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Abstract

In this paper, we apply an efficient hybrid method for solving the fractional Volterra integro-differential equations. The
method is based upon hybrid approach consisting a coupling of variational iteration method and Laplace transform. This
work extends and applied a novel and simple method to obtain rigorously reliable and accurate results. The stability and
convergence of presented method are analyzed by some theorems. Also, several numerical examples are carried out to
confirm the validity and efficiency of proposed approach. Moreover, the fractional Volterra population growth model is

considered by our method as an application.
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1 Introduction

Fractional differential equations (FDEs) and fractional
integro-differential equations (FIDEs) have gained popu-
larity because of their important applications in science and
engineering (Sun et al. 2010; Yuzbasi 2013; Rossikhin and
Shitikova 2010; Magin 2008). Although fractional calculus
has been introduced three centuries ago, it started to
flourish recently. It is important to mention that the frac-
tional derivatives are nonlocal, it means that it is globally
defined by an integral over the whole domain, while the
integer derivatives are locally defined on the epsilon
neighborhood of a chosen point. So, it has been demon-
strated that the fractional calculus is more accurate than the
integer calculus to describe a lot of phenomena in
mechanics, physics, biology, chemistry, and other sciences.
Moreover, many mathematical formulations of physical
phenomena lead to fractional integro-differential equations
(FIDEs), such as heat conduction in materials with mem-
ory, fluid dynamics, convection and radiation problems,
and chemical kinetics (Larsson et al. 2014; Magin 2008;
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Podlubny 1999; Rossikhin and Shitikova 2010). Since
FIDEs have gained much interest in different research
areas and engineering applications, finding accurate
methods for solving these equations seems necessary. In
recent years, there are several numerical and analytical
methods which have been developed to obtain the solution
of linear and nonlinear FIDEs. For example in Ma and
Huang (2014), proposed and analyzed a spectral Jacobi-
collocation method for the numerical solution of linear
fractional integro-differential equations. Parand and
Nikarya (2014) introduced a new numerical algorithm
based on the first kind of Bessel functions collocation
method to solve the fractional differential and integro-
differential equations. They reduced the solution of a
nonlinear fractional problem to the solution of a system of
the nonlinear algebraic equations. Tang and Xu (2015)
applied the pseudospectral integration matrices for solving
fractional differential, integral, and integro-differential
equations. Furthermore, Mingxu et al. (2015) obtained the
numerical solution of fractional integro-differential equa-
tions with weakly singular kernel by the Legendre wavelets
method. Eslahchi et al. (2014) studied the collocation
method to solve nonlinear FIDEs and also, they investi-
gated the convergence and the stability analysis of this
method. Mashayekhi and Razzaghi (2015) presented a new
numerical method for solving nonlinear FIDEs based on
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the hybrid functions approximation which consists of
block-pulse functions and Bernoulli polynomials. Dehghan
and Shahini (2015) developed the pseudospectral approach
based on the rational Legendre and rational Chebyshev
functions to solve the nonlinear integro-differential Vol-
terra’s population model.

In this paper, we are going to provide a convergent
technique for the solutions of FIDEs of the form:

zmm:wmnww+lumwaenm<w
with the initial conditions
y ® (0) = Ciy

where f and g are given continuous functions, the kernel
k(x, t) is given smooth function, y(x) is unknown function
and D* is the Caputo fractional derivative of order o
defined as (Oldham and Spanier 1974):

i=0,1,...n—1, n—l<a<n, (2)

D) =105 ) = g | ey (o,

and /* denotes the Riemann-Liouville fractional integral
operator of order «, defined by Kilbas et al. (2006)

1 * o—1
W/o (x—0)" f(r)dr, a>0,
o=0.

y(x),

Iy(x) =

For the Riemann-Liouville fractional integral and Caputo
fractional derivative, we have the following properties:

o p_ r(ﬂ + 1)
i ey
PIf(x) = PP (x) = IPf(x),

n xk
PO (x) =f(x) = > _r90)7
k=0 '

(x — a)ﬁﬂ

)

In 2015, we successfully introduced and applied a new
scheme based on a hybrid approach consisting of the
variational iteration method and Laplace transform for
solving multi-order fractional differential equations and
fractional partial differential equations which was named
the reconstruction of variational iteration method (RVIM)
(Hesameddini and Rahimi 2015; Hesameddini et al. 2016).
In this work, we present the RVIM for solving FIDEs (1)
subject to (2). Moreover, the convergence and stability of
the proposed method will be investigated by some theo-
rems. Our aim is to provide an accurate scheme which is
easy to implement numerically without any special
assumptions and also, be efficient and reliable. It is to be
noted that in comparison with some other numerical
methods, the proposed method is more accurate and need
less computational cost. This paper is organized as follows.

‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘

In Sect. 2, the RVIM is developed to solve the FIDEs. The
stability and the convergence analysis in the infinity norm
will be described in Sect. 3. In Sect. 4, we applied the
proposed method to solve several numerical experiments to
demonstrate the accuracy and efficiency of our method. In
Sect. 5, we consider the fractional Volterra population
growth model as an application. Finally, the conclusion is
summarized in Sect. 6.

2 The Basic Concept of the Reconstruction
of Variational Iteration Method (RVIM)

To represent the basic idea of our technique, we derive the
reconstruction of variational iteration method(RVIM) and
describe its implementation for the problem (1), (2). Unlike
the wvariational iteration method(VIM), in which the
Lagrange multiplier must be identified optimally via the
variational theory, we can derive an iterative relation by the
RVIM without any knowledge of variational theory and
any restrictive assumptions.

To describe the RVIM, at first, by taking the Laplace
transform from both sides of (1) and using the zero artifi-
cial initial conditions, the following relation resulted

Mmm—dwmwww+[mmmw}<@

For convenient in writing, suppose that
N(y(x)) = g(x)y(x) +f(x) + [ k(x,0)y(t)dr. So,
1
Hy()} = S HNOW)}- (4)
Then, by applying the inverse Laplace transform to both
sides of (4) and using the convolution theorem, we have
1 * oa—1

Y0 = || (= 0 NG 5

T )
Therefore, the following iteration formulation is obtained.

) =30) + 7 | e WO (6)

where y;(x) is the k-th approximate solution of y(x), i.e.
y(x) = yi(x). Since, we must impose the actual conditions
(2) to obtain yy(x), so it is obtained by Taylor series of
actual conditions (2). Noting the definition of Riemann—
Liouville fractional integral operator, the relation (6) can
be written as:

Yir1(x) = yo(x) + I"N(yi(x)), (7)

Finally, the exact solution y(x) is obtained by y(x) =
limg_,o yx(x). In the next section, we prove the stability
and convergence properties of this method for solving (1).
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3 Stability and Convergence of the RVIM and

Vi1 (x) = Yo(x) 4+ g (x)yy (x) + If (x) + I* [, k(x, 1)y (¢)dz,
In this section, we will show the stability and convergence ah ’ o Iok ‘
properties of the reconstruction of variational iteration Folx) = 300 bi T
method for the following Volterra fractional integro-dif- ' (14)

ferential equation:

D*y(x) = g(x)y(x
y9(0) = ¢,

x) + f5 k( r)dr,
1:0,1,..., 1,

x €[0,1],
n—1<oc§n.
(8)

3.1 The Stability of Fractional Volterra Integro-
Differential Equations

To show the stability of (8), it is sufficient to prove that a
small change in initial conditions cause only a small
change in the obtained solution. So, we prove the following
theorem.

Theorem 3.1 Let y(f) and y(t) be the solutions of the
following problems.

Dy(x) = g(x)y(x) +£(x) + Jg k(x, )y(0)dt, x € [0,1],
{y(w(()):ci, 1:0,1,...7 —1, n—1<oc§n,
9)
and
D3(x) = g(x)3(x) +f(x) + fg k(x5 (0)dt, x € [0, 1],
(10)
y0)=b;, i=01,...n—1, n—1<a<n,

where |b; —ci|<g i=0,1,...,n—1 and suppose that
there exist constants M and N such that

lk(x,0)| <M, |g(x)|<N, Vxel0,1], Vre[0,T]. (11)

Then, we have

n—1
y X)| S Z SiXiEO(’,’_H (Nx“ +M
i=0

v(x) =

xotl >7 (12)

a4+ 1

where, Ey ;.1 (Nx* —|—M)o‘(+1
Leffler function that for any argument z € C and two

parameters o, § € C, with Rel() > 0, is defined as:

ZF (ok + B)

k=

) is the two parameter Mittag—

Proof According to our method, we know that y;(x) and
¥x(x) (k-th approximate solutions of (9) and (10), respec-
tively) satisfy in the following iteration relations.
{yk+1(x) = yo(x) + g (x)yi(x) + I*f (x) +1* [§ k(x, t)ye(t)dt,

xl

Yo(x) =Yg ¢ FE
(13)

Equations (13) and (14) imply that

l n—1 i

Zc’i 2 ’x! -

i=0

_ : n—1 i

Xt X

< E lci —bi| = < E &~

- i! ; i!
i=0 i=0

yo(x) = o ()| =

Using (13), (14) and (15), one obtains
1 (x) = 31 ()] < lyo(x) = Fo ()| + 1*(g () [[yo (x )—}70()‘)
1 fi k(@ 0)lvo(x) = So(o)ldr < g e 7
+NI* Y Si).i;JFMI“ o ,dl Yio Si%i
xH—x el i+1+l
a0 TR Mg

i 1 xO(+1 )
= SR S VNV R
=1 ’<' F(i+o<+1)(x+ i+o<+1>x)

1 o1 .
= ay) X

7= OF(]oc+z+1)(Nx +Mocj+i+1
(16)

+2108l

Similarly, using (13), (14), (15) and (16), we have

2(x) = 32 (0)] < [yo(x) = Fo ()| + I*[g () [[y1 (x) = 1 (x)]

n—1 i
~ X
CRICED SO
=
n—1 X xito i+o+1
NY e (T 4N M
+ ZS‘ (i!+ TitatD) F(i+oc+2))

n—1 "X l‘i ti+o< ti+o(+l
mMS or [ (L4n M dr
+ Z‘C /0 (i!+ NETEDN F(i+oc+2)>

n—-1 i i+or i+ot1 i+20
T 5 Fi()ii!+Nl"(ii;+ 1)+MF(ixJ:oc++2)+N2l"(ii;oc+ 1)
NG Tit DR r(i)f;i 3) )
< gsi[1—:+r(i+x7m(Nx“+M;ill>
+1"(i++og+1) <N2x21 +OMN ;@ri gy (:ii+12)2>}
(17)

Therefore, we obtain
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n—1

y2(x) = 5 (x)| < Zg’zr(;a+z

i=0  j=0 ' (18)
xo:+l J

X (Nx"—i—M )x’.
o+1

Consequently, by continuing the above procedure, we can
conclude that

n—l [EENE

, N¥* + M i

[y (x) = ()| < ,ZOEJZO:F(I“JHJH ( 4 oc+1)x
(19)
As we know, if k— oo, then yi(x)— y(x) and

Vi (x)
—1 00 xx+l J
x)| < Nx* +M
bt 501 S 3oty (VM)
1

xoc+l
oc+1)'

Since, the Mittag—Leffler function is a convergent series
and x € [0, 1], therefore, (20) indicates that the small
change in initial conditions will cause the small change in
the obtained solution. So the proof is completed. O

— ¥(x). So, if k — oo, then using (19), one obtains

Sl’xiEg(’i+l <Nx" +M
i=0

(20)

3.2 The Convergence of RVIM for the Fractional
Volterra Integro-Differential Equations

In this section, we investigate the convergence analysis of
the proposed method based on the error estimate. The main
result is presented in the following theorem.

Theorem 3.2 Consider the fractional Volterra integro-
diﬁ‘erential Eq. (8),

> 01 CiYy - will converge to y(x) whenever
ki = [g(x)lloo <00,k = [[k(x, 1) <00 (1)

Also, the error estimate resulted by the following relation.

the sequence (7) with yo(x) =

(21X 1)
Eolloe v oy oy
1Eolloe R 1y + 1)

where L = max{k;,k,} and E;(x) = y(x)
error estimate for all k =1,2,....

1Eci1]lo < (22)

—y(x) is a k-th

Proof Evidently, by applying the fractional integral
operator to both sides of (8), we have

n—1 i

y(x) = Z Ci}ii! + I"g(x)y(x) + I*f (x) + I* /OX k(x, t)y(t)ds.

i=0
(23)

Subtracting (7) from (23) yields

22, Q) Springer

Buaa(s) = Pe(a) ()~ () +1* [ k1) (1) — y(0))dr

Then, we can write

Bt ()] < I*1800) ) — y()|
/ k(. 1) Iyi(t) — y(O)]de < ki Py (x) — y()
+ kol / () — y(O)|dr = ko P [Ex (x)] + k™ | Ex ().
(24)
Also,

|Ex ()] <Pl (0)][ye-1(x) — y(x)]
+ I /O |k (e, 1) [ye-1 (1) — y(0)|dr < ki I*[yie—1 (x) — y(x)]

+ ko " yeo1 (x) = y(x)| = (ki l* + ko) | By (x))

(25)
Consequently, we arrive at
|Ex1(0)] < (ki I* + ko) | E ()
< (kI + k" Y By (x)]
(26)

< (kI + kI ™Y Eg (x)]

< (LI* + LI**Y Y Eo (x)|

< LHYP 4 Y max |Eo(x)).
x€[0,X]

Besides, we know that
(Ioc +Icc+l)k+l

o(k+1) (1+1 k+1 _

k+1) 2 : A+1

k+1
_ Z(I;H)Ix(kﬂ)ﬁ _ (kgrl)ly.(kﬂ) + (k;rl)la(kﬂ)ﬂ
j=0

' 0 pyrlkr) =l
o (IR = gyl =0T

T(a(k+ 1))
ok o (k
+ (Hl)uﬁ_m_,_(kﬂ)k—w
DT (el +1) + ) - r((7+ D(k+1))
X\ (e (1)~ ¢+1 )(k+1)—1
S (k(;rl) fO (X T) + ( ]Jrl) /‘0
F(a(k+1)) (a(k+ 1))
N (k+|)fo 7)EFDk+D= _ f(.]r(x_r)<a+1)(k+|>_1 i(kﬂ)
r(oc(k+ D) Fak+1)
. fo x—1) 1+1><k+1)71 . e+
ko™
T'(a(k+ 1)) (04 1)(k+ DI (a(k + 1))
. KD +) . X A+D 1)

S kAT =2 Tk 1)
(27)

Considering (26) and (27), one can conclude that
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k+1 QXHI)HI 28
E <L E TR EUIETR
Een (| <2 max Bl gy @)
Therefore,
(2LX“+1)k+l
E < || E, _ 29
Bl < 1ol e 31 51 (29)

Since, Zﬁo% = E,(2LX*!) is the convergent Mit-

tag—Leffler function Podlubny (1999), so

2onc+l J
fim G, (30)
j=oe I'(0j 4 1)
. (ZLXaJrl)kJrl .
Therefore, if k — oo then HE‘()HOC W — 0 and this
completes the proof. O

4 Numerical Experiments

In this section, we present some examples to illustrate the
applicability, efficiency and accuracy of our method. All
test problems are taken from the literature and the calcu-
lations were performed using Maple software. Also, to
show that our method is practical for nonlinear FIDEs and
partial FIDEs, two examples are presented.

Example 4.1 Consider the following FIDE (Sayevand

et al. 2013)

D'y(x) = [ (e Dy(ar = (1)
0

subject to the initial condition

¥(0) =0. (32)

The exact solution of this problem is y(x)=

HE, 50 (x*2) (Sayevand 2014).
According to the RVIM, the following iterative relation
resulted

Yur1 (x) = yo(x) 4+ 12y, (x) + I"x, (33)

where yo(x) = 0 and y,(x) indicates the n-th approximation

of y(x).
According to (33), the following relations are obtained.

x1+l
V1 (x) = mv

xerl x29€+3
20 = o T 8

xsc+l x20<+3 x30<+5
B0 = T TR 4 T Tea T 6)

n xk(oc+2)—l
yu(x) = _ .
2T (k(a + 2))

559
Therefore,
o k(e42)-1
y(x) = lim y,(x) = _—
n—o0 — F(k(oc =+ 2))
o0 x(k+1)(oc+2)—1
~ 2T ((k+ (2 +2))
h(a+2) ya+1

_ x“+1Ea+27a+2 (xcc+2)’

I
gk

Fk(e+2) +a+2)

=~

=0
which is the exact solution of (31).

Example 4.2 Consider the following FIDE in two cases.

{ Diy(a) + /00 + () =) + 5 [ 6= 0o, xe 0.1],

Y(0) =¥(0) = 0.
(34)

Case 1: choosing f{x) subject that the exact solution of (34),
be Tl + 23 X

Iy g 12

According to the RVIM, the following iterative relation
is resulted

e (8) =300 + | ) 00 109 + 3 [ 6= *yt0a,
(35)

where yo(x) = 0.

The approximate solutions yx(x) for k =4,5,6 are
shown in Figs. 1, 2 and 3. From these figures, we can
conclude that the numerical solutions become more and
more accurate when k increases. In Table 1, the errors are
given in the infinity norm and L, norm for different values
of k using the presented method. Also, maximum error
obtained for different values of N using the spectral-
collocation method Ma and Huang (2014) and method in
Mashayekhi and Razzaghi (2015), that is based on the
hybrid functions consisting of block-pulse functions and
Bernoulli polynomials are shown in this table. In compar-
ison with Ma and Huang (2014) and Mashayekhi and
Razzaghi (2015), our method provides more accurate
results.

Case 2: choosing f{x) subject that the exact solution of
(34), be % + rx(l?;) + rzj(ﬁ) - %, then similarly, Fig. 4 shows
the approximate solutions y,(x) for k = 4, .. ., 8. Moreover,
absolute errors of our method for different values of k are
demonstrated in Table 2. This implies that the approximate
solutions become more and more satisfactory and accurate

by increasing the value of k.

Example 4.3 Consider the following nonlinear fractional
integro-differential equation (Eslahchi et al. 2014)

2, @) Springer
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1.5 T T T T T T T T T

* ¥,00 L
Exact solution ¢
1+ -
==
05r .
(1 A

0 02 2

Fig. 1 Comparison between the exact solution and the RVIM solution
with k = 4 for Example 4.2 (case 1)

16 T T T T T T T T T
+ ¥509
Exact solution

12¢

= 08F

041

02f

o
of
ot

Fig. 2 Comparison between the exact solution and the RVIM solution
with k = 5 for Example 4.2 (case 1)

DO5y(x) = g(0)y(x) +F(x) + / L URRAd, y(0)=0,  (36)
where

f(x)
tion is y(x) = In(1 4 x) (Eslahchi et al. 2014). According
to the RVIM, the following iterative relation resulted.

{m(x) = 3000) + Fg(om(0) ) + Jg VO], )
Yo(x) =0.

g(x) =2x+2¢ — (Vx+x)In(1+x) and

2arctanh(\/%) 2 3 Th luti f thi
= i X2. e exact solution of this equa-

Using (37), the following relations are obtained.

) @ Springer

15 T T T T T T T T T
¥g(x)
Exact solution
1 L -
>
05 .
0 .
0 0.2 2

Fig. 3 Comparison between the exact solution and the RVIM solution
with £ = 6 for Example 4.2 (case 1)

1 1 1 1 1 E
yi(x) =x— ) (2+3vVr)x? + §x3 - ZX4 + gxs - 6)66 + O(x%),

1 1 1 1 1 Ik
y2(x)=x— ) (2 +3vn)x* + §x3 — ZX4 + gxs — EXG + 0(x§),

1 1 1
yi(x) =x— Exz + §x3 ~ 5048 (512 + 5257 )x*

(70,8757 — 65,536)x°

327,680
3 13
— ———— (56,1331 + 262,144)x° + O(x*
1572864 001337 + 262, 144)7 + O(),
1 2 1 3 1 4 2 5
et o (1653757 — 262,144
yale) =X =50 30 = 4 {30720 1033757 /144)x
1 n
- 1(15,644,4757% 4+ 16,777,216)x° + O(x~
100,663,206 | (120444757 +16777.216)27 4 O(x),
k n+1
=Dy
yk(X)inzl n ,
. 0 (71)n+lxn
therefore, y(x) = limg_ 0o yi(x) = anl n =

In(1 + x), which is the exact solution of (36). This example
was also solved by the collocation method (Eslahchi et al.
2014) and fractional pseudospectral integration matrices
(Tang and Xu 2015). The approximate results were
reported for various N in Eslahchi et al. (2014) and Tang
and Xu (2015). Eslahchi et al. (2014) showed that in the
best situation the resulted maximum of absolute error is
9.0178e—06 and if N = 150 the infinity norm in Tang and
Xu (2015) is 1.1127e—05, whereas we obtained the exact
solution.

Example 4.4 Consider the following fractional partial
integro-differential equation

0%u(x,1) ! -1 0%u(x, 5)
R Y AT ) 7 <x< 38
o /0 (t—y) a2 ds, 0<x<1, (38)
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Table 1 The errors of RVIM for
Example 4.2 (case 1)

lly(x) = e ()l fly(x) = ()l

Present method

k=4 3.352022038e—05 3.240956057e—05
k=5 5.790548934e—06 5.647778800e—06
k=6 6.356985987e—07 6.238157544e—07
k=17 0 0
Spectral collocation method (Ma and Huang 2014)
N=2 - 7.6802e—04
N=4 - 1.3923e—05
N=6 - 1.6134e—06
Hybrid method (Mashayekhi and Razzaghi 2015)
N=1 - 8.0e—004
N=2 - 8.0e—005
N=3 - 8.0e—006

subject to the initial condition u(x,0) = sin(nx).
The exact solution of this problem for o =1 is

53,
u(x, 1) = sin(mx) > %

According to the RVIM, the recursive relation is given
by
_% O ur(x, 1)

t) = t 1%
uk+l(x7 ) Mo(.x, )+ \/E o2 ;

(39)
up(x, 1) = sin(mx).

Then, we have
e

(a+3)’

s ta(+% 5 12a+1
1) =si 1—m
U (x, t) = sin(mx) T r(a+%)+n T2’

uy(x, 1) = sin(nx) — 7 sin(7x)

t“*'% o+l s t3oc+%
s+ - 5|
I(a+3) I'(2a+2) r@Ba+3)

5

uz(x, t) = sin(mx) <1 -

) (_l)nn%"ln(wr%)
up(x, 1) = sin(mx) y ——————.
;F(n(fx +H+1)

Therefore,
_ itoﬁl n
S () = sin(r) 10, —

F(n(a+§) +1)

u(x, 1)

= sin(nx)EH%(—n%t‘“*%).
(40)
Thus, the closed form solution for & = 1 of (38) resulted as:

5 3\n
3 —mn
u(x, t) _ sin(nx)E%(—n'%ﬁ) = Sin(nx) Z ( 37‘52 2)
n=0

4 - : ;
Exact solution il
3r ¥4
o ygld
=27 * Yg(xj E

(LA 1 15 2

Fig. 4 Comparison between the exact solution and the RVIM solution
with k = 4,6, 8 for Example 4.2 (case 2)

which is the exact solution of (38). This shows that this
method can successfully be applied for solving fractional
partial integro-differential equations. This example was
previously solved in Mashayekhi and Razzaghi (2015) and
the authors applied the pseudospectral spatial discretization
based on the Legendre—Gauss—Lobatto collocation points to
convert the problem (38) to a system of integro-differential
equations. The absolute errors obtained for different values
of t for « = 1 and k = 16 are reported in Mashayekhi and
Razzaghi (2015). They showed that for the best approximate
solution, the absolute error for r = 0.4 and N = 6 is equal to
9.7e—06. It is obvious that the present method gives better
results than the method in Mashayekhi and Razzaghi (2015).
The obtained numerical solutions for different values of o are
depicted in Figs. 5 and 6, which are consistent with the exact
solution for this equation.

@ Springer
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Table 2 Error estimation of RVIM for Example 4.2 (case 2)

t

Absolute error

k=4 k=5 k=6 k=1 k=38 k=9
0 0 0 0 0 0 0
0.1 5.74688563e—08 2.60833662e—09 1.09049437e—10 4.24672781e—12 1.55009920e—13 0
0.2 0.116359822e—05 8.38435705¢—08 5.54256486e—09 3.42434673e—10 1.98412698e—11 0
0.3 6.79078378e—06 6.41327862e—07 5.51968629¢—08 4.46500935e—09 3.39006696e—10 0
0.4 2.38491842e—05 2.72947279e—06 2.82060606e—07 2.76122018e—08 2.53968254e—09 0
0.5 6.34773521e—05 8.43406462e—06 1.00004884e—06 1.13465662e—07 1.21101500e—08 0
0.6 1.41885714e—04 2.13011487e—05 2.81391533e—06 3.60035794e—07 4.33928571e—08 0
0.7 2.81312416e—04 4.68374714e—05 6.75058746e—06 9.55744954e—07 1.27657335e—07 0
0.8 5.11123288e—04 9.30995595e—05 1.44109785e—05 2.22650843e—06 3.25079365e—07 0
0.9 8.69076998e—04 1.71388383e—04 2.81417353e—05 4.69451055e—06 7.41407645e—07 0
1 1.40277104e—03 2.97066429¢—04 5.12266410e—05 9.14929773e—06 1.55009920e—06 0

Example 4.5 Finally, consider the following fractional
integro-differential equation

83 _ 03 35 — 4yt

Diy(x) =3 -2

N3 12

+/ xty(t)dr 0<x, <1,
0
(41)

subject to y(0) = 0.

The exact solution of this problem is y(x) = x* — x
(Kumar et al. 2016).

According to the RVIM, the following iterative relation
resulted.

8 3 1
7x2_2x2

3x° — 4x* *
= Vel - L (1)de
) =30 + 1[I = [y .

yo(x) = 0.

Using (42), the following relations are obtained.

) 256 ¢ 128 x7
yi(x) =x _X+%ﬁ_@7ﬁ’
ya(x) =x% —x + O(x®),
yi(x) = 22 — x + 0(x7),
ya(x) =% —x+ O(x"),

therefore, y(x) = lim; . yc(x) = x> —x, which is the
exact solution of (41). This example was studied by three
numerical schemes such as Linear (S1), Quadratic (S2) and
Quadratic-Linear (S3) scheme in Kumar et al. (2016). The
maximum absolute errors are reported in Tables 3 for the
schemes S1, S2 and S3. From this table, it is observed that
in the best situation, the maximum of absolute error is
5.20829e—05, whereas we obtained the exact solution.

‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘

5 An Application

Many problems in engineering and different fields of sci-
ences can be modeled by the fractional integro-differential
equations. Among these problems, we can refer to the
fractional population growth model of a species within a
closed system which can be written as the following Vol-
terra integro-differential equation:

Du(t) = au(t) — (1) — cult) /Otu(s)ds, 0<a<l,

with initial condition
u(0) = B,

where a > 0 is the birth rate coefficient, b > 0 is the
crowding coefficient and ¢ > 0 is the toxicity coefficient
(Yuzbasi 2013). Also, u(?) is the population at time ¢ with
initial population u(0). The total metabolism or total
amount of toxins accumulated from time zero is presented
in this model through the integral. Since the system is
closed, the presence of the toxic term always causes the
population level to fall to zero in the long run. It is worth
mentioning that for o =1, we have classical logistic
growth model.

In this part, we solve this model by the proposed method
for «=1, f=0.1, k=2=0.1 and the following
approximate solution is obtained.

u(t) = 0.1 4 .91 4+ 3.55 + 6.316666667> — 5.537500000¢*
— 63.709166661° — 156.08041675 — 18.47323414¢
+ 1056.2885697° + O(°),

also, for « =5, f=0.1 and k = 0.1, we have

1
27
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Fig. 5 Plot of the RVIM solution with oo = 0.25 (right) and o« = 0.5 (left) for Example 4.4

00

Fig. 6 Plot of the RVIM solution with oo = 0.75 (right) and o« = 1 (left) for Example 4.4

t
u(t) =0.1+ 1.0155412350% + 7.1999999981¢ 5 Ex(t) = |D*u(r) — au(r) + buz(t) +eu(r) / u(s)ds|.
+35.4963710472 + 90.42203878¢% — 321.1576322¢2 0
— 5346.3218261° — 32307788601 — 82694.80770¢* + O(£), Figures 7 and 8 show the numerical results and error
estimate for the population growth model, respectively.
which are the same as that results given in Xu (2009). These figures confirm the efficiency of our method for
Furthermore, to show the accuracy of our method for  gqlving this type of equations.
solving this model, we compute the following error

estimate:
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Table 3 Maximum absolute errors of three schemes (S1, S2, S3) for
Example 4.5 in ref. Kumar et al. (2016)

h Maximum absolute errors

S1 S2 S3
% 5.05046e—02 1.32804e—02 1.3358e—02
1L0 1.84683e—02 3.32983e—03 3.33388e—03
% 6.70253e—03 8.33153e—04 8.33345e—04
41—0 2.41481e—03 2.08325e—04 2.08334e—04
8—10 8.65157e—04 5.20829e—05 5.20833e—05

0.25

0.20

015

0.10 1 T T T T T T T T T T T T T T 1
0 0.5 1 1.5

u 1 -u_2 u 3 u 4

Fig. 7 The RVIM solution with o :% and a=1,b=1,c=1 for
population growth model

6 Conclusion

In this work, we apply an efficient scheme based on the
VIM and Laplace transform, named the reconstruction of
variational iteration method (RVIM), to solve Volterra
integro-differential equations of fractional order (FIDEs).
This method was more accurate, effective and convenient
to solve FIDEs and did not require any knowledge of
variational theory. Also, without any restrictive assump-
tions one could derive an iterative relation. Moreover, the
stability and convergence properties of our method for
solving FIDEs have been proved. Several examples are
presented to demonstrate the efficiency and accuracy of the
proposed method. The results showed that the RVIM could
obtain solutions with a remarkable accuracy in only a few
number of iterations. Tables and graphs of the numerical
results indicated that in comparison with some other well-
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Fig. 8 Graph of the error functions with o = %and a=1,b=1,c=1
for population growth model

known methods, our method was more effective and
accurate. The method was also applied to nonlinear FIDEs
and fractional partial integro-differential equations and
population growth model and the obtained results were
very interesting.
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