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Abstract

In Geometric Function Theory, there have been many interesting and fruitful usages of a wide variety of special functions
and special polynomials. Here, in this article, we propose to make use of the Horadam polynomials which are known to
include, as their particular cases, such potentially useful polynomials as (for example) the Fibonacci polynomials, the
Lucas polynomials, the Pell polynomials, the Pell-Lucas polynomials, and the Chebyshev polynomials of the second kind.
We aim first at introducing a new class of bi-univalent functions defined by means of the Horadam polynomials. For
functions belonging to this new bi-univalent function class, we then derive coefficient inequalities and consider the
celebrated Fekete—Szegd problem. We also provide relevant connections of our results with those considered in earlier
investigations.
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Iy (x) = pxhy,—1 (x) + ghy—2(x)

(ne N\ {1,2}; N:={1,2,3,---}), (L.1)
Recently, Horgqum and Gokgen Koger (2009) considered it
the Horadam polynomials £, (x), which are given by the

following recurrence relation (see also Horadam and hi(x) =a and hy(x) = bx (1.2)
Mahon 1985):

1 Introduction and Preliminaries

for some real constants a, b, p and gq.

We first present some particular cases of the polyno-
mials £, (x) (see, for details, Horadam and Mahon 1985 and
Hoér¢um and Gokgen Koger 2009):
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the Pell polynomials, the Pell-Lucas polynomials, the
Lucas—Lehmer polynomials, and the families of orthogonal
polynomials and other special polynomials as well as their
generalizations are potentially important in a variety of
disciplines in the mathematical, physical, statistical, and
engineering sciences. These polynomials have been studied
in several papers from a theoretical point of view (see, e.g.,
Horadam and Mahon 1985; Lupas 1999; Filipponi and
Horadam 1990, 1993; Vellucci and Bersani 2016 and
Wang and Zhang 2012).

Theorem 1 (see Horgum and Gokgen Koger 2009) Let
I(x,z) be the generating function of the Horadam poly-
nomials hy(x). Then,

H(xv Z) = i hn(x)Z’Hl

n=1

_a+(b—ap)xz
1 —pxz — g2’

(1.3)

Remark 1 Here, and in what follows, the argument x € R
is independent of the argument z € C, that is, x # R(3).

Let A be the class of functions f of the form:

f@ =24 ad =t ad +ad 4o,
n=2

(1.4)

which are analytic in the open unit disk

U={z:z€C and |z]<1}

and normalized under the conditions given by
f(0)=0=F'(0) - 1.

We denote by S the subclass of all functions in A which
are univalent in U.

Definition 1 In order to recall the principle of subordi-
nation between analytic functions, let the functions f and
g be analytic in U. Then, for functions f, g € A, fis said to
be subordinate to g if there exists a Schwarz function w €
A, where

A={w:w0)=0 and |w(z)|<l (z€U)},
such that
f(z)=gw(z) (zel).

We denote this subordination by
f<g or f(z) <g(z) (ze€Ul).

In particular, if the function g is univalent in U, the above
subordination is equivalent to

f(0)=g(0) and  f(U) C g(U).

We now turn to the Koebe One-Quarter Theorem (see
Duren 1983), which ensures that the image of U under
every function in the normalized univalent function class S

72, €\ Springer

contains a disk of radius %. Thus, clearly, every such uni-

valent function has an inverse f~' which satisfies the fol-
lowing conditions:

(@) =z

and

(zeU)

Ao =w  (i<nt ninz ).

where

Fiw) =w—aw? + (Za% — ag)w3 - (Sa; — Sapas + a4)w4 + -
=:g(w).
(1.5)

Definition 2 A function f € A is said to be bi-univalent in
U if both fand f~! are univalent in U. We denote by T the
class of bi-univalent functions defined in the open unit disk
U.

For a brief historical account and for several interesting
examples of functions in the class X, see the pioneering
work on this subject by Srivastava et al. (2010), which
actually revived the study of bi-univalent functions in
recent years. From the work of Srivastava et al. (2010), we
choose to recall the following examples of functions in the
class X:

z 1 14z
—log(1 — —1
7 og(l —z), 20g(1_z),

and so on. However, the familiar Koebe function is not a
member of the bi-univalent function class 2. Such other
common examples of functions in S as

7 z
imyoad T
are also not members of X (see, for details, Srivastava et al.
2010).

It may be of interest to recall that Lewin (1967) studied
the class of bi-univalent functions and derived the bound
1.51 for the modulus of the second coefficient |as|. Sub-
sequently, Brannan and Clunie (1980) conjectured that
|az] < V2 for f € . Later on, Netanyahu (1969) showed
that

max|as| 4
2l =3
3

if f € X. Moreover, Brannan and Taha (1985) introduced
certain subclasses of the bi-univalent function class X

similar to the familiar subclasses S* () and () of star-
like and convex functions of order « (0Sa<1) in U,
respectively (see Netanyahu 1969). The classes Sx («) and
Ks(a) of bi-starlike functions of order o in U and bi-
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convex functions of order o in U, corresponding to the
function classes S*(a) and K(«), were also introduced
analogously. For each of the function classes S¥ () and
Ks(a), they found non-sharp estimates for the initial
Taylor—-Maclaurin coefficients. Recently, motivated obvi-
ously by the aforementioned pioneering work on this
subject by Srivastava et al. (2010), many authors investi-
gated the coefficient bounds for various subclasses of the
bi-univalent function class X (see, e.g., Srivastava and
Bansal 2015; Caglar et al. 2017; Srivastava et al. 2013a, b,
2017). However, not much is known about the bounds on
the general coefficient |a,| for n = 4. In the literature, there
are only a few works determining the general coefficient
bounds for |a,| for various classes of analytic and bi-uni-
valent functions (see, e.g., Altinkaya and Yalgin
2015, 2017b; Bulut 2014; Hamidi and Jahangiri 2016;
Srivastava et al. 2015, 2018). The coefficient estimate
problem for each of the coefficients |a,| (n € N\{1,2}) is
still an open problem.

Our present investigation is motivated essentially by the
fact that, in Geometric Function Theory, one can find many
interesting and fruitful usages of a wide variety of special
functions and special polynomials. The main purpose of
this article is to make use of the Horadam polynomials
hy,(x), which are given by the recurrence relation (1.1) and
the generating function II(x,z) in (1.3), in order to intro-
duce a new subclass of the bi-univalent function class X.
For functions belonging to this newly introduced bi-uni-
valent function class, we derive Taylor—-Maclaurin coeffi-
cient inequalities in Sect. 2. Furthermore, in Sect. 3, we
consider the celebrated Fekete—Szegd problem. We also
provide relevant connections of our results with those
considered in earlier investigations. Finally, in the con-
cluding section (Sect. 4), we present our remarks and
observations.

Definition 3 A function f € X is said to be in the class
Ws(wx)  (0<p=1; z,we U)

if the following subordination conditions are satisfied:

@) | (@)

E_f(z) +<f(Z)) 1 <Mx,z)+1—a (1.6)
and

Lwg00) | (w0 et a
z_g(w)+(g(w)>]<ﬂ(, )+1—a, (1.7)

where the real constants a and b are as in (1.2) and the
function g is given by (1.5).

Remark 2 Upon setting ¢ = 1, it is readily seen that a
function f € X is in the class

1875
Ws(x) (z,w e U)
if the following subordination conditions are satisfied:
#'(2)
<Il(x,z2) +1—a 1.8
70 (x,2) (1.8)
and
wg'(w)
<I(x,w)+1—a, 1.9
)= W (19)

where the real constants a and b are as in (1.2) and the
function g is given by (1.5).

Remark 3 In its special case when

a=1, b=p=2, g=-1 and x+—t,

the generating function in Eq. (1.3) reduces to that of the
Chebyshev polynomials U, (¢) of the second kind, which is
given explicitly by (see, for details, Szegd 1975)

3 1-—

= 7“1(”, + e (t = cos @)
sin ¢
in terms of the celebrated Gauss hypergeometric function
2F. In this special case, the bi-univalent function class
Ws(1;x) would become the class Ss(u, ), which was
studied earlier by Altinkaya and Yalcin (2017a).

2 Inequalities for the Taylor-Maclaurin
Coefficients

In this section, we propose to find the estimates on the
Taylor—Maclaurin coefficients |a,| and |a3| for functions in
the class Wsx(u;x), which we introduced in Definition 3.
We first state Theorem 2.

Theorem 2 Let the function f given by (1.4) be in the class
Ws(u; x). Then,

2u|bx|/[bx]
\/‘ {(2;12 +u+1)b—(p+ 1)2117}l7x2 —(u+1)’qa

(2.1)

|az| =

and

4 2b2 2
|a3|§u

(u+1)°

Proof Let f € Wy (u;x) be given by the Taylor—-Maclau-
rin expansion (1.4). Then, by Definition 3, for some ana-
lytic functions ® and ® such that

pbx|
p+1

(2.2)

‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘



1876 Iran J Sci Technol Trans Sci (2019) 43:1873-1879
@(O) @(0) 07 |®(Z)‘ <1 and |(I)<W)| <1 :u’2 (2(13 a%) + 4 2:” a% — hz(x)ﬁz _|_ h3()€)§%7
(Vz,we U), H K
(2.8)
we can write 41
u
1 - = h(x)7 (2.9)
1 [ / L o © 2
flz fz and
d +1 11—
an % (3a3 — 2a3) + 4;12# a3 = hy(x)t2 + h3(x)?
1
1 |wg'(w) (W!(W))ﬂ
= + =II(x,®(w))+1—a 2.10
2 [ o) T\ gw) (5, $()) (2.10)
From Egs. (2.7) and (2.9), we can easily see that
or, equivalently,
( N Si=-1 (2.11)
L) | (¢ @] _ L
! { 2O (LY =14 m) - at mwow) +mWOEF+ g
23 (ut1? .
2 = ()] + 7). (2.12)
» s @ = () (& + )
. If we add (2.8) to (2.10), we get
s (s o
5 +u+
2| gw) g(w) % @ = hy(x)(& + 1) + ha(x) (& + 12).
= 1+ () = @+ h()O0w) + B @O + . (213)
(2.4) . .
By using (2.12) in Eq. (2.13), we have
From these last Egs. (2.3) and (2.4), we obtain 5 )
PSRN (26 + g D) = (1 1)hs(0)] 3
117z @\ _ . 02,
2 {f(Z) i (f(Z) ) } L4 ha(x)éiz+ [h(x)é + ()& + = 22 (& + ), (2.14)
(2.5)  which yields
and 2ulbx|\/|bx
l < bl /5 |
1[wg'(w) (wg’(w))ﬂ W [0+ 1= (0 1] b2 = (4 1)gd
2| gw) g(w)
=1+h(x)Tw+ [hz(x)‘cz + hy ()c)'cﬂw2 +--. (2.6) Moreover, if we subtract (2.10) from (2.8), we obtain
is fai i 2(u+1 ;
It is fairly well known that if (1 ) (a3 — ag) = Iy () (& — ) + h3(x) (C% _ rf)
O@)| =|&iz+ &2+ &2 +-|<l (zeU) (2.15)
and In view of (2.11) and (2.12), Eq. (2.15) becomes
O(w)| = |tw+ 1w + 3w’ + -+ <1 we U),
| ( )| | 1 2 3 ‘ ( ) o — 2#2[1’12()6)]2 (62 +T2) N ,uhz(x) (é B Tz)
then (,U+1)2 1 1 20+ 1) 2 .
& =1 and |5 =1 (ke N). Finally, with the help of Eq. (1.1), we deduce that
Thus, upon comparing the corresponding coefficients in a3 < 4u°b*x>  p|bx|
(2.5) and (2.6), we have BI= ) e
Hz—;l ay = hy(x)&, (2.7) The proof of Theorem 2 is thus completed. ]

22, Q) Springer

In its special case when p = 1, Theorem 2 leads us to
Corollary 1.
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Corollary 1 Let the function f given by (1.4) be in the class p|bx|
Ws(x). Then, ptl .
2 2|pbx” +qa
< x| /x| (‘”*”%Mwn'zﬂ“‘*‘*“‘“)[ 7 D
a| <
1= V1= p)b —qa] as — 03| < 421 — 9|’
and H(2/ﬂ+,u+l)b—(u+1)2p}bx2—(u+l)2qa)
) 1 5 5 [pbx* + qa

o (1912 ot - 2] )

las| S b°x” + —.
) (3.2)
Proof From (2.14) and (2.15), we find that

| Ip liiht of Rem';lrk 3, Theorem 2 would yield the fol- g 2u2[h2(x)]3(1 —9)(& + 1)
owing Known resu t. 2 (2#2 + u + 1)[}12(){')}2 . (,Ll + l)2h3(x)
Corollary 2 (see Altinkaya and Yal¢in 2017a) Let the why (x) (&5 — 12)
function f given by (1.4) be in the class Sx(u,t). Then, 2(u+1)
] < 4/”\/5 = hy(x) |:<Q(19,)C) + ﬁ) &

Va62 — e + (ut 1) p

o)

and ( 2(n+1)

1648 2ut where
1= 7 ﬁl)”uzr 2 (o

H 2u-[h 1-9

Qo) #lha(R(1 - 9)

3 The Fekete-Szego Problem for the Class
W (p;x)

The following classical Fekete—Szego inequality, which is
investigated by means of Loewner’s chain method,
involves the Taylor—-Maclaurin coefficients of f € S given
by (1.4):

219
‘a3—19a%|<1+26xp(——) (0=sv<1). (3.1)

1-9
In its limit as ©¥ — 1—, we have an elementary inequality
given by

2
‘a; — a2| <1.
In fact, the coefficient functional Wy(f), where

Wy(f) = as

for the normalized analytic functions f in the unit disk U
plays an important r6le in function theory. The problem of
maximizing the modulus of the functional Wy(f) is called
the Fekete—Szego problem (see Fekete and Szegd 1933).
In this section, we derive the Fekete—Szegd inequalities
for functions in the class Wy (p; x), which is introduced by
Definition 3. These inequalities are asserted by Theorem 3.

2
— Ya;,

Theorem 3 Let the function f given by (1.4) be in the class
W (@; x). Suppose also that 9 € R. Then

(242 + p+ Do ()] = (e + 1)°ha(x)

Hence, in view of (1.1), we conclude that

)| 0< 100, %)< -
|as — Ya3| < . ( Z(MJF]))
2 ()] - 10, )| (|Q(ﬁ,x)\ 2 oes 1)> :

which evidently completes the proof of Theorem 3. O

An immediate consequence of Theorem 3 when u =1
is asserted by Corollary 3.

Corollary 3 Let the function f given by (1.4) be in the class
Ws(x). Suppose also that ¥ € R. Then,

b. (b —p)bx* — qa
al 1)< (e —ae]
‘ 2| - 2 2b*x
a3 —Ja;| =
|1 -] |bx]? ! 19|>}b p) qua{
|(b — p)bx? — qal 2b2x%
(3.3)

In view of Remark 3, Theorem 3 can be shown to yield
the following known result.

Corollary 4 (see Altinkaya and Yalcin 2017a) Let the
function f given by (1.4) be in the class Ss(p,t). Suppose
also that ¥ € R. Then,

2, @) Springer
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as — da; #f'(z) 1+z
\ \ , () < (ze U).

2ut _g<— ! Mz_”+(u+1> flz) 1-z

pt1 T Au(p+1) 412

, \ s In this case, the function f maps the open unit disk U onto
T ek L [1—9> _ e 7u+(“+ D the half-plane given b
4208 — )+ (+ 1) RSy | plane g y
(3.4)

If we set ¥ = 1, we get the following corollaries.
Corollary 5 If the function f given by (1.4) is in the class
Ws(u; x), then
p|bx|
p+1
Corollary 6 (see Altinkaya and Yal¢in 2017a) If the
function f given by (1.4) is in the class Sx(u,1), then

2ut
ut1

las — a3| < (3.5)

a3 —a3| < (3.6)

In our next section (Sect. 4), we choose to present
several remarks and observations concerning our main
results (Theorems 2 and 3) as well as their known or new
corollaries and consequences which are stated above as
Corollaries 1 and 2 and Corollaries 3 to 6, respectively.

4 Concluding Remarks and Observations

Our investigation in this article drew its motivation
essentially by the fact that, in Geometric Function Theory,
we can find many interesting and fruitful usages of a wide
variety of special functions and special polynomials. The
main purpose was to make use of the Horadam polyno-
mials A, (x), which are given by the recurrence relation
(1.1) and the generating function TI(x,z) in (1.3), with a
view to introducing a new subclass Wy (u;x) of the bi-
univalent function class X (see Definition 3). For functions
belonging to this newly introduced bi-univalent function
class Wy (u;x), we have derived Taylor—-Maclaurin coef-
ficient inequalities in Sect. 2 and we have considered the
celebrated Fekete—Szegd problem in Sect. 3. We have also
provided relevant connections of our results with those
considered in earlier investigations.

The geometric properties of the function class W (y; x)
vary according to the values assigned to the parameters
involved. Nevertheless, some results for the special cases
of the parameters involved could be presented as illustra-
tive examples. f uy=1,a=p=x=1,b=2,and ¢ =0,
then we have

@ Springer

‘R(j—:) > 0,

since the following expression:

#f'(2)
1)

takes on values in the half-plane. If, on the other hand, we
restrict our considerations for a given univalent function
p(3) in U, we can investigate the corresponding mapping
problems for other regions of the complex z-plane instead
of the half-plane R(3) > 0. In this way, one can introduce
many other subclasses of the function class Wy (u;x)
which we have studied in this paper.
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