 1+ 2p,00],
- B 2
o2 Sz P
qn;, [nz]%z 4n, [n2]q”2

1
+— } and
[nz]qnz

o0 ([nl]q”ly)k‘ bty

Ep g, (Mg, y) =) ——2~an’
M5y qny Z o (kl) 1

k=0 7
00
([i’lz] Z)k2 ky(kp—1)
Epa, (1), 0) =D —"2~ ;"
HosGny ny kZZ:O y#%qnz (kZ) ny

Lemma 4.1 Let the two-dimensional test functions e;; :
R2 — [0,00) be defined by e;; = u'v’ (i,j = 0,1,2). Then
for the g-bivariate operators defined in (4.1), we have

1 2
( ) Kn;l,;nz(eoﬂ;ql’lmqnz;yvz) = 17
2 %,
@ K2 (10140, 7. 2)
o 1
(ml,, +8) 12, (ml,, +B)

n 24, [nl]qn]
21, (], +6)

i @ Springer



124 Iran J Sci Technol Trans Sci (2020) 44:119-126
S KB (€015 Gn, Gy, 2) ® K,i‘;/i,2<(elo —y)z;qn”qnz;yx)
o 1
_ 4 (3iml,,, +30ml,, (1424, )
2 " 1
(Inaly,, +B) 20, (b, + ) : ( B, (il + 7 (i, )
n 2gn, [I’lz] 20, 1] 1
Pl 0, 5P (mq NET ))y
@ Kzlﬁnz(ez«o;qnnq”z;%z) +; a2+L+2_O(
o (i, + 87 \* "B, T,
< -
= (], + B I damlla,
2 (1 2 ] ) B, ([, +p? 2, (nl,, +P)
+ + 2qy, |n
2, (), + B o “
o, en 1 — 2, .
R S
By, (bl + ) (3lmal,, +30ml, 1 +24,) o
< .
+3lml,, 142, v+ 32, 7). BN A )
2“%2[’12] 1
O K (€025 n, s i ¥ 2) ([2] ([nz]qanrﬁ)_a_[Z]qnz))Z
S aizz + 1 0(2 +;+270€
([nal,,, +5) (In2],,, + B Bl,, [,
20
—+ 1 =+ anz [}’lz] ”ZZ 3[n2]q"2 4%2 [n2] 2
[ ]q,,z([nZ @ + ﬁ) ( kL ) + (1 + [3]%([’12]% +/),)2 - [Z]qz([nz]qz +ﬂ)

+

]
1
Blg, (2], +

+3[na],, [1+ ZH]MZ + 3[”2];222)'

(1 +3[nm,, 2

Lemma 4.2 For the g-bivariate operators given in (4.1),

we have
1
( ) Krz’./;z(elyo _J’Z%mqm;y,Z)
o 1
= +
(Iml,, +8) 12, (Iml,, +B)
I 2qn, [nl]qnl |
S T L LY
2, (nl, +
2 %,
@ Knlﬁna (30,1 —Z4qn 5,955 Z)
o 1
= +

(bl + ) " @, (], +5)

n 24, [nZ]qnz 1
2l (nal, +B )

i @ Springer

To obtain the convergence results for the operators
KB (F; Gu Gy ¥, 2), We take g = g, , Gn, Where g, , Gn, €
(0,1) and satisfying

lim g, =1, i=1,.2. (4.2)

ni—00

For f € H,,(R2). In case of bivariate extension, the mod-
ulus of continuity is defined by

" (f;01,02) = sup {[f(ur,u2) —f(y,2) |,
00 (43)

(M],Mz) and G Rz }

where | u; —y | <6;,|us —z| <0, and H,(R,) denotes
the space of all real-valued continuous functions. Then, for
allfGH ( ) (fél,éz)

(1) limg, 5,0 @*(f;01,62) =0,

@ [ flu,m) —f0.2) | <o (f01,00) (52 +1)

|up 2]
(52+1).

Theorem 4.3 Let q=qu,,qn, satisfy (4.2). Then for
(v,z) € R and for any function f € C*([0,00) x [0,0)),
0<4qn,, qn, <1 we have
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| KD (Fs s sy, 2) = f(0,2) |

P 1 | 1
Vg, +8) [y, + )

x (1+ VL) (1 + VL),

where

<w

(30ml,, +30nil,, 11 +24,,)

b A,

+2([m1]

ny

2ags, m],, |

+ﬁ><ww‘“‘%>>y
+ <oc2 T ) + (([”1]%1 +6)’

Bl 2,
A, Al + Banli, )
Bl,. 2L, v
3[al,,, +30ml,, 11+ 24, )
L= 3] +2([n2)g,,

204, [n2],, 1
+m<m%q@@,+m‘“‘ﬁgj>z

+ <a2 R 2—“) + (), + 87

Bl,. [,
_gm@_«m%+m%m% i
B, 2, ©

C*[0, 00) be the space of uniformly continuous functions on
R* and o* (f; 6, , On,) be the modulus of continuity of f €
C*([0,00) x [0,00)) which is given by (4.3).
Proof We obtain it easily by using the Cauchy—Schwarz
inequality and choosing

1 1

—————— and & =0, = .
([, +5) ([n2],, +B)

]

So we omit the details. []

In terms of elements of the usual Lipschitz class
Lipg(vi,v2), we obtain the rate of convergence for the
bivariate g-operators Kzlﬁnz(f $Gn, s qny3 Y, 2) given in (4.1).

For § >0, f € C([0,00) x [0,00)) and vy, v, € (0,1],
Lipg(vy, v2) is given by

Lipg(vi, v2) = {f :| f(ur,w2) —f(y,2) |

) ; (4.4)
<S|uy—y " uwa—z |},

where (u;,u;) and (y,z) € [0,00) % [0, 00).

Theorem 4.4 For each f € Lipg(vi,v2), (vi,v2) € (0,1]
and S > 0 satisfying (4.4), we have

v

| K2E (5 Gy 93 2) = F(552) | < S0 () (i (2))7,

N

where /Lnl(y) = Kzlﬁrlz ((61,0 —)’)2561;11761;12%)’7 Z) and

Iy (2) = KB ((eo,l — 2% Gy s Y, z).

Proof By Holder’s inequality and Lipg(vy,v;) defined in
(4.4), we easily get the above result. Hence, we omit the
details. O

5 Conclusion

In this paper, we have determined the rate of convergence
for the operator (2.2) and (4.1) in terms of modulus of
continuity and Lipschitz function. Further a bivariate
extension of the Dunkl analogue of Stancu type g-Szasz—
Mirakjan—Kantorovich positive linear operator is intro-
duced, and some approximation results for these operators
are obtained.
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