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Abstract

Quantum theory has wide applications in special functions and quantum physics. In this paper, we discuss the geometric
properties of analytic functions using g-differential operator. We introduce some new subclasses of analytic functions
which are obtained from the g-derivative and conic domains. We investigate interesting results involving dual sets and
convolution properties of these new subclasses. We also study the inclusion properties of neighborhood of analytic
functions. Our results continue to hold for the known and new subclasses of analytic functions which can be obtained as
special case.
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1 Introduction Let A be the class of analytic functions defined on the
open unit disc £ = {z € C: |z] <1} and is of the form:

Quantum calculus is ordinary calculus without limit. It is 00

also referred as h-calculus, where & stands for Plank’s  f(z) =z + Zanz". (1.1)

constant. Recently, quantum calculus attracted attention of n=2

many researcher due to its vast applications in many  The g-derivative of a function f € A is defined by [see
branches  of . mathematics aqd phys.lcs.. Jackson  yackson (1909)]

(1909, 1910) introduced and studied g-derivative and g-

integral in a systematic way. Ismail et al. (1990) general- Df(z) :M, (z #0) (1.2)
ized the class of starlike functions using quantum calculus. (q—1)z

Mohammed and Darus (2013) studied geometric properties .4 p of(0) = f(0), where ¢ € (0, 1).

of g-operators in some classes of analytic functions. Sahoo

For a function g(z) = 7", the g-derivative is
and Sharma (2015) introduced studied g- close-to-convex

functions. A comprehensive study of geometric properties D g(z) = lliq -l
of g-hypergeometric series can be found in Agarwal and q,l
Sahoo (2014). Recent work on g-calculus can be found in = [”]qz ) (1.3)
Gairola et al. (2017, 2016); Mishra et al. (2013, 2012).
. where
We recall some basic concepts from quantum calculus.
1 — qn
==

P< Humayoun Shahid

shahid_humayoun@yahoo.com We note that as ¢ — 17, Dyf(z) — f'(z), where f'(z) is

Khalida Inayat Noor ordinary derivative and [n], —nasq— 1".

khalidainayat@comsats.edu.pk For f € A defined in (1.1) and using (1.3), we conclude
1 that
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As an inverse of g-derivative, Jackson (1910), introduced
the g-integral of a function f given by

[ =19 W) (1.4)
0 n=0

provided the series converges.

Let A be the class of analytic functions. Let C and S* be
the subclasses of univalent functions in E which respec-
tively consists of convex and starlike functions. The g-
analogous of these classes was introduced in Seoudy and
Aouf (2016) which is defined as follows:

Cq:{feA:iR(%> >O,z€E},

S, = {feA:‘J{(Z?f(];;Z)) >O,zeE}.

We note that when ¢ — 17, the above classes reduce to the
class of convex and starlike functions.
For a function f(z) defined in (1.1) and g(z) be given by

g@) =2+ b,
n=2

the convolution (Hadamard product) is defined by

o0

(F+9)) =24+ > abid = (g+/)(2)2 € E.

n=2
Let f and g be analytic in E, then f is subordinate to g,
written as f < g or f(z) < g(z), z € E, if there exist a
Schwarz function  analytic in E with »(0) =0 and
|w(z)| <1 for z € E, such that

f(2) = g(o(2)).

If g is univalent in E, then f < g if and only f(0) = g(0)
and f(E) C g(E).

For k € [0, 00), the conic domain € is defined in Kanas
and Wisniaskawa (1999) as follows:
Qk—{u+iv:u>k (u—l)2+v2}‘ (1.5)
For fixed k, € represents the conic region bounded suc-
cessively by the imaginary axis (k = 0), the right branch of
a hyperbola (0<k<1), a parabola (k = 1) and an ellipse
(k> 1). In addition, we note that, for no choice of
k (k> 1), Q reduces to a disc, see Kanas (2003).

We shall choose k € [0, 1], for these values of k, the
following functions py(z) are univalent in E, continuous as

72, €\ Springer

regards to k, have real coefficients and map E onto €,
such that p;(0) = 1, p,.(0) > 0:

1+z

= (k=0)
11—z
2 (e LAY )
n={ ' tw (IOgl—\/Z> ’ (k=1)
1+ 1 _2k2 Sinhz{%arccos(k) arctan(\/E)}
(0<;k<;1).
(1.6)

Utilizing the g-derivative and the conic domain given in
(1.5), we now define the following subclasses of analytic
functions.

Definition 1.1
f € k—qST, if

2Dyf (2)
(@)

where pi(z) is given by (1.6).

Let f € A, k€ [0,1] and 0<g<1. Then,

'<pk(Z)7

Using the Alexander-type relation, the class k—qCV is
defined as follows:

f €k —qCV <= zDyf € k — qST.

As a special case, when ¢ — 17, the above classes reduces
to well-known classes of k—ST (k—uniformly starlike
functions)and k—UCV (k—uniformly convex functions)
respectively, see Kanas and Wisniaskawa (1999).

The dual set of a set V is defined as follows:

Definition 1.2 Ruscheweyh (1975). Let V C A, dual set
V* of V is defined as
(f*8)(2)

V*:{gGA:;«éO, forallfe\/}.
Z

(1.7)

Our main focus in this paper is to discuss the geometric
properties of subclasses of analytic functions using dual
sets.

2 Main Results

Theorem 2.1
k—qST, where

Let k€[0,1] and 0<g<1. Then, V*=

z(1 — L+ Lqz) }

V:{geA:g(Z):(l_L)(l_z)(l—QZ)

and
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L=L(0) = koo = \/ o2 + (oth — 1)*, 0% + (ok — 1)* > 0.

(2.1)
Proof let f€A and is of the form (1.1) and let
f € k—qgST.

Then
2D,f(2)
f(2)
where € is given in (1.5) and k € [0, 1].
Equivalently, (2.2) can be written as
2D,f (2)
f)

Using parametric form of 00, we obtain

2Dyf (2)
(@)

where L(a) is given by (2.1).
It is known that when 0 <g <1,

Df(z) = £(2) * m

(2.2)

€ Qy,

¢ 00y

Z

f(z) * =f(2).

1—z

Using (2.4) and (2.5) in (2.3), we obtain
1 z(1 =L+ Lgz)
e B g o

Using dual set defined by (1.7), we obtain the required
result. [

Theorem 2.2 Let
W* = k—qCV, where

W:{geA:g(2)=(17L)(1,ZZ)(1fqz) (I]j:;ziL)}’

where L is given by (2.1).

ke[0,1] and O<g<]1. Then,

Proof let f€A and is of the form (1.1) and let
f€k—qCV.

Then, by definition
Dy(zDyf (2))

—— =€,

Dyf (2)

where Q) is given in (1.5) and k € [0, 1]. we can write (2.6)
as

Dyf(z)

Using parametric form of 00, we get

(2.6)

D, (Zqu(Z))
where L(o) is given by (2.1). We know that for 0<g <1,
_ z
2Dyf (2) = f(2) T -q) (2.8)
and
. z _ . z2(1 4 gz2)

Pr(10 T =gr=q) =1 T =gt =

(2.9)

Using (2.8) and (2.9) in (2.7), we obtain
1 Z l+gz
e pr e (1)) o

Using the Definition 1.3, we obtain the required result. [

When g — 17, The above theorems reduce to following:

Corollary 2.3  [Kanas and Wisniaskawa (1999)]. Let k €
[0,1] and L is given by (2.1). Then, V* = k—ST and W* =
k—UCV, where

Z(l—L+Lz)}

VZ{gEA:g(Z):m

and
. ] . z 1+Z_
W= {gGA.g(z)—(l_L)(l_Z)2 <1—Z L)}

We now discuss coefficient bounds of functions in set
Vand W.

Theorem 24 Let k € [0,1] and 0<g<1. Then, for all
h(@) =z+ 2,0 €V,

Jeal < ], +k (1], 1)

and

el > J - kz(["}‘ﬂ).
i, 1

Proof Let h € V, using series representation of A(z) and
after some simplifications, we obtain

_ [nfy=L(=)
Cn = 1——L(OC)’

(2.10)

where L(«) is given in (2.1). Using (2.1) in (2.10), we
obtain

2, @) Springer
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2
|Cn| =1+ 2 +

Since k € [0,1], we note that o> 5
[n],+1
x

-. In addition, g(a)

attains its minimum at oy =

g() Sg(ﬁ) = ([n]q+k([n]q—1>)2 for all «>0. Thus,
we have

Jeal < il +k (1], 1)). (2.11)
Since oo is the

-1
8() > gla) = 1 - (7).
Which gives us

lea > (|1 - &2 (Mq_1>.
], +1

Note that (2.11) and (2.12) are valid for k € [0,1] and
O0<g<l. O

1
. Note that o > o1 and

minimum, therefore,

(2.12)

Using Alexander-type relation between k-¢ST and k-
qCV, we have the following.

Corollary 2.5 Let k € [0,1] and 0<g<1. Then, for all
hz)=z+3 20" €W

eal < [, (Il +k (1), 1))

and

(1
leal > [ 4| 1 — K ([”}q‘H).

Corollary 2.6 Let k € [0,1], 0<g<1 and let f(z) =z +
A", n>2. Then, f € k — gST, if and only if

1
bl 4 (1) (2.13)

and f € k —qCV, if and only if
1

) {1+ In],~

Proof Let f(z) =z+ A", with 1 satisfies inequality
2.13).
Let g € V and

‘U*g)(z)
Z

|4] <

1] <

1)}‘ (2.14)

>1—|Alleallz]" ' > 1=z >0.

Applying Theorem 2.1, we obtain f € k—qST. Conversely,
let f € k—qST and let

8(2) = 2+ X2y (1, +4 ([l 1) )2

22, Q) Springer

Then

@ = 1+ 2([n),+k(1n,—1) )" #0.

1 .
> () then there exists u € E, such that

(f +8)(u)

u

=0,ucE.

which is a contradiction. Hence, 1] < ——+——.
[n],+&([n],—1)
Using the Alexander-type relation between k-gST and k-

qCV, one can obtain condition given in (2.14). O

Using Theorem 2.1, we now obtain the following result
which is a special case of theorem given in Dziok (2011).

Corollary 2.7 Letk € [0,1],0<g<1 and let f € A and is
of the form (1.1). If

2({"]#"([’%—1)) lan| <1, (2.15)
then f € k — qST. In addition, if
i;[”]q(["]#k([n]q—l)) lan| <1, (2.16)

then f € k — qCV.

Proof Letf(z)=z+ > ,a,2"andg(z) =z+ >, ;" €
n=2

V. The convolution
(f 8)( l—l—chanz 1, €E.

Itis known from Theorem 2.1 that f € k — ¢ST if and only
if U280 £ 0 for all g € V. Using Theorem 2.4 in (2.17),

(2.17)

we have

‘(f*g =13 (1l 40,

1))|an|\z|"*‘ >0, z€E.
n=2

(2.18)

Which can be written as

o0

> (1l (], 1) Yan <1

n=2
For (2.16), we apply the same method with g € W. [

As a special case when g — 17,
special case.

we have the following

Corollary 2.8 Kanas and Wisniaskawa (1999). Let k €
[0,1] and let f € A.

IfZ(n +k(n—1))|a,| <1,then f € k—ST,

n=2
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and Proof Let fl@)=z+> 2 ,a.2" € V¥, g(z) =
0 2+ byt eCand h(z) =z+ > 0, " € V.
IfZ;”(" +k(n —1))las| <1, thenf € k-UCV. Then, by definition of V*
h
(f * )()#O LcE.
Let k — S, be the class of satisfying the condition: Let f € V,. Then
(1, 1) Ylaul <1. 2.19 S
;([ ikl . (2.19) 1= Jaullea| > 0. (2.21)
n=2
From Cor(.)llary 2.7, we note k — S, C k — gST. We prove Now, consider
the following theorem.
sk (f * gk h n— 1
Theorem 2.9 Let k€ [0,1], O<g<1. If f € k—S, and >~ o Z\anﬂb [lcnllz| z€E.
g € C,then (fxg) € k— gST. ¢
(2.22)

Proof Letf(z)=z+> o,a,2" €k—S, and g(z) =z +
S, byt €Cand h(z) =z+ > o, €V.
Since f € k — S?, therefore, by definition

1 i([n]q+k([n]q—l))|an| > 0.

n=2
To prove that (f * g) € k — gST, it is enough to show that

(2.20)

(Frexh)(z) £0.
z
Consider
M - n— 1
‘ : >1- ;\anl\b nllenl |2l

As z € E and g € C, therefore, |b,| < 1. Using coefficient
bounds of g(z) from Theorem 2.4 and (2.20), we obtain

‘M > 1 i([n]q+k([n}q—l)) jan| >0,z € E.
n=2

z
Thus, f x g € k — gqST.

Similarly, we can construct k-C, using (2.16) and prove
the following.

Corollary 210 Let k € [0,1] and 0<q<1. Then
(k—Cy) xC Ck—qCV.
We now prove the generalization of Theorem 2.9.

Theorem 2.11 Let V C A and V* is a dual set of V. Let
Vi C V* consist of functions satisfying the condition:

o0
> lanlleal <1.
n=2

Then
CxV, CV*.

Since g € C, it is known that |b,| < 1. Using coefficient
bounds of g(z) and (2.21) in (2.22), we obtain

‘(f*g*h)(Z)

2

>0, z€E.

Thus, by definition of dual set f *+ g € V*. This completes
the proof. [

3 Applications of Theorem 2.9

Consider the following operators:

M) fil) = [12de = (f + $))(2).

0

@ fl)= 26/‘ FE)E = (fs % b2)(2)-

B i) = [TOZED e = (1 ) (), x| < 1x £ 1.
0

m>ﬂ@:%jé FE)dE = (fi * $4)(2), R(e) > 0.

Where
¢1 = log(l - Z)v
¢y = —2[z +log(1 — 2)],

1 1-—
¢3: 10g|: xz:|a |x|:17x7él7
—Z

1—x 1
by =

n=1

Cz"7 R(c) >0
c

¢;, 1 <i<3, can easily be verified to be convex in E and
for ¢, € C, we refer to Ruscheweyh (1975). If f € k — S,
or k — Cg, then f; € k — gST or k — gCV. For more appli-
cations, see Ruscheweyh and Sheil-Small (1973).

2, @) Springer
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4 Neighborhood of Analytic Functions

For f € A and is of form (1.1) and 6 >0, the T neigh-
borhood of function f'is defined as follows:

Ts(f) = {g(z) =z+ anz" €A: Ztnlbn — ay| §5}-
n=2 n=2

(2.23)
Ruscheweyh Ruscheweyh (1981) proved many inclusion
properties including when ¢, = n, especially T (f) C S* for
all f € C.
We prove the following.

Theorem 2.12  Let f € Ty(e) and is of the form (1.1) with
ta = [n], and e(z) = z. Then

zD,f (2)
(@)

where z € E and O<g<1.

(2.24)

—1'<1,

Proof Letf €A andf(z) =z+ > .,a,Z". Consider

> (i ra

- Z[n]q|an||z|"7]

n=2 n=2

-1
<lel =[] lan| 2"

n=2
§|f(Z)|7 z€E.

This gives us the required result.

The procedure already described in Theorem 2.12 leads
to the following new result. O

Theorem 213 If f € T(e) with t, = ([n]q)2 and e(z) =

z, then

‘Dq (2Df (2))

7—1‘<1.

DS (@) (2.25)

The inequalities (2.24) and (2.25) describe subclasses of
g- starlike and g-convex functions with ¢(z) =1 + z, for
more details, see Seoudy and Aouf (2016).

We now discuss the geometric properties of Tj(f)
defined in (2.23). Consider a class of functions

Foz(Z) :fM

2.26
14+ o ( )

)

where o is a non-zero complex number. We note that if
f €A, then F, € A. We discuss the relationship between
f(z) and F,(z) in the following Lemma.

72, €\ Springer

Lemma 2.14 Let k<€ [0,1], f€A and 6 >0. If F, €
k —gST for all a € C\{0}, then f € k — qST. Further-
more, for all g €'V

‘(f* 8)()

Z

> 0,

where |o|<d and z € E.

Proof Since F, € k — qST, Therefore, by Theorem 2.1,
we have

(Fy % g)(2)
Z

#0, forall g€ Vandz € E.

Using (2.26) and after some simplifications, we obtain

% # —a, for all o € C\{0}.
For || <6
‘w > . (2.27)

Applying Theorem 2.1, we obtain that f € k—qST. O

Applying the similar method, we have the following
Lemma.

Lemma 2.15 Letk € [0,1], f € A and 6 > 0 and let o be
a non-zero complex number. if F, € k —qCV, then f €
k — qCV, furthermore for all g € W:

‘(f *8)(2)

| > 9,
Z

where |a| < and z € E.
We now prove the following.

Theorem 2.16 Let k € [0,1] and 6 > 0. If F, € k — gST
for all o€ C\{0}, then T; (f) C k — ST with t, = [n],
and

0

0 =—
YTk
where |o] <.

Proof Let g(z) =z+ > o, buz" € Ts,(f). Using Theo-
rem 2.1, g € k — ¢ST, if and only if

DEN
z
forall h e V.
Consider
’(g *h)(z) :‘(f #h)@) (g =f)*M)()
b4 z b4
S (L2106 _ 6= o
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Using Lemma 2.14 and series representations of f(z) and

8(z) with h(z) = 232 (1], +4([n],~1) )", we obtain

(g*h)( o -
P 0 5 k(1)) e
(2.29)

Now

S (14 (1, 1) ) 16w — aal < G+ 1)

”;2 (2.30)
Z[n]q|bn —a,| < (k+1)0;.

n=2
Using (2.29) and (2.30) in (2.28), we obtain

‘% >3~ (k+1)6; > 0.
Where
0
1 = k—f——l

Remark 2.17 In Theorem 2.16, we can replace f, by n and
obtain same result as [n], <n when 0<g<1.

Theorem 2.18 Ler f € k — qST. Then, T5,(f) C k — gST
with
c
01 <
<o (2.31)

(fxh) (@)

where ¢ is a non-zero real number with ¢ < ‘ Seh)( ,z€E.

Proof Let g € Ty, (f), with t, = [n] and let h € V.
Consider

‘(g +h)(2)

Z

(2.32)

Z‘(f*h)(Z)

Z

) ’((g—f) )|

Z

Since f € k — gST, therefore applying Theorem 2.1, we
obtain

‘M

Z

>c, (2.33)

where ¢ is a non-zero real number and z € E.
Now

'M Z|cn|\bn a2
<Z( + ([, 1)) 1w = al
< (k1 106, (2.34)

where we have used Theorem 2.4. Using (2.33) and (2.34)
in (2.32), we obtain

‘M >c— (k+1)8 > 0.

Z

where 9 is given in (2.31). This completes the proof. [
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