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Abstract
We prove that two-dimensional Dirichlet distributions for any collection of positive
parameters can be modeled by means of a sequence of distributions defined via non-
negative valued multiplicative functions which satisfy some regularity conditions on
prime powers.
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1 Introduction

We consider the question of how to get any two-dimensional Dirichlet distribution as a
limit of the sequence of discrete distributions constructed by multiplicative functions.
Actually, the Dirichlet distribution is a multivariate generalization of the Beta distri-
bution and the two-dimensional Dirichlet distribution is usually called the bivariate
Beta distribution [1].

Let a, b, c be positive constants and

E(u, v) ..= {
(s, t) | 0 � s � u, 0 � t � v, s + t � 1

}
.

The bivariate Beta distribution D(a, b, c) concentrated on the triangle E(1, 1) is
defined by the distribution function

D(u, v; a, b, c) = �(a + b + c)

�(a)�(b)�(c)

∫∫

E(u,v)

dtds

s1−at1−b(1 − t − s)1−c
,
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algirdas.maciulis@mif.vu.lt

Gintautas Bareikis
gintautas.bareikis@mif.vu.lt

1 Institute of Computer Science, Vilnius University, Didlaukio 47, 08303 Vilnius, Lithuania

123

http://crossmark.crossref.org/dialog/?doi=10.1007/s40879-021-00492-7&domain=pdf
http://orcid.org/0000-0003-3870-5885
http://orcid.org/0000-0003-4510-2767


Bivariate Beta distribution and multiplicative functions 1669

where � denotes the Gamma function. The one-dimensional Dirichlet distribution is
the well-known Beta law B(a, b) with distribution function

B(u; a, b) ..= �(a + b)

�(a)�(b)

u∫

0

ds

s1−a(1 − s)1−b
, u ∈ [0; 1].

We note, that Beta distributions appear as finite dimensional distributions of the
Poisson–Dirichlet process (see [19]). In this paper we generate two-dimensional
Dirichlet vectors using the arguments of probabilistic number theory. We construct
a sequence of two-dimensional vectors, defined via multiplicative functions, whose
average distribution functions converge to two-dimensional Dirichlet distribution and
estimate the convergence rate.

In the sequel we will use the following notations: p is prime, d, q, k,m, n ∈ N.
In the asymptotic relations it is assumed that x → ∞. The letters c and C with or
without subscripts denote constants.

Let fi : N → R, i = 1, . . . , k−1, be non-negative multiplicative functions. Define
the multiplicative function Tk by

Tk(n) ..=
∑

j1 j2··· jk−1| n
f1( j1) · · · fk−1( jk−1),

where the sum is taken over all ordered collections ( j1, j2, . . . , jk−1). In case of all
multiplicative functions fi ≡ 1, this function coincides with the classical function τk
which counts the number of ordered factorisations of n ∈ N into k factors

τk(n) ..=
∑

l1l2···lk−1| n
1.

The first attempt to simulate the Arcsine law, that is B(1/2, 1/2), by means of the
divisor function was made in [12]. Later other authors considered this problem on
various subsets of natural numbers, for example, on the set of numbers free of large
prime factors (see [7,18]), in short intervals (see [2,8,9,13,15]), on the set of square-free
natural numbers in short intervals [14].

In [16] it was pointed out that using sequences of discrete distributions, constructed
by multiplicative functions from some classes, one can simulate the Beta distribution.
This idea was realized in papers [4,6,10,11].

For the first time the bivariate Beta distribution as a limit of the sequence of dis-
crete distributions defined via multiplicative functions was considered by Nyandwi
and Smati. They proved in [17] that using the divisor function τ3(n) one can model
some distribution which, as was noted in [5], turned out to be the two-dimensional
Dirichlet distributionD(1/3, 1/3, 1/3). In the paper [11] it was shown that using the
divisor function τ2(n) one can model the Dirichlet distribution D(1/2, 1/4, 1/4). In
[5] we showed that by means of multiplicative functions one can model one-parameter
Dirichlet distributions D(a, a, 1 − 2a), 0 < a < 1/2.
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1670 G. Bareikis, A. Mačiulis

In this paper we show that taking a different construction of distribution function
and using some ideas of [5,10] we can model the bivariate Beta distribution for any
collection of positive parameters a, b, c. We note that new interesting questions arise
if this problem is extended to some special subsets of natural numbers.

In the following we will need the multiplicative function T3. Note that

T3(p
m) =

m∑

i=0

f1(p
i )

m∑

k=i

f2(p
m−k). (1.1)

Let us introduce the random vectors (Xn; Yn), which take values

(
ln d1
ln n

; ln d2
ln n

)
,

when d1, d2 run through all divisors of n with uniform probability 1/T3(n). The dis-
tribution function of vector (Xn; Yn) is

Fn(u, v) ..= 1

T3(n)

∑

qm | n
q�nu,m�nv

f1(q) f2(m).

It is easy to check that the sequence of distributions Fn does not converge pointwise
on [0, 1]×[0, 1] (see [17]). Therefore, following [4] we consider the corresponding
Cesàro mean

Sx (u, v) ..= 1

G(x)

∑

n�x

g(n)Fn(u, v), (1.2)

here g is some multiplicative function and

G(x) ..=
∑

n�x

g(n).

In this paper we show, that if the multiplicative functions g, f1, f2 satisfy some
conditions of regularity, then the corresponding Cesàro mean (1.2) approaches a
Dirichlet distribution function D(u, v; a, b, c).We note, that anyDirichlet distribution
D(a, b, c) can be modeled by a suitable choice of multiplicative functions.

2 Results

Definition 2.1 We say that a multiplicative function g : N → [0;∞) belongs to the
class K(κ, δ), for some constants κ, δ � 0, if the function

L(s) ..=
∑

p

g(p) − κ

ps
, s = σ + iτ, σ > 1,
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Bivariate Beta distribution and multiplicative functions 1671

for some 0 < c � 1/2, has an analytic continuation P(s) into the region

σ � σ(τ) ..= 1 − c

ln(|τ | + 3)
,

where P(s) is holomorphic and |P(s)| � δ log(|τ | + 1) + c0 for some c0 � 0.

Definition 2.2 We say that a pair of non-negative multiplicative functions (ϕ, g)
belongs to the class G(κ, δ) if ϕ ·g ∈ K(κ, δ) and ϕ(p j )g(pk) � C for some C > 0
and all integers 0 � j � k.

Note We say that a multiplicative function g ∈ G(κ, δ) if (1, g) ∈ G(κ, δ).

The aim of this paper is to prove the following result.

Theorem 2.3 Let multiplicative functions g, f1, f2 : N → [0,∞) be such that g ∈
G(α; δ1), g · f1/T3 ∈ K(β; δ2), g · f2/T3 ∈ K(γ ; δ3) for someβ, γ > 0andβ+γ < α,
0 � δ1 + δ2 + δ3 < 1. Then for all u, v ∈ [0, 1],

Sx (u, v) = D(u, v;β, γ, α − β − γ ) + O(ξx (u + v;α, β, γ )).

Here

ξx (z;α, β, γ ) ..= 1

lnβ x
+ 1

lnγ x
+ lx (β, γ )

ln x

+ 1(z)

lnα−β−γ x
+ lx (α − β − γ )

ln x
1(z),

lx (t1, t2, . . . , tk) ..=
{
ln ln x if ti = 1 for some 1 � i � k,

1 otherwise,

and

1(z) ..=
{
1 if z > 1,

0 if z � 1.

Unless otherwise indicated, here and in what follows we assume that the implicit
constants in � or O( ·) depend at most on the parameters and constants involved in
the definitions of the corresponding classes G and K.

Example 2.4 Consider a Dirichlet distribution D(a, b, c) with any positive param-
eters a, b, c. Let us find multiplicative functions g, f1, f2 such that Sx (u, v) →
D(u, v; a, b, c) as x → ∞. Assume that these functions are strongly multiplica-
tive with non-negative constant values on prime numbers, say g(p) = z0, f1(p) = z1,
f2(p) = z2. Then g ∈ G(z0, 0),

g · f1
T3

∈ K

(
z0z1

1 + z1 + z2
, 0

)
,

g · f2
T3

∈ K

(
z0z2

1 + z1 + z2
, 0

)
.

ByTheorem2.3 the limit distributionof Sx becomesD(a, b, c)provided z0 = a+b+c,
z1 = a/c, z2 = b/c.
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1672 G. Bareikis, A. Mačiulis

Example 2.5 Suppose that g(n) = μ2(n) and f1(n) = f2(n) ≡ 1. In this case we have
that T3(n) ≡ τ3(n), and g ∈ G(1, 0), g · f1/τ3 ∈ K(1/3, 0), g · f2/τ3 ∈ K(1/3, 0).
By the classical formula for the number of square-free integers (see e.g. [20, Theo-
rem 3.10])

∑

n�x

μ2(n) = 6

π2 x + O(
√
x).

Then Theorem 2.3 yields

π2

6x

∑

n�x
n is square-free

1

τ3(n)

∑

qm | n
q�nu,m�nv

1 = D

(
u, v; 1

3
,
1

3
,
1

3

)
+ O

(
1

3
√
ln x

)
.

3 Preliminaries

For κ > 0 and any multiplicative function θ set

A(κ, θ) ..= 1

�(κ)

∏

p

(
1 − 1

p

)
κ ∞∑

k=0

θ(pk)

pk
.

Note, that A(κ, θ) > 0, when θ ∈ G(κ, δ), 0 � δ < 1.
Lemma 3.1 in [3] and Lemma 1 in [5] imply

Lemma 3.1 Assume that (ϕ, g) ∈ G(κ, δ), κ > 0 and 0 � δ < 1. Then, uniformly for
all x � 1 and d ∈ N,

∑

n�x

ϕ(n)g(nd) = x

ln1−κ(ex)

(
A(κ, ϕ ·g) · h̃(d | ϕ, g) + O

(
ĥ(d | ϕ, g)

ln(ex)

))
,

where the multiplicative functions h̃ and ĥ are defined by

h̃(pk | ϕ, g) ..=
( ∞∑

j=0

ϕ(p j )g(p j )

p j

)−1 ∞∑

j=0

ϕ(p j )g(pk+ j )

p j
,

ĥ(pk | ϕ, g) ..=
(
1 + c1

pσ0

) ∞∑

j=0

ϕ(p j )g(pk+ j )

p jσ0
.

(3.1)

Here σ0 = σ(0) and c1 � 0 is a constant, depending on the parameters c, κ and C
of the classes G and K. Moreover

∑

n�x

ϕ(n)g(nd) � x · ĥ(d | ϕ, g) lnκ−1(ex). (3.2)
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Bivariate Beta distribution and multiplicative functions 1673

Remark 3.2 If (ϕ, g) ∈ G(κ, δ), then

h̃(pk | ϕ, g) = g(pk) + O

(
g(pk)

p
+

∞∑

j=1

ϕ(p j )g(pk+ j )

p j

)
,

ĥ(pk | ϕ, g) = g(pk) + O

(
g(pk)

pσ0
+

∞∑

j=1

ϕ(p j )g(pk+ j )

p jσ0

)
,

(3.3)

for any k ∈ N. Hence (ϕ, h̃) ∈ G(κ, δ) and (ϕ, ĥ) ∈ G(κ, δ). In the sequel we will
often use this property.

For 0 � u � w � 1, x � 1, b ∈ R we set

Sx (u, w, b) ..=
∑

xu<m�xw

am
m lnb(ex/m)

, am � 0.

This sum may be evaluated in terms of the integral

I (u, w; a, b, η) ..=
w∫

u

dv

(η + v)a(η + 1 − v)b
, (3.4)

provided some information about the behaviour of the sum

M(v) ..=
∑

m�v

am

is given.
For any y > 0 and a ∈ R let us define

λ(y, a) ..=
{
y1−a, a �= 1;
|ln y|, a = 1.

In addition we assume that λ(0, a) = ∞, when a � 1, and λ(0, a) = 0 otherwise.
For x � e, 0 � w � 1, 0 < t � min{x1−w, x/e}, a1, a2 ∈ R we set

ηx
..= ln−1 x ,

rx (a1, a2) ..= lx (a1 + 1, a2)

lna1+a2 x
,

ρx (t, w; a1, a2) ..= (1 + w ln x)−a1

(1 + ln x
t − w ln x)a2−1 ln x

t

+
(
ln

x

t

)−a2
+ rx/t (a1, a2).

Note that λ(ηx , a) = lx (a) lna−1 x .
The following consequence from [4, Lemmas 3 and 4] will be applied to evaluate

the sum Sx (0, w, b).
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1674 G. Bareikis, A. Mačiulis

Lemma 3.3 Assume that x � e and

∣∣∣∣M(v) − Av

lna(ev)

∣∣∣∣ � Bv

lna+1(ev)

for some A, a ∈ R, B � 0, and all 1 � v � x. Then

Sx (0, w; b) = A

(ln x)a+b−1 I (0, w; a, b, ηx ) + O
(
(|A| + B)ρx (1, w; a, b)

)
. (3.5)

The implicit constant in O( ·) depends at most on a and b.

We will need some estimates of the integrals

J1(ε, η, u, v, a, b, c) ..=
u∫

ε

v∫

ε

dzds

(η + s)a(η + z)b(η + 1 − s − z)c
,

J2(ε, η, u, a, b, c) ..=
u∫

ε

1−s−ε∫

ε

dzds

(η + s)a(η + z)b(η + 1 − s − z)c
.

It is easy to see that

J2(0, 0, u, a, b, c) =
u∫

0

ds

sa(1 − s)b+c−1

1∫

0

dt

tb(1 − t)c

= B(u; 1 − a, 2 − b − c)
�(1 − a)�(1 − b)�(1 − c)

�(3 − a − b − c)
.

(3.6)

The following four lemmas can be proved by repeating the corresponding arguments
in the proofs of [5, Lemmas 4–7].

Lemma 3.4 If a, b, c ∈ (−∞; 1) and 0 � η � 1, then

J1(0, η, u, v, a, b, c) � min
(
(u + η)1−a, (v + η)1−b),

J2(0, η, u, a, b, c) � (u + η)1−a (3.7)

uniformly for u, v ∈ [0, 1], u + v � 1. Constants in � depend on a, b, c only.

Lemma 3.5 Let 0 � ε � 1/4, 0 � η � 1, λ(a) = λ(ε + η, a). If c < 2, then

J1(ε, η, u, v, a, b, c) � 1 + λ(a)λ(b) + (λ(a) + λ(b))(λ(c) + 1)

uniformly for u, v ∈ [ε, 1], u + v � 1. Constants in � depend at most on a, b, c.
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Bivariate Beta distribution and multiplicative functions 1675

Lemma 3.6 Let 0 � ε � 1/4, 0 � η � 1, λ(a) = λ(ε + η, a). Then

J2(ε, η, u, a, b, c) � λ(a)λ(b) + (1 + λ(a) + λ(b))(1 + λ(c))

uniformly for u ∈ [ε, 1 − 2ε]. The constant in � depends at most on a, b, c.

Lemma 3.7 Let 0 � η � 1 and a, b, c ∈ (−∞, 1). Then

J1(0, 0, u, v, a, b, c) − J1(0, η, u, v, a, b, c)�η1−a + η1−b + η,

J2(0, 0, u, a, b, c) − J2(0, η, u, a, b, c)�η1−a + η1−b + η1−c + η (3.8)

uniformly for u, v ∈ [0, 1], u + v � 1. Constants in � depend at most on a, b, c.

Note Evaluating λ(a) ·λ(b) in Lemmas 3.5 and 3.6 we assume that 0 ·∞ = ∞.

Combining Lemmas 3.3 and 3.1 we obtain the following result.

Lemma 3.8 Assume that b ∈ R and (ϕ, θ) ∈ G(1 − a, δ) for some a < 1, 0 � δ < 1.
Then for q ∈ N, x � e, ηx � w � 1, 0 < t � x1−w, we have

Zx (q, t, w, b;ϕ, θ)

..=
∑

m�xw

ϕ(m)θ(qm)

m(ln(ex/(mt)))b

= A(1 − a, ϕ ·θ) h̃(q | ϕ, θ)

(
1

ln x

)a+b−1

×
w∫

0

ds

(ηx + s)a
(
ηx + 1 − ln t

ln x − s
)b + O

(
ρx (t, w; a, b) ĥ(q | ϕ, θ)

)
.

Moreover,
Zx (q, t, w, b;ϕ, θ) � ρx (t, w; a − 1, b) ĥ(q | ϕ, θ). (3.9)

The multiplicative functions h̃ and ĥ are defined in (3.1). The implicit constants in �
and O( ·) depend at most on b and the parameters of class G.

Proof Using notations of Lemma 3.3 and taking am = ϕ(m)θ(qm), we can write

Zx (q, t, w, b; θ) = Sx/t (0, z, b) + θ(q)

(
ln

ex

t

)−b

, (3.10)

where z = w ln x
ln(x/t) . By Lemma 3.1 with d = q, having in mind that (ϕ, θ) ∈

G(1 − a, δ), we get

∑

n�x

ϕ(n)θ(nq) = x

lna(ex)

(
A(1 − a, ϕ ·θ) · h̃(q | ϕ, θ) + O

(
ĥ(q | ϕ, θ)

ln(ex)

))
.
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1676 G. Bareikis, A. Mačiulis

Therefore we may evaluate Sx/t (0, z, b) by means of Lemma 3.3. Then (3.10)
becomes

Zx (q, t, w, b; θ) = A(1 − a, ϕ ·θ) h̃(q | ϕ, θ)

(ln(x/t))a+b−1 I (0, z; a, b, ηx/t )

+ O
(
ρx (t, w; a, b) ĥ(q | ϕ, θ)

)
,

where the integral I is defined in (3.4). Changing the integration variable gives

I (0, z; a, b, ηx/t ) =
(
ln(x/t)

ln x

)a+b−1 w∫

0

ds

(ηx + s)a
(
ηx + 1 − ln t

ln x − s
)b .

This proves the first relation of the lemma.
It remains to prove the estimate (3.9). By (3.2) we have

∑

n�x

ϕ(n)θ(nd) � x · ĥ(d | ϕ, θ) ln−a(ex).

Therefore (3.9) follows from (3.10) and (3.5) by taking A = 0, B = O(̂h(d | ϕ, θ))

and choosing a − 1 instead of a. 	

In the next two lemmas we consider the triplet of non-negative multiplicative func-

tions (ϕ1, ϕ2, θ) that satisfy the conditions

(ϕ1, θ) ∈ G(1 − a, δ′) and (ϕ2, θ) ∈ G(1 − d, δ′′) (3.11)

for some a < 1, d < 1, 0 � δ′, δ′′ < 1;

ϕ1(p
i )ϕ2(p

j )θ(pk) � C1 (3.12)

for some C1 > 0 and all non-negative integers i, j, k such that i + j � k.

Remark 3.9 Note, that (3.1), (3.3), (3.11) and (3.12) imply

(ϕ1, h̃( · | ϕ2, θ)) ∈ G(1 − a, δ′) and (ϕ2, h̃( · |ϕ1, θ)) ∈ G(1 − d, δ′′).

The same relations hold for ĥ instead of h̃.

Lemma 3.10 Assume that x � e, u, v � 0, u+ v � 1 and the multiplicative functions
(ϕ1, ϕ2, θ) satisfy (3.11) and (3.12).

If b < 2, then

Ex (u, v, b;ϕ1, ϕ2, θ) ..=
∑

q�xu

ϕ2(q)

q
Zx (q, q, v, b;ϕ1, θ)

� 1

lna+b+d−2 x
+ lx (d + 1, b) lx (d + b)

lna x
+ lx (a + 1, b)

lnd x
.

(3.13)
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Moreover, if b < 1, then

Ex (u, v, b;ϕ1, ϕ2, θ) = A∗ J1(0, ηx , u, v, d, a, b)

(ln x)a+b+d−2 + RE , (3.14)

here A∗ = A(1 − a, ϕ1θ)A(1 − d, ϕ2h̃( · |ϕ1, θ)), and

RE � 1

lna+b−1 x
+ 1

lnb+d−1 x
+ lx (a + 1) lx (a + b) + lx (d + 1)

lna+b+d−1 x
. (3.15)

The implicit constants in � depend at most on b,C1 and the parameters of classes G.

Proof Let b ∈ R. Firstly assume that u � ηx . Then using (3.9), (3.3) and (3.12) we
have

Ex (u, v, b;ϕ1, ϕ2, θ) � Zx (1, 1, 1, b;ϕ1, θ) + ϕ2(2)Zx (2, 2, 1, b;ϕ1, θ)

� ρx (1, 1; a − 1, b).

If v � ηx , then

Ex (u, v, b;ϕ1, ϕ2, θ) � ρx (1, 1; d − 1, b),

since Ex (u, v, b;ϕ1, ϕ2, θ) = Ex (v, u, b;ϕ2, ϕ1, θ). Thus

Ex (u, v, b;ϕ1, ϕ2, θ) � ρx (1, 1; a − 1, b) + ρx (1, 1; d − 1, b) (3.16)

uniformly in {(u, v) | 0 � u, v � 1,min(u, v) � ηx }.
Assume that min(u, v) > ηx . Then u, v ∈ (ηx ; 1 − ηx ), since u + v � 1.
It is easy to see that

(
1 + ln

x

q
− v ln x

)b−1

ln
x

q
�

(
ln

ex1−v

q

)b
.

Having this in mind and using Lemma 3.8 we get

Ex (u, v, b;ϕ1, ϕ2, θ)

= A(1 − a, ϕ1θ)

lna−1 x

v∫

0

Zx1−s (1, 1, u/(1 − s), b;ϕ2, h̃( · | ϕ1, θ))

(ηx + s)a
ds

+ O
(
Zx

(
1, 1, 1, b;ϕ2, ĥ( · |ϕ1, θ)

)

+ (1 + v ln x)−a Zx1−v

(
1, 1, 1, b;ϕ2, ĥ( · | ϕ1, θ)

)

+ Zx
(
1, 1, 1, a + b;ϕ2, ĥ( · | ϕ1, θ)

) · lx (a + 1, b)
) =.. S1 + O(R1).

(3.17)
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1678 G. Bareikis, A. Mačiulis

By Remark 3.9, (ϕ2, h̃( · | ϕ1, θ)) ∈ G(1 − d, δ′′). Then using Lemma 3.8 once again
we get

Zx1−s

(
1, 1,

u

1 − s
, b;ϕ2, h̃( · | ϕ1, θ)

)

= A(1 − d, ϕ2h̃( · | ϕ1, θ))

(ln x1−s)d+b−1

u
1−s∫

0

(ηx1−s + t)−d

(ηx1−s + 1 − t)b
dt

+ O
(
((1 − s) ln x)−b+ ((1 − s) ln x)−d−b+ ((1 − s) ln x)−d−1+ rx1−s (d, b)

)
.

Therefore the term S1 in (3.17) becomes

S1 · lna−1 x

= A(1 − a, ϕ1θ)A(1 − d, ϕ2h̃( · | ϕ1, θ))

v∫

0

ds

((1 − s) ln x)d+b−1(ηx+ s)a

×
u

1−s∫

0

dt

(ηx1−s + t)d(ηx1−s + 1 − t)b
+ O(L1),

(3.18)
where γ0 = min{b, b + d, d + 1} ,

L1 =
v∫

0

(
1

((1 − s) ln x)γ0
+ rx1−s (d, b)

)
ds

(ηx + s)a
. (3.19)

We have
v∫

0

ds

(ηx + s)a(1 − s)γ0
� 1 + λ(ηx , γ0). (3.20)

Similarly,

v∫

0

rx1−s (d, b) ds

(ηx + s)a
� lx (d + 1, b)

lnd+b x
(1 + λ(ηx , d + b)).

This estimate together with (3.20), (3.19) and (3.18) yield

S1 = A(1 − a, ϕ1θ)A(1 − d, ϕ2h̃( · |ϕ1, θ))

lna+b+d−2 x
J1(0, ηx , u, v, d, a, b)

+ O

(
1

lnγ0+a−1 x
+ lx (γ0) + lx (d + 1, b)lx (d + b)

lna x
+ lx (d + 1, b)

lna+b+d−1 x

)
. (3.21)
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Since (ϕ2, ĥ( · | ϕ1, θ)) ∈ G(1− d, δ′′) (see Remark 3.9), we can employ (3.9) to
estimate the remainder term R1 in (3.17). We have

Zx
(
1, 1, 1, b;ϕ2, ĥ( · |ϕ1, θ)

) � 1

lnd x
+ lx (b)

lnb+d−1 x
, (3.22)

(1 + v ln x)−a Zx1−v

(
1, 1, 1, b;ϕ2, ĥ( · | ϕ1, θ)

)

� 1

lna x
+ 1

lnd x
+ 1

lna+d x
+ lx (b)

lnb+d−1 x
+ lx (b)

lna+b+d−1 x
,

(3.23)

and
Zx

(
1, 1, 1, a + b;ϕ2, ĥ( · |ϕ1, θ)

) · lx (a + 1, b)

� lx (a + 1, b)

lnd x
+ lx (a + 1, b) lx (a + b)

lna+b+d−1 x
.

(3.24)

Taking into account the last three estimates we obtain that the remainder term in (3.17)
can be estimated by

R1 � 1

lna x
+ 1

lna+d x
+ lx (a + 1, b)

lnd x
+ lx (b)

lnb+d−1 x
+ lx (a + 1, b)lx (a + b)

lna+b+d−1 x
. (3.25)

Note that lx (γ0) � lx (d + 1, b)lx (d + b). When min(u, v) > ηx , from (3.17), (3.21)
and (3.25) we deduce that the remainder term in (3.14) is

RE � 1

lna+b−1 x
+ 1

lna+d x
+ lx (d + 1, b)lx (d + b)

lna x
+ lx (a + 1, b)

lnd x

+ lx (b)

lnb+d−1 x
+ lx (a + 1, b)lx (a + b) + lx (d + 1)

lna+b+d−1 x
.

(3.26)

Therefore the estimate (3.13) follows from (3.26) by means of (3.16) and Lemma 3.5
provided b < 2.

When b < 1 the estimate (3.26) implies (3.15). Note that in this case (3.15) easily
follows from (3.16) and (3.7) if min(u, v) � ηx . 	

Lemma 3.11 Assume that b ∈ R and the multiplicative functions (ϕ1, ϕ2, θ) satisfy
(3.11) and (3.12). Then uniformly for 0 � u � 1 − ηx ,

E∗
x (u, b;ϕ1, ϕ2, θ)

..=
∑

q�xu

ϕ2(q)

q
Zx/q(q, 1, 1, b;ϕ1, θ)

= A(1 − a, ϕ1θ)A(1 − d, ϕ2h̃( · | ϕ1, θ))

(ln x)a+d+b−2 J2(0, ηx , u, d, a, b)

+ O

(
1

lna+d−1 x
+ lx (b)

lnb+d−1 x
+ lx (d + 1)

lna+b−1 x
+ lx (a + 1, b)lx (a + b)

lna+b+d−1 x

)
.

The implicit constant in O( ·) depends at most on b,C1 and the parameters of classes
G.
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Proof By Lemma 3.8 we get

E∗
x (u, b;ϕ1, ϕ2, θ) = S2 + O(R2)

=.. A(1 − a, ϕ1 ·θ)
∑

q�xu

ϕ2(q)

q
h̃(q | ϕ1, θ)

(
ln

x

q

)1−a−b 1∫

0

ds

(ηx/q + s)a(ηx/q + 1 − s)b

+ O

( ∑

q�xu

ϕ2(q)

q
ĥ(q | ϕ1, θ)

((
ln

x

q

)−b

+
(
ln

x

q

)−a−1

+ rx/q(a, b)

))
.

(3.27)

We have that (ϕ2, ĥ( · |ϕ1, θ)) ∈ G(1−d, δ′′) (see Remark 3.9). Applying Lemma 3.8
and relations (3.22), (3.24) we obtain

R2 � Zx
(
1, 1, 1 − ηx , b;ϕ2, ĥ( · |ϕ1, θ)

) + Zx
(
1, 1, 1 − ηx , 1 + a;ϕ2, ĥ( · |ϕ1, θ)

)

+ Zx
(
1, 1, 1 − ηx , a + b;ϕ2, ĥ( · | ϕ1, θ)

)
lx (a + 1, b)

� lx (b)

lnb+d−1 x
+ lx (a + 1)

lna+d x
+ lx (a + 1, b)

lnd x
+ lx (a + 1, b)lx (a + b)

lna+b+d−1 x
.

Set ϕ3(q) ..= ϕ2(q)h̃(q | ϕ1, θ) and

I3(t) ..=
ω(t)∫

0

dz

(ηx + z)a(ηx + ω(t) − z)b
,

where ω(t) = 1 − ln t/ln x . The main term in (3.27) can be written as

S2 = A(1 − a, ϕ1 ·θ)

(ln x)a+b−1

∑

q�xu
ϕ3(q)

I3(q)

q
. (3.28)

Partial summation yields

∑

q�xu
ϕ3(q)

I3(q)

q
= I3(xu)

xu
∑

q�xu
ϕ3(q) +

xu∫

1−

∑

q�s

ϕ3(q)
I3(s)

s2
ds

−
xu∫

1−

∑

q�s

ϕ3(q)
I ′
3(s)

s
ds =.. S21 + S22 + S23.

(3.29)

For 0 � u � 1 − ηx and a < 1 we have

(1 − u)a+b−1 I3(x
u) = I

(
0, 1, a, b,

ηx

1 − u

)
� 1 + λ

(
ηx

1 − u
, b

)
.
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It follows from Remark 3.9 that ϕ3 ∈ G(1 − d, δ′′). Therefore the last estimate and
Lemma 3.1 yield

S21 � ηdx (ηx + u)−d(1 − u)1−a−b
(
1 + λ

(
ηx

1 − u
, b

))
.

If b �= 1, then this estimate becomes

S21 � ηdx
(
1 + η−d

x + η1−a−b
x

) + η1+d−b
x

(
1 + η−d

x + η−a
x

)
.

If b = 1, then similarly

S21 � 1 + ηdx + ηd−a
x + ηdx (ηx + u)−d(1 − u)−a ln

1 − u

ηx
.

Separately estimating the last summand for u ∈ [0, 1/2] and u ∈ [1/2, 1 − ηx ] we
obtain

S21 � ηd−a
x + (1 + ηdx ) ln

1

ηx
.

Thus for any b ∈ R,

S21 � (ln x)a+b−d−1 + (1 + ln−d x)(1 + lx (b) ln
b−1 x). (3.30)

Evaluating I ′
3(s) and using Lemma 3.1 we deduce

S23 � I (0, u, d, a, ηx ) ln
b−d x + bJ2(0, ηx , u, d, a, b + 1) ln−d x .

In view of Lemma 3.6 we have

bJ2(0, ηx , u, d, a, b + 1) � 1 + lnb x .

Therefore
S23 � (ln x)b−d + (ln x)−d. (3.31)

To evaluate the second term in (3.29) we use Lemma 3.1 once again. Since ϕ3 ∈
G(1 − d, δ′′), we get

S22 = A(1 − d, ϕ3)

xu∫

1

I3(s)

s lnd(es)
ds + O

( xu∫

1

I3(s)

s lnd+1(es)
ds

)

= A(1 − d, ϕ3)

lnd−1 x
J2(0, ηx , u, d, a, b) + O

(
J2(0, ηx , u, d + 1, a, b)

lnd x

)
.
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Using Lemma 3.6 we obtain

S22 = A(1 − d, ϕ3)

lnd−1 x
J2(0, ηx , u, d, a, b)

+ O

(
lx (d + 1) + 1

lnd x
+ lx (b)

lnd−b+1 x
+ lx (d + 1)lx (b)

ln1−b x

)
.

(3.32)

Combining the estimates (3.30), (3.31), (3.32) together with (3.29), (3.28), (3.27) and
having in mind the estimate of R2 we obtain assertion of the lemma. 	


4 Proof of themain theorem

Let us start the proof of Theorem 2.3 with the following

Remark 4.1 The conditions of Theorem 2.3 and (1.1) imply ( f1, g/T3) ∈ G(β; δ2) and
( f2, g/T3) ∈ G(γ ; δ3), moreover there exists a constant C2 � 0 such that

f1(p
i ) f2(p

j )
g

T3
(pk) � C2, (4.1)

for all i, j, k � 0, i + j � k.

Setting

Ki (q,m, d) ..= g(qmd) fi (q) f3−i (m)

T3(qmd)
, i = 1, 2,

we have

Sx (u, v) = 1

G(x)

∑

d�x

∑

q�nu,m�nv

n..=qmd�x

K1(q,m, d)

= 1

G(x)

∑

d�x

( ∑

q�xu

m�xv

qm�x/d

−
∑

nu<q�xu

m�nv

n..=qmd�x

−
∑

q�nu

nv<m�xv

n..=qmd�x

−
∑

nu<q�xu

nv<m�xv

n..=qmd�x

)
K1(q,m, d)

=.. H(u, v) − H1(u, v) − H2(u, v) − H3(u, v). (4.2)

For i = 1, 2 set

Ri (u, v) ..= 1

G(x)

∑

d�x

∑

q�xu

∑

m�min(xv, x1−u/d)

Ki (q,m, d).

Then

H1(u, v) � 1

G(x)

∑

d�x

∑

nu<q�xu,m�xv

md�n1−u, n..=qmd

K1(q,m, d) � R1(u, v). (4.3)
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Similarly,

H2(u, v) � R2(v, u), H3(u, v) � min{R1(u, v), R2(v, u)}. (4.4)

By Remark 4.1 we have ( f2, g/T3) ∈ G(γ, δ3). Then using Lemma 3.1 we get

R1(u, v) � 1

G(x)

∑

d�x1−u

∑

q�xu
f1(q)

∑

m�x1−u/d

g(qmd) f2(m)

T3(qmd)

� x1−u

G(x)

∑

d�x1−u

1

d
(
ln ex1−u

d

)1−γ

∑

q�xu
f1(q)h1(qd),

where

h1(p
k) ..= ĥ

(
pk | f2, g

T3

)
.

Remarks 3.9 and 4.1 give us ( f1, h1) ∈ G(β, δ2). According to Lemma 3.1 we have

R1(u, v) � x

G(x)(1 + u ln x)1−β

∑

d�x1−u

h2(d)

d
(
ln ex1−u

d

)1−γ
, (4.5)

where the multiplicative function h2 is defined by h2(pk) ..= ĥ(pk | f1, h1). We note
that (3.3) and (4.1) imply

h2(p
k) = g

T3
(pk) + O

(
1

pσ0

)
.

Then having in mind the assumptions of the theorem one can show that g/T3 and
h2 ∈ G(α − β − γ, δ1 + δ2 + δ3). Moreover by Lemma 3.1,

G(x) = x

ln1−α(ex)

(
A(α, g) + O

(
1

ln(ex)

))
, (4.6)

since g ∈ G(α, δ1). Thus (4.5) becomes

R1(u, v) � (ln x)1−α(1 + u ln x)β−1Zx1−u (1, 1, 1, 1 − γ ; 1, h2). (4.7)

Therefore in (3.23) taking a = 1 − β, b = 1 − γ , d = 1 − α + β + γ we obtain

R1(u, v) � lnβ−α x + ln−β x + ln−1 x (4.8)

uniformly for 0 � u � 1 − ηx .
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If 1 − ηx < u � 1, then we estimate Zx1−u ( ·) in (4.7) using (3.9) with a =
1 − α + β + γ , b = 1 − γ and get

R1(u, v) � lnβ−α x .

Thus (4.8) is valid uniformly for u, v ∈ [0, 1]. Similarly,

R2(u, v) � lnγ−α x + ln−γ x + ln−1 x

uniformly for u, v ∈ [0, 1].
Taking into account that α − β − γ > 0, the estimates for R1 and R2 together with

(4.2), (4.3) and (4.4) yield

Sx (u, v) = H(u, v) + O(ln−κ x) (4.9)

uniformly for u, v ∈ [0, 1]. Here κ ..= min{γ, β, 1}.
Consider the first summand of (4.2). Changing the order of summation we have

H(u, v) = 1

G(x)

∑

q�xu
f1(q)

∑

m�xv

f2(m)
∑

d� x
qm

g(qmd)

T3(qmd)
. (4.10)

Since g/T3 ∈ G(α − β − γ, δ1 + δ2 + δ3), applying Lemma 3.1 we obtain

∑

d� x
qm

g(qmd)

T3(qmd)
= x

qm
(
ln

( ex
qm

))1−α+β+γ

×
(
g1(qm) · A

(
α − β − γ,

g

T3

)
+ O

(
g2(qm)

ln
( ex
qm

)
))

,

(4.11)

where

g1( ·) ..= h̃

(
· | 1, g

T3

)
, g2( ·) ..= ĥ

(
· | 1, g

T3

)
.

By Remark 3.2 we see that g1, g2 ∈ G(α − β − γ, δ1 + δ2 + δ3).
Let us split the unit square K = [0, 1]×[0, 1] into two parts K = K1 ∪ K2, here

K1
..= {(u, v) ∈ K | u + v � 1} and K2

..= {(u, v) ∈ K | u + v > 1}.
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1. Firstly we consider the case where (u, v) ∈ K1. Then (4.11) and (4.10) yield

G(x)

x
H(u, v) = A

(
1 − b,

g

T3

) ∑

q�xu

f1(q)

q

∑

m�xv

f2(m)g1(qm)

m lnb
( ex
qm

)

+ O

( ∑

q�xu

f1(q)

q

∑

m�xv

f2(m)g2(qm)

m lnb+1
( ex
qm

)
)

= A

(
1 − b,

g

T3

)
Ex (u, v, b; f2, f1, g1) + O

(
Ex (u, v, b + 1; f2, f1, g2)

)
,

here and below b ..= 1− α + β + γ . Now applying (4.6), (3.8) and Lemma 3.10 with
a = 1 − γ , d = 1 − β, b = 1 − α + β + γ we deduce

H(u, v) = B · J1(0, 0, u, v, d, a, b) + O

(
1

lnmin(β,γ ) x
+ lx (β, γ, α − β)

ln x

)
(4.12)

uniformly for (u, v) ∈ K1. Here

B ..= A(α − β − γ, g/T3)

A(α, g)
A(γ, f2g1)A(β, f1h̃( · | f2, g1)).

Taking into account (1.1) we get

B · �(α − β − γ )�(β)�(γ )

�(α)
=

∏

p

∞∑
k=0

f1(pk )
pk

∞∑
j=0

f2(p j )

p j

∞∑
i=0

g(pi+ j+k )

pi T3(pi+ j+k )

∏

p

∞∑
k=0

g(pk )
pk

= 1.

Thus

B = �(α)

�(α − β − γ )�(β)�(γ )
.

This together with (4.12) and (4.9) complete the proof of Theorem 2.3 in the region
K1.

2. Let (u, v) ∈ K2. If min{u, v} � ηx , taking into account Remarks 3.2, 3.9 and 4.1
from (4.10), (4.11), (3.9) and (4.6) we obtain

H(u, v)

� x

G(x)

∑

q�e

1

q

(
f1(q)Zx (q, 1, 1, b; f2, g2) + f2(q)Zx (q, 1, 1, b; f1, g2)

)

� ln−γ x + ln−β x . (4.13)
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Consider the case u > ηx and v > ηx . For any t ∈ [0, 1] we define

Vi (t) ..= 1

G(x)

∑

q�x1−t

∑

m� x
q

∑

d� x
qm

Ki (q,m, d), i = 1, 2.

Then

H(u, v) = H(1, 1) − V1(v) + H(1 − v, v) − V2(u) + H(u, 1 − u).

By definition, Sx (1, 1) = 1. Hence from (4.9) it follows that

H(u, v) = 1 − V1(v) + H(1 − v, v) − V2(u) + H(u, 1 − u) + O(ln−κ x). (4.14)

Since g/T3 ∈ G(1 − b, δ1 + δ2 + δ3), by Lemma 3.1,

G(x)

x
V1(v) = A

(
1 − b,

g

T3

)
E∗
x (1 − v, b; f2, f1, g1)

+ O
(
E∗
x (1 − v, 1 + b; f2, f1, g2)

)
,

where E∗
x is defined inLemma3.11. Therefore, having inmind (4.6) and usingLemmas

3.11, 3.6 and 3.7, we obtain

V1(v) = B · J2(0, 0, 1−v, 1−β, 1−γ, b)+O

(
1

lnκ1 x
+ lx (α − β − γ, α − β, β, γ )

ln x

)
,

where κ1 = min{β, γ, α − β − γ }. Analogously,

V2(u) = B · J2(0, 0, 1−u, 1−γ, 1−β, b)+O

(
1

lnκ1 x
+ lx (α − β − γ, α − γ, β, γ )

ln x

)
.

From this, (4.12) and (4.14) we get

H(u, v) = 1 − B ·(J2(0, 0, 1 − v, 1 − β, 1 − γ, b)

− J1(0, 0, 1 − v, v, 1 − β, 1 − γ, b) + J2(0, 0, 1 − u, 1 − γ, 1 − β, b)

− J1(0, 0, u, 1 − u, 1 − β, 1 − γ, b)
) + O(ξx (u + v;α, β, γ )).

(4.15)

From (3.6) we have

BJ2(0, 0, 1, 1 − β, 1 − γ, b) = 1.
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Hence themain term in (4.15) equals to D(u, v;β, γ, 1−b). Moreover by Lemma 3.4,

D(u, v;β, γ, 1 − b)

� B · min
{
J2(0, 0, u, 1 − β, 1 − γ, b), J2(0, 0, v, 1 − γ, 1 − β, b)

}

� min{uβ, vγ }.

Thus (4.13) and (4.15) yield

H(u, v) = D(u, v;β, γ, α − β − γ ) + O(ξx (u + v;α, β, γ ))

uniformly for (u, v) ∈ K2.

The proof of Theorem 2.3 follows now from this estimate, (4.12) and (4.9).
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