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Abstract

We prove that two-dimensional Dirichlet distributions for any collection of positive
parameters can be modeled by means of a sequence of distributions defined via non-
negative valued multiplicative functions which satisfy some regularity conditions on
prime powers.
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1 Introduction

We consider the question of how to get any two-dimensional Dirichlet distribution as a
limit of the sequence of discrete distributions constructed by multiplicative functions.
Actually, the Dirichlet distribution is a multivariate generalization of the Beta distri-
bution and the two-dimensional Dirichlet distribution is usually called the bivariate
Beta distribution [1].

Let a, b, ¢ be positive constants and

E(u,v)::{(s,t)|0<s<u,O<t<v,s+t<1}.

The bivariate Beta distribution D(a, b, ¢) concentrated on the triangle E(1, 1) is
defined by the distribution function

D b.o) F'a+b+c) /f drds

,v;a,b,c) = s

v a T BT J) sT-ari=b(1 —1 —5)l—¢
E(u,v)
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where I denotes the Gamma function. The one-dimensional Dirichlet distribution is
the well-known Beta law B (a, b) with distribution function

_Ta+b | ds
T T(@T ) ) st—e( —s)l-b’
0

B(u;a,b): u e [0;1].

We note, that Beta distributions appear as finite dimensional distributions of the
Poisson—Dirichlet process (see [19]). In this paper we generate two-dimensional
Dirichlet vectors using the arguments of probabilistic number theory. We construct
a sequence of two-dimensional vectors, defined via multiplicative functions, whose
average distribution functions converge to two-dimensional Dirichlet distribution and
estimate the convergence rate.

In the sequel we will use the following notations: p is prime, d, g, k,m,n € N.
In the asymptotic relations it is assumed that x — oo. The letters ¢ and C with or
without subscripts denote constants.

Let fi: N— R,i =1, ..., k— 1, be non-negative multiplicative functions. Define
the multiplicative function 7y by

Te) = Y AGD - fieo1Gre),

Jujzjk=1ln

where the sum is taken over all ordered collections (i, j2, ..., jk—1). In case of all
multiplicative functions f; = 1, this function coincides with the classical function 7
which counts the number of ordered factorisations of n € N into k factors

w(n) = Z 1.

Ll lg—1|n

The first attempt to simulate the Arcsine law, that is B(1/2, 1/2), by means of the
divisor function was made in [12]. Later other authors considered this problem on
various subsets of natural numbers, for example, on the set of numbers free of large
prime factors (see [7,18]), in short intervals (see [2,8,9,13,15]), on the set of square-free
natural numbers in short intervals [14].

In [16] it was pointed out that using sequences of discrete distributions, constructed
by multiplicative functions from some classes, one can simulate the Beta distribution.
This idea was realized in papers [4,6,10,11].

For the first time the bivariate Beta distribution as a limit of the sequence of dis-
crete distributions defined via multiplicative functions was considered by Nyandwi
and Smati. They proved in [17] that using the divisor function t3(n) one can model
some distribution which, as was noted in [5], turned out to be the two-dimensional
Dirichlet distribution D(1/3, 1/3, 1/3). In the paper [11] it was shown that using the
divisor function 72 (n) one can model the Dirichlet distribution D(1/2, 1/4, 1/4). In
[5] we showed that by means of multiplicative functions one can model one-parameter
Dirichlet distributions D(a, a, 1 —2a),0 < a < 1/2.
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1670 G. Bareikis, A. Maciulis

In this paper we show that taking a different construction of distribution function
and using some ideas of [5,10] we can model the bivariate Beta distribution for any
collection of positive parameters a, b, c. We note that new interesting questions arise
if this problem is extended to some special subsets of natural numbers.

In the following we will need the multiplicative function 73. Note that

m m
T3(p™) =Y fitp) Y L"), (1.1)

i=0 k=i
Let us introduce the random vectors (X,,; Y,,), which take values

Ind, Ind;

Inn’ Inn )’
when dj, dp run through all divisors of n with uniform probability 1/73(n). The dis-
tribution function of vector (X,,; Y,) is

Folu, v) = T > fi@) frm).

gm|n
g<n*, m<n?

It is easy to check that the sequence of distributions F;, does not converge pointwise
on [0, 1] x [0, 1] (see [17]). Therefore, following [4] we consider the corresponding
Cesaro mean

S (u, v) = m > 8 Fulu, v), (1.2)
n<x

here g is some multiplicative function and

Gx) =) gn).

n<x
In this paper we show, that if the multiplicative functions g, fi, f> satisfy some
conditions of regularity, then the corresponding Cesaro mean (1.2) approaches a
Dirichlet distribution function D (u, v; a, b, c). We note, that any Dirichlet distribution
D(a, b, c) can be modeled by a suitable choice of multiplicative functions.

2 Results

Definition 2.1 We say that a multiplicative function g: N — [0; co) belongs to the
class K (s, §), for some constants s, § > 0, if the function

L(s) = Z —g(pl))s—%’ s=o+it, o> 1,
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Bivariate Beta distribution and multiplicative functions 1671

for some 0 < ¢ < 1/2, has an analytic continuation P (s) into the region

c

coz2o(t)=1— ——,
In(|t| +3)

where P (s) is holomorphic and |P(s)| < §log(|t| + 1) 4 co for some co > 0.

Definition 2.2 We say that a pair of non-negative multiplicative functions (¢, g)
belongs to the class G(s¢, 8) if - g € K(s¢, §) and o(p?)g(p*) < C for some C > 0
and all integers 0 < j < k.

Note We say that a multiplicative function g € G(sz, §) if (1, g) € G(s, 9).
The aim of this paper is to prove the following result.

Theorem 2.3 Let multiplicative functions g, f1, fo: N — [0, 00) be such that g €
S(a;81), 8- /1/T3 € K(B; 82), g 2/ T3 € K(y; 83) forsome B, y > Oand p+y < «,
0< 681 4+8 483 < 1. Then forallu, v € [0, 1],

Sy(u,v) = D, v; B, y,a — B —y)+ 0 (u+v;a,B,7)).

Here
, 1 1 Ly
Sz fy)i= nfx  In”x Inx
1(z) Ly — B —y)
]l ’
In*—A~7 x In x @
Inlnx if ; =1 forsome 1<i <k,
Iyt ..., t) = .
1 otherwise,
and

1 if z>1,
T =
@ {Oifzgl.

Unless otherwise indicated, here and in what follows we assume that the implicit
constants in < or O(-) depend at most on the parameters and constants involved in
the definitions of the corresponding classes G and X.

Example 2.4 Consider a Dirichlet distribution D(a, b, ¢) with any positive param-
eters a, b, c. Let us find multiplicative functions g, f1, f> such that Sy (u,v) —
D(u,v;a,b,c) as x — oo. Assume that these functions are strongly multiplica-
tive with non-negative constant values on prime numbers, say g(p) = zo, f1(p) = z1,
f2(p) = z2. Then g € G(z0, 0),

g fi . JC( 2021 ,O>, g f . 3(( 2022 ,0).
T3 1+z21+22 T; 1+z21+22
By Theorem 2.3 the limit distribution of S, becomes D(a, b, ¢) provided z9 = a+b—+c,
71 =a/c,z0 =bJc.
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1672 G. Bareikis, A. Maciulis

Example 2.5 Suppose that g(n) = w?(n) and fi(n) = f>(n) = 1.In this case we have
that 73(n) = ©3(n), and g € 9(1,0), g- f1/m3 € K(1/3,0), g- fo/13 € K(1/3,0).
By the classical formula for the number of square-free integers (see e.g. [20, Theo-
rem 3.10])

D wim) = —x+o<f)

n<x
Then Theorem 2.3 yields
7’ 1 111 1
& X aw 2 t=oleyya) ()
n is square-free g<n", m<n®

3 Preliminaries

For s > 0 and any multiplicative function 6 set

1 1V o= 6(ph)
AGe,0) = —— 1——
=16 ,,( p) 2

k=0

Note, that A(s¢,0) > 0, when 6 € G(5¢,68),0 < 6§ < 1.
Lemma 3.1 in [3] and Lemma 1 in [5] imply

Lemma 3.1 Assume that (¢, g) € G(5¢,8), 2 > 0and 0 < § < 1. Then, uniformly for
all x > 1andd € N,

- e
<A(%, 0-2)-hd|g.g) +O(M)>,

> emgnd) = nen)

X
1—2¢

ot In (ex)

where the multiplicative functions i and h are defined by

k+j )

- * o(p)e(pH\"' S o(pd A
W 0. g) = (Z o(p))g(p )) ) e(Ps()

= p] = p/
~ j
hptle.g) = ( > Z oy ;‘g;((,op

Here oy = 0(0) and ¢1 > 0 is a constant, depending on the parameters c, » and C
of the classes G and K. Moreover

k+]) 3.1)

Y em)gnd) < x-h(d|p. g)In" " (ex). (32)
n<x
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Bivariate Beta distribution and multiplicative functions 1673

Remark 3.2 1f (¢, g) € G(5, ), then

g(p) Z w(p’)g(p“j))

h(p* | o, g)—g(p)+0< Py

/=1 (3.3)

pHg(pkti) )

pJUO

k19, 9) = g(ph) + 0(

for any k € N. Hence (¢, ﬁ) € G(, §) and (g, ﬁ) € G(s, ). In the sequel we will
often use this property.

ForO<u<w<1l,x>1,beRweset

Scwwb) = Y —— " 4y >0

b
g m In”(ex/m)

This sum may be evaluated in terms of the integral

dv
m+v)¥¢m+1—v)?’

I(u,w;a,b,n) = 3.4

provided some information about the behaviour of the sum

M@) =Y an

m<v
is given.
For any y > 0 and a € R let us define
l—a
yoh o oa#F L
Ay, a) =
Iny|, a=1.

In addition we assume that A(0, a) = oo, whena > 1, and A(0, a) = 0 otherwise.
Forx > e, 0 < w < 1,0 <t < mm{x1 Y x/e}, ai,ay € R we set
-1
Ny =1In""x,

Iy(a1 +1,a2)

rx(al k] az) = 1na1+a2 x ’
(t ) 14+ wlnx) (i X _a2+ ( )
Sw;ag,a) = n— res(ay, az).
Px P I —win® T2 : x/tid 42

Note that A(1y, a) = I (a) In®" ! x
The following consequence from [4, Lemmas 3 and 4] will be applied to evaluate
the sum &, (0, w, b).

@ Springer



1674 G. Bareikis, A. Maciulis

Lemma 3.3 Assume that x > e and

Av

In“(ev)

< Bv
= It (ev)

'M(v) —

forsome A,a € R, B> 0,andall 1 < v < x. Then

G.(0, w; b) = 100, w; a, b, ny) + O((IA] + B) px (1, w; a, b)). (3.5)

(In x)a+b—1
The implicit constant in O(-) depends at most on a and b.

We will need some estimates of the integrals

u v
dzds
J] (8’ 777 u’ v’ a’ b’ C) = b _—i
m+9Mm+2"n+1—-5—2)
£ €
u l—s—e
dzds

J s s Yy aba = .
2(8, 74,8, b, ) 1+ + 2P+ 1—s—2)F

It is easy to see that

100,00 /" ds /1 dr
2B U0, 0= [ opre—1 | (1 =)
J s4(1 —s) / t’(1—1) 3.6)
'lkd—a)'(l —bHrd —c
rée—a—»b-c) '

=Bw;1—a,2—b—c)

The following four lemmas can be proved by repeating the corresponding arguments
in the proofs of [5, Lemmas 4-7].

Lemma3.4 Ifa,b,c € (—oo; 1) and 0 < n < 1, then

J1(0,m,u, v, a,b, ) < min((u+ m' e (v + n)l_b),
D0, 1,4, a,b,¢) < ()~ 3.7

uniformly for u, v € [0, 1], u + v < 1. Constants in < depend on a, b, c only.

Lemma3.5 Let0<e<1/40<n< 1, Aa) =A(e+n,a). Ifc <2, then
Jite,n,u,v,a,b,¢) L1+ Aa)a(b) + (A(a) + A1(D)(A(c) + 1)
uniformly for u, v € [g, 1], u + v < 1. Constants in K depend at most on a, b, c.

@ Springer



Bivariate Beta distribution and multiplicative functions 1675

Lemma3.6 Let0<e<1/4,0<n< 1, Aa) =r(Ee+n,a). Then
Ja(e,n,u,a, b, c) L Ma)r(b) + (1 + Aa) + A(b)(1 + Alc))
uniformly for u € [e, 1 — 2¢]. The constant in < depends at most on a, b, c.
Lemma3.7 Let0 < n<landa,b,c € (—oo, 1). Then
J10,0,u,v,a,b,¢) — J1(0,n,u,v,a,b,c)<n' =+t 49,
J(0,0,u,a,b,¢) — 10, n,u,a,b,)<n' ™ + 0P+ 5!+ (3.8)
uniformly for u, v € [0, 1], u + v < 1. Constants in < depend at most on a, b, c.
Note Evaluating A(a)-A(b) in Lemmas 3.5 and 3.6 we assume that 0- oo = oo.
Combining Lemmas 3.3 and 3.1 we obtain the following result.

Lemma 3.8 Assume thatb € R and (¢, 0) € G(1 — a, §) for somea < 1,0 < § < 1.
Thenforqg e N, x 2e,ne <w<1,0<t< x17% we have

Zy(g,t,w,b; ¢,0)
_ Z p(m)0(gm)

=, m(In(ex/(mt)))b

- a+b—1
=A(l—a,9-0)h(g |<.0,9)<l—)
nx

w
ds R
X/ 5 T O(ox(t, w;a,b)h(g |9, 0)).
2 (e +9)(ne +1— 105 —s)
Moreover, ~
Z:(q,t,w,b;9,0) L pi(t,w;a —1,b)h(q |, 0). (3.9)

The multiplicative functions h and I are defined in (3.1). The implicit constants in <K
and O(-) depend at most on b and the parameters of class G.

Proof Using notations of Lemma 3.3 and taking a,, = ¢(m)6(gm), we can write

—b
Zo(g t.w. b1 0) = &,,(0, z, b)+9(q)<ln %) , (3.10)

Inx

where 7 = Wit/ - By Lemma 3.1 with d = ¢, having in mind that (¢, 6) €
S(1 —a, d), we get

~ h(g g, 0
> emong) = 15 <A(1 —a.¢-6)Wiq10.0) + o(—(‘f Lo >)>
n<x n(ex) In(ex)
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1676 G. Bareikis, A. Maciulis

Therefore we may evaluate &, /,(0,z, b)) by means of Lemma 3.3. Then (3.10)
becomes

Al —a,¢-0)h(g e, 0)
(In(x/1))e+b=1
+0(pu(t, w; a,b)h(q | ¢, 0)),

Z(q,t,w,b;0) =

1(0,z;a,b,nx)

where the integral [ is defined in (3.4). Changing the integration variable gives

w
In(x/t) a+b—1 ds
1(0,z;a,b, Nx/t) = ( 1 / > / Int b’
nx 0 (nx +S)“(77x+1—m_s)

This proves the first relation of the lemma.
It remains to prove the estimate (3.9). By (3.2) we have

> om0 (nd) < x-h(d]p.0)In"(ex).

n<x

Therefore (3.9) follows from (3.10) and (3.5) by taking A = 0, B = O(ﬁ(d |, 0))
and choosing a — 1 instead of a. O

In the next two lemmas we consider the triplet of non-negative multiplicative func-
tions (@1, @2, 6) that satisfy the conditions

(¢1,0) € (1 —a, 8") and (¢2,0) € G(1 —d, 8" 3.11)
forsomea < 1,d <1,0<8,8" < 1;

o1 (P2 (pHo(p*) < ¢ (3.12)

for some C; > 0 and all non-negative integers i, j, k such thati 4 j < k.

Remark 3.9 Note, that (3.1), (3.3), (3.11) and (3.12) imply

(@01, h(-192,0)) € G(1 —a,8) and (2, h(-|¢1,0)) € G(1 —d,8").

The same relations hold for 7 instead of 7.

Lemma 3.10 Assume thatx > e, u,v > 0, u +v < 1 and the multiplicative functions
(o1, @2, 0) satisfy (3.11) and (3.12).
Ifb <2, then

$2(q)
EX(M’ U,b; (plv (p270) = Z - ZX(Q1 Q3 U,b; (pls 9)

g (3.13)
1 lx(d+1,b)lx(d+b)+lx(a+1,b)

Ina+b+d=2 5 In? x In?x

<
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Moreover, if b < 1, then

* J](O, n)wuvvadaaab)

Ex(u’v7b; ¢17§0279) =A (1nx)“+b+d*2 +RE5 (3'14)
here A* = A(1 —a, 10)A(1 — d, g2h(-| @1, 0)), and
1 1 L@+ Dilc@a+b)+1:.(d+1)
Re < Iné+b—1 + Inb+d—1 Ina+b+d—1 : (.15)

The implicit constants in < depend at most on b, C and the parameters of classes G.

Proof Let b € R. Firstly assume that u < 7. Then using (3.9), (3.3) and (3.12) we
have

Ex(u,v,b;01,92,0) K Zx (1, 1, 1, b5 ¢1,0) + 92(2) Zx (2,2, 1, b 91, 0)
L px(1,1;a —1,b).

If v < ny, then
Ex(u, v, b; 91, ¢2,0) < px(1,1:d — 1, b),
since Ex(u, v, b; @1, ¢2,60) = Ex(v, u, b; ¢2, ¢1,6). Thus
Ex(u,v,b; 01,¢2,0) K px(1,1;a — 1,b) + py (1, 1;d — 1, D) (3.16)
uniformly in {(#, v) |0 < u, v < 1, min(u, v) < 7).

Assume that min(«, v) > ny. Thenu, v € (nx; 1 — ny), sinceu + v < 1.
It is easy to see that

X b=y ex!—v\b
l1+In——vinx In—>|(1In .
q q q

Having this in mind and using Lemma 3.8 we get

Ex(u, U, b; (plv @2, 0)

v ~
_ A(l —a, ¢10) Za-s(1, 1L, u/(1 —s5),b; 02, h(-|¢1,0)) ds

In?1x (nx + 5)¢
0 (3.17)

+0(Ze (1,1, 1,5 2, h(- 1 91, 6))
+ (1 +vinx)Za (1, 1,1,b; 2, h(- | 91, 6))
+ Zo(1, 1, 1,a+b; 2, h(-| 91, 0)) Ly (a + 1,b)) = S1 + O(Ry).
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1678 G. Bareikis, A. Maciulis

By Remark 3.9, (¢», h(-1¢1,0)) € (1 —d,8"). Then using Lemma 3.8 once again
we get

u ~
le—S <1’ 17 ma b; (p27 h( | (pl’ 9))

AU —d, a1 ¢1,0) f (g1 +07
- (In x1=5)d+b—1 (e1—s +1 =1
0
+O0(((1 =) Inx) P+ (1 =) Inx) P+ (1 =) Inx) ™+ ras(d, b)).

Therefore the term Sy in (3.17) becomes

Si-In“!x

ds
—5) lnx)dﬂ’*l(nx—}— 5)4

=A(l —a. 010)A(l —d, p2h(- | <p1,9))/ «a
0

u

T—s
dr
X +O(Ly),
O/ Mo+ D9+ 1 — 1) (£1)
(3.18)
where yp = min{b,b +d,d + 1},
v 1 d
s
Ly = _ sd,b) | —. 3.19
1 /(((1 — Syt T )> (s + )" G19
0
We have )
/ ds < 1+ 2010 70) (3.20)
J Gt =) e 10 '
Similarly,
[ rao(d,byds  Ld+1,b)
rxlfs N S X + 3
14+ X(nx,d +D)).
/ e+ )7 . ( (nx )
This estimate together with (3.20), (3.19) and (3.18) yield
Al —a, @10)A(l —d, p2h(-| ¢1.6))
Sl = 1na+b+d—2x JI(O, nX9u7 U,d,a,b)
1 Ly(vo) + k(d +1,b)Ix(d +b) Li(d+1,b)
+O<an0+“_1x I x T, ) (3.21)
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Bivariate Beta distribution and multiplicative functions 1679

Since ((pz,iz\(- l@1,0)) € G(1—d,8") (see Remark 3.9), we can employ (3.9) to
estimate the remainder term R in (3.17). We have

o~ 1 L (b)
Z (L1, 1,b; g2, h(- |1, 0)) < s T T (3.22)
(A +vinx)Za (1,1, 1,b; 92, h(- | @1, 0))
1 1 1 L (b Lo (b (3.23)
< n x(_) x()_ 7
In“x  Inx In9tdx Inbtd-lyx = [patbtd-ly
and —~
Ze(1, 1,1, a+b; 92, h(-1 91,0)) Ix(a+1,b)
Iy(@a+1,b) I(a+1,b)l(a+b) (3.24)

In? x Inatbtd—1

Taking into account the last three estimates we obtain that the remainder term in (3.17)
can be estimated by

1 1 L@+ 1,b)  L(b)  L(a+1,b)l(a+b)
R < In“ x + I+ 5 n? x Inb+d—1 5 Ina+b+d—T

. (3.25)

Note that I (yp) < I:(d + 1, )l (d + b). When min (u, v) > ny, from (3.17), (3.21)
and (3.25) we deduce that the remainder term in (3.14) is

1 1 Ld+1,b)l(d+b) L(a+1,b)
R
£ In+o-1 + In?+d x In“ x + In? x (3.26)
Iy (b) La+1,b)ly(a+b)+I1,d+1) ’
lnb+d—l X lna+b+d—1 X .

Therefore the estimate (3.13) follows from (3.26) by means of (3.16) and Lemma 3.5
provided b < 2.

When b < 1 the estimate (3.26) implies (3.15). Note that in this case (3.15) easily
follows from (3.16) and (3.7) if min(u, v) < ny. m]

Lemma3.11 Assume that b € R and the multiplicative functions (@1, @2, 6) satisfy
(3.11) and (3.12). Then uniformly for 0 < u < 1 — ny,

E¥(u,b; @1, ¢2,0)

©2(q)
=y Zysq(q. 1,1,b; 91, 0)
gs<xt

AU —a, @)A1 —d, p2h(-| ¢1.6))
- (lnx)a+d+b—2

1 L (b) Ikd+1) IL@+1,b)l(a+D)
+ lna-l-d—l X lnb+d—1 X lna+b—l X lna+b+d—l X :

‘]2(07 n)ﬁ u, da a, b)

The implicit constant in O(-) depends at most on b, C1 and the parameters of classes

S.
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1680 G. Bareikis, A. Maciulis

Proof By Lemma 3.8 we get

EX(u,b; 1, ¢2,0) = S2 + O(R2)

N 0(@) > et ds
= A(l —da, (019)2 q h( |‘P1»9)(ln _> /(nx/l] +s)a(nx/q + 1 —S)b

quu

—b —a—1
O( Z ¢2(q) g ler 9)<<ln f) + (ln f) +rx/q(a, b))).
Soa 9 K

(3.27)

We have that (¢, ﬁ(~ l@1,0)) € G(1—d, §") (see Remark 3.9). Applying Lemma 3.8
and relations (3.22), (3.24) we obtain

Ry & Z(1, 1,1 =, b @2, h(- | 91, 0)) + Zo (1, 1, 1 — e, 1+ a5 92, (- 91, )
+Ze(1, 1,1 = ne,a+b; 2, h(-| @1, 0)) e (a + 1, b)

L (D) Ii(a+1)  I(a+1,b) Ii(a+1,b)lx (a+b)

<
Inb+d—1 atd atb+d—1

In In? x In

Set ¢3(q) = ¢2(q)h(q | ¢1,6) and

w(t)

d
L) = <

(x + 2%y + 0 (1) — 2)P’

where w(¢) = 1 — In¢/In x. The main term in (3.27) can be written as

A(l—a, ¢1-0) Z 13(q)

$ = et @)= (3.28)

g<x!

Partial summation yields

XU

I I I
> g )ﬁ = 3)(; ) > 3(61)+/Z<p3(q) ) 4

g<xt g<xt — q<s

/Zcm(q)

- q<s

(3.29)

ds = Sp1 + S0 + So3.

ForO <u <1—1n,anda < 1 we have

A=) e =1(0,1,a, b, —F— ) < 141 22— b).
1—u 1—u
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It follows from Remark 3.9 that @3 € G(1 — d, 8”). Therefore the last estimate and
Lemma 3.1 yield

So1 < (e +u)~(1 — u)l_“_b<1 +,\<1 ”xu , b)).

If b # 1, then this estimate becomes
Sor < (L4740 70) + P (144 9).
If b = 1, then similarly

—u
Mx

1
S < L+t + 07 + 0% +w) (1 —u) ™ In

Separately estimating the last summand for u € [0, 1/2] and u € [1/2,1 — n,] we
obtain

St <+ (141 )lnni
Thus for any b € R,
So1 < (Inx)* P41 4 (14179 ) (1 + 1, (b) In" ' x). (3.30)
Evaluating I5(s) and using Lemma 3.1 we deduce
S»3 << I0,u,d,a, nx)lnb_dx +bJr(0,ny,u,d,a,b+1) In~9x
In view of Lemma 3.6 we have
bJr(0, ne,u,d,a,b+1) < 1+In’x.

Therefore
Sz < (Inx)?~4 + (Inx)~ (3.31)

To evaluate the second term in (3.29) we use Lemma 3.1 once again. Since ¢3 €
S(1 —d, 8", we get

x4

3(s) I3(s)
S =A(l — d§03)/ lnd(es)ds+0(fmds)
1

Al —d, ¢3) 20,0y, u,d +1,a, b))

=——— 5(0,nc,u,d,a,b)+0
=1 x 200, nx ) ( In? x
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Using Lemma 3.6 we obtain

A(l —d, ¢3)
S = T% J(0,nx,u,d,a,b)
In“~' x (3.32)
1 L (D) Iy(d + 1)1x(b)> '
+O(Ld+ 1)+ —— + + .
<X( ) In?x  Ind-bt1ly In!—? x

Combining the estimates (3.30), (3.31), (3.32) together with (3.29), (3.28), (3.27) and
having in mind the estimate of R, we obtain assertion of the lemma. O

4 Proof of the main theorem

Let us start the proof of Theorem 2.3 with the following

Remark 4.1 The conditions of Theorem 2.3 and (1.1) imply ( f1, g/73) € G(B; §2) and
(f2, g/T3) € G(y; 83), moreover there exists a constant C, > 0 such that

A () %(p") <G @1

foralli, j,k>0,i + j <k.
Setting

Kilqom d) = SOQRDLIED 5

we have

Sx(u,v)=G:x)Z Y. Kilg,m,d)

d<x g<n",m<n?

n:=gmd<x
1
(X - - X - % Jaema
d<x ~ g<x" n'<g<x qg<n" n'<g<x

m<x? m<n? n’<m<x’  n’<m<x?

gm<x/d n=qgmd<x n=gmd<x n:=qmd<x
=: H(u,v) — H(u, v) — Hy(u, v) — H3(u, v). (4.2)

Fori =1, 2 set

1

Riw v) = =5 ) Y. Kig.m.d).
d<x q<x" m<min(xV, x17% /d)

Then

1
Hi(u, v) < %Z Y. Kigmd) < Ri(w,v).  (43)

d<x n"<g<x",m<x?
md<n'~* n:=qmd
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Similarly,
Hy(u,v) < Ro(v,u), H3u,v) <min{R;(u,v), Ro(v,u)}. “4.4)

By Remark 4.1 we have (f2, g/73) € G(y, 83). Then using Lemma 3.1 we get

Ry (u, v) <<— Z Zfl(‘l) Z 8(gmd) f>(m)

G(x )d<x1 " g mx i /d - T3(gmd)
xl—u Z 1 Z

< 1— Si(@)hi(gd),
G(x) P d(In &) ot

where
h(p) = ﬁ(p" | o, i).
T3

Remarks 3.9 and 4.1 give us (f1, k1) € G(B, §2). According to Lemma 3.1 we have

ha(d)
d(in =)

Ri(u,v) K ; 4.5

G(x )(l—l-uln)c)1 B Z

<1u

where the multiplicative function /4, is defined by /4 ( pk) = 7{( pk | f1, h1). We note
that (3.3) and (4.1) imply

k 1
m(ph) = (M +0 ( UO)
p

Then having in mind the assumptions of the theorem one can show that g/73 and
hy € G(a — B — v, 81 + 82 + 83). Moreover by Lemma 3.1,

X 1
50 = v (409 () ) o

since g € G(«, 81). Thus (4.5) becomes

Ri(u,v) < Inx) '™ A+ulnx)f'Z (1,1, 1,1 —y; 1,hy).  (4.7)
Therefore in (3.23) takinga =1—-8,b=1—y,d =1 — o + B + y we obtain
Riu,v) <Inf*x+InPx+In'x (4.8)
uniformly for 0 < u < 1 — 7.
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If 1 —ny < u < 1, then we estimate Z,1-.(-) in (4.7) using (3.9) with a =
l—a+pB+y,b=1—y andget

Ry(u,v) < InP~%x
Thus (4.8) is valid uniformly for u, v € [0, 1]. Similarly,
Ro(u,v) €In" *x+In"x+In"'x

uniformly for u, v € [0, 1].
Taking into account that « — 8 — y > 0, the estimates for R; and R, together with
(4.2), (4.3) and (4.4) yield

Sy(u,v) = H@u,v) +0(In""x) 4.9)

uniformly for u, v € [0, 1]. Here « := min{y, B, 1}.
Consider the first summand of (4.2). Changing the order of summation we have

8(gmd)
Hu,v) = G( ;. Z ﬁ(q)m;fz( )d; Tmay | *10
Ngm

Since g/T3 € G(a — B — y, 81 + 82 + 83), applying Lemma 3.1 we obtain

Z g(qmd) X
ot Ts(gmd) (m(qm))‘ —athty
am o 4.11)
g ga2(gm
X(gl(qm)-A<a -B-v, 73) +O(ln(%))),
where

=711 £ y=h(11. £
gl(~)-—h< |1, T3>’ g2( )v—h< I, T3>'

By Remark 3.2 we see that g1, g2 € G(@ — B — y, 81 + 82 + 83).
Let us split the unit square K = [0, 1] x [0, 1] into two parts K = K; U K3, here
K ={(u,v) e K|lu+v<1}and Ky := {(u,v) € K |u+v > 1}.
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1. Firstly we consider the case where (u, v) € K1. Then (4.11) and (4.10) yield

9O ) :A( b, _) ) fi(q) ) fa(m) g1(gm)

X P mln

m<xv qm)
fi(q) fz(m)gz(qm)
ro( 3 O 5 M)
qm

q<xt q m <x"

= A<1 _ba ﬁ)Ex(”a U,b; f2a fla gl) +O(Ex(ua U,b+ 1’ f2, flv 82)),

here and below b := 1 — o +  + y. Now applying (4.6), (3.8) and Lemma 3.10 with
a=1—y,d=1-8,b=1—a+ B+ y wededuce

- 1 L(B,y.a—B)
H(u,v) = B-Ji(0, O’M’v’d’a’b)+o<1nmin(ﬂ»y)x + nx 4.12)

uniformly for (u, v) € K. Here

A= f—y.g/T -
B=ACT PV 8T e AR, L S 21)).
A, 8)

Taking into account (1.1) we get

o0 o0 PN
Jfi( k) f(pf) g(p' itk
l;lkgo | ]EO 2 g P

5. FNa-B—y)I(BI ()
I'a) B

=1

Thus
(@)

~ Tla—B-y)F@ET@)
This together with (4.12) and (4.9) complete the proof of Theorem 2.3 in the region
K.

2. Let (u,v) € K. If min{u, v} < 1y, taking into account Remarks 3.2, 3.9 and 4.1
from (4.10), (4.11), (3.9) and (4.6) we obtain

H(u, v)
< G)(c > Z (fi@ Ze(q, 1, 1,b; f2, 82) + (@) Z: (g, 1, 1, b5 fi, 22))
< In~ Vx—l—ln X. 19
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Consider the case # > 1y and v > n,. For any ¢ € [0, 1] we define

1

Vi = gos Y3 Y Kilgom.d), i=12

g<x!7tm< S d< ;o

Sgm
Then
Hu,v)=HA,1)-Vi(v)+ HOd —v,v) = Vo(u) + H(u, 1 — u).
By definition, S, (1, 1) = 1. Hence from (4.9) it follows that
Hu,v) =1-Viw)+ Hd —v,v) = Vo(u) + Hu,1 —u) + O(n"" x). (4.14)
Since g/T3 € G(1 — b, 81 4+ 82 + §3), by Lemma 3.1,

G(x)

—Vl(v)zA(l—b g
X

T ) Ei(1 —v,b; f2, fi1,81)

T
+O(Ef(1 — v, 1+ b; f2. f1. 82)),

where E is defined in Lemma 3.11. Therefore, having in mind (4.6) and using Lemmas
3.11, 3.6 and 3.7, we obtain

1 l - — Vs — MM
Vl (v) = B'J2(O, 07 1_v5 1_ﬁ5 1_7, b)+0 + X(a ﬂ y al ﬂ ﬂ y) 3
In“t x Inx

where k1 = min{g, y, « — B — y}. Analogously,

1 l - - ) - ] 9
Va(u) = B-J5(0,0, 1—u, 1—y, 1—f, b)+O Jhlezpovazy.py))
In*! x Inx

From this, (4.12) and (4.14) we get

H(u,v)=1-B-(/0,0,1—v,1—p.1—y.b)
_JI(O,O,I_U,le_ﬂ,l_yyb)‘FJZ(anvl_u,l_V»l_ﬂ,b)
—J100,0,u, 1 —u, 1 = B, 1 =y, b)) + O&x(u + v; , B, ).

(4.15)

From (3.6) we have

BJ>(0,0,1,1-8,1—y,b)=1.
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Hence the main termin (4.15) equals to D(u, v; B8, y, 1 —b). Moreover by Lemma 3.4,

D(u’v;ﬁv ys 1 _b)
< B ’mln{JZ(O, Ovu’ 1 _ﬂv 1 - y5 b)’ -12(07 05 v, 1 - J/5 1 _ﬂvb)}
<« min{uf v"}.

Thus (4.13) and (4.15) yield

H(M, U) :D(M’U;IB9 ysa_ﬁ_y)+o(sx(u+v;avﬂv J/))

uniformly for (u, v) € K».

The proof of Theorem 2.3 follows now from this estimate, (4.12) and (4.9).
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