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Abstract

In this study, the authors propose a new design of a novel class of lattice structures. The new design is based on two
main geometrical properties, the “volume” and the “surface to volume ratio”. It takes advantage of the strongest column
designed against buckling proposed by Keller (Arch Ration Mech Anal 5:275-285, 1960) and Seiranyan (J Appl Math Mech
51(2):272-275, 1987). The Schoen minimal gyroid is used as a reference to establish the necessary lightweight property
of the proposed design. This is to say, the surface to volume ratio and the volume of the new class of structures and their
gyroid equivalent are equal. Models are built using CAD software and printed with UP mini 2.0 using acrylonitrile butadi-
ene styrene (ABS) copolymer. Moreover, compression tests are conducted, using “MTS Criterion—Model 45”. The results
show that after the phases of elasticity, relaxation and plasticity, the structure (three samples) is stable in the sense that it
did not buckle nor collapse. Furthermore, reaching 7.35 mm of platen displacement (14.7% of strain) and 7.5 kN of resist-
ance (3 MPa of equivalent stress), an additional progressive hardening is observed due to material densification and friction
phenomena. A normalized comparison between the proposed structure and several lattice structures is conducted, showing a
higher competitive behavior of the new design. The results of this study could possibly be a major contribution in the fields
of biomechanics, aeronautic, and mechanical parts design.

Keywords Additive manufacturing - Lightweight structures design - Geometry optimization - Fused deposit modeling -
Mechanical behavior

1 Introduction rate [2], and the reliability of the production tools [3, 4].

These criteria are important parameters in the global prod-

To cut costs, certainly engineers tend to develop lightweight
structures [1] with precise physico-chemical and mechanical
characteristics for specific uses. Reverse engineering, retro-
engineering, and well thought-out designing have been the
main contributors to multi-criteria optimization strategies.
Such strategies include technical constraints related to mass
production and quality of products vis-a-vis the production
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uct-process design [2, 5-7]. Likewise, the final use and prod-
ucts recycling are equally important criteria [2].

At the outset of the twentieth century, Taylor set out to
develop his own industrial approach where he transformed
all the labor aspects in terms of time and cost indicators
[8]. Every manufacturing process was then analyzed from
the “added value” prospective. Nowadays, different indus-
trial engineering tools have been designed to evaluate and
optimize the added value of a given process [9]. Additive
manufacturing technologies have been seeking optimal solu-
tions for unit costs versus production volume [10]. Addition-
ally, 3D printing technologies have been offering substantial
flexibility to production methods [11]. Therefore, producers
can efficiently adopt more complex functional design and
geometries, while minimizing processing complications,
assembling time, and at the same time mitigating various
technical constraints [12-14].
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In actuality, in the last years, the topology optimization
(TO) and generative design (GD) have more often been used
in both multi-objective and multi-criteria contexts, enforc-
ing an increase of the part design complexity [15-18]. It
must be noted that additive manufacturing leads to find the
compromise between part complexities and manufacturing
flexibility for series or unit production.

General speaking, the GD attempts to reach a minimum
of matter with a maximum of rigidity [19, 20]. The optimi-
zation procedures make use of specific objective functions
to perform some minimization tasks, such as the mass of
the parts or the potential energy of the deformed volume
[19] while others use the surface of the analyzed body [21].
Results of the TO procedures are given in terms of matter
density distribution from 0 (voids) to 100% (solid mate-
rial). Hereafter, the designed parts are seen as complex and
irregular lattice structures [16, 20] where other structures
are necessarily optimized in terms of minimum thickness
or fiber orientation of each element depending on the sec-
tor of application of the designed parts [19]. Thus, lattice
structures are seen to present a very interesting compromise
between mechanical functionalities and lightness properties.
Important amount of research is produced in the past few
years to characterize these types of structures to link the
mechanical behavior to materials and geometry aspects.

In this context, the present study proposes a new lattice
structure design that will be mechanically tested. The corre-
sponding parts were produced by the fused deposit modeling
(FDM) that are considered as 3D printing extrusion tech-
nique according to ISO 52900 standard. The main objective
of the proposed design is to obtain a family of high compres-
sive lightweight (HCLW) structures.

The rest of the paper will be organized as follows: the
next section will discuss related works; the third section will
be devoted to the methodology; the fourth section is dedi-
cated to the mathematical modeling of the proposed family
of structures; the fifth section will discuss the results of the
experiments; and the last section will present the conclusion.

2 Related works in topology optimization

Cellular materials have been used for centuries in a wide
variety of applications and are common in natural mate-
rials, such as wood, bone, sponge and coral [22]. These
structures are composed of a huge number of planar or
linear elements that are organized in stochastic or non-
stochastic (regular) ways [23]. Gibson and Ashby [24]
grouped several examples and engineering case stud-
ies regarding cellular materials and the ways to exploit
them in engineering design [24]; the processing of such
structures is also detailed in the book. Furthermore, the
functional design and processing of the cellular and
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lattice structures have been studied for multiple uses and
in industrial areas. Depending on the required precision
in each industry, material development is seen from nano-
metric, mesoscopic, and macroscopic standpoints. A case
in point is the design and processing of the membranes
as lattice and porous structures for the process industry
(filtration, depollution, chemical industries, and so forth)
are studied on nanometric and mesoscopic scales [25-27].
In automotive, aecronautics and other mechanical fields, the
majority of lattice structures are presented as macroscale
trusses (bars assembly) or plans networks that are gener-
ated by TO using some specialized software and numerical
procedures [15, 19, 23].

In the classical design, the shape or the architecture of
the parts are more or less fixed depending on the level of
design and calculation adopted by engineers. Classically,
the improvement of structures is based upon specific hand
modifications applied on the parts to ensure technical con-
straints determined in the functional analysis phase of design
or in the optimization loop. In fact, in hand improvement, the
structure architecture is modified step by step to determine
the limit states defined in the preliminary design’s steps.
Currently, the possibility of automation of the TO leads
researchers to test several constrained optimization criteria,
and hence choose the best. TO can be observed as a finite
loop optimization method. Both architecture of the system
and matter distribution are considered as variable input of
the optimization procedures. This leads to higher degrees of
freedom for the designer and customized solutions for each
technical problem encountered.

From practical and regulatory standpoints, the structural
design is grounded upon the limit state approach [28]. This
standardized approach is based on a semi-probabilistic anal-
ysis of mechanical parts and construction elements [29]. As
a recall limit, state analysis is a set of procedures which use
the analytical formulations of mechanical engineering and
the material properties as stochastic variables. Security coef-
ficients and loading factors determination are premised upon
a statistical analysis of the loads and material resistance [30].
The criteria’s acceptation of a limit state utilizes the empiri-
cal models and data coming from the material degradation
experimentations or industrial databases [28—-30]. Even if
structural engineering is the origin of the philosophy of the
limit states based design, the entire mechanical design is
implicitly based on it. This should be the same for lattice
design. These criteria are utilized as constraints functions
in the TO problem formulations.

On Abaqus FEM software, Saadlaoui et al. [16] used
three different TO techniques for the compression testing of
simple cubes. The industrial codes adopted by these authors
were as follows [16]:

— The stress-constrained optimization problem (SCO);
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— The continuous compliance optimization problem
(CCO;
— The discrete compliance optimization problem (DCO);

In each optimization problem adopted by Saadlaoui et al.
[16]:

— First, for (SCO) problem, the objective function cor-
responds to the volume of the cube to minimize (mass
equivalence) whereas (CCO) and (DCO) problems used
the potential energy as objective function to minimize;

— Second, the limit states criteria are ensured by fixing
the adequate constraint functions. For instance, in the
(SCO) problem, the limit state corresponds to the exceed
of the elastic constraints in each matter point; this cor-
responds to a mechanical criterion. While for the (CCO)
and (DCO) problems, the constraints functions force the
system to pinpoint a target level of stiffness.

A very interesting way to exploit TO approach is pro-
posed by Jankovics et al. [31] where the authors used the
compliance minimization approach to minimize the usage of
the handling supports of surfaces that are angled less than a
critical angle [31]. A topology optimizer was developed by
the authors in ANSYS® using ANSYS Parametric Design
Language (APDL). The authors treated the cantilever and
the MBB beams. The results showed the complexity of the
optimized structures produced by the TO procedures when
trying to reach producible parts without handling supports.

Other operational TO and GD solutions are found in
industrial use, such as TOSCA module, developed by Das-
sault systems, that can be interfaced with Abaqus, ANSYS
or NASTRAN [32]. In addition, Autodesk developed Fusion
360 software specialized in GD to design parts dedicated
to AM processes. Given the above, the software presents
simplified environments to include the major functions for
the TO according to the simplest properties of the optimized
parts as part volumes, optimized surfaces and perimeters
choice, etc. Moreover, for more complex needs, the designer
is enforced to code into the dedicated modules of those
software.

In the TO, the geometry and matter distribution belongs
to the list of the most important variables of the problem.
Hence, their optimum values depend on the objective
and constraints functions formulation and the resolution
approach. In consequence, the initial distribution of matter is
varied in each step of the optimization procedure until reach-
ing the convergence of the algorithms. This step is obtained
when all the constraints are ensured and the minimization of
matter or potential energy is reached [17, 20].

Moreover, evolutionary algorithms are used to resolve
TO that are analytically formulated for some problems.
For instance, Brackett et al. utilized the Bidirectional

Evolutionary Structural Optimization (BESO) algorithm
so as to minimize the weight and the matter distribution
of a 2D plate considered as a cantilever beam [20]. The
computed geometry corresponded to a kind of truss beam
with irregular elements. (BESO) algorithm was adopted
by Brackett et al. because its inherent solid-void represen-
tation means that it is possible to identify the boundaries
with a variable density method [20].

It is to notice that TO causes more complexity in the
parts design because of the relatively non-controlled dis-
tribution of matter. This is why AM is required to build
such complex parts. Nevertheless, the transition from the
optimized structure to the CAD model is not obvious and
it is very hard to achieve [20], whereas several research-
ers do not mention this issue and consider only, with an
optimistic standpoint, the advantages of AM in complex
parts processing neglecting the post-processing TO step
[15-18].

In the case of lattice structures, Panesar et al. dem-
onstrated that a closer interplay between lattice design
approaches and TO is the next step in realizing optimal
designs for AM [22]. To derive a solid-void structure from
the initial part studied, the authors presented several fami-
lies of TriPeriodic Minimal Structures (TPMS) as candidate
features for the mesoscopic scale of the materials developed.
Hence, the authors did not adopt the part architecture as
TO process input, but they fixed the D-P (double variant of
Schwarz’s Primitive) lattice and the BCC (body-centered
cubic) cells as reference geometries for lattice generation.
In this particular case study, the scaling of the cell units
and the variation of the matter’s density are the major input
variables of the topological optimization strategies tested
by the authors [22].

The TO principals permit also to integrate a different level
of structures optimization. Xu et al. proposed a multiscale
TO using feature-driven method that adopts flexible bars to
build truss-lattice; the orientation and the number of bars are
considered as input variables of the calculation procedures
[19]. The orientation of the microstructural features is also
one of the process inputs of the TO problem. The approach
of Xu et al. is highly significant because it permits to gener-
ate various lattice structures. For the same part with different
loadings and graded materials, the methodology can propose
optimal lattices in terms of orientation and geometrical prop-
erties of the trusses bars adopted from both macroscopic and
mesoscopic scales. To prove the efficiency of their approach,
the authors treated four case studies: a Cantilever beam, a
MBB beam, a bridge structure, and a two-holes structure
with a complicated outer boundary. The conclusion of the
authors is that both macroscale and microscale of all these
structures are optimized, but compared to the solid-material
design, no obvious improvement of structural stiffness was
obtained through the multiscale design.
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More generally in civil engineering, the TO takes another
form; this new domain is called GD [33]. This new engineer-
ing area GD could be seen from two main angles: either as a
broad umbrella, encompassing topology optimization or as
a wholly distinct technology [34]. This new concept gathers
the principals of the classical TO, high-performance optimi-
zation algorithms [35, 36] and the integrated technologies
of Building Information Modeling (BIM) platforms [34,
37]. In addition to the classical mechanical constraints and
objectives, GD includes energetic criteria like building sites
and orientations, solar radiation, area management of the
construction, organization and room’s dimensions, offices
and compartments [37].

Therefore, in this context, the impetus of this paper is to
propose a new design of a family of lattice structures based
upon coupling the advantages of two reference structures:

— The high compressive resistance of the KT structure;
— The lightweight property of Sheon minimal gyroid.

The main objective is to exploit this new lattice family
in the topological optimization of mechanical parts that are
subject to compression solicitation, or at least in the part
areas subject to the compressive solicitation.

From the mathematical standpoint, the modeled problem
will be considered as an isoperimetric problem instead of
the min/max optimization problems.

3 Methodology

The design of the proposed structures family is based on the
following steps:

— Proposition of a new parametrization of the KT 2D pro-
file;

— The Gyroid Equivalent SEZ structure (GE-SEZ*!) is
built according to the equality of the “Surface To Vol-
ume Ratio” (SVR) of the assembly of SEZ structures and
the SVR of the Schoen minimal Gyroid. This equality
permitted to find the first characteristic equation where
variables correspond to the parameters of the previous
step;

— The second characteristic equation is obtained according
to the volumes equality of the adopted structures. This
allows to compute the thickness of the GE-SEZ family;

! *SEZ: First letters of the last names of the Authors Saidou-El Jai-
Zineddine.
*GE-SEZ: Gyroid Equivalent SEZ.
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— For a given tuple of GE-SEZ geometrical parameters,
testing specimens are processed, using the FDM and
ABS copolymer;

— The mechanical characterization of the GE-SEZ adopted,
using compression tests;

Figure 1 presents the workflow proposed in the modeling
and experimental approach of this study.

3.1 Mathematical design
3.1.1 Reference geometry: the KT column

3.1.1.1 Historical background The longitudinal profile of
the best compressive structure that resists against buckling
was calculated by Clausen (1849) for circular transversal sec-
tion [38] in the case of pinned—pinned boundary condition.
Subsequently, it was re-determined [39], using the internal
energy minimization at the limit buckling state, according
to the elasticity theory. However, the boundary conditions
used in the work of Keller corresponds to a column pinned
atits ends [39]. Later on, Keller and Tadjbakhsh studied and
discussed the pinned-hinged and pinned-free boundary con-
ditions [38]. In addition to the analyzed mechanical aspects,
the problem was modeled as an isoperimetric problem, lead-
ing to a larger analytic formulation that was adopted in the
1990s by Cox and Overtone [40, 41].

As a matter of fact, the latter generalized the problem
for more boundary conditions and corrected the findings of
Keller and Tadjbakhsh in terms of maximal buckling load
and the necessary optimality conditions. The analysis of the
optimality conditions according to the eigenvalues optimiza-
tion policies was based on the works of Masur [42], Bratus
and Seipanian [43] and Seiranyan [44]. However, the profiles
presented by Keller—Tadjbakhsh, even after the modifica-
tions brought by Cox and Overtone, remained correct.

Cox and Overtone stated, in their conclusion, that deeper
correction of the models must be based on a parameter that
introduces the material asymmetry and imperfections that
exist in the real mechanical structures. Finally, Cox and
Overtone approached the problem numerically, which led
to the analytical verification of the profiles proposed by Kel-
ler and Tadjbakhsh [41].

The KT structures are still of great interest since several
researchers further analyzed and characterized them. Olhoff
and Seyranian studied the post-buckling behavior on two of
the KT structures, the pinned—pinned and the pinned-simply
supported boundary conditions. The authors proposed the
geometry handling of the KT structures by affecting non-
dimensional parameters, which are concerned with the
geometry (longitudinal and cross-section profiles) and the
materials (Young modulus).
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simulation of the bi-modal buckling profiles [45].

Adopting the same mathematical formulation of the
KT profiles, different elastic boundary conditions, proper
weight of the structures, a set of axial loads and Hencky
bar chain model (HBM) were included by Ruocco et al.
to compute the distribution of the diameters of the KT
structures along with the principal axis of revolution by
the mean of Genetic algorithms [46].

3.1.1.2 Formalism Based on the formulation of the longi-
tudinal profile of the pinned—pinned KT structure chosen
in this paper, the system of Eq. (1) generates the curve C,
as presented in Fig. 2:

Fig.2 C, curve in(%,)plan
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Fig.3 3D shape generated by the rotation of C,, around X axis a iso-
metric view, b projection on (z, x) plan

A =2(1-162)ixe [0 l]
fO) =1 Hw=3(- 3+16x—16x) [iﬂ ()
£ = (=15 4320~ 1622) [i 1]

The structure that results from the rotation of the curve
C, around the (D : "y = 0") axis is presented on Fig. 3a, b.

We have to mention that the previous studies tried to
modify the geometry, the shape or other dimensions of the
KT structures [40, 41, 46]. In consequence, these changes
will cause a shift from the optimal shapes that were devel-
oped by the original authors and researchers (Keller and
Tadjbakhsh, Cox and Overtone). This can also be applica-
ble for the present work.

Some characteristics of the adopted pinned—pinned KT
profile are defined below.

@ Springer

3.1.1.3 Property of symmetry of pinned-pinned KT pro-
file The property of symmetry represented by the func-
tions y, that constitute the profile of the pinned—pinned KT
structure is very important. It will serve to simplify the
calculation of the surface and volume of revolution of the
SEZ structures designed in this paper.

Thus we define:

(a) Symmetry between (x,y,(x))and (x, f,(x)) according to

the(A1 Tx= 1/4 axis;
(b) Symmetry of (x,f,(x)) itself around the (Az: x= 1/2)
axis;

(¢) Symmetry between (x,f;(x)) and (x,f;(x)) according to
the (Az: x= 1/2) axis;

Since the symmetries have been proven (see Appendix
Al), only the first function y, (x) will be handled to calcu-
late the surface to volume ratio, as well as the volume of
the proposed structures.

3.1.2 Schoen minimal gyroid

As presented in the introduction, the aim of the paper is to
propose HCLW structures family that couples the resist-
ance against buckling (KT structures) with a minimum
weight. Therefore, the Schoen minimal gyroid is adopted
as lightness reference to modify the dimensions of the
KT structure proposed to obtain a HCLW structure. More
details of the gyroid structures are presented by Scherer
[47].

In general, the gyroid structures belong to the TPMS
that presents a minimum area with zero mean curvature
[47, 48]. The Schoen minimal gyroid is chosen in this
study. The mean curvature of this latter value is zero. This
could be represented by the implicit Eq. (2) [48]:

cos (x) sin (y) + cos (y) sin (z) + cos () sin (x) = ¢

) 2
X, 9,z € [—a,al;
a is the length of the container cube of the gyroid; In this
case we use, "t = 0".

Since the Eq. (2) is implicit and very difficult to sim-
plify to an explicit one, the surface and surface to volume
ratio are computed, using Enneper—Weierstrass representa-
tion [48, 49].

It should be noted that the developed structures will be
used as mechanical parts, so the gyroid as a surface has no
utility for a mechanical use. Thus, for the exploitation of
the gyroid characteristics as a mechanical part, it is man-
datory to add a thickness of the surface described by the
Eq. (2). The thickness value chosen in this study is 4 mm.
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Fig.4 Faces and 3D visualization of the Schoen minimal gyroid with
4 mm of thickness

The volume (VG) and the SVR of the gyroid are esti-
mated as:

Vg = 12523749874 mm?
(S/V)G = 0.544 ' G)

Figure 4 shows the design of the adopted Schoen mini-
mal gyroid on solidworks, having a thickness of 4 mm.
The length of the cube is 102 mm.

3.1.3 Handling the profile of the SEZ structure: KT profile
parametrization

The idea of the parametrization of the KT structure comes
from the fact that the volume and surface of this geometry
structure are null on some specific points, such as x = 1/4
and x = 3/4 as shown on the Figs. 2 and 3b. Shifting these
specific points, real geometry could be exploited mechani-
cally. This transformation is ensured by an additional posi-
tive term “b”, as reported in the equation or mapping (4)
presented in the next paragraph.

Second, since the objective of the study is to fill the
volume of a given geometry of mechanical part (under
compression) with linear repetitions of SEZ structures, the
confinement of a set of SEZ unities has to be also analyzed
mathematically to ensure the genericity of the proposed
design. Moreover, multiple multipliers that affect the two
initial variables x and y (see the mapping (2) below) are
introduced: the parametrization on x variable will affect

the length of the SEZ unities and the parametrization on
y (x) variable will affect the local diameters of the SEZ
unities.

3.1.3.1 Mapping The mapping (4) permits to confine a
specific assembly of SEZ unities into a cubic volume L. It
should be noted that the mapping 6 is a C' diffeomorphism
[50].

According to the symmetries defined in the Sect. 2.1, the
mapping (4) is limited to the [0, 1/4] interval:

o: od]xod] - <o

(/) = (%,3) @
X=d-x

st O(x, f(x) = <5) _ c(%af(fc) +b> >,

where:

e m: the number of SEZ unities confined along the X axis
of the SEZ;

o 1n: the number of SEZ unities confined on the diametrical
direction;

o n: the number of SEZ unities confined on the diametrical
direction;

. (%a): parameter that permits to scale the amplitude of

the initial KT profile (along the diameter axis);

e b (>0): parameter that permits to enforce a non-null
radius to the structure;

e c: parameter that scale the total diameter of the SEZ pro-
file; d: parameter that scales the length of the SEZ uni-
ties. This permits the stretching or the compression of its
length.

3.1.3.2 Geometrical compatibilities and parameters expres-
sions Since the control volume adopted for the geometrical
equivalence of the SEZ and the gyroid structure is cubic, it
should be expressed as L? (L length if the cube edge).

Thus, the equations of geometrical compatibility are
given as:

e length of one unique SEZ:

Lygz =14, )

o the greater diameter of one confined SEZ:

B, = L1, = 25(0) (6)

Injecting the Eqgs. (5) and (6) in the mapping (4), we
find:

@ Springer
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500 To minimize the number of decision variables, the
L thickness noted e is represented as a fraction of the exter-
15 L 3 nal diameter as described in Eq. (12):
2n(a + b) §
ol : > €= kﬂext =k(2) = kL/n‘ 12)
1 1 3
ZL/m E /m ZL/m L/m

Fig.5 C,curve in (ESN;) plan
c= L/Zn(a + b) 7

d="/. ®)

Since the ¢ and d parameters are expressed by other
parameters, the handling of the SEZ structure has to be
guaranteed by the parameters (a, b, m, n). So, the profile of
the SEZ is given by the expression (9):

- L m_\?

Figure 5 plots the curve C,,,(x, j(x)) in the (?cj) plan.
This curve corresponds to the external profile of the SEZ
structure.

The greater external diameter of the SEZ is given by
the expression (10):

B = 25(0) = Ly, (10)

3.1.3.3 Thickness of the SEZ, external and internal
shapes To create a mechanical part, it is mandatory to
add thickness to the proposed design. Thus, the result-
ing volume of the SEZ is composed by the subtraction of
an interior volume described by the rotation of the curve
Cint (x, j}im(x)) around (D : "y =0") from an exterior vol-
ume described by the rotation of the curve Cey (X, Jor (X))
around (D : "y =0").

On the interval [O, L/4m] , the profiles of the exterior and

interior shapes are given by the system (11):

2
Fext () = F ) = 7 <a<1 - 16(%) ) +b> (11.1)

2
Fin(0) = T ) — € = 5k <a<l ~ 16( 1) ) +b> iy

. 1
Further, the volume generated on the interval [ZL/m’ L/m]

is constructed by the symmetries presented in the Sect. 3.1.1.

3.1.3.4 Surface and volume generation The volume of the
one SEZ is described by an external shape, having a profile
Coxt (x, Fex(¥) ), and an internal shape with a profile described
by the curve C; (x, )”)im) (see system (11) above).

For a given point M(x, y(r, #), z(r, 0)) of the SEZ sur-
face (exterior or interior), the coordinates of the point M are

described by the cylindrical parametrization (13):

r(x) = y(x)
y(x) = r(x) - cos ()
Z(x) = r(x) - sin (6) (13)

$(x) = Vex () for the external profile
= Vine () for the internal profile

where: r(x): is the external or internal radius of the surface;

6: is the angle (O(x),y'(x), ?,(x)), 0 € [0,27]. Ox): is the
center of the circle described by the rotation of a given point
of the external or interior surface. In the cylindrical basis
0(0,0,x); e,(x): is the polar axis corresponding to the x
position.

Denoting the volume external generated volume V,, and
the internal generated volume V.
3.1.4 Expression of the SVR and volume of the GE-SEZ

structures

To construct the surface to volume equivalence between
the GE-SEZ structure and the gyroid adopted, it is manda-
tory to use the same SVR. But firstly, we should define the
(GE-SEZ),%,,,.

We define the (GE-SEZ),%,,, as the linear repetitions of

assembly of units of several SEZ unities:

(11)
e>0 (11.2)
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Ny

>

Fig.6 (GE — SEZ)
m=>5

definition with the parameters n =20 and

n2xm

e nrepetition of the SEZs is the X direction.
e nrepetition of the SEZs is the Y direction.
e mrepetition of the SEZs is the Z direction.

Figure 6 presents an isometric view of a(GE — SEZ), ...
confined into a cubic volume of L3, for "(n, m) = (20, 5)".

In consequence, the SVR of the GE-SEZ is calculated by
dividing the sum of the SEZ unities lateral surfaces by the
cubic volume L>.

3.1.5 Characteristic system of the equation
of (GE — SEZ),, s Structures

To summarize, the dimensions of the (GE — SEZ)
obtained according to:

nxXnxXm are

e The equality of the SVR ratios of the structures;
e The expression of the thickness “e” of the SEZ unities;

So the characteristic system of equations of the
(GE — SEZ),,.xn structures is obtained by resolving the
systems (14). This system is composed by the Eqgs. (29) and
(39) that are developed in the “Appendix A2

P, (a,b)=0  (14.1)
{ e(a,b) = et ore™ (14.2) (14)

where:

Table 1 Mechanical properties of the ABS produced by FDM tech-
nology [51]

Mechanical properties XZ axis ZX axis
Tensile strength, yield 31 MPa 26 MPa
Tensile strength, ultimate 32 MPa 28 MPa
Tensile modulus 2230 MPa 2180 MPa
Tensile elongation at break 7% 2%

P, (ab)= 8 (Axg—CxD) _

A=A, (a,b) = 256a(a + b)d*c + 1
B=B,,(ab)= 10g<\/32a werd+ 1+ 32acd2x1>

C =C,,(a,b) = 32acd’x, (32acd2x1)2 +1
D =D,,(a,b)=256ac’d*(a(8d°x} — 1) = b) + 1
E, .(a,b) = 16(32acd?)

L ; oo L
T 2n(a+b)
_ m

_h
Xl—a

r= (S/VGy)Gyroid

| Vey : the effective volume of the Gyroid

S.1 3

e+ — — a,b‘"\/K
2A
e(a,b) = @b
( ) e = _Ba,b_\/Z
24,

(15)
The resolution of the system (14) will be detailed in the
result and discussion section in Sect. 4.1.1.

3.2 Materials and methods
3.2.1 Material

The material adopted for processing is the acrylonitrile buta-
diene styrene (ABS). The material is furnished as a bobbin
having 1.75 mm of filament diameter [51].

The mechanical properties of the ABS formulations gen-
erally depend on [52-56]:

Elastomer rate.

Nodules dimensions and dispersion in the rubbery phase.
Reticulation density of the rubbery phase.

Graft level of the acrylonitrile styrene on the nodules.

Table 1 presents the mechanical properties of the ABS
material processed by FDM according to Stratasys, Inc [51].
under tension solicitation.
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Fig.7 a Highlighted isometric view of the 1/43 of the structure, (b)
2D draw of the 1/43 of the structure with the corresponding trans-
formed dimensions

In comparison with the ABS material processed by the
injection processes, the ABS processed presents low prop-
erties (for more details on the mechanical behavior, please
refer to [52]).

For the GE-SEZ samples, the core of the SEZ unities are
built layer by layer according to a polar movement of the
injection nozzle because the SEZ unities are axisymmetric
(revolution) parts.

3.2.2 Samples

3.2.2.1 New design samples To proceed with mechani-
cal testing of the new design, three samples of the
GE — SEZ,, 50« Were fabricated by additive manufac-
turing, using FDM technology. The paragraph Sect. 4.1.2
presents the structure parameters. These parameters are the
solutions of the characteristic system (30, 31).
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Table 2 Specifications for the ABS printing [51]

Nozzle diameter 0.4 mm

Printed object accuracy +0.1 mm/100 mm

Layer resolution 0.25 mm

Build platform temperature 70 °C

Extrusion temperature 260-270 °C

Print speed (fine) 10 cm®/h—
fast (100 cm*/h)

Figure 7a presents the 1/43 of the structure that is high-
lighted with blue color. Figure 7b shows the dimensions of
the samples after scaling. It corresponds to the structure
tested by compression solicitation.

Due to technical constraints, concerning the resolution
of the printer (nozzle minimal diameter of 0.4 mm) and the
maximal dimensions of the printer building chamber, some
transformations were absolutely necessary to manufacture
the testing parts:

e Scaling the GE-SEZ,, .,y by multiplying all the dimen-
sions by 2;

e Producing the 1/43 of the structure according to
the building platform volume which is restricted to
120X 120120 mm as presented in the Table 2.

3.2.2.2 Cylindrical samples In addition to the GE-SEZ pro-
cessing, three cylindrical samples were fabricated to charac-
terize the ABS material under compression load. The tensile
properties, according to the ASTM D638 standards, of the
material are presented in Table 1. The dimensions of the
testing cylinders are:

e Initial diameter of 25 mm.
e Initial length of 30 mm.

3.2.3 Printer and process parameters

The FDM device used for processing the new design sam-
ples is the UP Mini-2 ES [51]. The process parameters are
exhibited in Table 2.

In this paper, the authors are interested in general com-
pressive behavior of the GE-SEZ structures, specifically the
buckling state instability. For this reason, they utilized the
“Tiertime-UP Mini 2 ES” that is very easy to use, indepen-
dently to the material analysis, with relatively fixed param-
eters to command.
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3.2.4 Testing parameters

The machine used in the compression test is the “MTS Cri-
terion—Model 45”.
The following parameters were adopted:

e Command by platen displacement;

e Speed of displacement: 0.02 mm s~';

e Temperature test: ambient temperature that is regulated at
20 °C;

e Friction between platens of the test machine and the parts
tested: no lubrication is applied between the loading plat-
ens and the specimens (see next paragraph for the effect of
the friction coefficient);

e Stop criteria:

e manual command: reaching plasticity with a high rate
of strain without breaking;
e regulated command: at the breaking of the specimen.

3.3 Comparison of the GE-SEZ with other
structures: a benchmark study

The final step to validate the new design is to compare it to
several structures studied in the bibliography. Thus, it is neces-
sary to explain the comparison base of the benchmark analysis.

Firstly, scientific works were selected and treated, espe-
cially the lattice structures fabricated by FDM/ABS and
characterized by compression tests [57-59]. Secondly, since
the mechanical properties are highly affected (increased) by
the relative density (RD) and displacement rate of the com-
pression test platen, the mechanical properties are compared
based on two major indicators:

— The normalized Young modulus (formulated in
Sect. 4.3.1): in a first step, it corresponds to the Young
modulus (E), estimated experimentally for each structure,
divided by the corresponding RD; and in a second step, it
corresponds to the Young modulus divided by the previ-
ous denominator and also by the displacement rate of the
test denoted v;

— The normalized yield strengths (formulated in
Sect. 4.3.2): in a first step, it corresponds to the yield
strength (o,), estimated experimentally for each structure,
divided by the corresponding RD; and in a second step,
it corresponds to the yield strength divided by the previ-
ous denominator and also by the speed rate of the test
denoted.

These two indicators will permit to take into account both
the mechanical properties (E and o,) and the lightness of the
structures expressed by the related density, along with the
effect of displacement rate of different tests.

The results of the benchmark are detailed in Sect. 4.3.

4 Results and discussion

This section chiefly presents the resolution of the charac-
teristic system (14) and the compression test results of both
cylindrical and (GE — SEZ),.29x Samples.

4.1 Characteristics equations resolution
4.1.1 General strategy for resolution

The resolution of the system (14) is performed in two
steps.

For a given couple of the parameters (n, m), in this case
(20, 6):

e The numerical resolution of the Eq. (29) (Eq. 15) per-
mits to detect the set of feasible solutions denoted (a*,
b*). All the solutions are equivalent to SVR and vol-
ume equivalences standpoint. The numerical resolution
is performed by the Newton—Raphson algorithm;

e For a given couple of feasible solution (a*, b*), the
calculation of the thickness “e” is direct using Eq. (39)
(Eq. 16).

4.1.2 Application

As mentioned above, we choose arbitrary the following
parameters:

n=20
m==6
s.t. L=102mm

According to the system (14), the definition of the
(GE — SEZ),,20x6 15 €quivalent to the system (16):

Py (a,b)=0 (16.1)
e* =e(a*,b*) (16.2) (16)
(a*,b*) = arg("P 4 (@.b) = 0")

Figure 8 displays the graphical representation of the solu-
tion of the Eq. (16.1) before numerical resolution. This solu-
tion corresponds to the intersection of the surface P, ¢,(a, b)
and the plan P,(a,b) = 0.

Figure 9 portrays the detected solutions of the Eq. (16.1)
with the proposed linear fit. The linear fit of the solutions
can be expressed by the Eq. (17):
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Fig.8 a 3D-graphical visualization of the surface P (a,b) and the surface P(a, b). b 2D visualization of the intersection of the two surfaces
P 3 6)(@,b) and "P(a, b) = 0" defining the solution of the Eq. (16.2)

@ Springer



Progress in Additive Manufacturing (2021) 6:93-118

105

0.8 T T

Fig.9 Plots of the solution of

Eq. (16.1) and the linear fit

adopted b =0.7727 a +0.0007

R? = 0.9988

O Solution of eq. 16.1
Linear fit

0.5

0.4 -

Parameter b

01 s

L L Il 1 1 1 1

b*(a*) = 0.7727a* + 0.0007

R? = 0.9988 : a7

Now, the thickness “e*” corresponding to each solution
(a*,b*)is calculated, using the Eq. (16.2). Figure 10 presents
the 3D plot of the feasible solutions expressed by the triplet
(a*,b*,e*).

According to the values of the parameters n and m
adopted in this simulation, the positive root that has physi-
cal signification corresponds to e* (Eq. 39 of the appendix).

To proceed to the mechanical testing of a given
(GE—SEZ),4.,0x¢- the authors arbitrary choose a triple of
the command parameters (a*, b, e*) such that:

a =038
b* =0.618
e’ =0.3137

4.2 Compression tests results

4.2.1 Manufacturing validation of the GE-SEZ
and cylindrical specimens

The manufactured GE-SEZ parts were measured at some
specific points to estimate the fabrication precision. More

0.5 0.6 0.7 0.8 0.9 1

Parameter a

* (mm) (feasible e)

e
=]
w

0.31 J—

05 ™

Sl o o
b* (feasible b) 0 o a* (feasible a)

Fig. 10 3D Plot of the solution of feasible solution (a*, b*, e*)
according to the Eq. (16.2)

precisely, the measurements concerned the biggest diameter,
the smallest diameter corresponding to the structure necks
(Fig. 5), the width and height of the structure. Ten measure-
ments per dimension were conducted.

Table 8 of Appendix 3 groups the corresponding statis-
tics. The variation coefficients (VC) for all dimensions are
less than 2%, while the absolute value of the 1st order errors
are less than 1% for all dimensions of the GE-SEZ.
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Fig. 11 Strain/stress compression curve of cylindrical specimen no. 1

Table 3 Average values of

the E and apparent Re of the E (MPa) 787.98

cylindrical specimens Re (MPa) ~ Cyclel  34.96
Cycle2  34.96
Cycle 3 40.58

Table 9 groups the statistics of the dimensions of the
cylindrical samples. VC and absolute value of the 1st order
errors do not exceed 0.5%, meaning that the manufacturing
is good.

4.2.2 Compression test on the cylindrical samples
and general compression behavior

Figure 11 presents the plot of the compression test results
of one of the cylindrical samples. Two cycles of load-
unload reaching the plasticity of the material have been
tested. The cycle 3 corresponds to loading until reaching
35% of real strain where the yielding increases. The test
is then stopped at this value of the strain.

At the first loading, the yield stress was not reached,
so no yielding has been detected for the second cycle of
loading. But for the third loading, an increase of yielding
stress around 16% is observed. The loading continued until
35% of true strain.

Fig. 12 Compressed cylindrical
specimen no. 1 a global view, b
shear bends
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It should be noted that the shape of the deformed cyl-
inders perfectly corresponds to the shape of cylinder of
compression test with a friction coefficient around 0.1 and
0.2 between the cylinder basis and the compression platens
[60].

As a result, the mechanical properties estimated by these
tests are listed in the Table 3 (elastic modulus E and apparent
yield strength Re).

From the compression test curves, the behavior of the
cylinders corresponds absolutely to the polymers behavior,
described by the four principal phases as detailed in [61]:

e Phase I: Visco-elastic domain;

e Phase II: The maximum resistance is attained at the local
maxima and a softening occurs, that could be caused by
the relaxation of the material at some areas that are in
traction;

e Phases III and IV: increase of the resistance with different
tendency, corresponding to the J,-plasticity model.

At the development of the plastic phases III and IV, local-
ized bends are created, hence expressing the shear stress
evolution at these areas [61, 62]. These bends are visible on
the compression cylinders as shown in Fig. 12b. The figure
also shows the whitening phenomenon at the external lateral
surfaces. This whitening is caused by the development of

Shear bends
oriented by 7/, to

the horizontal axis
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Table 4 Values of the equivalent stiffness and Young modulus of the
samples with the related statistics

Samples k (KN/mm) E (MPa) R?

No. 1 4.29 84.06 0.9852
No. 2 4.32 84.75 0.9838
No. 3 4.24 83.15 0.9999
Average 4.28 83.99

Range 0.082 1.60

Variation coefficient 1.91% 1.91%

(VG

the cavitation into the material. More details about these
phenomena are detailed in the next paragraph.

So according to the cylinders compression tests, the yield
strength of the ABS under compression (Table 4) corre-
sponds approximately to those reported in Table 1. But the
elastic modulus of the cylindrical specimens is very weak
compared to the value of Table 1. This low value could be
caused by the asymmetry between the tensile test (Table 1)
and compression test (in the case of this study), but also to
the displacement rate of test and manufacturing parameters.

It is important to recall that the objective of these addi-
tional tests applied on cylindrical specimens, is to compare
the behavior, not the strength values, of the GE-SEZ, under
compression load, to solid ABS material under the same
solicitation. Deeper analysis and structural comparison of
GE-SEZ with other lattice structures are discussed in the
Sect. 4.3 of the paper.

4.2.3 Compression tests on the (GE-SEZ),q,. ;06 Samples

As stated previously, the aim of this paper is not oriented
to a detailed material or mechanical characterization of the
parts. The main objective is to present newly developed
lattice structures. However, it is essential to present a first
mechanical characterization to quantify the most important
mechanical properties listed below:

e The existence of the elastic domain;

e The existence of the plasticity domain that permits to
delay the collapse of the structure (ductile behavior);

e The stability of each SEZ column composing the
assembly of the GE-SEZ assembly at the compression
regarding the buckling phenomenon.

Figure 13 presents the results of the compression tests
applied to three similar specimens. The curves approxi-
mately present similar behaviors for all samples.

4.2.3.1 Elastic analysis

e Equivalent stiffness and Young modulus

The elastic domain is apparent and it is similar for
the three 1/43 SEZ-GE,(,»0x¢ Samples. The estimated
equivalent stiffness and Young modulus of are reported
in Table 4 with the related determination coefficient R>.
The table shows the average, the standard deviation,
and the variation coefficient VC.

According to the values of the determination coef-
ficient R%, it is clear that the precision of the modeling
of the elastic domain is very high, reaching at least
98%. This is why the mean value of the stiffness and
the Young modulus are to adopt as a references of the

Fig. 13 Compression curve of Al (mm)
1
/43 SEZ-GE 06 Samples 0,000 2,000 4,000 6,000 8,000 10,000 12,000
4.00 10,00
Local maxima
.60 Phase Il e — 9,00
P — 2
5 —
3.20 \ —— 8,00 é
- S e ®
2.80 ¢ - 7,00 %
o 240 Phase IV 6,00 ™ »n
by
% — PhaseII a 2 E
c 4 | 5,00 =
o &
1.60 y 4,00 t
| ‘\
| w2
20 | 2
1.20 / 3,00 g8
/ =
0.80 | Phasel 2,00 go
/ w
0.40 1.00
0.00 0,00
0% 4% 12% 16% 20% 24%
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e Stiffness of each horizontal level:
Kiever, = 4k, = 16k,
The stiffness of the four levels k., in parallel
expresses the global equivalent stiffness kg:
4
-y -1
ke i=1 klevel klevel 4ka (19)
key = 4k, = 17.12KN;
-
Z
. It is now possible to assemble any given number of GE-
X SEZ,4y00x6 and calculate the equivalent stiffness according

Fig. 14 Spring model of the whole GE-SEZ,, . starting from the
spring model of the /43 GE-SEZ,20x6

Table 5 Values of the yield strength

Samples Yield strength Fe (kN) Yield stress
oy (MPa)

No. 1 6.80 2.72

No. 2 6.78 2.71

No. 3 6.64 2.66
Average 6.74 2.70

Range 0.16 0.06

vC 2.30% 2.22%

“1/43 SEZ-GE,,»0x6 since the variation coefficient VC
is very small (approximately 1%).

So, for this 1/43 GE-SEZ, .05 model, the equivalent
stiffness is taken equal to:

k, = uy = 428KN

_ kN 18
witn ) Sc = 00818 KNp (18)
VC, = 1.191%

Since the compression tests were applied on the 1/43
GE-SEZ,.,0x6> the equivalent stiffness of the whole
GE-SEZ,,»0xs could be deduced, using the spring mod-
els. Figure 14 presents the spring model of the whole
GE-SEZ, 505 deduced from the stiffness of 1/43 SEZ-
GEqgxa0x6 UNity.

The equivalent model of the GE-SEZ is composed
by 43 springs that express 4% of SEZ unities: 4 levels in
series of 4% springs in parallel.

The expression of the equivalent stiffness is formulated
by the simplified spring model [63] as follows:
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to the spring model in the elastic domain [63].

— Apparent yield strength F, and yield stress o,.

Table 5 groups the values of the yield strength F, and the
equivalent yield stress of the GE-SEZ samples.

Since the value of the VC is very low, the average of
the apparent yield strength (7.34 kN) and yield stress
(2.70 MPa) could be considered as characteristic values of
the yield strength and stress of the 1/43 portion of the GE-
SEZ0500x6 Structure.

4.2.3.2 Post-elastic analysis: plasticity and damage With
regard to all samples of Fig. 13, it could be noticed that
when the yield strength is reached, the plastic phase starts,
with a stabilization of the resistance between 8 and 12%
of strain. This behavior is quasi-similar to the J,-plasticity
model with isotropic hardening which might be the most
used type of plasticity theory [61, 64]. The model is widely
used in numerical simulation according to its simplicity
from the numerical implementation regarding the physi-
cal considerations [65—68]. For uniaxial loads (traction and
compression), the J,-plasticity model is a mathematical
model that decomposes the hardening in the plastic domain
as a succession of segments [60, 64].

Hence, for this work linear models are proposed to fit the
compression curves for the phase III and IV of deformation.
The resulting models are presented in Fig. 15a—c.

More specifically, the post-elastic domain is composed
of three major phases:

e Post-elastic relaxation: this domain corresponds to a
small increase of the resistance until the yielding local
maxima, and then decrease and stabilization of the resist-
ance can be observed. The interpretation of this phenom-
enon is related to the viscous behavior of the material
that can be essentially caused by the slop/displacement
of the nodules into the rubbery phase of the ABS mate-
rial [55, 69]. In this stage, the resistance is stabilized
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Compression test (sample 1) Compression teet rasults
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Fig. 15 J, model for plastic domain a sample no. 1, b sample no. 2, ¢
sample no. 3

as the deformation continues. It essentially corresponds
to a stress relaxation at a constant strain rate [61, 62].
Indeed, the programmed strain rate at the test parameters
is constant (Sect. 3.2.2). Carrega (2000) mentioned that
in the case of tension solicitation, the ABS can creep
when attaining the yields stress [54]. This remark is
very important since specific areas of the characterized
structures are solicited in tension and are subsequently
creeping, locally, generating the macroscale creep, which
causes the stress relaxation observed in Figs. 13 and 15.

To visualize the tensile zones on the SEZ units, a
simple compression test simulation for a unique SEZ
unit was performed. Figure 16 presents the results of
the simulation for a SEZ unit in terms of normal stress
to quantify the stretched areas (stress positive values)
and the compressed areas (stress negative values).
According to the results of the simulation, the only
areas that are compressed are located around the necks
of the SEZ unity; this corresponds to the neighborhood
of the minimal diameter of the structure, while all the
other parties of the structure operate in traction. There-
fore, this simple simulation allows to show the areas
where the creeps and the relaxation are concentrated
located in the tensile areas.

At the end of this stage, the whitening of the necks

neighborhood of the SEZs unities began to be more
apparent as presented in Fig. 17. The compressed
areas perfectly correspond to the compressed zones
of Fig. 16. In fact, according to Makke (2011), under
hydrostatic load (compression), the failure of the amor-
phous polymers is caused by the cavitation phenomena,
followed by crazing [69]. The same phenomenon was
observed for the benchmark structure that we analyzed
in the next section [57-59].
Hardening phase: After the relaxation phenomenon and
the starting of the cavitation of the necks of the SEZ
units, the hardening of the GE-SEZ structures began.
In this phase, three principal sources of the observed
hardening could be considered:

e The plasticity/hardening related to the non-linear
behavior of the rubber phase of the ABS material
as given in the phases IIl and IV [54, 61, 62];

e The increase of the resistance related to the fric-
tion between the SEZ-unites, because the SEZ
unites are tangent in some positions (at the greatest
diameters) and the pressure of contact increases on
these positions (see left arrows of the Fig. 17).

Densification and damage phase: at this stage, SEZ
necks are broken and the fitting of the blocs of the SEZ
units, one into another, started causing the hardening
increase. This corresponds to the densification stage
of compression. This is in total concordance with the
densification of lattice structures under compression
that are manufactured by AM technologies [23, 57-59].

4.2.3.3 General model According to the J, plasticity
model, the deformation is linear with hardening; so the
rheological equivalent model of the global mechanical
behavior could be modeled as presented in Fig. 18.

Where: E is the equivalent Young modulus; K is

the slope of the plastic linear domain (estimated at the
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Fig. 16 Normal stress distribu-
tion of one compressed SEZ
unit

Wb

Fig. 17 The deformed 1/43 GE-

SZ (N/mm*™2 (MPa))
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Fig. 18 Rheological model proposed [70, 71]

Fig. 20a—c according to the J,-plastcity model); o,: cor-
responds to the elastic stress presented in Table 5 and
denoted o,; ¢, and ¢, resp. equivalent to the elastic
and plastic strains at a given plastic solicitation of the
strain—stress curve.

4.3 Benchmark study

To compare the new design with the works already existing
in the bibliography, a benchmark was conducted. This lat-
ter compares the normalized mechanical properties (Young
modulus and yield strength) of the three sample of the new
design with 17 other structures. Table 6 groups the reference
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Whitening and fitting of
the necks one into another

structures, their designation, the mechanical properties
before normalization, the relative density and the compres-
sion platen displacement speed for each reference.

Furthermore, the failures modes analysis (Sect. 4.3.3) will
permit to discuss the global and local stability behaviors and
compare them in the benchmark analysis.

For a good reading of Table 6, below some related
remarks guided by the exponents presented in the table.

— Note (d): Khan et al. studied an experiments plan com-
posed by 12 different gyroid structures that differ one
another by the unit cell size and the volume fraction. The
three more resistant gyroids were chosen for the bench-
mark, named in this work Gyr 1, Gyr 2 and Gyr 3. Since
Khan et al. did not present the numerical results tables of
the compression tests, the corresponding Young modulus
and yield stresses were extracted graphically from Fig. 9
of Khan et al. [57].

— Note (e): Gautam and Idapalapati studied three Struts
Reinforced Kagome (SRK) structures that are composed
by three struts by cell differentiated by the diameter and
the length [58].
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Table 6 Mechanical properties
and compression platen speed

of the benchmark structures and
GE-SEZ

— Note (f): Maconachie et al. adopted a design of experi-

References?® Str. des.? E (MPa) o, (MPa) RD (%) V (mm/s)®

Khan et al.4 [57] Gyr_1 36 1.99 25.00 0.05
Gyr_2 37.21 1.9 25.00 0.05
Gyr_3 42.8 1.88 25.00 0.05

Gautam and Idapalapati® [58] SRK_1 29.65 0.9 4.07 0.0017
SRK_2 16.22 0.48 2.60 0.0017
SRK_3 7.48 0.168 1.33 0.0017

Machonatchie et al.f [59] 2C300W 154.5 9.02 40.60 0.04
3C100W 88.92 4 21.32 0.04
3C300W 260.57 17.46 53.86 0.04
5C050W 80.44 3.62 19.51 0.04
6CO50W 85.21 4.54 22.67 0.04
6C100W 218.8 743 36.86 0.04
7C030W 122.31 5.2 19.34 0.04
7CO50W 128.01 3.65 25.83 0.04
8C050W 150.98 5.32 28.99 0.04
8C060W 113.71 4.28 32.63 0.04
8C100W 239.67 10.6 47.22 0.04

Current work GE-SEZ _1 85.75 2.72 15.40 0.02
GE-SEZ 2 86.44 2.71 15.40 0.02
GE-SEZ_3 84.81 2.66 15.40 0.02

“Reference

bStructure designation

“Platen displacement speed

o,y = %/Rp [MPa]. QD

ments (DOE) related to 20 different gyroid structures.
Its DOE consists of varying the cell count per layer and
the wall thickness. Eleven of these gyroids are analyzed
in this paper where they correspond to the most resist-
ant ones; the resistance and/or the Young modulus are
superior to the GE-SEZ designed. Maconachie et al.
did not calculate the RD, but they formulated empiri-
cal expressions of it. According to their work, the RD
depends on the cell count per layer and the wall thick-
ness. In Table 6, the RD are calculated from Eq. (8) of
Maconachie et al. [59].

4.3.1 Step 1 of comparison: Mechanical properties related
to relative density

As stated in the previous paragraph, step 1 of the com-
parison compares the structures from the following point
of views:

— First normalized Young modulus
Er, =ERp  [MPal. (20)

— First normalized yield stress

Figure 19a, b present, respectively, the classification of
the structures according to the Er and 6.
From Fig. 19a, b:

— According to the normalized modulus Er|, the GE-SEZ
structures are classified in the top 8 of the total of 20
structures;

— According to the normalized yield stress o,r;, the GE-
SEZ structures are classified in the 7th, 8th and 9th posi-
tions of the 20 structures;

4.3.2 Step 2 of comparison: Mechanical properties related
to relative density and compression displacement
speed

In this step, the idea is to start from the fact that the mechan-
ical properties (E and o,) are highly enhanced (increasing)
according to the speed rate of the solicitation. While con-
sulting the benchmark used in this paper [57-59], it was
clear that each article used a given speed of compression
platen displacement. This is why the authors propose in this
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Fig. 19 Structures classification a according to Er;, b according to
o, (MPa)

paragraph to normalize the mechanical properties using the
second set of indicators:

— Second normalized Young modulus:
Ery=F/RD xv) [MPa/(mms")] 22)
— Second normalized yield stress

oy = %RD xv) [MPa/(mms™')]. (23)

Figure 20a, b show that the new GE-SEZ design is
competitive while the three samples belong to the top 5
of structures at the time of classification

@ Springer
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Fig.20 Structures classification a according to Er,, b according to
oy, (MPa)

It is to notice that for the first three lattices SRK 1
to SRK 3, the corresponding values can be considered
as outliers. It is essentially due to the very low value of
the RD of these structures. But the ultimate conclusion
from Fig. 20 plots is that the GE-SEZ design surpasses
the other structures from the second normalization stand-
point, where all the surpassed structures correspond to a
gyroid geometry.

4.3.3 Failure modes assessment

The failure modes assessment is important to be consid-
ered to compare the new design and to position it within
the large spectrum of existing structures, especially those
corresponding to this benchmark [57-59].
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Table 7 Failure/collapse modes and stability analysis

References

Most important failure modes

Most important instabilities discussion

Machonatchie et al. [59]

Khan et al. [57]

Filament fractures along shear bonds

Interlaying de-bonding

Less dense gyroids failled along the bottom regions
More dense gyroids showed barreling (more stable)

Layer fracturing mechanism: smaller unit cells (sin-

More stability observed for higher wall thickness and
smaller cells size

Cells squeezed with higher solicitation

Stable strain—stress curves (behaviors)

More stability observed for smaller cells size

gle layer fracture, fractures in the middle portion

of struts)

Random fractures directions and multilayers frac-

tures

Gautam and Idapalapati [58]

buckling)

Current work

Cracking in the tensile parts of the struts that are
subject to 2nd order bending solicitation (local

Cells Squeezed with higher solicitation
Fluctuation in the strain—stress curves expressing the exist-
ing alternated fractures and densification processes

Local buckling observed in the struts

Transition from elastic buckling to plastic buckling with the
decrease in the slenderness ratio

Distortion of the upper and lower parts of struts

Bending of struts

Nesting of the SEZ unities one into another (Fig. 17) No local buckling observed for the SEZ unities

No global buckling observed

Table 7 groups the failure and collapse modes of the
benchmark structures, and also the instabilities denoted
on them.

After analyzing the list of failure modes and stability
discussion of Table 7, it is possible to draw up the advan-
tages of the designed GE-SEZ structure as follows:

— Local and global stabilities are ensured because no sud-
den behavior has appeared;

— Stability of the strain—stress curve leading a rigorous
modeling of the mechanical properties and permitting
a reliable behavior’s expectation of the GE-SEZ struc-
ture;

— No filament fracture is observed, so no local weakness
could happen;

— Even when the structure collapses, the nesting of the SEZ
unities one into another allows to increase the resistance
by densification with a global stable behavior.

5 Conclusions

The study presented in this paper began by a preliminary
intuition to couple the resistance of the KT column against
buckling with the lightness given by the Schoen minimal
gyroid structure. The objective was to produce a new fam-
ily of high compressive light weight structures that resists
against buckling at compression solicitation with clumped-
clumped limit conditions. The mathematical formulation
of the problem was presented according to the “surface to
volume ratio” and the “volume” equivalences between the
KT and gyroid structures. For a given couple of occurrence
parameters (n = 6, m = 20), the geometric and dimensional

solutions of the problem were numerically calculated and the
thickness of the (GE-SEZ),,,0x¢ Structure was determined.

The main objective of the GE-SEZ samples processing
is to characterize their stability against buckling, and simul-
taneously to model the mechanical behavior. In addition, to
classify the new design within the different families of lat-
tice structures, a benchmark study was carried out. Several
conclusions can be drawn up from the observed behavior
and benchmark analysis:

— The elasticity of the structures is quasi-perfect, since
the precision of the equivalent stiffness, estimated at
4.2833 kN/mm is higher than 98%. The corresponding
equivalent Young modulus is estimated at 85.67 MPa.

— After reaching an equivalent yield stress around at
2.70 MPa, the relaxation phenomenon is observed. This
phenomenon is typical to the rubbery copolymers lie
ABS material.

— After relaxation, the quasi-linear plasticity mode appears:
The phase III and IV of the deformation continues until
the end of the test. The J,-plasticity model was adopted
to describe the behavior of these zones.

— The whitening of the necks of the GE-SEZ unities
started when the deformation reached the limit of phase
III. Hence, the structure damage began: the necks were
broken and the densification of the mater started until
reaching the end of the test at 12 mm of the displacement.

Finally, the stability of the GE-SEZ unities is ensured since
no buckling is observed on the (GE-SEZ),,»(« ¢ Unities.

Compared to more than 30 printed structures made by the
same process and material, gyroid and SRK structures, the
benchmark study permitted to test the performance of the
new design from a mechanical properties and lightweight

@ Springer



114

Progress in Additive Manufacturing (2021) 6:93-118

stand-points. The authors do attest that the structure is very
competitive according to the results of Sect. 4.3 and the related
discussion related to stability assessment of the structures.

s i) (o)

Thus y,(x + 2a) = %(1 —16x7) =y, (%)

fHx+2a) =f2(—x+ %) = %(—3+ 16(—x+ %) _ 16<—x+ %>2>

5.1 Further works
Future research will focus on four major points:

— The mathematical analysis of the optimality of the KT
structures according to the mapping (4);

— The mechanical study of other KT structures;

— GE-SEZ building using complex machines as the 3DP
1000 [72] or the X400 Printers [73] and mechanical test-
ing, using robust design of experiment;

— Varying geometries and materials of the GE-SEZ struc-
tures for a larger benchmark analysis.
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Appendix A1: Symmetry proof
of the pinned-pinned KT column

Symmetries definition:

(a) Symmetry between (x,y,(x))and (x, f,(x)) according to
the (Al Tx= 1/4 axis;

(b) Symmetry of (x,f,(x))itself around the <A2 tx= 1/2>
axis;

(¢) Symmetry between (x, fi (x)) and (x, f (x)) according to
the <A2 Tx= 1/2 axis;

Proof Symmetry (a)
To prove the symmetry between (x, f;(x)) and (x, f,(x))
relatively to the axis (A : x = 1/4 , we prove that:

fix) =f,(x+2a) wherea = i —xVx € [O, 41—‘] (24)

We calculate the right member of the Eq. (24):

@ Springer

1
Vx € [0, —].
=10
Symmetry (b)
To prove the symmetry between (x, f,(x)) to itself around
the axis (AI TXx= 1/2 , we prove that:
1 11
LX) =f(x+2a) wherea = 5% Vx € [Z, E] (24a)

We calculate the right member of the Eq. (24a):

Hx+2a) =f2(x+2(% —x)) =f,(=x+1)

Lx+2a)=f(—x+1) =

[NSY RO

(=3 —16x* + 16x)

Thus fo(x +2a) = fo(x) Vx € [0, %]
Symmetry (c)

To prove the symmetry between (x,f;(x)) and (x, f,(x))
relatively to the axis <A1 : x = /4 ), we prove that:
£ =f5(x +2a) wherea = % _x Vxe [0, ﬂ (24b)
We calculate the right member of the Eq. (24b):

£,(c+2a) =f3(x+2(% —x)) =fi(~x+ 1)

G +2a) = fi(—x + 1) = = (=15 = 16(=x + 1)* + 32(—x + 1))

N W

S+ 2a) =

[NSYRSS)

(1-16x%)

Thus fy(x + 2a) = f,(x) Vx € [o, é]

Appendix A2: SVR and volume of the GE-SEZ
structure calculation

The external and internal lateral surfaces of the SEZ struc-
ture, are calculated using the Gauss formula (25):
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b
Slateral =2z / g(x) v 1+ (g,(x))zdx (25)

We apply Eq. (15) on the curve C,,, (x, jzext) presented in
the Eq. (12.2):

L

/ o (0

0

y ext *) ) (26)

lateral

This equation describes a quart of the surface of a
SEZ. In other words, since the authors consider the dif-
ferent symmetries of the SEZ structure, as proved in the
Sect. 3.1.1, the lateral revolution surface of the SEZ will be
equal to four times the surface calculated by the Eq. (26).
Thus, the total external surface is given by Eq. (17):

SsEz[ =4x|2x / VeV 1+ ym(x) 7

It should be noted that in the Eq. (15), the index of

S specifies that the calculation is made on the
lateral[O 7 ]

interval [0, y ] The index of S mentions that the

sez[0.£]
calculation of this surface is performed on the whole
length of the SEZ in the corresponding interval of [0, ﬂ

(see Fig. 5). An equivalent calculus could be performed by
Pappus theorems [52], using the orthogonal distance
between the barycenter of the function that will be
spinning.

From the mapping (4), we recall that:

Yo = c(a(1 = 16(dx)*) +b).
The derivative of j.,,(x) is equal to:

d ()N’ ext(x))

o = 32acd’x. (28)

Veu®) =

The Eq. (27) becomes:

L

4m

SEZ[QL]=8” c(a(1 = 16(dx)?) +b) /1 + (32acd?x)*dx,

“m

0

which leads to the expression (29):

8 7 (AXB=CxD) _

P, ,(a,b) = £

A =A,,(a,b)=256a(a + b)d>c* + 1
=B, ,(a,b)= 10g< V32asxc*d*+1+ 32acd2x1>

C = C,,,(a,b) = 32acd’x|\/ (32acd2x1)2 +1

D =D, (a,b) = 256ac’d’*(a(8d’x> — 1) —b) + 1
E, (a,b) = 16(32acd?)’
( _ L
- 2n(a+b)
S.t3 xl = 4—m

r= (S/VG}')Gyroid
Vi, @ the effective volume of the Gyroid

L

(29)

Since the cubic volume, for n*> X m SEZ structures
confined into the is equation to L?, the SVRGE - sEz),,,, 15
obtained by the following equation:

2
n mSSEZ[O £

SVR(GE - s£2),, G0)

n=xm L3 '

We calculate the volume of the GE-SEZ assembly as a
sum of SEZs volumes Eq. (31).

The volume of a SEZ unit if given by the Gauss formula
presented in the Eq. (32):

Vee _sgz = n° XmVgy (3D

Voez = [ (12, =0, @
0

Since the authors consider the symmetries introduced in
the Sect. 3.1.1 (see “Appendix A1), the volume of the SEZ
can be calculated by:

L

4m

Vsez = 74 X / (Y = Vi) dx |- (33)
0

where

yle ylzm (yext yint) (yext + yint)

according to the Eq. (11.2):
Yext = Yint = €
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And according to the expression of the functions y,,, and
Yint:

al?

4re
Vepy = — | L -
SEZ 7 im [ ok enm 12(a + b)

: (34)

Hence, the volume of the GE — SEZ
equal to:

xnsom Assembly is

al?

Ln+enm— —92
e D+ b)

— 2 —
Vi - spz = i“mVgg, = 4men

(35

The volume equivalence is ensured by the equality

between the GE-SEZ volume and the volume of the Gyroid
as shown below:

VGE - sz
——= =1
v (36)
Reporting the expression (35) in (38), the second charac-
teristic equation corresponds to the Eq. (37):

2
oL ]—VG=0 37)

dren [Ln + enm — m

Aa’be2 + B, e+ Ca,b =0

_ 4an’m
Aa,h - V, (38)
B,, = 4ﬂ(Ln— aL? ) :

ab ™y 12(a+b)

g

C=-1

The characteristic Eq. (37) permits to calculate the thick-
ness e, that permits to ensure the second characteristic equa-
tion, that is to say, the equality of the volumes of the GE-SEZ
and the gyroid.

The discriminant of the equation is given by:

A=B, —44,,C,,

Hence

2 2 2
A= (2 (a9 ) g fErm)
V, 12(a + b) V,
Since the parameters n, m and V, are strictly positive, the

discriminant is also strictly positive.
So the roots of the Eq. (37) are defined as:

e+ — _Ba,b + \/Z
24,
=1 s @

24,5
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Appendix A3: Statistics on dimensions
measurement of the (GE-SEZ),,. 0.6
and the cylindrical specimens

Table 8 groups the statistics of the dimension measure-

Table 8 Statistics related to (GE- SEZ),,,xs Samples dimensions

Biggest diameter (mm) Neck diameter (mm)

Nominal (design) 10.2 Nominal (design) 3.19
Maximum 10.19 Maximum 3.19
Minimum 10.15 Minimum 3.17
Average 10.18 Average 3.18
Range 0.04 Range 0.02
VvC 0.42% vC 0.58%
Error - 0.20% Error -0.31
Width (mm) Height (mm)

Nominal (design) 51 Nominal (design) 51
Maximum 51.66 Maximum 51.81
Minimum 51.01 Minimum 50.92
Average 51.38 Average 51.24
Range 0.65 Range 0.89
vC 1.27% VC 1.74%
Error 0.75% Error 0.47%

Table 9 Statistics of dimensions of the cylindrical specimens

Diameter (mm) Height (mm)

Nominal 25 Nominal 30
Maximum 24.94 Maximum 30.15
Minimum 24.86 Minimum 30.02
Average 24.88 Average 30.12
Range 0.08 Range 0.13
VvC 0.32% VvC 0.43%
Error - 0.48% Error 0.40%

ment related to the biggest diameter, neck diameter (small-
est diameter), the width and height of the (GE-SEZ),.5x6
manufactured.

Table 9 groups the statistics of the dimension measure-
ment related to the diameter and height of the cylindrical
specimens manufactured.
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