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Abstract
The conditions for sequences ffkg1k¼1 and fgkg

1
k¼1 being Bessel sequences, frames or Riesz bases, can be expressed in terms

of the so-called cross-Gram matrix. In this paper, we investigate the cross-Gram operator G, associated to the sequence

fhfk; gjig1j;k¼1 and sufficient and necessary conditions for boundedness, invertibility, compactness and positivity of this

operator are determined depending on the associated sequences. We show that invertibility of G is not possible when the

associated sequences are frames but not Riesz Bases or at most one of them is Riesz basis. In the special case, we prove that

G is a positive operator when fgkg1k¼1 is the canonical dual of ffkg1k¼1.
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1 Introduction

The fundamental operators in frame theory are the syn-

thesis, analysis and frame operators associated with a given

frame. The ability of combining these operators to make a

sensitive operator is indeed essential in frame theory and its

applications. Time-invariant filter’s, i. e. convolution

operators, are used frequently in applications. These

operators can be called Fourier multipliers Benyi et al.

(2005), Feichtinger and Narimani (2006). In the last decade

Gabor filters which are beneficial tools to perform time-

variant filters have very strong applications in psychoa-

coustics Balazs et al. (2010), computational auditory scene

analysis Wang and Brown (2006), and seismic data anal-

ysis Margrave et al. (2005). For more information on these

operators we refer to Balazs (2007), Faroughi et al. (2013),

Stoeva and Balasz (2012).

In this paper for given two Bessel sequences ffkg1k¼1 and

fgkg1k¼1, the synthesis operator of the sequence ffkg1k¼1

with the analysis operator of the sequence fgkg1k¼1 is

composed and a fundamental operator is generated. This

operator is called the cross-Gram operator associated with

the sequence fhfk; gjig1j;k¼1 Balazs (2008), Pekalska and

Duin (2005). This paper concerns this question that when

can sequences ffkg1k¼1 and fgkg1k¼1 in a Hilbert space

H generate a cross-Gram operator with the properties of

boundedness, invertibility and positivity. Vise versa if the

cross-Gram operator has the above properties what can be

expected of the sequences ffkg1k¼1 and fgkg1k¼1.

Let H be a complex Hilbert space. A frame for H is a

sequence ffkg1k¼1 � H such that there are positive constants

A and B satisfying

Akfk2 �
X1

k¼1

jhf ; fkij2 �Bkfk2; f 2 H: ð1Þ

The constants A and B are called lower and upper frame

bounds, respectively. We call ffkg1k¼1 a Bessel sequence

with bound B, if we have only the second inequality in (1).

Associated with each Bessel sequence ffkg1k¼1 we have

three linear and bounded operators, the synthesis operator:
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T : ‘2ðNÞ ! H; Tðfckg1k¼1Þ ¼
X1

k¼1

ckfk;

the analysis operator which is defined by:

T� : H ! ‘2ðNÞ; T�f ¼ fhf ; fkig1k¼1;

and the frame operator:

S : H ! H; Sf ¼ TT�f ¼
X1

k¼1

hf ; fkifk:

If ffkg1k¼1 is a Bessel sequence, we can compose the syn-

thesis operator T and its adjoint T� to obtain the bounded

operator

T�T : ‘2ðNÞ ! ‘2ðNÞ; T�Tfckg1k¼1 ¼
X1

‘¼1

c‘f‘; fk

* +( )1

k¼1

:

Therefore the matrix representation of T�T is as follows:

T�T ¼ fhfk; fjig1j;k¼1:

The matrix fhfk; fjig1j;k¼1 is called the matrix associated

with ffkg1k¼1 or Gram matrix and it defines a bounded

operator on ‘2ðNÞ when ffkg1k¼1 is a Bessel sequence.

In order to recognize that a sequence ffkg1k¼1 is a Bessel

sequence or frame, we need to check (1) for all f 2 H. But

in practice this is not always so easy. The following two

results give us a practical method to diagnose Bessel

sequences or frames by the concept of Gram matrix or in

other words just by calculating fhfk; fjig1j;k¼1.

Lemma 1 Christensen (2016) Suppose that ffkg1k¼1 � H.

Then the following statements are equivalent:

1. ffkg1k¼1 is a Bessel sequence with bound B.

2. The Gram matrix associated with ffkg1k¼1 defines a

bounded operator on ‘2ðNÞ with norm at most B.

Definition 1 A Riesz basis ffkg1k¼1 for H is a family of the

form fUekg1k¼1, where fekg1k¼1 is an orthonormal basis for

H and U : H ! H is a bounded bijective operator.

Proposition 1 Christensen (2016) A sequence ffkg1k¼1 is a

Riesz basis for H if and only if it is an unconditional basis

for H and

0\ inf kfkk� sup kfkk\1:

Theorem 1 Christensen (2016) Suppose that ffkg1k¼1 � H.

Then the following conditions are equivalent:

1. ffkg1k¼1 is a Riesz basis for H.

2. ffkg1k¼1 is complete and its Gram matrix fhfk; fjig1j;k¼1

defines a bounded, invertible operator on ‘2ðNÞ.

2 Cross-Gram Matrix

If ffkg1k¼1 and fgkg1k¼1 are Bessel sequences, we compose

the synthesis operator of the sequence ffkg1k¼1, Tfk , and the

analysis operator of the sequence fgkg1k¼1, T
�
gk
, to obtain a

bounded operator on ‘2ðNÞ

T�
gk
Tfk : ‘

2ðNÞ ! ‘2ðNÞ; T�
gk
Tfkfckg

1
k¼1 ¼

X1

‘¼1

c‘f‘; gk

* +( )1

k¼1

:

This operator, G ¼ T�
gk
Tfk , is called the cross-Gram opera-

tor associated to fhfk; gjig1j;k¼1 Balazs (2008), Pekalska and

Duin (2005).

If fekg1k¼1 is the canonical orthonormal basis for ‘2ðNÞ,
the jk-th entry in the matrix representation for T�

gk
Tfk is

hT�
gk
Tfkek; eji ¼ hTfk ek; Tgkeji ¼ hfk; gji:

Therefore the matrix representation of T�
gk
Tfk is as follows:

T�
gk
Tfk ¼ fhfk; gjig1j;k¼1:

The matrix fhfk; gjig1j;k¼1 is called the cross-Gram matrix

associated to ffkg1k¼1 and fgkg1k¼1 Balazs (2008), Pekalska

and Duin (2005). In the special case that the sequences

ffkg1k¼1 and fgkg1k¼1 are biorthogonal, the cross-Gram

matrix is the identity matrix.

The above discussion shows that the cross-Gram matrix

is bounded above if ffkg1k¼1 and fgkg1k¼1 are Bessel

sequences. The following example shows that the inverse

of the above assertion is not valid, in other words, the

cross-Gram matrix associated to two sequences can be

well-defined and bounded in the case that one of the

sequences is not Bessel.

Example 1 Suppose that fekg1k¼1 is the orthonormal basis

for a Hilbert space H. Consider ffkg1k¼1 ¼ f1
k
ekg1k¼1 and

fgkg1k¼1 ¼ fkekg1k¼1. A simple calculation shows that the

cross-Gram matrix associated to these sequences is the

identity matrix, but fgkg1k¼1 is not a Bessel sequence.

Definition 2 Let U be an operator on a Hilbert space H,

and suppose that E is an orthonormal basis for H. We say

that U is a Hilbert–Schmidt operator if

kUk2 ¼
X

x2E
kUxk2

 !1
2

\1:

Theorem 2 Suppose that ffkg1k¼1 and fgkg1k¼1 are

sequences in H and fgkg1k¼1 is a Bessel sequence with

bound B0. Assume that there exists M[ 0 such thatP1
k¼1 kfkk

2 �M: Then the cross-Gram operator associated

to fhfk; gjig1j;k¼1 is a well-defined, bounded and compact

operator.
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Proof Suppose that G ¼ fhfk; gjig1j;k¼1. For a given

sequence fckg1k¼1 2 ‘2ðNÞ we have

kGfckg1k¼1k
2 ¼

X1

j¼1

X1

k¼1

ckhfk; gji
�����

�����

2

�
X1

j¼1

X1

k¼1

jckj2
X1

k¼1

jhfk; gjij2

¼
X1

k¼1

jckj2
X1

k¼1

X1

j¼1

jhfk; gjij2

�B0
X1

k¼1

jckj2
X1

k¼1

kfkk2

�B0M
X1

k¼1

jckj2:

By above assertion, Gfckg1k¼1 2 ‘2ðNÞ and therefore G is

well-defined and bounded.

Now suppose that fekg1k¼1 is the canonical orthonormal

basis for ‘2ðNÞ. Then

X1

k¼1

kGðekÞk2
 !1

2

¼
X1

k¼1

X1

j¼1

jhfk; gjij2
 !1

2

�
ffiffiffiffiffi
B0

p X1

k¼1

kfkk2
 !1

2

�
ffiffiffiffiffiffiffiffiffi
B0M

p
:

Therefore G is a Hilbert–Schmidt operator and so is

compact Pedersen (1999).

Example 2 Let fekg1k¼1 be an orthonormal basis for

H. Consider ffkg1k¼1 ¼ fe1; 12 e2; 13 e3; 14 e4; . . .g and

fgkg1k¼1 ¼ f1
2
e1; e2;

1
22
e1; e3; . . .g: Suppose that G is the

cross-Gram operator associated to fhfk; gjig1j;k¼1. A simple

calculation shows that

X1

k¼1

kGðekÞk2 ¼
X1

k¼1

1

22k
þ
X1

k¼1

1

k2
:

Therefore G is a Hilbert–Schmidt operator and so is

compact.

If supk kfkk\1 (resp. infk kfkk[ 0), the sequence

ffkg1k¼1 will be called norm-bounded above or NBA, (resp.

norm-bounded below or NBB).

Theorem 3 Let ffkg1k¼1 and fgkg1k¼1 be sequences for

H and G be the cross-Gram operator associated to

fhfk; gjig1j;k¼1. Then the following statements are satisfied:

1. Assume that G is well-defined and bounded above and

fgkg1k¼1 is a frame with lower bound A. Then ffkg
1
k¼1 is

norm-bounded above.

2. Assume that G is well-defined and bounded below and

fgkg1k¼1 is a Bessel sequence with upper bound

B. Then ffkg1k¼1 is norm-bounded below.

3. Assume that G is well-defined and bounded above and

ffkg1k¼1 is an orthonormal basis for H. Then fgkg1k¼1 is

a Bessel sequence for H.

Proof

1. Since G is well-defined and bounded, there exists a

constant M[ 0 such that

X1

j¼1

X1

k¼1

ckhfk; gjij2 �M
X1

k¼1

jck

�����

�����

2

: ð2Þ

Via (2) applied to the elements of the canonical

orthonormal basis of ‘2ðNÞ, we have

X1

j¼1

jhfk; gjij2 �M; k 2 N: ð3Þ

Since fgkg1k¼1 is a frame for H, by (3) we have

Akfkk2 �
X1

j¼1

jhfk; gjij2 �M; ‘ 2 N: ð4Þ

Therefore

kfkk2 �
M

A
; k 2 N:

2. By assumption there exist M0 [ 0, such that

M0
X1

k¼1

jckj2 �
X1

j¼1

X1

k¼1

ckhfk; gji
�����

�����

2

: ð5Þ

Similar to above discussion, since fgkg1k¼1 is a Bessel

sequence, for each k 2 N, via (5) applied to the ele-

ments of the canonical orthonormal basis of ‘2ðNÞ, we
have

M0 �
X1

j¼1

jhfk; gjij2 �Bkfkk2: ð6Þ

Therefore

kfkk2 �
M0

B
; k 2 N:

3. Since G is well-defined and bounded above there exists

M00 [ 0, such that

X1

j¼1

X1

k¼1

ckhfk; gjij2 �M00
X1

k¼1

�����

�����ckj
2: ð7Þ

Since ffkg1k¼1 is an orthonormal basis for H, there exist

a sequence fckg 2 ‘2ðNÞ, such that for each f 2 H we

have
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X1

j¼1

jhf ; gjij2 ¼
X1

j¼1

X1

k¼1

ckfk; gj

* +�����

�����

2

:

Now by (7) we have

X1

j¼1

X1

k¼1

ckhfk; gji
�����

�����

2

�M00
X1

k¼1

jckj2;

Therefore

X1

j¼1

jhf ; gjij2 �M00
X1

k¼1

jckj2 ¼ M00kfk2:

Proposition 2 Suppose that ffkg1k¼1 and fgkg1k¼1 are

Bessel sequences and G is the cross-Gram operator asso-

ciated to fhfk; gjig1j;k¼1. Then the following statements are

satisfied:

1. If ffkg1k¼1 is a Riesz basis and fgkg
1
k¼1 is a frame for H,

then G is a bounded injective operator.

2. If ffkg1k¼1 is a frame and fgkg
1
k¼1 is a Riesz basis for H,

then G is a bounded surjective operator.

Proof Since ffkg1k¼1 and fgkg
1
k¼1 are Bessel sequences, we

deduce that G is a well-defined and bounded operator.

1. Suppose that

Gfckg1k¼1 ¼ Gfbkg1k¼1; fckg1k¼1; fbkg
1
k¼1 2 ‘2ðNÞ:

Then T�
gk
Tfkfckg

1
k¼1 ¼ T�

gk
Tfkfbkg

1
k¼1: Since fgkg1k¼1 is

a frame for H, T�
gk
is an injective operator and we have

Tfkfckg
1
k¼1 ¼ Tfkfbkg

1
k¼1: Since ffkg

1
k¼1 is a Riesz basis,

Tfk is invertible. So fckg1k¼1 ¼ fbkg1k¼1 and we get the

result.

2. Since fgkg1k¼1 is a Riesz basis, T�
gk

is a bijective

operator. Therefore for a given sequence

fckg1k¼1 2 ‘2ðNÞ, there exist h 2 H such that T�
gk
h ¼

fckg1k¼1: Also by assumption Tfk is a surjective operator

and there exists fbkg1k¼1 2 ‘2ðNÞ such that

Tfkfbkg
1
k¼1 ¼ h: Therefore we have T�

gk
Tfkfbkg

1
k¼1 ¼

fckg1k¼1 and so Gfbkg1k¼1 ¼ fckg1k¼1:

Theorem 4 Suppose that ffkg1k¼1 and fgkg1k¼1 are Riesz

bases for H. Then ffkg1k¼1 and fgkg1k¼1 are complete and

the cross-Gram matrix associated to ffkg1k¼1 and fgkg1k¼1

defines a bounded invertible operator on ‘2ðNÞ.

Proof Since ffkg1k¼1 and fgkg1k¼1 are Riesz bases, there

exist bijective operators U and W such that ffkg1k¼1 ¼
fUekg1k¼1 and fgkg1k¼1 ¼ fWekg1k¼1, where fekg1k¼1 is an

orthonormal basis of H. For every k; j 2 N we have

hfk; gji ¼ hUek;Weji ¼ hW�Uek; eji:

i.e., the cross-Gram matrix associated to ffkg1k¼1 and

fgkg1k¼1 representing the bounded invertible operator W�U

in the basis fekg1k¼1.

If the cross-Gram matrix associated to the sequences

ffkg1k¼1 and fgkg1k¼1 is invertible and the sequence ffkg1k¼1

is a Bessel sequence, then there is no need to sequence

fgkg1k¼1 to be a Bessel sequence, see Example 1. Having in

mind this result, now what can we say about the inverse of

Theorem 4? By having the assumption of the invertibility

of the cross-Gram matrix associated to ffkg1k¼1 and fgkg1k¼1

and completeness of the sequences ffkg1k¼1 and fgkg1k¼1, by

Example 1, we deduce that there is no need to sequences

ffkg1k¼1 and fgkg
1
k¼1 to be Riesz bases. But what can we say

in the case that ffkg1k¼1 and fgkg1k¼1 are frames? In the

following theorems we answer to this question by consid-

ering the assumption of being frame of both sequences.

Theorem 5 Suppose that ffkg1k¼1 and fgkg1k¼1 are frames

for H and the cross-Gram matrix associated to these

sequences is bounded and invertible. Then ffkg1k¼1 and

fgkg1k¼1 are Riesz bases for H.

Proof Suppose that G is the cross-Gram operator associ-

ated to fhfk; gjig1j;k¼1. So we have

G ¼ T�
gk
Tfk :

Since ffkg1k¼1 and fgkg1k¼1 are frames for H, Tfk and Tgk are

bounded and surjective operators. Now we want to show

that Tfk is an injective operator. For the given sequences

fckg1k¼1, fbkg
1
k¼1 2 ‘2ðNÞ, suppose that

Tfkfckg
1
k¼1 ¼ Tfkfbkg

1
k¼1:

Then we have

T�
gk
Tfkfckg

1
k¼1 ¼ T�

gk
Tfkfbkg

1
k¼1:

So

Gfckg1k¼1 ¼ Gfbkg1k¼1:

Since G is an invertible operator, we deduce that fckg1k¼1 ¼
fbkg1k¼1 and therefore Tfk is an injective operator and so

ffkg1k¼1 is a Riesz basis for H.

Now we want to show that Tgk is also a bijective

operator. Since NðTgkÞ ¼ RðT�
gk
Þ?, it is enough to show that

T�
gk
: H ! ‘2ðNÞ is a surjective operator. Since G is

invertible, for a given sequence fckg1k¼1 2 ‘2ðNÞ there

exists a sequence fbkg1k¼1 2 ‘2ðNÞ such that

Gfbkg1k¼1 ¼ fckg1k¼1:

So
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T�
gk
Tfkfbkg

1
k¼1 ¼ fckg1k¼1;

which shows that T�
gk

is a surjective operator. Therefore

fgkg1k¼1 is a Riesz basis for H.

Corollary 1 Suppose that ffkg1k¼1 and fgkg1k¼1 are frames

but not Riesz bases, then G cannot be invertible.

Example 3 Suppose that fekg1k¼1 is an orthonormal basis

for H. Consider the sequences ffkg1k¼1 ¼
fe1; e1; e2; e3; e4; . . .g and fgkg1k¼1 ¼ fe1; e1; e2; e2; e3;
e3; . . .g. A simple calculation shows that these sequences

are frames but not Riesz bases. We get the cross-Gram

matrix associated to sequences ffkg1k¼1 and fgkg1k¼1:

G ¼

1 1 0 0 0 � � �
1 1 0 0 0 � � �
0 0 1 0 0 � � �
0 0 1 0 0 � � �
0 0 0 1 0 � � �
0 0 0 1 0 � � �
..
. ..

. ..
. ..

. ..
.

� � �

2
666666666664

3
777777777775

;

We obtain that detðGÞ ¼ 0 and so G is not invertible.

Theorem 6 Suppose that ffkg1k¼1 and fgkg1k¼1 are Bessel

sequences for H and the cross-Gram matrix, associated to

these sequences is bounded and invertible. Then the fol-

lowing statements are satisfied:

1. If ffkg1k¼1 is a Riesz basis for H, then fgkg
1
k¼1 is a Riesz

basis for H.

2. If ffkg1k¼1 is a frame for H and fgkg1k¼1 is complete in

H, then fgkg1k¼1 is a frame for H.

Proof

1. Suppose that G is the cross-Gram operator associated

to fhfk; gjig1j;k¼1. Then we have

G ¼ T�
gk
Tfk :

Since ffkg1k¼1 is a Riesz basis, Tfk has a bounded

inverse and we can write

T�
gk
¼ GðT�1

fk
Þ:

Therefore T�
gk
is an invertible operator and we deduce

that fgkg1k¼1 is a Riesz basis for H.

2. In order to show that fgkg1k¼1 is a frame for H it is

enough to prove that Tgk is a surjective operator. Since

fgkg1k¼1 is complete in H, we need to show that T�
gk

is

injective. Suppose that

T�
gk
ðf1Þ ¼ T�

gk
ðf2Þ; f1; f2 2 H:

Since Tfk is a surjective operator, there exist sequences

fckg1k¼1, fbkg1k¼1 2 ‘2ðNÞ such that f1 ¼
Tfkfckg

1
k¼1; f2 ¼ Tfkfbkg

1
k¼1; and therefore we can

write

T�
gk
Tfkfckg

1
k¼1 ¼ T�

gk
Tfkfbkg

1
k¼1:

Now by the invertibility of G we deduce that

fckg1k¼1 ¼ fbkg1k¼1; and so Tfkfckg
1
k¼1 ¼ Tfkfbkg

1
k¼1:

Hence we get the proof.

By changing the role of the sequences ffkg1k¼1 and

fgkg1k¼1 in above theorem we deduce the same results.

Corollary 2 Suppose that ffkg1k¼1 is a Riesz basis and

fgkg1k¼1 is a Bessel sequence. Then the following state-

ments are satisfied:

1. If fgkg1k¼1 is not a frame, then G cannot be invertible.

2. If fgkg1k¼1 is not NBA or NBB, then G cannot be

invertible.

3 Dual Frames Associated to Cross-Gram
Matrix

In this section, we investigate the cases when ffkg1k¼1 and

fgkg1k¼1 are a pair of dual frames. Recall that for the Bessel

sequences ffkg1k¼1 and fgkg1k¼1, the pair ðffkg1k¼1; fgkg
1
k¼1Þ

is a dual pair if for any f 2 H one of the following

equivalent conditions holds:

1. f ¼
P1

k¼1hf ; gkifk; f 2 H:

2. f ¼
P1

k¼1hf ; fkigk; f 2 H:

3. hf ; gi ¼
P1

k¼1hf ; fkihgk; gi; f ; g 2 H:

Theorem 7 Suppose that ffkg1k¼1 and fgkg1k¼1 are Bessel

sequences and hf ; gki 6¼ 0 for each k 2 N and f 2 H. As-

sume that G, the cross-Gram operator associated to

fhfk; gjig1j;k¼1, is a well-defined and bounded operator with

bound M such that 0\M\1. Then ffkg1k¼1 and fgkg1k¼1

cannot be a pair of dual frames.

Proof Suppose that ffkg1k¼1 is a dual frame of fgkg1k¼1.

Then for every f 2 H,

f ¼
X1

k¼1

hf ; gkifk: ð8Þ

Since G is a bounded operator with boundM, for fckg1k¼1 2
‘2ðNÞ we have
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X1

j¼1

X1

k¼1

ckhfk; gji
�����

�����

2

�M
X1

k¼1

jckj2; ð9Þ

Now for each f 2 H, by (8) and (9) we have

X1

j¼1

jhf ; gjij2 ¼
X1

j¼1

X1

k¼1

hf ; gkifk; gj

* +�����

�����

2

¼
X1

j¼1

X1

k¼1

hf ; gkihfk; gji
�����

�����

2

�M
X1

k¼1

jhf ; gkij2;

which is a contradiction. Therefore we get the proof.

Example 4 Let fekg1k¼1 be an orthonormal basis for

H. Consider ffkg1k¼1 ¼ fe1; e2; e3; e4; . . .g and

fgkg1k¼1 ¼ f1
2
e1;

1
2
e1;

1
3
e1;

1
4
e1; . . .g. Suppose that G is the

cross-Gram operator associated to fhfk; gjig1j;k¼1. Then G is

a well-defined and bounded operator with bound
ffiffiffiffiffiffi
89
100

q
.

Suppose that ffkg1k¼1 and fgkg1k¼1 be a pair of dual frames.

Then we have e2 ¼ 1
2
e1; which is a contradiction. There-

fore ffkg1k¼1 and fgkg1k¼1 cannot be a dual pair.

Theorem 8 Suppose that ffkg1k¼1 is a frame for H and

fS�1fkg1k¼1 is its canonical dual frame. Assume that G is

the cross-Gram operator associated to fhfk; S�1fjig1j;k¼1.

Then G is self-adjoint and positive operator.

Proof Since G is the cross-Gram operator associated to

fhfk; S�1fjig1j;k¼1, we have

G ¼ T�
s�1fk

Tfk ¼ T�
fk
S�1Tfk :

Therefore G is self-adjoint. Now we show that G is a

positive operator. For fckg1k¼1 2 ‘2ðNÞ we have

hGfckg1k¼1; fckg
1
k¼1i ¼ hT�

fk
S�1Tfkfckg

1
k¼1; fckg

1
k¼1i

¼hS�1Tfkfckg
1
k¼1; Tfkfckg

1
k¼1i

¼
X1

k¼1

jhTfkfckg
1
k¼1; S

�1fkij2:

Corollary 3 If ffkg1k¼1 is a Riesz basis in above theorem,

then G is the identity operator.

Example 5 Let fekg1k¼1 be an orthonormal basis for

H. Consider

ffkg1k¼1 ¼ fe1; e1; e2; e3; . . .g:

The canonical dual frame is given by

fS�1fkg1k¼1 ¼
1

2
e1;

1

2
e1; e2; e3; . . .

� �
:

The cross-Gram matrix associated to these sequences is as

follows:

G ¼

1

2

1

2
0 0 0 � � �

1

2

1

2
0 0 0 � � �

0 0 1 0 0 � � �
0 0 0 1 0 � � �
..
. ..

. ..
. ..

. ..
.

� � �

2
6666666664

3
7777777775

;

Then

hGfckg1k¼1; fckg
1
k¼1i ¼

1

2
c1 þ

1

2
c2;

1

2
c1 þ

1

2
c2; c3; c4; . . .

� �
; fc1; c2; c3; c4; . . .g

� �

¼ 1

2
ðc1 þ c2Þc1 þ

1

2
ðc1 þ c2Þc2 þ

X1

k¼3

jckj2;

which shows that G is a positive operator and G2 ¼ G.
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