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Abstract

The present paper deals mainly with a King type modification of (p, ¢)-Bernstein operators. By improving the conditions
given in Mursaleen et al. (On (p, g)-analogue of Bernstein operators. Appl Math Comput 266:874-882, 2015a), we
investigate the Korovkin type approximation of both (p, ¢)-Bernstein and King type (p, ¢)-Bernstein operators. We also
prove that the error estimation of King type of the operator is better than that of the classical one whenever 0 <x < %
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1 Introduction

In the last two decades quantum calculus has gained a lot of
interest in the field of approximation theory. The g-gen-
eralizations of several operators have been constructed and
studied by many authors. We can refer the book by Kac
and Cheung (2002) for the details of g-calculus and the
book by Aral et al. (2013) in which one can find the related
studies on this area. Recently, a new generalization of g-
calculus has been appeared in the approximation theory,
namely (p, ¢) calculus. Before mentioning the studies on
this topic, we recall some notations on (p, g)-integers. Let
0<g<p < 1. For each nonnegative integer n, the (p, q)-
numbers is denoted by [n], , and given by

_ pn _ qn
pP—q

Foreach k, n € N, n> k>0, the (p, g)-factorial [n], ! and

(p, g)-binomial are defined by
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The (p, g)-power basis and (p, ¢)-binomial expansion are
defined as

(x+y)h . =x+0NPx+aq)(Px+ ), ... (0" 'x+q"y),
2

= il’(n;k)qG) {n] xy Tk,

k=0 k

and

(I=x),,=1=x)(p
—gx)(p* —q’x),..., (p

n—1 _

qnflx) .

The relation between g-analogues and (p, g)-analogues can
be described as:

[n]p,q = pn_l [n]q/ln

HI AR
P:q q/p

(x—a),, = PR e~ “>3/1»~

(1.1)

Note that as taking p = 1, (p, ¢) integers turns out to be g-
integers. So g-integers can be regarded as a special case of
(p, q)-integers.

Lupas (1987) was the first to study g-calculus in
approximation theory by defining a g-generalization of
Bernstein operators. Later in 1997, Phillips (1996)

2
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constructed another modification of Bernstein operators for
neNand O<g<l1 as

n n . kq
Bu(f, 4 x) = ;[k]qu(l —x)! f(%) xefo, 1],
(1.2)

which is known as g-Bernstein operators in the literature.

For the study of (p, ¢)-calculus in approximation theory,
pioneer works are due to Mursaleen et al. (2015a, b). They
defined the (p, ¢)-Bernstein operators by

- —1)—n(n— n
=y plktn 1>]/2M (1
k=0 Pq

:x n—k pnik[k]p,q
()

for n € N and O0<g<p <1. Very recently, same authors
defined the (p, ¢)-analogue of Bernstein—Stancu operators in
Mursaleen et al. (2015¢). Mursaleen et al. (2015d) also
studied the approximation properties of (p, ¢)-Bernstein—
Shurer operators. Since the use of (p, ¢)-calculus in approx-
imation theory is a very new issue and open for development,
lately, the (p, ¢)-generalizations of several operators are
being studied by many authors. We refer to Acar et al. (2016),
Cai and Zhou (2016), Cai (2017), Gupta (20164, b) and Kar-
aisa (2016) for some studies about the (p, ¢)-analogues of
some generalizations of Bernstein operators. See also Acar
(2016), Gupta (2016¢), Mishra and Pandey (2016), Mursaleen
et al. (2016) and references therein for some other recent
works on the (p, g) generalizations of some other operators.
In the present paper our aim is to construct the King type
modification of (p, ¢)-Bernstein operators and investigate
its approximation properties. Before constructing the
mentioned operator, we first give the Korovkin type
approximation of the (p, g)-Bernstein operators under the
weaker conditions than that of the ones given by Mursaleen
et al. (2015a). In Sect. 2, we construct King type (p, ¢)-
Bernstein operator and give some auxiliary lemmas and
results. Section 3 is devoted to our main results. We give
the uniform convergence of the operators via Korovkin’s
theorem and obtain rate of convergence by means of
modulus of continuity. We also compare the error estimates
of the classical and King type (p, ¢)-Bernstein operators.

B,(f, p, q; x

(1.3)

2 Construction of the Operators
and Auxiliary Lemmas

Before constructing our new operators recall that g-Bern-
stein operators defined by (1.2) and (p, ¢)-Bernstein
operators defined by (1.3) satisfy the following identities
(see Mursaleen et al. 2015b; Phillips 1996 for details):

72, €\ Springer

Bn(e()a q; -x) = ]a
Bn(ela q; x) =X, (2 1)
Bn(e2a q; x) :x2 +x(1 — X) )
[n],
and
Bn(e()7 P 4q; 'x) = 17
Bn(elap7 q; x): (22)
B (62 D, q; x) :x2+w.
y Py 4 [n]p’q
1 n—1
Remark 1 Since =L andxe [0, 1], if we take
[n]q/p [n]p.q

p and g as sequences p, and g, satisfying the conditions

lim 2" — 1, (2.3)

n=00 py

0<g.<pn<1 and

then the (p, g)-Bernstein operator (1.3) converges uni-
formly to the function f on [0, 1]. Note that with these
conditions [n],,, tends to infinity as n — oo, and hence

uniform convergence holds from Korovkin’s theorem.
Example 1
ple, letting (g,) = (1 —1) and (p,) = (1 - m) we get

We can always find such sequences: for exam-

lim,_ o (_:; = lim,,_o0 % =1 and limn_,oo[n]q/p =
n+1

. [n]pq . 1 17”(17 ])”7(171)”

iy 525 = oo (1 = 2h7) Sy = oo

Similarly, if we take (¢,) = § — 557 and (p,) =5 — & we

1

get, lim,,_ Egng =lim, .o % = land lim,_[n],, =
n —n

hmn_m [ jf - hmn—>oc (% - ﬁ)l

(-2~ ser)
R G

example (gx) and (p,,) tends to 1/2 separately, as n tends to
infinity.

= 0o. Note that in the second

Motivated by the method of King (2003), we now modify
(p, q)-Bernstein operators in a way that the new operator
preserves x”. For this purpose, for each n & N and
0<g<p<1, we define the King type (p, q)-Bernstein

operators B : C[O 1} — C[0, 1] as,
* l'[ n— k
Bif 90 = Y MR T (u0)

s
x (1— v,l,p_q(x));qkf (l’THM> 7

(2.4)

for 0 <x <1, where
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_ pnfl
Vip.q(X) = 2([n]m —
[, , - pn-2
B T
(2.5)
Remark 2 [n]m —p =gl — 1]” >0,

[n],, 2 pin-2 pn 1
\/ (O R P (T
have v, 4(x) >0. On the other hand, since x € [0, 1], we

) from which we

[n]a. 2 p2n—2 _

get \/(["]p,l,lg"')x +4([n]p#_pn71)z =
4([”][}.4]7 1) )2 p2n=2 2[n), ,—p"" 1

v 2([n]ifpn—l) — < 2(["};.:*2“ T - Using this inequality

in (2.5), we obtain v,,,(x) <1. Hence, 0<v,,,(x) <1
and B) is a linear and positive operator.

Lemma 1 For the operators B, defined by (2.4), the
following identities hold:
B:(Eo, P, q; )C) = 17

B, (e1, P, 43 X) = Vapq(x),
By(e2, p, ¢; x) = ¥

(2.6)

Proof With the help of the identities in (2.2) and the test
functions of g-Bernstein operators given by (2.1), we can
write

B, (eo, p, q; x ZPk<k Do 1]/2[H] (Vn,pwq(x))k
klpg

n—k

x (1— Vnﬁpq(x))p,q

k=0 [
pn_k[n - 1]!p“q
P [k — 1]l gln — k]Yq

% (Vnpq(®) (1

. D)= (n—2)(n— n k+1
p[k(k 1)—(n—2)(n 1)]/2{]{} (Vn_m(x)) +

0 P
x (1- Vﬂ-p,q(x»;,;k_l

=Vipq(X)

}/(v""”‘f("))k(l Vapa(®)y, = 1.

Il
i
>~ 3 —

=

[k(k—1)—n(n—1)]/2

BZ(ela P q )C) =

—k
- Vn,p-,q(x)):q

I
3
|

~
Il

and
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n 2n—2k k 2
BZ(GL P, 9 X) = Zp[k(k—l)—n(n—l)]/Zp—z[]lM/ |:n:| (vnA,IMI(X))A
k=0 [n]pq k pq
n—k
X (1 Vn-p-q(x))pq
n—1 —
p 2[n—1]
= Vip.g (%) + q(Vnp.q(¥)
[TZL’ q e ( a ) [n}p q
pn—] 1

; (—pn—' + \/4[n]p,q([n]p?q ) +p2H)

n—1] 1
(] 4((n], g — ")

% <p2n—2 + 4[n]p,q<[n]p,q _pn—])x2 42

n—1

+q

2

Using the identity g[n and arranging

- l]p,q = [n]p‘q -p
the terms one can easily obtain that

Bi(es, p, q; x) = x°.

3 Main Results
3.1 Korovkin Type Approximation

Before giving the Korovkin type approximation theorem
for the operator (2.4), let us remind the following remark:

Remark 3 For fixed p, g with 0<g<p <1, one can see

—n

that lim, . [n],, = lim, .o, 2=L =0 and lim, o p'

P P
7 7 n

=1 o p'=q" _ »_ _ (4 —
[n]p.q = lim, .o p—q P limy o0 P—q (1 (P) ) g
which is different from infinity. So, v, ,,(x) cannot con-
verge to x as n — oo and this means that we are not able to
investigate approximation properties of the operators
B:(f, p, q; -) given by (2.4) via Korovkin’s theorem. To
obtain convergency results, we assume p and ¢ as
sequences p, and g, satisfying the conditions given in
(2.3).

Theorem 1 Let p, and g, be sequences satisfying the
given in (2.3). Then for every f €
C[0, 1], Bi(f, pn, qn; ) converges uniformly to f.

conditions

Proof We know that B is a linear and positive operator.
Let us examine the second moment of the operator.

2, @) Springer



252

Iran J Sci Technol Trans Sci (2019) 43:249-254

BZ(EI: P, q; x) :Vn.p,q(x)

[n]p,q X p2n 2
’ J O ATy

:_;4’_ [n]p,q 1 X2+ 1 .
2 -1) P () ()

Using the identity in (1.1), we can rewrite the above
equality as

) 1
B, (e1, p, q; x) = —Em
n ! x2 !
" [ }q/p ([n]‘l/p - 1) + 4([n]q/p - 1)2

Hence, from the conditions given in (2.3), we get

nILIElCHB:(ela JZRD ) —XH =0.
Finally the result follows from Korovkin’s theorem. [

3.2 Rate of Convergence

Let f € C[0, 1]. The modulus of continuity of f, denoted
by y(9), is defined as

wp(0) = sup |f(x) = f(y)l- (3.1)
x,y € [0,1]
x—y| <o

Note that for f € C[0, 1], lim;_o w¢(6) = 0 and for each
t,x €0, 1]

70) -l <o) (5 1),

(3.2)

We now give the rate of convergence of the operators
B:(f, p, g, -) by means of modulus of continuity.

Theorem 2 Let f be a function in C[0, 1] and x € [0, 1].
The operators B, n € N, defined by (2.4) satisfy

|B:(f, p. q; x) — f(X)] <20 (S prgur)»

where 0y p 4 = +/2x(x
2.5).

— Vnpgq(X)) and vu, 4 is given by

Proof Note that based on Cauchy’s inequality we can
write (Bi(e1, p, ¢; x))> <Bi(eo, p, q; x) Bi(ea, p, q; X).
So, by Lemma 1, we have B}(ey, p, g; x) <x for each x €
[0, 1], from which we get 2x(x — v, 4(x)) > 0. From (3.1)
and (3.2) we have

22, Q) Springer

B (f, P, ; x {Zp[k" Dot 11/2{ } (Vnpg ()"

pq

X (1= i), |

n—k

Pk,

T, "
P

1

+ 1 |w(f; 9)

Cauchy’s inequality and the identities given by (2.6) imply

{ Zp[kk 1)—n(n—1)]/2

X (1 — Vn.p‘q(x));qk

y <pll[:][k]p,q _x> +1 }W(f; 5)

- {% (Bi(es, p. g; x) — 2xB}(e1, p, g X) +x°)
:{% (2x(x = Vupq(x)) + l}w(f; 5).

|Bi(f, p, 43 x) —

Lqm,p,q(x))"

Choosing 0 = 0, gx = /2%(x — v, 4), the proof is com-
pleted. U

Theorem 3 Let f be a function in C'[0, 1] and x € [0, 1].
The operators B}, n € N, defined by (2.4) verify for 6 > 0

BZ(f} D, q; X) _f(x)‘ < V/(x)|(x - Vn,p,q(x))
(V2 e +1)
2x(x = Vipg(x)) 0 (9),

where v, 4 is given in (2.5).

Proof For every f € C'[0, 1] and x, ¢ € [0, 1], we have

)t — x) /(f ))du.

On the other hand, we can write

2
fuﬂs@ﬂa<“;” +V—ﬂ>

Applying B, to both the sides of (3.3) and using the above
inequality we get,

|BA(f, p, a5 x) = f(0)| <If'(x)|B, (It = x1, p, g5 %)

+ CSBZ((I - 2% p, q; x)

+B(|t — x|, p, q; x))wp (9).

f() —fx) = (3:3)

Using Cauchy’s inequality, we have
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Bi(f, p, q; x) —f(x)| <|f'(x)|B, (|t — x], p, g; x)
+ (% \/BZ((I -x%p, g X) + 1)

\/Bi; ((t %)% p, g; x) wp(9).

So, from the second central moment of the operator B}, we
obtain

B;(f, p, @; X) = )] I (0)] (x = vipg(x))
+ (% 2x(x — vn,p,q(x)) + 1)

2x(x = Vupq(x)) 0y (3).

which is the desired result. |

Note that for the (p, q)-Bernstein operators, for f €
C[0, 1], x € [0, 1], one has

|mmn¢m—ﬂm$<ug ”Lf‘”>w&

")
(3.4)

We claim that the error estimation in Theorem 2 is better
than that of (3.4) provided that 0 <x < 1/3. Indeed, if we
can show that the inequality

P x(1 —x)

22 = Vnpal0)) £ g

is satisfied for all 0 <x <1/3, then we are done. So we are
dealing with finding x > 0 such that

Pl B [n]p"q ; 2
2" ( R J @y -7 " 30, pm)z)

< P x(1 —x) ‘

T [y

is satisfied for all n € N. We may rewrite the above
inequality in the form

_ ! + oy X2+ !
2([n]q/p -1 ([n]q/ﬁ -1 4([”]q/ﬂ - 1)2

>x<l+ : >— : .
B 2[n]q/p Z[n]q/p

After some calculations one can see that, for each n> 2,

the equality holds for the values x,, = %

(3.5)

orx = 1.0One

can also see that

1
and x, — =

. (3.6)

>1
Xp > =
3

as n — oo. The inequality given by (3.5) is satisfied by

n| , +1 . .
7 J[jmﬂ] Since (3.6) is

satisfied, (3.5) holds for all 0 <x < % (see Mahmudov 2009,
for g-analogue). So, the error estimation for the King type
(p, q)-Bernstein operators is better than that of the classical
(p, q)-Bernstein operators whenever x € [0, ]. The con-
verse inequality in (3.5) is satisfied for those x values in the

interval A,, := [3[;]]"/—;1, 1} for all n>2. We claim that the

error estimation for the classical (p, ¢)-Bernstein operators
is better than that of the King type (p, ¢)-Bernstein oper-
ators in the interval (%, 1]. Note that A; C A, CAjz---
holds. Let x € |J, -, A, Since (3.6) is satisfied, [x,, 1] C

(%, 1] for all n > 2. Hence, the union of these intervals also

those x values in the interval {0

satisfy

UA,,c G 1}

n>2

(3.7)

Now let x € (%, 1]. Since (3.6) holds, there exists Ny such
that for all n>Np |x, — 4| <& = |x —1|. This implies x €
[x,, 1] and eventually x € {J, -, A,. So we obtain

(% 1} c A

n>2

(3.8)

From (3.7) and (3.8) we get (1, 1]

3, 1| =U,>,An and our
claim is true.
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