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Abstract We consider the structures of periodically cor-
related wide-sense Markov (PCWM) processes and their
associated multi-dimensional stationary processes. The
main result of the paper concerns the structure of multi-
variate PCWM processes, in terms of multivariate autore-
gressive and periodic autoregressive processes. But we also
correct some results previously obtained for univariate
PCWM processes.
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1 Introduction

Many processes encountered in practice exhibit seasonal
behavior which cannot be modeled by conventional sta-
tionary processes (see Castro and Girardin (2002) for
examples). For modeling such data, Gladyshev (1961)
introduced the class of periodically correlated processes: a
process {X,, n € Z} is said to be periodically correlated
(PC) with period T if

E(Xyi1) = E(X,) and

Cov(Xpi1, Xmi1) = Cov(X,, X)), n,m€Z,

where Z stands for the set of all integers. Since we propose
to deal with second-order properties, it will be assumed
throughout the paper that E(X,) =0. (In practice, the
periodic sample mean is subtracted from the data.)
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Associated with a PC process {X,,n € Z}, there is a T-
dimensional stationary process {Y,,n € Z}, where

Y, = (XHT7X11T+1? .. n € Z.

(1.1)

The Markov property is the most important property that
describes the relation between the present and past values
of a process. A process {X,,n € Z} is said to be wide-
sense Markov (i.e., Markov in the wide sense), henceforth
abbreviated by WM, if

EXul X, - - X)) = EX| X)),
m<---<m<né€Z,

*
) XnTJrTfl) )

where E stands for the linear projection (which is a version
of the conditional expectation for Gaussian processes). A
PC process which is also Markov in the wide sense will be
denoted by PCWM. Nematollahi and Soltani (2000) char-
acterized the covariance function and the spectral density
matrix of a zero mean second-order PCWM process
{X,,n € Z} and its associated T-dimensional stationary
process {Y,,n € Z}, defined in (1.1). Castro and Girardin
(2008) considered the structure of the covariance, corre-
lation, and reflection coefficient matrices for WM pro-
cesses which are either periodically correlated or
multivariate stationary. They also characterized these pro-
cesses in terms of autoregressive models of order one.

In this paper, we consider the structure of univariate and
multivariate PCWM processes and their associated multi-
dimensional stationary processes. In Sect. 2, we correct
some results obtained by Nematollahi and Soltani (2000)
and Castro and Girardin (2008) in the univariate case. In
Sect. 3, we characterize multivariate discrete time WM
processes. In Sect. 4, we study autoregressive characteri-
zations of PCWM processes. Finally, in Sect. 5, the results
of Sect. 2 (for the univariate case) are extended to the
multivariate case.
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2 Results for univariate PCWM processes

In this section, we correct some results obtained by
Nematollahi and Soltani (2000) and Castro and Girardin
(2008) for the T-dimensional stationary process
{Y,,n € Z}, defined in (1.1), which is associated with the
PCWM process {X,,n € Z}.

Theorem 2.1 Let {X,,n € Z} be a PCWM process and let
{Y,,n € Z} be its associated T-dimensional stationary pro-

cess. Let Q(k) = Cov(Y,x,Y,) = [Qy(k )]TJ:O nk € 7.
Then
[n(T)]” dﬂC(z i), k< —1,
d;C(i, i<j, B
Gl =\ V), i) >
[h(T)]" duC(I J); k>1,

where C(n,m) = Cov(X,,X,n) #0, n,m € Z, h(0) =1,
and

1 .
C(i,i—1) h(i)

1212 d,":—,
HC(I—lt—l) e ]

i,j=0,1,...,T—1.

Proof For k=0 and i >, using relation (3.5) in Nema-
tollahi and Soltani (2000, p. 131) with m = k,n = j, and
v=1i—j, we have Q;(0) = C(i,j) = [h(T)°h(i)[n(j)] "
C(j,j) = diC(j,j). Since Q(0) = Var(Y,,) is a symmetric
matrix, we have Q;(0) = Q;;(0) = d;C(i, ), for i < j. For
k>1 and i >j, we apply relation (3.5) in Nematollahi and
Soltani (2000, p. 131), with n=j, v=i—j, m=k, to
conclude that

Qy(k) = C(kT +i,j) = [H(D)]h() 1 (j)] ' C(.)
= [h(T)]kdle(Ia.])a
i>j, k>l

Similarly, for k> 1 and i <j, we have

Q;i(k) = (kTJrz,j) C((k—1)T+T+1i,))
= [A(D)] BT + )R] CGL).
But, since C(X,i7, Xpni+1) = C(Xy, Xn), we have

) T+i C(jJ_ 1)
h(T—i—z):le—C(ji]’jil)
_/c(1,0)C(2,1)
- (C(0,0)C(l,l)m
C(1,0)C(2,1)
x (C(o,o) e,

C(T,T—1)
C(T—l,T—l))

cli—1) \ _
Cl-1,i— 1)> = h(T)A(i).

Therefore,
Q;i(k) = [A(T)*h(i)[A(j)] " C(j.j) = [A(T) d5C (),
i<j, k>1.

72, €\ Springer

Finally, for k<0, we have Q;(k) = Qji(—k) = [(T)]*

d;C(i,i),i,j=0,1,....,T — 1.

Remark 2.1 Nematollahi and Soltani (2000, Theorem 3.3)
gave the expression Q(k)=[h(T)"DR,k>0, where D=
[dy]; o and R=diag{C(0,0),C(1,1),...,C(T—1,T—1)}.

But their expression is not correct since, for k=0, it gives
Q(0)=DR, which is not correct.

Remark 2.2 Castro and Girardin (2008, Eq. 11) gave the
expression

Q(k) = [n(T)'AB",

where the column vectors A = (ag, ay,...,ar_1)" and B =
(bo,bi,...,br_1)" are defined by a; =h(i) and b; =
[h(i)] "' C(i, i), for 0<i<T — 1. But, this expression is not
correct, since for k =0, it gives Q(0) = AB*, which is

clearly incorrect.

Remark 2.3 In Theorem 2.1, comparing Q;(1) and Q;;(k)
for k> 1, we conclude that

() = (1) '), k>1.

3 Characterization of multivariate WM processes

A p-variate (p > 1) process {X,,,n € Z} is said to be wide-
sense Markov (WM) if

EXo X5 X)) = E(X0|Xo,),
m<---<m<né€lZ,

with probability 1, where E stands for the linear projection
(which is a version of the conditional expectation for
Gaussian processes); see, e.g., Doob (1953, p. 90). Doob
(1953, p. 233) showed that a one-dimensional process
{Xy,n € Z} is WM if and only if

C(n,n)C(m,u) = C(m,n)C(n,u), m<n<ué€Z, (3.1)
or, equivalently, if and only if
C(m,u) = C(m,n)[C(n,n)] ' C(n,u), m<n<ueZ, (3.2)

assuming C(n,n) # 0. (The case where C(n,n) =0 is
trivial.) Beutler (1963, p. 428) extended this characteriza-
tion to multivariate continuous time processes. In this
section, we prove that the characterization (3.2) holds for
multivariate discrete time processes, correcting a result
given by Castro and Girardin (2008, pp.160-161), who
wrongly concluded that for multivariate discrete time
processes, the above “triangular characterization does not
hold true”.
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In what follows {X,,n € Z} is a multivariate discrete
time zero mean second-order process with nonzero
covariance matrices C(.,.) defined by

C(n,m) = Cov(X,,X,,) = E[X,X}], mn€LZ.

(Here and in what follows X* denotes the transpose of
X). It will be assumed throughout that C(m, m) = Var(X,,)
is nonsingular for all m € Z.

Note that except for m = n, these covariance matrices
are in general not symmetric, [C(n,m)|"# C(n,m), m # n

(and C(n,m) # C(m,n), m # n), but we have
[C(n>m)]*: C(m,n),

m,n € Z. (3.3)

Let R(., .) denote the “normalized covariance” function,
defined by

R(n,m) = C(n,m)[C(m,m)]”", m,n e Z. (3.4)
Then it is easily verified that
E(X,X,) = R(n,m)X,,, m<n €Z. (3.5)

Remark 3.1 Castro and Girardin (2008, Eq. 4) define the
“correlation function” of the process as follows:

p(m,n) = C(m,n)[C(m,m)]”", m,nel (3.6)

They then assert that E(X,|X,,) = p(m,n)X,,, m<n,
which is not true since

E{[X, — p(m,n)X,]X,} = C(n,m) — C(m,n) # 0.

(Note that p(m,n) is not a “correlation matrix” in the
usual sense, i.e., it is not a matrix of correlations. This is
why we have used the term “normalized covariance” for

(3.4).)

Theorem 3.1 Let {X,,n € Z} be a zero mean second-
order multivariate process with nonzero covariance
matrices C(.,.) and nonsingular variance matrices C(n,n),
n € 7Z. Then {X,,n € Z} is WM if and only if one of the
following equivalent conditions holds

* R(u,m) = R(u,m)R(n,m), m<n<ucZ, (3.7)
(b)

Gl m) = Clu e, n)]'Cnm), (38)
()

Clom ) = Clm mic(e m)]"Cln,u), (3.9)
(d

R(m.u) = R(m,n)R(n,u), m<n<ucZ. (3.10)

Proof

(a) Suppose that {X,,n€Z} is WM and let
m<n<u € Z. Then using (3.5), we have
E(X,|X,,X,) = E(X.|X,) = R(u,n)X,.  Hence,
X, — R(u,n)X, is orthogonal to X,; ie,
E{[X,— R(u,n)X,]X;,} =0. It follows that
E(X.X;) — R(u,n)E(X,X},) =0, which yields
C(u,m) = R(u,n)C(n,m). Then (3.7) follows by
post-multiplication of both sides of this relation by
[C(m,m)]”". Conversely, suppose that (3.7) holds
and my <--- <my<n. Let W=X, — E(X,1|ka).
Then W = X,, — R(n,m;)X,,,, using (3.5), and, for
any i = 1,...,k,

E<WX;E) = C(n,m;) — R(n,my)C(my, m;)

= R(n,m;)C(m;,m;) — R(n, my)R(my, m;)C(m;, m;)
= [R(n,m;) — R(n, mg)R(my, m;)|C(m;,m;) = 0,

using (3.7). Thus, X, — E"(X,,|ka) is orthogonal to
{Xm, -, Xm }- Hence

E(Xn|X'n1a .. '7ka) = E(Xn|ka)§

i.e., {X,,n € Z} is a WM process.
(b) Rewriting (3.7) in terms of covariance matrices, we
have

C(”v m)[C(m, m)rl: C(u7 n) [C(l’l, ")rlc(”v m)[C(m’ m)]ila

which is obviously equivalent to (3.8).

(c) Taking transpose of both sides, and using (3.3), it is
seen that (3.8) is equivalent to (3.9).

(d) It is easily verified that (3.9) and (3.10) are
equivalent.

Remark 3.2 Castro and Girardin (2008, Proposition 2)
state that {X,,,n € Z} is WM process if and only if

p(m,u) = p(m,n)p(n,u), m<n<u€Z, (3.11)

where p(m,n) is as defined by (3.6). (Cf. condition (3.11)
with condition (3.10).) But with their definition of p(m,n),
condition (3.11) is incorrect (see Remark 3.1). Note that
rewriting (3.11) in terms of covariance matrices, we get

C(m,u) = C(m, n)[C(m,m)]™ C(n,u)[C(n,n)]”" C(m,m),
(3.12)
which is different from (3.9). (See the following counter

example for which (3.12) does not hold.) Rewriting (3.12)
in the form

C(m,u)[C(m,m)]™'= C(m.n)[C(m,m)] ' C(n,u)[C(n,n)] ",

we obtain the result given by Castro and Girardin (2008,
Eq. 13). Based on this (wrong) result, Castro and Girardin

2, @) Springer
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(2008, pp. 160-161) (wrongly) concluded that, for multi-
variate WM processes, the “triangular characterization
does not hold true”; whereas condition (3.9) is clearly the
multivariate analog of condition (3.2).

Example 3.1 Let {X,,n € Z} be a nonstationary Markov

process with

C(j,j) = Var(X;) =+ 1, and
C(]7J+ 1) = COV(}(j7Xi+l) = 17
Then, according to Doob (1953, Theorem 8.1, p. 233),

we have

jEL

Clj+1CGl+1,j+2) 1
CGi+2) = Cli+1j+1) RS
C(j,j+2)CG+2,j+3)

CGri+3) = Cii+2,j+2)
1
[(j+ 1)2+1} {(j+2)2+1} 7

Clj,j+k—1CG+k—1,j+k)
Cli+k—1,j+k—1)

_ CGj+k—1)

T C(A+k—1,j+k—1)

1

- [(j+ 1)2+1].,.[(j+k - 1)2+1]

Cj,j+k) =

k—1 1
“Hma
Now we define Y, = {szn ], n € 7. Then, for
m<n € 7, we have it
C(m,n) = Cov(Y,,,Y,)
- [ C(2m,2n) C(2m,2n+1) }
- lc@m+1,2n) C2m+1,2n+1)
B 2(n—m)-2 1
T 2m+1+i0)+1
1 1
(2m+1)*+1 [(zm + 1)2+1} {(2n)2+1}
X
1
1 2
(2n)"+1
and
C(n,n) =Cov(Y,,Y,)
B [ C(2n,2n) C(2n,2n+1) }
lc@n+1,2n) C2n+1,2n+1)
(2n)*+1 1
1 (2n+1)*+1

It is then easily verified that, for every m<n<u € Z,
we have

72, €\ Springer

2(u—m)—2 1
D CmA 140l
1 1
(2m+1)°+1 {(2m + 1)2+1} [(2u)2+1}
X
1
1 2
(2u)™+1
= C(m,u).

Therefore, (3.9) holds for every m<n<u € Z, and
{Y,,n € Z} is a 2-dimensional (nonstationary) wide-sense
Markov process. But, for this example, Proposition 2 in
Castro and Girardin (2008) which states that C(m,u) =

C(m,n)[C(m,m)] "' C(n,u)[C(n,n)] 'C(m,m) does not
hold. For example, for m = —1, n =0, u = 1, we have
C(-1,0)[C(—1,-1)]'C(0,1)[C(0,0)] 'C(~1,-1)

R I

|5 319 9|2 102 ~t][5 1
-1 5 Uil=1 1 ][1 2

1 1] ]—= Z 1|1 =

- 9 9 5

r41 1 11

_ |20 20 4 20| _ o

B N R A A

L1010 2 10

Corollary 3.1 Let {Y,,n € Z} be a nonsingular multi-
variate stationary WM process, with covariance function

O(k) = Cov(Y 4, Y,). Then
Q(k) = (2(1)@'(0))'Q(0), k>0, (3.13)
0(k) = (0" (1)@ (0)) "0(0), k<o. (3.14)

Proof Clearly (3.13) holds for k = 0 and k = 1. Also, for
k>0, using (3.8) with m =n — 1 and u = n + k, we have
Q(k+1)=Q(k)Q~'(0)Q(1), and (3.13) follows by induc-
tion. For k <0, (3.14) follows from (3.13) by noting that

—k

[(Q(IQ1 )
ne ')
=0(1 )(Q '(0)Q" 1))
=(@'(me ') "o

o0

Remark 3.3 Castro and Girardin (2008, p.161) use their
(incorrect) Eq. (13) to conclude that Q(k) =
[0(1)@7'(0)]"Q(0) = Q(—k), k € Z, which is not true for
k<0. (Note that in general, Q(k) = Q" (—k).) Also, it can
be shown that Eq. (14) in Castro and Girardin (2008) does



Iran J Sci Technol Trans Sci (2016) 40:225-232 229
not hold for negative powers; in fact, from (3.13) and C(n n— 1) [C(n n— 1)}2
3.14) it follows that y = "=, 0, =C(nn) - ———"——"—,
(3.14) Cn—1Ln—1) Cln—1,n—1)
k
p(k) = { [p(1)] - k>0, neZ. (4.2)
p(-D]", k<0,

where p(k) = Q(k)@'(0).

4 Autoregressive characterizations

In this section we consider the structure of PCWM pro-
cesses in terms of autoregressive (AR) and periodic
autoregressive (PAR) processes. For related results, see
Pagano (1978), Castro and Girardin (2002, 2008).

The univariate case. Using their results on reflection
coefficients of WM processes, Castro and Girardin (2008,
Theorem 3) showed that the class of PCWM processes is
exactly the class of PAR processes of order 1 and that the
T-dimensional stationary process associated with a PCWM
process has an autoregressive representation. We give a
direct and more transparent proof of their results, which
shows an error in their results (see Remark 4.2).

We recall that a process {X,,n € Z} is said to be a PAR
process of order one, PAR(1), with period 7, if it has a
representation of the form

X, =a,X,_1+¢e, neZ, (4.1)

where {a,,n € Z} is nonzero periodic sequence of con-
stants, a,.r = a,, and {&,,n € Z} is a white noise process
with periodic variances, Var(e,.r) = Var(g,), with
Cov(X,,, e,) = 0, for m<n (see Pagano (1978) for general
definition of PAR(py,...,p4)).

First, we verify that the PAR(1) process (4.1) is a PCWM
process: Let D(s,r) = [];_, @, with the convention that
D(s,r) = 1if r > s. Then, for n € Z and k > 1, we have

k
Xok = D(n+k,n+ DX, + Y D(n+kn+ 1+ j)eny,
j=1

and, therefore,

Cov(Xp1k, Xn) = D(n + k,n + 1)Var(X,)

= </nH a.i) Var(X,),

=n—+1

since Cov(X,,, &;) = 0. It is then easily verified that the
covariance function of {X,,n € Z} satisfies Doob’s con-
dition (3.1) and, therefore, {X,,n€Z} is a PCWM
process.

Conversely, suppose that {X,,,n € Z} is a second-order
PCWM process with period T and covariance function
C(.,.). Let

Note that {a,,n € Z} and {c2,n € Z} are periodic with
period T. Now, let ¢, = X,, — a,X,—;. Then it is easily
verified that {¢,} is a periodic white noise process, with
Var(s,) = 2. Also, for m<n we have

Cn,n—1)
= C(m,n) — C(m,n) =0,

Cov(Xp, &,) = C(m,n) — C(m,n—1)

using Doob’s condition (3.2). Thus, {X,,n€Z} is a
PAR(1) process of the form (4.1). See Castro and Girardin
(2008, Theorem 3, Eq. 18), but note that their w(l + nd) is
a periodic white noise process and the variances are needed
in the rest of the proof; see Remark 4.2.

Remark 4.1 Since the sequences {a,,n € Z} and
{aﬁ,n € Z} defined by (4.2) are periodic with period T,
their values are completely determined by the values of
ai,...,ar and G%, e ozT. Thus, the PAR(1) representation
shows that the covariance function of a PCWM process,
C(.,.), is completely determined by the values of C(i,i)
and C(i+1,i),i=0,1,...,T— 1. (As we shall see in
Theorem 4.1, a similar result holds in the multivariate
case.)

Let {X,,ne€Z} be a PCWM process and let
{Y,,n € Z} be the T-dimensional stationary process asso-
ciated with {X,,n€Z}; ie, Y,= X, Xurs1,---
X,ri7-1)". Then using the PAR(1) representation (4.1),
with {a,,n € Z} and {6?,n € Z} as defined in (4.2), it is
easily shown that {Y,,n € Z} has a multivariate AR(1)
representation

A(O)Yn +A(1)Yn—l = &, (4'3)

where &, = (&7, &aT 41, - - - énraT—1) 18 a T-dimensional
white noise process with diagonal covariance matrix X
with X; = 61.2,0§i§ T —1; A(0) is a triangular matrix

with only 27 —1 nonzero entries, [A(0)];,=
1,0<i<T -1, and [A(O)]m;l: —a;, 1<i<T—1; and
A(1) has only one nonzero entry [A(1)],,_,= —ar = —ay.

See Castro and Girardin (2008, Eq. 17).

Remark 4.2 Regarding (4.3), Castro and Girardin (2008,
p. 163) gave the expression

Zoo = C(T—1,T—1) = [C(T, T = D}’/C(T = 1,T - 1),
(4.4)

but this expression is not correct since, as noted above,

oo = 6(2); ie.

ZOO:C(Ta T) - [C(TaT_ 1)]2/C(T_ laT_ l)a (45)

2, @) Springer
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Clearly (4.4) 1is different from (4.5), unless
C(T-1,T—1)=C(T,T), which need not hold.

The multivariate case A p-dimensional second-order
process {X,,n € Z} is said to be a multivariate PAR(1)
process with period T if it has a representation of the form

Xn :Aanfl + &, (46)

where {A,} is a periodic sequence of nonzero transition
matrices, A, =A,, and {¢,,n € Z} is a multivariate
periodic white noise process; i.e.,

E(e,) = O,E(sms,’:) =0,(m #n); Var(e,.r) = Var(s,),
m,n € 7,

and Cov(X,,,¢,) =0, for m<n.
Theorem 4.1

(1) A p-dimensional second-order process {X,,n € Z}
is a multivariate PCWM process if and only if
{X,,n € Z} is a multivariate PAR(1) process.

(il)  The Tp-dimensional stationary process {Y,,n € Z}
associated with a multivariate PCWM process
{X,,n € Z}, defined by Y,= (XZT,XZTH, R

D, G )" has multivariate AR(1) representation

A0)Y, +A()Y,_; = &(n),

where g(n) = (sfms;ﬂl, .. .,sZT+T71)* is a Tp-di-
mensional white noise process with block diagonal
covariance matrix X = diag[Xo, X,..., Xr_1],
where

X =C(i,i) - C(i,i— D[C(i —1,i— 1)]'C(i — 1,i),

A(0) is a block triangular matrix with only 2T — 1
nonzero p xp block entries, [A (0)]”: I,
0<i<T -1 and [A(O)]LFIZ —A; for 1<i<T
—1, where

A, =C(ii—D[Ci—1,i—1D]",

and A(1) is a block matrix with only one nonzero
p % p block entry [A(1)], ;= —Ao, where

Ag=C(T,T—-1)[C(T-1,T-1)]".

Proof

(1) Let D(s,r) =AA,_;...A,, r<s with the conven-
tion that D(s,r) =1 (identity matrix) if r >s.
Suppose that {X,,,n € Z} is a multivariate PAR(1)
process, as given by (4.6). Then for n € Z and
k> 1, we have

72, €\ Springer

k
Xo =D(n+kn+ )X, + > Dn+kn+1+ ).
=1
Therefore,
Cov(X 1k, X,) =D(n+ k,n+ 1)Var(X,),
since Cov (X, &;) = 0. It is then easily verified
that the covariance function of {X,,,n € Z} satisfies
condition (3.8) and, therefore, {X,,n € Z} is a
wide-sense Markov process.
Conversely, let {X,,n€Z} be a multivariate
PCWM process with nonzero covariance function
C(m,n) = E(XmX:;) and let ¢, =X, —A,X,_1,
where
A, =Cnn—1D[Cn—1,n—-1)]", neZ
(4.7
Note that {A,,n € Z} is a periodic sequence with
period T, A, .7 = A,. Now, for m<n, we have
Cov(gn, &) = C(m,n) — C(m,n — 1)
x [C(n—1,n—1)]""'C(n—1,n)
—C(m,m—1)[C(m—1,m—1)]"
C(m—1,n)
+C(mym—1)[C(m—1,m—1)]"
Cm—1,n—1D[Cn—1,n—1)]"
C(l’l - 1a I’l),

and, using (3.9), it follows that

Cov(ey,&,) = C(m,n) — C(m,n) — C(m,m — 1)
X [C(m—1,m—1)]"'C(m —1,n)
+ C(mym—1)[C(m—1,m—1)]""
Cim—1,n)=0.

Also, for m<n, we have
Cov(X,n, 8,) = C(m,n) — C(m,n — 1)
x[C(n—1,n—1)]""'C(n—1,n)
= C(m,n) — C(m,n) =0,

using (3.9). Finally, forn € Z
Var(e,) = Var(X,, — A, X,-1)
=C(n,n)+A,C(n—1,n—1)A]
—C(n,n—1)A, —A,C(n—1,n),

which simplifies to
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Var(g,) =C(n,n)

—C(n,n—1)[C(n—1,n—1)]"'C(n—1,n).

(4.8)

Hence, {¢,} is a p-dimensional periodic white noise
process and {X,,n € Z} is a periodic AR(1l) pro-
cess with representation (4.6).

(i)  This follows from the multivariate PAR(1) repre-
sentation (4.6), with values of A; and X; given by
(4.7) and (4.8).

5 Results for multivariate PCWM processes

Let {X,,n € Z} be p-dimensional zero mean second-order
PCWM process of period 7, with nonzero covariance
matrices C(m,n) = Cov(X,,,X,) and nonsingular variance

matrices C(n,n), n€Z. Let {Y,,n€Z} be the
Tp-dimensional stationary process defined by Y, =
(X Xopirs oo Xipory) sn€Z, and let Q(k) =

Cov(Y,+4,Y,) denote the covariance function of {Y,}. As
noted in Remark 4.1 the covariance structure of
{X,,n € Z} is completely determined by the values of
C(i,i)and C(i + 1,i),i=0,1,...,T — 1. In the following
theorem, Q(k) is expressed in terms of C(i,i) and
C(i+1,i),i=01,....T—1.

Theorem 5.1 The covariance function of {Y,,n € Z},

(k) = [Qy(K)]] . is given by
D(i,j+2)C(j + 1,j), JH2<i<T—1, 0<j<T-3,
C(j+ 1.j), i=j+1, 0<j<T -2,
Qij(o): C(Iv]) =] 0<j<T-1,
CGi+1,)] j=i+1, 0<i<T-2,
[CGi+1,)]"DG,i+2)]", i+2<j<T—1, 0<i<T-3,
(5.1)
and for k> 1,
D(i,0)[D(T — 1,0)*'D(T = 1,j +2)C(i + 1,j), 0<j<T -3,
Q;(k) =< D(i,0)D(T - 1,0)]"'C(T - 1,T-2), j=T-2,
D(i,0)D(T — 1,0 'c(T—1,T-1), j=T-1,
(5.2)
where
N JAAL A 02
D(”’)‘{ I i<

(I denotes the identity matrix) and A; = C(i,i —1)
[Cli—1,i—1)]"i=0,1,..T—1.
Proof As in Nematollahi and Soltani (2000), it is easily
verified that Q;(k) = C(kT + i,j). Hence, Q;;(0) = C(j,j)
and Q,;(0) = C(j+ 1,j). Fori>j+2(0<j<T - 3), by
applying (3.8) repeatedly, we have

0;;(0) =C(i,j) = C(i,i— [C(i—1,i—1)] "' C(i— 1))
=C(i,i-NCi—1,i-D]'C(i—1,i—2)
x[C(i—2,i—2)]"'C(i—2,j)
=...=C@,i-NCci-1,i—-1)]"
X [C(+1,j+1)]7'C(i+1,))
=AAi1-Aj2C(j+ 1,j) =D(i,j+2)C(j+ 1,j),

~C(j+2,j+1)

and for i<j, the entries of Q(0) are given by

0,(0) = [Q;(0)]", since Q(0) is symmetric. For k> 1, first
we note that
0,(k) = C(KT + i,j) = C(KT + i, kT +i — 1)

X [CT +i— 1,kT +i—1)]""C(T +i — 1)
=C(kT + i, kT +i—1)[C(T +i—1,kT +i—1)]"
X C(kT +i—1,kT +i—2)
X [C(KT + i — 2,kT +i —2)]"'C(kT + i — 2,j)
= =CkT + i, kT +i— 1)[CT +i—1,kT +i—1)"

x C(KT,kT — D)[C(KT — 1,kT — 1)]'C(kT — 1,j)
=C(i,i— D[ - 1,i=1)]"---€(1,0)[c(0,0)] "
x C(T,T —1)[C(T —1,T —1)]"'C(kT - 1,))

=AAi_1--AC(kT — 1,j) =D(i,0)C(kT — 1,}).
(5.3)
Now, by induction we show that
C(kalaj):[D(Tfl,o)]kilc(TflJ% k21
(5.4)

Clearly (5.4) holds for k = 1. Now suppose (5.4) holds

for k=m; ie, C(mT—1,j)=[D(T—1,0)]""
C(T — 1,j). Then, for k = m+ 1, we have
C((m+ 1T —1,j))

=C((m+1)T—-1,(m+1)T —2)

x [C(m+ )T = 2,(m+ )T = 2)]'C((m + DT = 2,))
= =C((m+ )T —1,(m+1)T - 2)

x [C((m+ 1T =2,(m+ 1T —2)]"

x C(mT,mT — 1)[C(mT — 1,mT — 1)]~
=Ar_1Ar_y - AoC(mT — 1)
=D(T - 1,0)[D(T — 1,0)]"'C(T — 1,j)
= [D(T —1,0)]"C(T — 1,j),

'C(mT — 1,j)

which completes the proof of (5.4). From (5.3) and (5.4),
we have

Ql]( ) 717.].)7

and (5.2) follows by noting that C(T — 1,j)
which is given in (5.3).

D(i,0)[D(T — 1,0 'c(T

= 07-1,(0),

2, @) Springer
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