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1 Introduction
Let f be an element of S¢1/2(4N), the space of cusp forms of weight £ + 1/2, of level 4N
and of trivial character modulo 4N. Write its Fourier expansion as

f@ =Y almn " e(nz)

n=1

for Im z > 0. Given positive real numbers « and x and a class 2 modulo a prime number
p, we are interested in giving a lower bound on the number of integers n < x such that

n=alpland a(n) > n=*

(or a(n) < —n~* respectively). As far as we know, this specific
problem for half-integral weight modular forms has not been studied before. Of course,
when the weight is an integer, such a question can be partially answered using Sato-Tate

equidistribution for Hecke eigenvalues (see [4, Theorem B]).

1.1 The sign of Fourier coefficients

In the recent years, the sign of coefficients of half-integral weight modular forms has drawn
considerable attention. As a matter of fact, this subject comes from a question asked by
Kohnen. Define f as previously and assume that it is a complete Hecke eigenform. If ¢ is
a positive squarefree integer then, by Waldspurger’s formula, one knows that the value
of a(t)? is essentially proportional to the central value L(1/2, Shf x x;) where Shf is the
Shimura lift of f and x; is an explicit Dirichlet character depending on ¢.
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Thus, Kohnen’s question is : what squareroot of L(1/2, Shf x x;) corresponds to a(¢)?
In other words, assume that the coefficients a(#) are real, then what is the sign of a(¢) if it
is nonzero and what could we say about the other coefficients a(#n)?

Bruinier and Kohnen [6] first showed that under some classical hypothesis, the sequence
(a(tn?)),>1 has infinitely many sign changes and equidistribution results were established
in [15] and [1] for the sign of this sequence. In [14], the authors studied the case of the
sequence (a(t)); for all squarefree ¢ and for f of level 4. They showed that there are also
infinitely many sign changes in this sequence and a lower bound for the number of positive
(respectively negative) a(¢) for ¢ < x is given in [26].

Then, Meher and Murty [30] turned their attention to the whole sequence (a(#)),>1
when f is a complete eigenform in Kohnen’s plus space of level 4. Detecting the sign
changes, they proved in particular that

|{n <x | aln) S O}| >re x27/70—¢ (1.1)

foranye > 0.In[19], the authors sharpened the exponent 27/70—¢ to 1/2 and generalized
it when # runs through an arithmetic progression of fixed modulus.

Very recently, Lester and Radziwill[27] studied this problem and they showed that under
the previous assumptions, there are, for any ¢ > 0 and for x large enough, at least x'~¢
sign changes in (a(n)), where 1 < n < x and # is a fundamental discriminant of the
form n = 4t with ¢ even and squarefree. This improves drastically the bound in (1.1) but
actually they did better on this matter. Using a result of Ono and Skinner [33], they gave

arapid and elegant proof of the fact that if f is suitably normalized, then we have

fn<a

a(n) S 0}| >¢ &

and the proof can be easily adapted when f € S¢41/2(4N) for any integer N assuming that
the hypotheses of [33, Fundamental Lemma] hold and that f is a complete eigenform.

1.2 Principal results
Fix f as before. Let o be a positive real number and let a be a class modulo an integer g.
We consider

’];:'q(x;oz) =|{n<x|n=alq] and a(n) > n*}|, (1.2)
<

’];;I(x;a) = Hn x|n =alq] and a(n) < —n_“}‘ (1.3)
for any x > 0. We also put 7 ¥(x;a) = ’Zﬁ(x; a).

Using recent results on sums of Fourier coefficients of half-integral weight modular
forms in arithmetic progressions, we prove a lower bound for ’Tai(x; o) for some fixed o
and for a positive proportion of a [p]. Here, p is a prime such that p and x are both going
to infinity in a certain range.

We distinguish two cases. The first one is when f is not necessarily a Hecke eigenform.
In that case, we prove that there exists a positive proportion of a [p]! such that at least
one coefficient a(n) with n = a [p] and n < x satisfies a(n) > n~“ for some positive .

The second case is when f is a complete Hecke eigenform. Then, we establish a lower
bound on the number of 4 [p] such that both ’]Z;?(x; o) and %;(x; «) are bigger than ’1%7;
for positive ¢.

Here and in the rest of the paper, a positive proportion means a number of a [p] which is > p.
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We emphasize the fact that there are two novelties in this work. First, we are not
just looking at the signs of the coefficients, we also provide lower bounds for |a(n)|.
Moreover, we include the case where f is not necessarily a Hecke eigenform which is
significantly different from the previous papers about the signs of coefficients of half-
integral weight cusp forms. Indeed, in the works we mentioned above, the assumption
that f is an eigenform is crucial since, in that case, Shimura’s correspondence is quite
explicit on the coefficients (see (2.1) below) and one can apply Waldspurger’s formula.

Let us now state the main theorem of this paper.

Theorem 1 Letf € Sp11/2(4N)\{0} where £ and N are two positive integers with N odd
and squarefree. If ¢ = 1, we assume that f is in the orthogonal complement of the subspace
spanned by single variable theta-functions. We also assume that the Fourier coefficients of
f are real.

Then, for any ¢ > 0 and any o € (3/14, 1/4], there exists a constant xo = xo(f; &, &) such
that for all xo < x' 72T <« p < x*7=¢ with p a prime number, we have

+ (o
T,p(x0) > 1

for a positive proportion of a [p] and where 7;; (%; ) is defined in (1.2). The same holds for
’];;g(x; a).
If, moreover, we assume that f is a complete Hecke eigenform, then for any ¢ > 0, any
8 > 0 small enough and any o € (1/8, 1/7], there exists a constant xg = xo(f, €, 8, &) such
that for all xo < xV/*T¢ & p < x* ¢ with p a prime number, we have
1-26

i x
%,p(xia) > W

. . 3/4
Jor a number of a [p] which is > I;W'
We will then deduce the following corollary.

Corollary 1 Let f € S¢y1/2(4N)\{0} as in Theorem 1 (but not necessarily a Hecke eigen-
form) with N odd and squarefree. Then,

TE(x;3/14 4 ) > «4/77¢
forany ¢ > 0 and x large enough.

Remark 1 The previous corollary implies an omega result on the absolute value of a(n).
However, the conclusion reached is weaker than the one established in recent papers on
this subject (see [9] and [12]).

The proof of the first assertion of Theorem 1 is based on estimates on sums of Fourier
coefficients over arithmetic progressions. This type of sums has drawn particular interest
over the past decade, especially for integral weight modular forms (see for example [25]
and [11]). The case of half-integral weights was treated in [7]. We will need the following.

Theorem 2 Let f € Sgy1/2@N)\{0} and w a smooth real-valued function compactly
supported in (0, +00). Define for any x > 0, any prime number p and any class a modulo p

E(x,p a) = > a(myw(n/).

n=ap]

E“H
)



46 Page4of24 C. Darreye Res. Number Theory (2020) 6:46

Then, for any ¢ > 0,

1 x
=Y IE@p a)? ~ w3
alp]

as long as x> « p <« x'7¢. The symbol 3" means we restrict the summation over
invertible classes modulo p, |w||3 is the L*> norm of w and ¢y is a positive constant depending
onlyonf.

Moreover, if we assume that N is odd and squarefree, that f is in the orthogonal comple-
ment of the subspace spanned by single variable theta-functions when £ = 1 and that the
Fourier coefficients of f are real, then

1 X
=Y E@wpa) <12lwl3) + o(1)
P o

as long as x"/?¢ « p « x*7¢,

This is a special case of [7, Theorem 3] where the assumption that f is a complete
eigenform was relaxed and the level of f is greater than 4.

In order to prove the second assertion of Theorem 1, we will need the following result
about the fourth moment of the Fourier coefficients. While the second moment can
be easily computed using the classical theory of Rankin-Selberg transform, the fourth
moment is more tricky to estimate. Asitis done in [27], we will do it by using Waldspurger’s
formula [37] and a large-sieve type inequality by Heath-Brown for quadratic characters
[13].

Proposition 1 Letf € Spy1/2(4N) be a complete Hecke eigenform with N odd and square-
free. If £ = 1, we assume that f is in the orthogonal complement of the subspace spanned
by single variable theta-functions. Then

> lam)* <ge 21

n<x

forany e > 0and any x > 0.

Remark 2 The assumption that N is odd and squarefree in Theorem 2 comes from the
fact that we need a sufficiently good theory on newforms of half-integral weight. As far as
we know, such a theory doesn’t exist on Sg41/2(4N) for arbitrary N.

We also need this assumption in Proposition 1 to make Waldspurger’s formula a bit
more explicit.

1.3 Structure of the paper
Since we are going to work with smooth sums, we will consider coefficients a(n) with n/x
in the compact support of a smooth function w on (0, +00) and prove a lower bound for

’Z;Z(x, o W) = Hn >1 | n=alq] and a(m)w(n/x) > n_"‘w(n/x)}|. (1.4)
The case of 7, (x, «; w) will follow easily by changing f in —f.

Without loss of generality, we may assume that w is supported in (0, 1) and takes values
in [0, 1].
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We will proceed as follow. After proving Theorem 2, we will combine it with Holder’s
inequality to show that

Y E@pa)l>p
apl

which yields E(x, p, a) > 1 for a positive proportion of a [p] since Y E(x, p, a) is small.
alp]
Then, the first assertion of Theorem 1 follows from an easy counting argument. We will

also prove the second assertion of Theorem 1 following the same line but we will use
Proposition 1 instead of the result about the fourth moment in arithmetic progression.

We will first recap some basic facts about half-integral weight modular forms and prove
Proposition 1 in Sect. 2. Section 3 is dedicated to the proof of Theorem 2 while Theorem
1 will be proved in Sect. 4.

1.4 Notations

As usual, we write a [p] for a class 2 modulo p and we also put e,(a) = e(a/p) with
e(x) — ezinx‘

The group GLy(R)™ (consisting of real matrices of positive determinant) acts on the

Poincaré half-plane H by M6bius transformation and we write this action as

I +b
Y S e d
ab
forany y = ( 4 € GLp(R)* and any z € H.
c
We also denoted by I, the identity matrix in GLo(R)* and by I'g () the usual congruence
subgroup.
1 ifd =1 [4],
For any odd integer d, define ¢ as the normalized Gauss sum i.e. g5 = { lfj 3 Lj
i ifd= ,

and for any fundamental discriminant D, we denote by (2) its associated quadratic
character. More generally, any non-zero integer n, with n = 0, 1 [4], can be written in a
unique way as # = Dm? where D is a fundamental discriminant and m € Z. Hence, we
denote by (ﬂ) the character modulo |n| induced by (l—)> If n = 2,3 [4] then 4# can be
written in a unique way as 4n = Dm? where D is a fundamental discriminant and m € Z.
In this case, we denote by (ﬂ) the character modulo 4|#n| induced by (2> By convention,

we also let (%) =1.

If x is a square modulo an odd prime p, we denoted by ./’ the only integer y €
(1, (p — 1)/2] such that x = y* [p].

Finally, the symbol 3" means we restrict the summation to positive squarefree integers

1 ifx =0 [p],

fandwe put 3,(x) = { 0 otherwise.
2 Modular forms of half-integral weight
In this section we first recall the principal properties of half-integral weight modular forms
that we will use in this paper. A good introduction to this theory can be found in [32] and
a more complete study is done in [34] or [20]. Then, we will prove Proposition 1 and a
non trivial bound for Fourier coefficients of such forms.
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2.1 General setting

b
Let G be the set of pairs (o, ¢) where 0 = 4 J € GLhy(R)Tand ¢ : H - Cisa
c

holomorphic function such that ¢(z)> = n(det o) "Y/2(cz + d) for all z € H and with  a
complex number of norm 1 not depending on z. G has a group structure with the inner
law defined by

(0,9)0",¢) = (00’ p(0")¢).

This group is a non-trivial central extension of GLy(R)* by U the unit circle ie. the
sequence

1>U— G- GL(R)™ > 1,

where n € U is sent to (I3, ), is exact and the center of G is the subgroup of pairs («lo, 1)
witha € R* and n € U.

This sequence splits over I'g(4) which means this group has a section s7 : I'go(4) - G
given explicitly by s;(y) = (v, J(y, z)) with

J(y,z) = 8;1 (2) Vez+d

forany y = € T'g(4). For any positive integer N, we denote by Ag(4N) the image

ab
cd
of 'g(4N) by s;. If x is a Dirichlet character modulo 4N, then we put x (§) = x(d) for any

£= ((‘: Z),qs) € Ag(4N).

Now for any integer ¢, any function f : H — C and any § = (0, ¢) € G, we define the
weighted slash operator |¢41/2 by

Fles126(2) = ¢p(2)~*HVf (52)

which gives a well-defined right action of G on such functions f.
We say that f is a modular (respectively a cusp) form of level 4N, of weight £ 4+ 1/2 and
of character x, and we note f € My 1/2(4N, x) (respectively f € Sy11/2(4N, x)), if

(1) f is holomorphic on H,

(2) fle41/28 = x(§)f forallé € Ag(4N),
(3) f is holomorphic (respectively cuspidal) at each cusp of I'g(4N).

The third point means that for all cusp a of the curve I'g(4N)\'H and for all element
&q = (00, ¢a) € G with 0,00 = g, the function f|,41/2&4 has a Fourier expansion with
only non-negative (respectively positive) powers of e(z/rq) for some positive integer rq.

The Hecke operators T}, are defined on M, 1,2(4N, x) as double coset operators for
Ao(4N)&,, Ao(4N) with &, = (1) 21 , m'/* ). In particular (see [34]), they vanish when
m is not a square and they satisfy the multiplicativity relation Ty,, = T}, Ty, for (m, n) = 1.

Also, the T} for p 1 4N are normal operators (they are self-adjoint when y is real)
on Sg11/2(4N, x) with respect to the Petersson inner product. So there exists a basis of
Se+1/2(4N, x) composed of common eigenfunctions of all the T} for p 1 4N which we
call eigenforms. When N is squarefree, with a suitable theory of newforms of half-integral
weight (see [29] and [28]) one can prove that some of these eigenforms are actually also
eigenfunctions for T)» with p | 4N. We call them complete eigenforms.
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When y is trivial, since there exists a basis of S¢ 1/2(4N) composed of forms with rational
coefficients (see [5]) and the Hecke operators are rational on this space, then there exists a
non-trivial subspace of S¢;1/2(4N) spanned by eigenforms (or even complete eigenforms
if N is squarefree) which have real Fourier coefficients.

Forf € S¢t+1/2(4N, x), we denote by fj its image under the Fricke involution i.e.

Jo=flex12Wan

— 0 -1 1/4 /—; 4N\ —
where Wy = <<4N 0 ),(4N) lZ). Then fo € S¢11/2 (4]\[,( : )X)

2.2 Shimura’s correspondence and Waldspurger’s Theorem
Letf € Sp11/2(4N, x) be a complete eigenform with eigenvalues (A(p)),, i.e.

szf = Ap)f
for any prime p. Define A(n) for any integer #n formally by
S amn= =] -1~ + 2@ x)
n=1 p
Then, Shimura [34] and Niwa [31] showed that the function defined by
Shf(z) = Y A(m)e(nz)
n=1
for z € H is a complete Hecke eigenform in Sy¢(2N, x2) whenever £ > 2. For £ = 1, this
holds if one assumes that f is in the orthogonal complement of the subspace spanned by
single variable theta-functions (we always make this assumption in the sequel).
Moreover, for any integer ¢ which is not divisible by a square prime to 4N, we have

¢
altn)nt =12 = a(t)zu(d) <(—6li) t
d\n

) x(d)d " a(n/d) (2.1)

for all integer n and where a(n) is the nth normalized Fourier coefficient of f.
Therefore, by Deligne’s bound for Hecke eigenvalues for integral weight modular forms
[10], one has

la(tn?)] ¢ la(t)|n® (2.2)

for any ¢ > 0.

Waldspurger’s formula relates a(t) to the central value of the L-function associated to
Shf twisted by a character. We give a statement for such a formula which can be easily
derived from [37, Théoréme 1]. For more explicit formulas, see also [23], [22] and [35].

Let f € S¢t+1/2(4N, x) as before and assume that N is odd. For squarefree t, let us
consider the Dirichlet character

1\
Xt = (( %) t) X (2.3)

whose conductor divides 4Nt.

By Shimura’s correspondence and Atkin-Lehner theory [2], there exists a unique new-

form

F(z) = Z b(n)n"?e(nz)

n=1
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in Sy¢(M, x2) for some M | 2N such that b(p)p*~1/> = A(p) for all prime p { 2N. Define
the twisted form F; by
Fiz) =Y X:(mbn)n' " e(nz)
n>1
which is in Sy, (16N?£?) (see [3, Proposition 3.1]). It is an eigenfunction of the pth Hecke
operator for p 1 2Nt whose eigenvalue is X ,(p)A(p). Therefore, there exists a unique
newform
Fi2) =) b(mn'~e(nz) (2.4)
n>1
in Sy (M’) for some M’ | 16N2t? such that b;(p)p*~1/? = ¥,(p)*(p) for all prime p { 2Nt.
We define its normalized L-function as

LsFy=3" bi(n)

P
n>1

which converges absolutely for Re s > 1.

Theorem 3 [37, Théoréme 1] With notations as above, there exists a bounded function
Q defined on squarefree integers and depending only on f such that for all squarefree t,

a(t)* = Q()L1/2, F,).

We will deduce from this theorem the estimate we need for the fourth moment of the
coefficients a(n).

2.3 The fourth moment
The goal of this subsection is to prove Proposition 1. The idea is to exploit (2.2) and
Theorem 3 to reduce this problem to finding an estimation of

D L1/2g xy) (25)
v

where ¥ runs through quadratic characters of bounded conductors and g is some newform
of integral weight.

Since the form F; is not equal to F; in general (their L-functions are equal up to a finite
number of Euler factors but this number could increase with t), we will need assumptions
under which F; is actually the twist of F by a quadratic character. Hence, we first prove
the following lemma.

Lemmal LetF(z) = > A(n)e(nz) € SpV(N) be a complete Hecke eigenform of integral

n>1
weight k and let  be a primitive quadratic character modulo M. If N is squarefree then
the form
Fy@ =Y v(mrme(nz)

n=1
is a newform and a complete Hecke eigenform.

Proof By assumption, either M is squarefree or it can be written as M = 4¢ with ¢
squarefree. Then, ¥y decomposes as a product of primitive characters

v =[]

pIM
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where v/, = (E) for odd p and ¥ is a primitive character of conductor 4 or 8. By [2,
Theorem 6], for any newform G of level N’ with p-adic valuation v,(N’) = 0 or 1, we have
Gy, € SpY (N’ pz_"P(N /)). It is also suggested in [2] that this holds for quadratic characters
modulo 4 and 8 but since it is not explicitly written, we prefer to refer to [3, Theorem 3.1
and Corollary 3.1] from which we can deduce that if M = 2*M’ with « € {2, 3} and M’
odd, then Fy, € S,'(‘eW(ZZD‘_"?(N IN). Then, it follows easily that Fy, is a newform and since
it is an eigenfunction of all but finitely many Hecke operators T}, it must be a complete
eigenform. ]

We now deduce the following classical estimate for sums of type (2.5).

Proposition 2 Let F(z) = b(n)nk%le(nz) € S{Y(N) be a complete Hecke eigenform
n=1
of integral weight k and with N squarefree. For x > 0, let V(x) denote the set of primitive

quadratic characters of conductor at most x. Then

D IL(/2 Fy)P e &'
Yew(x)
Sorany € > 0 and where L(s, Fy,) = Y Y (n)b(m)n—*
n>1

Proof By Lemma 1, for all ¥ € W(x), Fy is a newform whose L-function satisfies a
functional equation of the form

A(s Fy) = Nj/?

for some &(Fy ) € {1} and where Ny, < Nx? is the level of Fy.
Then, using the approximate functional equation (see [18, Theorem 5.3]) one derives

w(n)b(n) n
L(1/2, Fy) = (1 + &(Fy)) ( ) (2.6)

(27)*T'(s + (k — 1)/2)L(s, Fy) = e(Fy)A(1 — s, Fy)

where

Vo= - T(s+k/2)

27y)~%d.
2im Jo) sT'(k/2) (@my)ds

for any 0 > 0. Let n > 0. Breaking the sum in (2.6) according to # < x'*" or not and
using the fact that V% () Kxa y A forany A > 0, we have

2

2 I/j “
o A2 F)P <y Y | D <m)

Yev(x) YeWV(x) (n<xltn

Now, by [13, Corollary 2], the right—hand side of the above inequality is

b(n)|
@+me+1+n Z |b(r1)b(n2)]
Lg X
149 ann

mny €

n,ny <x

and this last sum is bounded by > 0"(” ) with oo(n2) the number of divisors of 72
n<xltn
Since 7 can be arbitrary small, the conclusion follows.

We can now prove Proposition 1.

Page 9 of 24
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Proof of Proposition 1 Write f(z) = ) a(n)nl_zl/2 e(nz) € Sey1/2(4N) as usual.
n>1

Since N is odd, by Theorem 3,
la®)]” <5 1L(1/2 )|

for any squarefree ¢ and where E; is defined by (2.4). Let D, be the fundamental discrim-
inant such that (Q) induces x; (defined by (2.3) for x principal). The discussion before
Theorem 3 shows that F; is an eigen-newform of integral weight whose associated eigen-
values are (%) A(p) for all but finitely many p. Hence, by Lemma 1 and [2, Theorem 4],

we have F; = F p,\ and recall that F is a complete eigen-newform which depends only

on f. Thus, by (2.2), we have for any ¢ > 0,

3 latn)* < Y 1L/ Fagl X m

n<x t<x méﬂ

b
Lge #7EY TILAY2, F@))Ft—”z—s

t<x

and since |D;| < 4¢, a summation by parts and Proposition 2 give the result.

2.4 Bounds for Fourier coefficients

Letf € Sgt1/2(4N, x) and put
£

flz) = Z a(n)n%/ze(nz)

n>1
for z € H. In the proof of Theorem 2, we will use a bound for the coefficients a(#n) which
must hold for arbitrary f.
If £ > 2 and t is squarefree then, by [16, Theorem 1], one has

la(e)] <ge 211470

for any & > 0. Actually this still holds if ¢ is divisible by p? for p | 4N. Precisely, we have
the following proposition.

Proposition 3 Letf € S¢11/2(4N, x) where £ and N are two positive integers. If £ = 1, we
assume that f is in the orthogonal complement of the subspace spanned by single variable
theta-functions. For all integer n = tm?> with squarefree t and m | 4N, we have

la(n)| <o 3/14+e
forany e > 0.
Proof This is a straightforward consequence of [36, Theorem 1]. O
From this we can deduce the following more general bound.

Proposition 4 Assume the hypotheses of the previous proposition hold. If, moreover, N is
odd and squarefree and x is real then for all squarefree t and all positive integer n,

la(tn®)| <. t3/1(tn)*
f,

forany e > 0.
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Proof By [29, Theorems 7], f can be written as a finite sum
= Uef;
i

where r; | 2N, L[(riz) 2 Y c(me(nz) = > c(rizn)e(nz) and f; is either a complete eigen-
n>1 n>1
form of Sy y1/2(M, x) for some M dividing 4N or a complete eigenform of Kohnen’s plus

space S;H /Z(M, x) for some M dividing 4N. Hence,
a(tn®) =Y ai(t(rin)?)
i

with a;(m) the mth normalized coefficient of f;. If f; is a classical eigenform then, by (2.2)
and Proposition 3, we have |a;(t(rin)?)| <;e t>/1*(trin)°.

If f; is in the plus space, then relation (2.2) still holds but with ¢ = |D| where D is a
fundamental discriminant (see [21]). In that case we have |a;(t(r;n)?)| <ie |a;(t)|(rin)®
or |a;(t(rin)?)| <ie |ai(4t)|(rin/2)°. In both cases, we can apply Proposition 3 and get
lai(t(rin)?)| < t31*(tr;n)® which is enough to conclude. O

3 Fourier coefficients in arithmetic progressions
The aim of this section is to prove Theorem 2. Since we use the same tools as in [7], we

will skip some details. For self-contained study of this problem, we refer to the author’s
Phd thesis [8].

3.1 Voronoi summation formula
=1/

Letf(z) = > a(n)nTze(nz) € S¢+1/2(4N) be a cusp form and let w be a smooth [0, 1]-

n>1
valued function compactly support in (0, 1). Define for any x > 0, any prime p < x and
any a [p]
1
Ex,pa) = — a(myw(n/x). (3.1)
Vx/p 2

n=a [p]

Itis shown in [7] that ﬁ is the right normalization of the sum above since a squareroot

cancellation appears when x and p go to infinity in a certain range.

The first step consists in rearranging E(x, p, a) by using the functional equation for f
twisted by an additive character. Such an equation is established in [14] for the special
case N = 1. Yet, the proof can be easily adapted to any N and one gets the following.

Proposition 5 Letf € Sp11/2(4N) as above. Let u and q be two coprime integers such that
(¢ 4N) = 1. Put

L(s,fu/q) = Z a(n)eq(un)n™*
n=1
then L(s, f, u/q) converges absolutely for Re s > 1 and can be extended to an entire function
satisfying

- ) L(s £ u/q) = wgAQ — s fo, ~iNi/q)

Als, fu/q) = (\/Wq) r (s + ¢ _21/2

where uir = 1 [q] and wy(u) = 8;(2€+1) (%)

Moreover, this L-function has polynomial growth in vertical strips.
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Next, using Mellin transform, we easily deduce the so-called Voronoi summation for-
mula.

Proposition 6 Letf, u and q be as above. Then for all x > 0,

Z a(n)eq(un)w(n/x) = wy(u)

n>1

X _— m

where ao(m) is the mth normalized Fourier coefficient of fo and B is a smooth function of

rapid decay as in [7, Sect. 3].
By Mellin transform again, we see that
Z a(mw(n/x) <za x4 (3.2)
n>1
for any A > 0 so detecting the congruence in the sum in (3.1) and applying the last

proposition, we have for any p { 4N

—(20+1)
3 — m
Ex pa) = L4 aog(m)Sal,(4Nm, a)B | — ) + OﬁA(x_A)
> (¥)

where Y = 4Np?/x and

Sal, (1, v) = ézx (S) ep(ub + vb)
b [p]

is the normalized Salié sum. Classically (see [24, Lemme 8.4.3]), if # and v are coprime to

p then
v
Sal,(u, v) = (—) &p Z ep(2y).
R
Thus, using [7, Proposition 3] (where in the proof, f does not need to be an eigenform),

we infer that

_ a 1 — m _
E(pa) =g, <-) — > amsa,Nma)B () + 0™ (33)
V4 Y Y
1<m<YyH+n
for any i > 0, provided that Y7 < p, and where
e (Vi) + ep(— ) if (1) =1,
0

otherwise.

Say(y) = [

3.2 Some estimates on sums of Fourier coefficients
Before proving Theorem 2 we establish some basic facts on certain sums of Fourier coef-
ficients.

Lemma?2 Letf € Spy1/2(4N) as above. Then

Z la(n)>w(n/x)? ~ cf||w||%x asx — +00o
n>1

where

o — (4m)t+1/2 / [f(z)lzyHl/dedy-
77 T+ 1/2)Vol (To(dN\H) Jrony 52
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Proof We have forany o > 1,

Zm )2w(n/x) :—f (s.f xf)wz()sds

n>1

where D(s, f xf) 3" la(n)?n~* and w2 (s) = f0+°o w2(£)t5~1dt is the Mellin transform

n=1
of w?. Because w is smooth and compactly supported in (0, 1), wz(s) (as well as Ww(s)) is
well-defined on the whole complex plane and it is of rapid decay in vertical strips.
Classically (see [17, Sect. 13.4]), D(s,f x f ) extends to a meromorphic function for
Res > 1/2 with a finite number of poles which are simple and in the interval 1/2 < s < 1.
At s = 1, there is a simple pole whose residue is cf.
Hence, moving the contour of integration to 0 = 1 — ¢ with ¢ > 0 small enough, we get

Z la(n)*w(n/x)? = cfv/v\Z(l)x + % ( )D(s,f xf)w//\z(s)xsds

n>1 1—¢

and because D(s,f x f) is of polynomial growth on vertical strips, we have the desired
conclusion.

Lemma3 Letf € Spy1/2(4N) as above and take a class a [p]. Then

Z a(n)w(n/x) = Of,w,s(x_sp1+2£)
n=ap]

forany e > 0.

Proof Write

Z amyw(n/x) = Zep —ba) Z n)e,(brn)w(n/x)

n=a [p] nz1

= ;%ep(_bd)ﬂ]; L(s, f, b/p)yw(s)x’ds

for any 0 > 1. Moving the contour of the integral to 0 = —¢, we get
Z amw(n/x) = Z ep( ba)— / L(s, f; b/p)w(s)x’ds
n=a [p]

since the integrated functions are entire. Using the functional equation given in Proposi-
tion 5 (for b # 0 [p]), the result follows.
O

We will also need to compare sums of Fourier coefficients to Dirichlet series over
arithmetic progressions.

Lemma4 Let0 < o < 1/2 and take a class a [p]. Then

. xl—a
Z n“wn/x) = O( » )

n=a [p]
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Proof Since w is supported in (0, 1) and takes values in [0, 1], we have

» 1
Z n “wn/x)| < Z m

n=a[p] n<a/p

x/p dt
< —_—
/1 (a+ tp)

xl—(x

<

We are now ready to prove Theorem 2.

3.3 Proof of Theorem 2
Since the computation of the second moment is the same whether the a(n)’s (or equiva-
lently the ag(n)’s) are real or not, we will assume from now that they are. Let v € {2, 4}

and write for p t 4N
—Z E(x, p,a) —MJr + 2M_
with
2
MF=2 3" EwpNuza) =-Y  E@pNpsb)"
O fo

and p+ is any positive integer such that (’%) = =+1.
Then, by (3.3) and [7, Lemma 5], we have

Micpr X Haoml () 2 %(iwmp)

L m <y ec{x1}¥
1<i<n (%) =41

YV/Z
+Op4 ( » + Y—A)

with Y = 4Np?/x. If v = 2 then notice that

mi = nmy

e1/uxmi” + ey /urmy” =0 [p] <= {
eiep = —1

since 1 < /uxm¥ < p/2and 1 < m; < p. Therefore,

M2i = ; Z ao(m)*B? <Y> + Ofa (5 + Y_A>

1< mg Y

()
and
1 1 Y
—ZXE(x,p, a)? = — Z ao(m)*B? ( ) + Ofa (— + Y_A>
p Y Y p
alp] 1<mLy 1+
50, if Y — 400 with Y117 < p, we get the first assertion of Theorem 2 since, by Lemma
2 or simply [7, Sect. 6], we have
1 2502 (M 2
- B (—) ~ Y 3.4
Y. @B () ~glwly  asY — +oo (34)

Y
1<m< Y+
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and the constant ¢y is the same as in Lemma 2 because a change of variable shows that f
and fo have the same Petersson norm.
Things are a bit trickier when v = 4. Put

4
Q) =[] D e
1

ec {1}t [=
e =1

for any positive x1, x2, x3, x4. Because of the parity in the variables \/x;’s of the right-
hand side of the above equality, we may view Qu(x) as a homogeneous polynomial of
Z[xl, X2, X3, x4].

For 1 < my, mo, ms, ma < Y7 we have

14+
|Qa(m1, ma, m3, my)| < l—[ 4y 7 < 216y,

ec (1)t
ep=1

Thus, if p < ¥*77¢ then there exists ¢’ > 0 such that p”/4t%" « x which implies that
P2t 1 <« pt4so, taking 0 < < &', we have

916 y4(1l+n) _ p/2

for Y large enough. Assume this is the case, then for any e € {+1}* and any m =
(my, mo, ms, ma) with 1 < m; < Y and (%) = =1, one has

4
Y ei/uzm? =0[p] = Qa(psm)=0p]
i=1

4

= Qu(m) =0 = e’ € (£1}%, ) e[/m; =0.
i=1

Foranyl <i < 4and1 < m; < Y, writem; = tirl.z where ¢; is squarefree and r; > 1.
4
Since the different values of the +/¢;’s are linearly independent over Q, then }_ e;/m; =0
i=1
only if |{t1, to, t3, ta}| = 1 or 2. In the second case, say 1 = £y # I3 = t4,

4
Ze;‘*/’”i =0 = (er1 4 ehr)Vt1 + (ehrs + eyra)Viz = 0
i=1

ry =ry

N

ee, =—1 my = my
1%2 =

r3 =714 m3 = my
VA

eey = 1

since r; > 1 for all i. But if m1 = my # m3 = my then

(e1 + e2)/uxmi’ + (e3 + es)Jxmsz’ =0[p] < e1 = —e;ande3 = —ey.

Indeed, if, for example, e; + ex # 0 i.e. e; + ey € {2}, then e3 + es # 0 (otherwise
Jixm? =0 [p]) and p+m; = prms [p] which implies m; = m3 but we have excluded
this case. This proves the necessary condition of the above equivalence and the sufficient
condition is trivial. Therefore,

Z 8p (iei Mimﬁ’) =4,

ec{£1}* i=1

46
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Since this discussion is the same if m1; = m3 # my = my or my = my % my = ms, it
allows us to write
12 mq my
]\4i = — aop\mi 232 (—) aop\my 282 (—)
i=y X (m)?B* (- ) ao(ma)*B* (3
1< my,my <Y
f #tz,(%):il

R Y? 4
+ﬁ + Ofa (7 +Y ) (3.5)
where
b 4 t72 4 '4
R= Y Y Tlaowrdis <7> S 5 (Z i atr? ) 6
ESYTT S Sy =1 ec{+1}* i=1
=41 1Si<4

We are going to show that this last term is negligible. Precisely we have the following.
Proposition 7 Define R as in (3.6). Then for any ¢ > 0 and n sufficiently small
IR| < y2-1/7+e
Proof Following the previous discussion or simply by [7, Lemma 6],

4 4
4
Z 3p (Z ei‘/uitriz ) < So (Z em)
ec{+1}4 i=1

ec{£1}4 i=1

so, since B is bounded, it suffices to prove that

4
b
R= Y Y [llaoterd < v/ (37)
t< yl+n 1 <o? <y j=1
Zlee‘r,:o

for any e € {£1}* and any ¢ > 0. Fix such e and ¢. For any ¢, the inner sum in R’ becomes

3 2\ | 3 3
Z ao | t (Z em) 1_[ lao(tr})| <Ko t8/7F yEA+n Z Hrtg
i—1

1< Y i=1 1< Sy j=1
1<i<3 1<i<3

by Proposition 4. Thus, for n sufficiently small,

3
Y < yel+n Zb £6/7+¢ <Y1+n > 5(14¢)
fe
tgylﬂz £

< y3/2+6e Zb (5/14-1
thH'”

< y2-1/7+7¢

O

Remark 3 1f one has a better exponent in Proposition 4, say a(¢r?) Lfe £ (tr)? for some
6 > 0, then the exponent 2—1/7 in Proposition 7 is replaced by 1+46. This only improves
slightly the error term in (3.5) but it does not extend the range of convergence for the
fourth moment.
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To finish the proof of Theorem 2, note that

> aolm)*B (%) ao(m)*B> (%)

1< my,my <Y
— mp ) _
Ll_tz,(p)_il

is bounded by R’ defined in (3.7) (with e = (1, —1, 1, —1) for example) so we have from
(3.5) and Proposition 7,

for any & > 0. Recall that x1/>*¢ « p « x*77¢ for some & > 0 so the error term above is

o(1) as x — +00. Hence
2

1 m
MEI<izf o Y am?B(T) | +om
1<m<YyH+n

and again, using (3.4), we get the conclusion.

4 Proof of Theorem 1

We are now going to prove an analog of Theorem 1 for 7;:;(36, a;w) defined in (1.4).
This result will be even stronger than Theorem 1 since it counts the number of positive
coefficients a(n) with n/x in the support of w.

4.1 Preliminary lemmas
We first prove two elementary lemmas that we will use several times.

Lemma 5 Let (b(n)), be a sequence of real numbers such that

Y bm=o| ) bl

n<x n<x

as x — +oo. Put

STwW=3 bt and 3 ) ==Y bln).

n<x n<x
b(n) >0 b(n) <0
Then,
+ 1
x) ~ — b(n
D W~ Y k)
n<x

as x — +0oQ.
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Proof We have

Y= (N @Y @)+ (D@ @)
1 1
=5 2 lbl + 2 3 k()

n<x n<x
1
~ 5 2 b0
n<x
by assumptions. The proof is the same for )~ (x). ]

Lemma 6 Let X be a finite set of positive integers and for any n € X, let b(n) and c(n) be
two real numbers with c(n) > 0. Assume there exists M > 0 and V > 0 such that

Y <M<Y bln)

neX neX
and

> b < V.

nex

Then,

2
[{n e X|b(n) > c(n)}] > (M —~ Zc(n)) v

neX

Proof One has

M< Y bm+ Y b

neX neX
b(n) < c(n) b(n) > c(n)
1/2
/ 1/2
<ant| X1| (D)
nex neXx neX

b(n) > c(n)

using Cauchy—Schwarz inequality in the second sum.

Since Y c(n) < M and Y b(n)?> < V, the result follows easily.
neX neX

4.2 Case where f is arbitrary

Fix f as in Theorem 1 (but not necessarily an eigenform). For x > 0 and a prime number
p, we always assume that x'/27¢ « p <« x*77¢ for some fixed ¢ > 0. Hence, if x goes
to infinity then so does p but restricted in this range. We can first establish the following
proposition.

.. Iwl2. /e
Proposition 8 If0 < m < 273 then

1

2
m
W3 ||W||2ﬁ> ptol)

Halp] | Exp a) > m}| > (

asx — +o0.
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Proof By Holder’s inequality, we have

2/3 1/3
1 x 1 X 1 X
_Z E(xlp) a)z < _Z |E(x)p; ﬂ)l _Z E(x;P; ﬂ)4
P alp) Pt
so using Theorem 2, we get
2/3
1 X 1/3
lwl3 +o) < | =Y T Ewpa)l | (120wl +o(1))"
alp]
and then
x Iwll2/€
> IEwpa)l > —ﬁp + o(p).
al 23

Also, by (3.2) and Lemma 3,

x 1
E@pa) = —— Y alnyw(n/x)
2 T
1

Vx/p

Y almwln/x) = Op(x™"?p**+) = Op (')
n=0 [p]

for some 8 > 0 because p < x%/7 7%,

Thus, Lemma 5 yields

S Ewpa)> "Z”%ﬁp +o0(p) (4.1)
ap]

where > * means that we restrict the sum to invertible classes a [p] such that E(x, p, a) >

alp]
0.

Now, use Lemma 6 with X = {0 < a < p | E(x,p,a) > 0} and, for a € X, with

b(a) = E(x,p,a) and c(a) = m < ”Wilf/“g/?. By (4.1) and Theorem 2, we obtain

2
alp) | Epra) > m)| > (”Vl”_ffp — o<p>) (crIwlp + o) "

2
1 m
><m‘m> P+ o)

[}

Proposition 8 allows us to give a lower bound for )" a(n)w(n/x) for a certain number

n=a [p]
of a [p]. We are now going to upper bound Y a(n)?>w(n/x)? for a large number of a [p]
n=a [p]
in order to apply Lemma 6 once again.
Proposition 9 Let m > 0. Then
2
2 2 vl
< (—= .
{alpl| Y atPwin/m)? > mx/p}| < (F-22 +o(1))p

n=a [p]

Proof This is a straightforward consequence Markov’s inequality and Lemma 2.
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Now, let us prove the main result of this subsection.

Theorem 4 Let f, x and p be as above. For any a [p], define 7;;,(9@ a;w) as in (1.4). Let
a € (3/14,1/4]) and r < 1/48. Then, for x large enough

{a 01| 7,

as long as x' =227 « p < xM7~¢ for some & > 0.

(x,aw 1”

Proof Letm; > 0and my > 0 such that

1 mi
Vr< —m———
43 lwll2/cr

2 2
Gglwly (1 m )
my \4vB Wy

Apply Propositions 8 and 9 to see that
Z a(myw(n/x) > my/x/p and Z a(n)*w(n/x)* < mox/p (4.2)
n=a [p] n=a [p]
for a certain number of invertible a [p] greater than rp for p large enough ie x large

and

enough.
Also, by Lemma 4,

11—«

Z n*wn/x) < l

n=a [p]
The right-hand side of the above inequality is o («/x / p) ’“;a = ;/12/; Jx/p and
x1—2a+s <Lp.

Hence, for these invertible a [p] satisfying (4.2), using Lemma 6 with X = {n =
a[p] | wn/x) # 0}, b(n) = a(m)w(n/x) and c(n) = n~*w(n/x), we have for x large
enough,

’Z;;,(x,ot;w) > #x/p (ml\/a%—l- 0 (m»z >0

and since 7" \»(% a; w) is an integer, we get the result.
O

Theorem 4 easily implies the first assertion of Theorem 1. Unfortunately, the lower
bound for 7" \»(% &) cannot be improved with our method since it only gives
mi  omy o crlwll

Taj,(x,a) > —1 =
my  crlwlla ma

with 7 HWHz and Cf ”WHZ both less than 7§ so the right-hand side of the above inequality

cannot be greater than one.
We also deduce Corollary 1 from Theorem 4.

Proof of Corollary 1 Lete > 0and x > 0. For x large enough, there always exists a prime

p in the interval [x*/772¢, x4/7—¢]

by Bertrand’s postulate. Then, applying Theorem 4 with
= 3/14 + 2¢ and ¢ small enough, we see that the number of n € [1,x] such that

a(n) > n~* is greater than rp > rx*772¢ for fixed r < 1/48.
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We now turn our attention to the second assertion of Theorem 1, that we will prove
using the same technics as previously.

4.3 Case where f is a complete eigenform
From now on, assume that f is a complete eigenform and that x and p still satisfy x'/2+¢ «

p < x*77¢ for some & > 0. We start by proving the following proposition.

Proposition 10 For m > 0 and § > 0, put

> alnPw(n/x)? > mx/p

_ n=a [p]
A(x, p,m, 8) = { a [p] n:§[p] Al i/t < % . (4.3)

Then, for m sufficiently small and x large enough, one has
| A, p, m, 8)| >p5 572 2p/%,

Proof First note that, by Cauchy—Schwarz inequality,

1/2
> amPwin/x? < Vxjp | Y atn) win/x)*
n=a [p] n=a p]
since w is compactly supported in (0, 1). It is also [0, 1]-valued, so using Proposition 1, one
gets
S amPwln? < *
n=a p] " VP
for any 8; > 0 and any a [p]. However, if a € A(x, p, m, §) then we even have
K1 +6/2
Z a(n)*w(n/x)* s ey .
n=a [p]

By Markov’s inequality and Proposition 1, we also have that

145
a [p] n;{p]a(n)4w(n/x)4 > % < ;/le

forany 0 < 8, < 4.
Therefore, using Lemma 2,

s Y Y AP+ Y Y anPwin/x)?

a¢ A(x,p,m,8) n=a [p] ac A(x,p,m,8) n=a [p]
and splitting the first sum accordingto Y. a(n)*w(n/x)? < mx/p or not, we get
n=a[p]
Kl K 1+6/2
x Lps5 mx+ —— vP | A(x, p, m, 8)|

JP 02 T P/
and the result follows by choosing §; < &3 and m small enough.
O

We will prove that for most a € A(x, p, m, 8), the coefficients a(#n)’s with n = a [p] have
a certain number of positive and negative signs. To do so, we need to bound the number

> amw(n/x)
n=a p]

of a [p] such that or Y a(n)®w(n/x)? is too big.

n=a [p]

46
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Proposition 11 For § > 0, put

1-6 x1+8

Bx, p,8) = {alp] _X:[p] a(mw(n/x)| > 9}# or _X:[p] 61(;1)21/|/(;/1/x)2 > W

(4.4)
Then, for m > 0 and § > 0 small enough,
1B, p, 8)| = o (| A, p,m, 8)))

as long as x'/*T¢ <« p < x*77¢ for some & > 0

Proof By Chebychev’s inequality and Theorem 2, the number of 4 [p] such that

1-68
_X:[p] a(mw(n/x)| > ;ﬁ

is less than

Grlwl3 +oW)x  p2 5 P
xg_g(sp_g/z f K 1-28 - 4 x1-58/2

7/4
and ﬁ = o(1) for § small enough since p < x*/77%.
Similarly, by Markov’s inequality and Lemma 2, the number of a [p] such that

x1+8
Z a(n)’*w(n/x)* > 7
3
n=a [p]
is less than
crlwls +o()x  p3/4
143,-3/4 < 5
x1+op x

which is o(x~9/2p3/%).

O

As previously, when a € A(x, p, m, §), we use Holder’s inequality to give a lower bound

on Y l|a(n)|w(n/x).
n=a[p]

Lemma 7 Leta € A(x, p, m, §) defined in (4.3). Then

x1-8/2
Y lamlwin/z) = m*?—.

7o/
n=a [p]

Proof Holder’s inequality yields
2/3 1/3
mx/p < Y amPwn/x?> < | D latm)|w(n/x) > alm) win/x)*
n=a [p] n=a [p] n=a [p]
Hence
K1+ —1/2 x1-8/2

S lalwlnfz) > (/) (—) > mPE
n=a lp] z v’
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We can now prove the main Theorem of this subsection which implies the second
assertion of Theorem 1.

Theorem 5 Let f, x and p be as above. Assume that f is a complete eigenform. For any
a [p), define ’];ﬁ,(x, a;w) asin (1.4). Let o € (1/8,1/7). Then, for any § > 0 small enough
and any x large enough

min (T,

L asw), T, (% o5 w)) >

x128 H 3/4

{61 v] ra >fs )

as long as xV/?1¢ « p < x**=¢ for some ¢ > 0.

Proof Leta € A(x, p, m, §)\B(x, p, 8). By Propositions 10 and 11, such a [p] exists for m
and § small enough and there are 3¢5 x~%/2p3/* of them.
Lemma 7 implies that

PAE)
2 almwln/x)| < Zomp =0 ) laln)lw(n/x)
n=a [p] n=a [p]
so0, by Lemma 5 and for x large enough,
1 x1-8/2
+ Z a(m)w(n/x) > psT
n=a [p]
where Zi means that we restrict the sum over n = a [p] such thata(n) > Oora(n) < 0
n=a [p]
respectively.
Also, by Lemma 4,
xlme 182 /4 1872
Z n*wn/x) < =— =0 <_)
/& ya—3/2 5/4
nea o] p portoxe P

for 8 small enough because p <« x**~¢. Hence, recalling that @ ¢ B(x, p, §), we can apply

Lemma 6 and obtain

x2—6p—5/2 x1—28

x1Top=3/4 — pija”

+
T, p(® s w) >
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