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Abstract

We study several families of vertex operator superalgebras from a jet (super)scheme
point of view. We provide new examples of vertex algebras which are “chiral-
quantizations" of their Cp-algebras Ry. Our examples come from affine Cél)—series
vertex algebras, £ > 1, certain N = 1 superconformal vertex algebras, Feigin—
Stoyanovsky principal subspaces, Feigin—Stoyanovsky type subspaces, graph vertex
algebras Wr, and extended Virasoro vertex algebras. We also give a counterexample
to the chiral-quantization property for the N = 2 superconformal vertex algebra with
central charge 1.

Keywords Vertex superalgebras - Jet superalgebras - Hilbert series - Characters -
Principal subspaces
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1 Introduction

Beilinson, Feigin and Mazur in [18] introduced the notions of singular support and lisse
representation in order to study Virasoro (vertex) algebras. Arakawa later extended
these notions to any finitely strongly generated, non-negatively graded vertex algebra
V. More precisely, via a canonical decreasing filtration { F, (V) } introduced in [38], one
can associate to V a positively graded vertex Possion algebra grf (V). The spectrum
of grf (V) is called the singular support of V, and is denoted by SS (V). With respect
to this filtration, V /F1 (V) is the Zhu C»-algebra Ry. The reduced spectrum Xy =
Specm (Ry) is a Poisson variety which is called the associated variety of V. A large
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body of work has been devoted to descriptions of associated varieties for various

vertex operator algebras [5,10,12,13]. Certainly the most prominent examples from

this point of view are well-known lisse, or C-cofinite, vertex algebras characterized

by dim(Xy) = 0. Arakawa and Kawasetsu relaxed this condition to quasi-lisse in [7]

which requires that Xy has finitely many symplectic leaves. Associated varieties are

important in the geometry of Higgs branches in 4d/2d dualities in physics [17].
According to [5, Proposition 2.5.1], the embedding

Ry < g’ (V)
can be extended to a surjective homomorphism of vertex Poisson algebras
Vi Joo(Ry) — g (V),

where Jo(Ry) is the (infinite) jet algebra of Ry. The map ¢ induces an injection
from the singular support into the (infinite) jet scheme of the associated scheme of V,
Xy = Spec(Ry), i.e.,

$:SS(V) = Jso(Xy).

In [11], authors showed that ¢ is an isomorphism of varieties if V' is quasi-lisse. It was
shown in [52] that if the map ¢ is an isomorphism, then one can compute Hochschild
homology of the Zhu algebra via the chiral homology of elliptic curves. Proving that
Y is an isomorphsim or finding the kernel of i turns out to be subtle. In [9,14,52],
authors provided examples for which ¥ is not an isomorphism, including the Z,-
orbifold of the rank one Heisenberg algebra, affine vertex algebra Lg; (—1, 0), most
Virasoro algebras, etc. However, a full description of the kernel, if non-trivial, of the
map V¥ is an interesting and difficult problem. Very recently, Andrews, van Ekeren
and Heluani [4] found a remarkable g-series identity that allowed them to describe
the kernel of v for the ¢ = 1/2 Ising Virasoro vertex algebra.

For a vertex algebra V, where ¢ is an isomorphism, one obtains a very interesting
(and important) consequence

ch[V1(g) = HS;(J(Ry)),

where the left-hand side is the character of V and the right-hand side is the Hilbert series
of the jet algebra of Ry. The left-hand side often has combinatorial interpretations
which in turn can provide a non-trivial information about the jet scheme.

In Sects. 2-3, we recall some basics of vertex (super)algebras and generalize the
notion of jet algebras to the super case. Then in Sect. 4 we investigate the map
in the cases of affine vertex algebras, rank one lattice vertex superalgebras including
the simple N = 2 superconformal vertex algebra at level one. For the later case the
map V¥ is not an isomorphism, and we make a conjecture about its kernel. In Sect.
5 we analyze in great depth principal subspaces of lattice vertex algebras and affine
vertex algebras, and show that the map v is an isomorphism for many examples. In
particular, the principal subspaces are closely related to the jet algebras coming from
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graphs. Interestingly, in some examples their Hilbert series are (mixed) mock modular
forms. In Sect. 6 we show that the map v is an isomorphism for the simple N = 1 vertex
superalgebra associated with the N = 1 superconformal (p, p’)-minimal model if and
only if (p, p') = (2,4k), k € Z4. We also study extended Virasoro vertex algebras
in Sect. 7.

2 Definitions and preliminary results

Definition 2.1 Let V be a superspace, i.e., a Zo-graded vector space, V = V5@ V7,
where {0, 1} = Z,. Ifa € Vp(a)» we say that the element a has parity p(a) € Zs.

A field is a formal series of the form a(z) = ), .7 aw) 727" where am) € End(V)
and for each v € V one has

amv =0 for n> 0.
We say that a field a(z) has parity p(a) € Z, if
A(n) Va (S Va_;,_p(a) forall o € ZQ, ne.

A vertex superalgebra contains the following data: a vector space of states V, the
vacuum vector 1 € Vg, derivation 7', and state-field correspondence map

ar— Y(a,z)= Z amz ",
nez

satisfying the following axioms:

e (translation coinvariance): [T, Y (a, z)] = 0Y (a, 2),

e (vacuum): Y(1,z) =1dy, Y(a, 2)1|;=0 = a,

o (locality): (z — w)NY(a,2)Y (b, w) = (—1)P@PO) (z — )Ny (b, w)Y (a, z) for
N> 0.

In particular, a vertex superalgebra V is called supercommutative if a,) = 0forn € N.
It is well known that the category of commutative vertex superalgebras is equivalent
with the category of unital commutative associative superalgebras equipped with an
even derivation.

We say that a vertex superalgebra V is generated by a subset U C V if any element
of V can be written as a finite linear combination of terms of the form

1 2 n
biybiiy -+ byl

forb*e W, iy € Z,andn € N. If every element of V can be written with iy € Z_, we
write V = (U)g, and say that V is strongly generated by U.

Example 2.2 ([53]) Let g be a finite-dimensional Lie superalgebra with a non-degene-
rate even supersymmetric invariant bilinear form (-, -). We can associate the affine
Lie superalgebra g to the pair (g, (-, -)).
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1692 H.Li

Its universal vacuum representation of level k, Vﬁ (k, 0), is a vertex superalgebra. In
particular, when g is a simple Lie superalgebra, Vj(k, 0) has a unique maximal ideal
Iy (k,0), and L@(k, 0) = Vs (k, 0)/1@ (k, 0) is also a vertex superalgebra.

Example 2.3 ([36]) To any n-dimensional superspace A with a non-degenerate anti-
supersymmetric bilinear form (-, -), we can associate a Lie superalgebra C4. If we
fix a basis of A,

(o .... 0"}

the free fermionic vertex algebra J associated to A is a vertex superalgebra strongly
generated by ¢E_1/2)1,i =1,...,n,where Y(qbé_l/z)l, 7) = Znel/2+Z ¢En)z—"—1/2_

Definition 2.4 A vertex superalgebra V is called a vertex operator superalgebra if it
is %Z-graded,

V=T] V-
nelz

2

with a conformal vector @ such that the set of operators {L ), idy },ez With L, =
(u+1) defines a representation of the Virasoro algebra on V'; that is

3

m3 —
(L), Loyl = (m —n) Lpan) + ———

2 Sm4nocy, m,n € Z.

We call cy the central charge of V. We require that L ) is diagonalizible and it defines
the %Z grading — its eigenvalues are called (conformal) weights. In several examples

we will encounter %Z—graded vertex superalgebras without a conformal vector. For
this reason, we define the character or graded dimension as

ch[VI(g) = Y dim(Vim)q™.

1
me5Z

As we do not care about modularity here, we suppress the g ~°V/?* factor and also
view ¢ as a formal variable.

Example 2.5 ([37]) Let Vir denote the Virasoro Lie algebra. Then the universal Vir-
module Vi (c, 0) has a natural vertex operator algebra with central charge c.

Example 2.6 ([36]) The universal vertex superalgebra associated with the N = 1
Neveu-Schwarz Lie superalgebra will be denoted by VCN =1 where c is the cen-
tral charge. It is a vertex operator superalgebra strongly generated by an odd vector
G (—3/2)1 and the conformal vector L 2)1.

Example 2.7 ([36]) The universal vertex superalgebra associated with the N = 2
superconformal Lie algebra will be denoted by VN =2_Itis a vertex operator superal-
gebra strongly generated by two odd vectors G(t3 2) 1, G s 2 1, and two even vectors
L1, J_hl
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Definition 2.8 A commutative vertex superalgebra V is called a vertex Poisson super-
algebra if it is equipped with a linear operation,

V > Hom(V,z 'V[z7]), a— Y_(a,2) = Z a(n)z_”+l,
neN

such that

o (Ta), = —nap-1),

o agmb =Y ;en(=D"H ! T/ (b jya)s

[agm). bl = 3 jeny () @)D msn—j)
amy(b-c) = (amb)-c + (=1)PDPOp. (a4, 0),
fora,b,c € Vandn,m € N.

(—1)P@p®
J!

A vertex Lie superalgebra structure on V is given by (V,Y_, T'). So one can also
say that a vertex Poisson superalgebra is a commutative vertex superalgebra equipped
with a vertex Lie superalgebra structure. In fact, one can obtain a vertex Poisson
superalgebra from any vertex superalgebra through standard increasing filtration or
Li’s filtration. Following [38], one can define a decreasing sequence of subspaces
{F,,(V)} of the superalgebra V, where for n € Z, F, (V) is linearly spanned by the
vectors

M ")
Uy gy U]

forr € Zy,u®®, ..., u® eV, ky,...,k, € Nwithk; 4+ -+ k, > n. Then Li’s
filtration of V is given by

V=FRV)DF((V)D---
satisfying

umv € Frys_ 1 (V) for u e F.(V), ve Fg(V), r,seN, nelZ,
U@V € Frys_y (V) for ue F,(V), ve F,(V), r,s,neN.

The corresponding associated graded algebra grf (V) = [eny Fa(V)/Fpg1 (V) is a
vertex Poisson superalgebra. Its vertex Lie superalgebra structure is given by

T+ Frp1 (V) =Tu+ Fra(V),

Yo+ Fr1(V), 0+ Fop1 (V) = D Winv + Frosnp1 (V)27
neN

foru € F,(2),v € Fy(z) withr, s € N. For the standard increasing filtration {G,,(V)},
we also have the associated graded vertex superalgebra gr® (V). In [5, Proposition
2.6.1], it was shown that

grf (V) = er%(v)
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1694 H.Li

as vertex Poisson superalgebras. Thus we sometimes drop the upper index F or G for
brevity.
According to [38], we know that

F,(V)={uci—pvlueV,iz1ve F_i(V)}

In particular, Fo(V)/F1(V) = V/C2(V) = Ry is a Poisson superalgebra by [54]. Its
Poisson structure is given by

u-v=uc—nv, {u,v}=uquo,

for u, v € V where u = u + C»(V). It was shown in [38, Corallary 4.3] that ng(V)
is generated by Ry as a differential algebra.
Next, let us compute the C»-algebras for some simple examples.

Example 2.9 Following notations in Example 2.3, let I be a free fermionic vertex
superalgebra associated with an n-dimensional superspace A. Clearly, the C»-algebra
of J'is

Ry =C[¢{_i )L &1 1],

where qﬁé_l /2)1 is even (resp. odd) if ¢’ is even (resp. odd) in A.

Example 2.10 According to [52, 16.16], for simple affine vertex algebras L@(k, 0),
k € N, where g is a simple Lie algebra, we have

RL@(k,O) = (C[u%fl)l, I,{(271)17 e “?_1)1]/(U(g)o ((60)(_1))k+11>,

where {ul, uz ..., u"} is a basis of g, 6 is the highest root of g, and o represents the
adjoint action. In particular, when g = sl,, we have

Rig k0 =Cle, f, R/ (flod™i=0,...,2k+2),

where e, f, h correspond to e(—y1, f—1)1, h—1)1.
Example 2.11 For any simple Virasoro algebras Lyic(c(p, pr), 0), where ¢,y = 1 —
6(p — p))?/(pp’) with p > p’ > 2 and p, p’ coprime, according to [18,52] its C,-

algebra is isomorphic to (C[x]/(x([’—l)(p’—l)ﬂ)’ where x corresponds to @ = L(_)1.

Example 2.12 The C;-algebra of VN lis RvN 1 = C[x, 0], where x and 0 correspond
to the even vector L(_2)1 and odd vector G( 3/2)1, respectively.

Example 2.13 The C;-algebra of VCN:2 isC[x, y, 61, 62] where x, y, 01, 6> correspond
to L1, J—n1, G?‘_3/2)1 and G(__3/2)1, respectively. Here 01, 6> are odd variables.
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3 Affine jet superalgebras
Inspired by the definition of a jet algebra, we may give an analogous definition of a

jet superalgebra in the affine case. Here, we closely follow [5].
Let C[x!, ..., x" 6, ..., 6™] be a polynomial superalgebra, where

are ordinary variables and
L
are odd variables, i.e., (9’4)2 =0forl <i < m.Let f1, fo,..., fu be Z>-homo-

geneous elements in the polynomial superalgebra. We will define the jet superalgebra
of the quotient superalgebra as

ClxL ..., x% 0L ..., 6m
(froeoon fr) '

R =

. s
Firstly, let us introduce new even variables x(jf Aii) and odd variables 6(’7 A—i) for
] J

0 <i < m,where Aj and A are degrees of x/ and 8/, Tn most cases, we will assume
that the degree of each variable is 1, although in some cases the odd degree can be
shifted by 1/2. We define an even derivation 7" on

Cllaj-iy 0la, 0 10<i<m 1< j<n 1<) <m]
as

o .
T(xj '): (—Aj—l)x(_Aj_l._l) for 0<i<m-—1,
(4= 0 for i = m,

and

7 (6]

- (—Aj,—i)e(’_Aj,_i_l) for 0<i<m—1,
(=ay—-i)) =

0 for i =m.

Here we identify x/ and 6/ " with xj_ , and Gj_ , respectively. Set
() (=A))
J j .
(C[x(fAjﬂ.), 9(—A_,/—i) [0<i<m 1<
< :

Jj<n 1<) <m]
(Tifi11<i<n,jeN)

Im(R) =
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1696 H.Li

Then the m-jet superscheme of V = Spec(R) is defined as Spec(J,, (R)). The infinite
jet superalgebra of Ry is defined as

Joo(R) = 1lim J,, (R)

m

J J’ : . ./
C["(—Aj—i)’e( Aj—i) lieN,1<j<n 1<) <m

(Tifi11<i<n, jeN)

We often omit “infinite” and call it jet superalgebra for brevity. The jet superalgebra
is a differential commutative superalgebra. We denote the ideal

(T'fi |1<i<n, jeN)

by (f1. ..., fn)a. Later, we sometimes write x( ) as x(j). The infinite jet superscheme,
or arc space, of V is defined as

Joo (V) = Spec(Joo (R)).

We define the degree of each variable u(_a_j) to be A + j, where u = x or 6. Then
Joo(R) = ]—[mG%Z(JOO(R))(m)’ where (Joo(R))(m) is the set of all elements in the jet
superalgebra with degree m. We define the Hilbert series of J,(R) as

HSy (Joo (R) = ) dim ((Joo (R o)) ¢

1
me57Z

Following [5], Joo (R) has a unique vertex Poisson superalgebra structure such that

{u,v} if n =0,
u v =
™ 0  ifneZ.

foru,v € R € Joo(R).

Furthermore, one can extend the embedding Ry < grf (V) to a surjective differ-
ential superalgebra homomorphism Joo (Ry) — grf (V). It is obvious that the map is
a differential superalgebra homomorphism. It is surjective, since gr” (V) is generated
by Ry as a differential algebra. Moreover, it was shown in [5] that this map is actually
a vertex Poisson superalgebra epimorphism. From now on, we call this map 1. The
map v is not necessarily injective, and it is an open problem to characterize rational
vertex algebras for which  is injective.
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3.1 Complete lexicographic ordering

Following [30], we define the complete lexicographic ordering on a basis or spanning
set of the jet superalgebra. Given a jet superalgebra

Joo(CLy, ¥ o ¥ D) = Clylp, iy Y, iy 1§ € N]/(D)a,

where A; is the degree of y’, we can first define an ordering of all variables in the
following way:

1 2 1 2
Yeay <Yan < <¥an <Via—n <Yian <

Definition 3.1 A monomial u of Joo (C[y', y% ..., y"1/1) is called an ordered mono-
mial if it is of the form

2 1
1

n 1 n
(Y?—A,,—m))am+l "‘(J’(I—Al—m))a'”+l "‘(y?—A,l))al "'(Y(Q—Al))a (y(l—Al))al’

where m € Z, and a]’: eN.

It should be clear that all ordered monomials form a spanning set of the jet superalgebra.
Then let us define the multiplicity of an ordered monomial as

m+1
n) =Y (af +af 4o +af).
i=1

Given two arbitrary ordered monomials

1 n

n 2 1
= (Y a,m) ™ aymm) " an) T 0 an) T Gla)

b 1 b, b} 2 b}/ 1 b}

v = amm) " Oea ) " 0 an) T 0T ap) T Gap) ™
we define a complete lexicographic ordering as follows. If (1) < u(v), we say that
u < v If () = u(v), we compare exponents of

1 2 n 1 n
Yean Y o0 Y=ay o Y=ai-my Y—a,—m)

in this order. Namely, we say v < u if a} < b}; if they are equal, we then compare a%

and b%, and so on. Given a polynomial f, we call the greatest monomial among all its
terms with respect to the complete lexicographic ordering the leading term of f.

4 Affine and lattice vertex algebras

In this section we analyze the C»-algebra Ry and the injectivity of the map y for some
familiar examples of affine and lattice vertex algebras.
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1698 H.Li

Example 4.1 1t was shown in ([5, Proposition 2.7.1]) that for any simple Lie algebra
g’ we haVe JOO(RV§([{_())) = ng(V@(k,O))

Proposition 4.2 ([6, Example 4.10]) For the free fermionic vertex superalgebra, we
have Joo(R5) = grf () as vertex Poisson superalgebras.

Proof We use Arakawa’s argument in [5, Proposition 2.7.1]. We include the proof
for completeness. Here we still follow the notations from Example 2.3. According to
[36, Section 3.6], we can choose a conformal vector such that F is %N—graded. We
consider the standard filtration G on F. Firstly, we have ¥ = U (A[+~11¢71) as vector
superspaces. Moreover,

G™(F) = {u_g - u{_ )11k €5+N.reNr<2m},
where m € tNand u’ € {¢,...,¢"}. So gr¥(F) = S(A[t~1171) = Joo(Ry) as
vertex Poissson superalgebras. Therefore, gr® (F) = grf (F) = Joo (R5). i

Similarly, we can show that v is an isomorphism for the vertex superalgebra V (k, 0),
where g is a Lie superalgebra satisfying conditions in Example 2.2, and for supercon-
formal vertex algebras VN=! and VN=2.

Let

VﬁZ = M(1)®C[ﬁZ]

be a rank one lattice vertex algebra (resp. superalgebra) constructed from an integral
lattice L = Za = ,/pZ, where (o, a) = p is even (resp. odd). It has a conformal
vector w = ﬁa(z_l)l. As usual, we denote the extremal lattice vectors by "%, n € Z.

Proposition 4.3 For the lattice vertex algebra V, ;57 we have

Ry, =Clx.y, 21/ (% ¥ xy = 2%, xz, yz).

When p is odd, x and y are odd vectors.

Proof According to the following calculations:
+1

()2 (1) —acne® € C2(Vpz),

()~ p-1) () — e € C2(V3z).

(™)) —acne ™ € C2(Vpz),

(€ ) p-1y(e™™) =27 € Co(V,/pz).

(€)(—2)(e™) —

we know that all vectors except for o(—p1, ..., a(pfl)l, e% e and 1 are zero in

Ry -
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We will show that all these vectors are indeed non-zero in Ry r Suppose there exist
u,v €V pz such that u(—2v = e“. Then wt(a—2)b) = wt(a) + wt(b) +1 = p/2,
which implies that u, v € mp, where 7 is the Heisenberg subalgebra Clo(;)l,ez_ - 1.
This is a contradiction. So the equivalent class e? is non-zero in Ry /e Using a similar
weight argument, we can show that equivalence classes

e, 1, apl, ..., Ol(lil)l

are all non-zero in Ry e Moreover, we have

p
@ e - 20 v )
—nle™) o € Co(Vpz)-

Then the map ¢: RVﬁZ — Clx, y, z]/(xz, y2, xy = z”, xz, yz), sending €% to x, e~

toy, Tto1,and 7 # a1yl to z, is an isomorphism. O

Remark 4.4 By the Frenkel-Kac construction, we know that V 3z = Ls’lz(l, 0). Fol-

lowing Proposition 4.3, we have RLst(lsO) = Cle, f, h]/(e2, f2, ef = h2 eh, fh).
According to [52, 16.16], one can also compute R Lg;(1.0) directly.

Given a vertex superalgebra V. = [],_ 1z Viny where Vi = [[,cz Vi) and Vp =
I,c 14z Vi), there are two binary operations defined as follows: for homegeneous

a,beV,

wap = | Zien (") aqnb if a.be Vs,
0 if aorbe Vs,

and

DieN (Wt(a)-_l/z) ai—nb if a e Vg

1

aoh = { Yien (MV)ai-nb if a eV,

Let O(V) be the linear span of elements of the form aob in V. Then Zhu’s alge-
bra A(V) is defined as the quotient space V /O (V) with the mutiplication from .
According to [54, Theorem 2.1.1], there is a filtration {fk (A(V))} on A(V), where
Fr(A(V)) = (Gaie%Z,iék V(i)+0(V))/O(V).Moreover, [54,Lemma2.1.3] implies
its associated graded algebra,

e (A(V)) = @ Fr(AWV)) [Fioi (AV)).

i=0

is a commutative algebra with respect to the multiplication u * v and the commutation
u*v — v*u. Note, by definition of Zhu’s algebra we have A(V) = V5/(VzN O(V)).
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1700 H.Li

Following a similar argument to [25, Proposition 2.17 (c)] or [8, Propostion 3.3], we
can define a surjective homomorphism of graded commutative Poisson algebras:

£ (Ry)g — et (Av) (1)

given by f(E-E) = [axb] + F’H‘l_l(A(V)) fora € Vi and b € V(;). Now we can
prove:

Corollary 4.5 Let p be a positive odd integer, then the even part of R V52 ie., (RVﬁZ )5

is isomorphic to the associated graded algebra ng(A v ﬁZ)'

Proof According to [45, Theorem 3.3], we know that Ay oz = Clx]/(Fp(x)), where
Fpx) =x(x+Dx—-1)---(x+(p—1)/2)(x — (p — 1)/2) in which x corresponds
to [a—11]in Ay /e Then according to Proposition 4.3, we have

(Rv,,)5 = &’ (Av,,,) = Clxl/(xP)

via f. O

Remark 4.6 If L = </2kZ, k € Z, is an even lattice, the above result is true only for
k = 1. Indeed, according to [26], zP~1 is a non-trivial element in the kernel of fin

(1).

In [52], authors proved that the map ¥ is an isomorphism for Lg; (k, 0) using a PBW-
type basis of L3 (k, Q) from [42] and Grobner bases. In [32], the author essentially

slp
proved the same result using a technique called the “degeneration procedure". In the

following, we briefly explain how his results imply the isomorphism.
Proposition 4.7 The map  : JOO(RleAz(k’O)) = ng(La;(k, 0)) is an isomorphism of
vertex Poisson algebras.

Proof According to Example 2.10, the C,-algebra RLSTZ (k,0) 1s isomorphic to

Cle, f,h1/{f 010 <i <2k +2)
= Cle, f, h1/[e"T), &, = 1h? — 26k, ..., fFH).

It is clear that ¥ (u—;,) = u—yl foru e {e, f,h} and i € Z;. Let u(z) =
Y onez. u(,,)z_”_l where u € {e, f, h}. Now we consider ¢(z)**!. The coefficient

of z"* equals T" (el(‘fll)) up to a scalar multiple for n € N. We have similar results for

ekn, ek 12 —2¢5F, ..., fF*1 Thus

~ Cle—1-iy» f(=1-iys h(—1-i) | i € N]

Too (Rig; k) (€@, e (z), e@FThE)E = 2e( 2. - ... f(FFT)’

sly

where
(e@ L e@*h(2), e h(2)* = 2e)*f (@), ..., FFT)
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Some remarks on associated varieties of vertex operator... 1701

stands for the ideal generated by the Fourier coefficients of
e, @@, @ h(@)? = 2@ f @), ... fRF

It is sufficient to show that
HS (Joo (RLg (k.0y)) = ch[ L, (k. 0)](q). )

To this end, we use results from [32]. Feigin constructed the following three quotient
polynomial algebras, By, Cx and Dy:
e The quotient of the algebra By in variables e_1_;, h_1—;, f—1—i, i € N, is gener-
ated by Fourier coefficients of the series:
e@h@M i =1, k1,
and

h@) @, i=0,... k+1.

o Letulll(z) = Y0y 2711y where u = e, h, f and ut[l] =0fori > —I.

i
Then the quotient of the polynomial algebra Cy in variables ul[.l], l=1,...,k,is
generated by Fourier coefficients of the series:

ulll(2)@ Ml (7)) for u=e, f,h, and o+ B < min(l, m),
()@ plml(z)®) for o 4+ B < max(0,1 +m — k),
A ()@ plml (7)) for « + B < max(0,! +m — k).

e Define a lattice Q generated by vectors p;, g, 1; € RN i =1, ..., k, with scalar
products:
(pi> pj) = Aqi>q;) = (ri,rj) = 28; j, (pi»qj) = (qi>1j) = 0i k+1—j>
(pi,rj) =0.

The algebra Dy is generated from the highest weight vector with the Fourier
coefficients of

k k k
DoY), Y Y(efz), Y Y ).
i=1 i=1 i=1
By using certain filtrations [32, Lemmas 3.2, 3.4], one gets

HSg (oo (Reg; 00))) < HS, (Bi) < HS, (Co). 3)
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The “degenerate procedures” [32, Lemma 3.5, Proposition 3.1] give us
HS,(Dy) > HS;(Cr) and ch[Lg; (k. 0)](q) = HS,(Dp). )

Combining (3), (4) and the fact that i is surjective, we get (2). O

Before we prove the next result, let us fix some notations. Let g be a finite-dimensional
simple Lie algebra of type C,,n > 2. Here we assume that g has a basis {x’ |1 <
i < (2n + 1)n}. Let 6 be the maximal root of g, and xy the corresponding maximal
root vector. Let g be the affine Lie algebra associated with g and its universal vacuum
representation be V;(1, 0) for k € Z.. Set

R =U(g)o(xg)(_;)l. R=Spanc{ru|r € R.neZ},

where U (g) is the universal enveloping algebra of g, and o is the adjoint action. Then
the g-module V@(l, 0) has a maximal submodule I5(1, 0) generated by R-1. Let
Ly (1, 0) denote the simple quotient Vs 1,0)/1 3 (1, 0). Now we are ready to prove:

Theorem 4.8 The map Vr is an isomorphism for the affine vertex algebra L(1, 0).

Proof Ttis clear that the Cy-algebra of Lg(1, 0) is RL@(I,O) = S(g)/(U(g)o eg), where
S(g) is the symmetric algebra of g. We denote the algebra

Clx(_;) 1 j € Z+1/{U (@) 0¢(2))

by Q, where ey (z) = Znez, (6‘9)(")Z—n_1. Following a similar argument to Proposi-
tion 4.7, we see that Joo(RL@(l,O)) = Q. In order to show that i is an isomorphism,

it is enough to prove that ng (Lg(1,0)) and Q have the same basis. Notice that
I'=RNC[x{_;1j€Zy]=(U(goey(2).

We can define an order on all monomials of (C[xé_ 7 | j € Z4] in the sense of [49,
Section 8]. From the same paper, we know that every non-zero homogeneous poly-
nomial (C[xé_ 7 | j € Z4+] has a unique largest monomial. For an arbitrary non-zero
polynomial u, we define the leading term It(«) as the largest monomial of the non-
zero homogeneous component of the smallest degree, which is unique. We denote all
monomials in (C[xf_ P | j € Z4] by P. We clearly have P as a spanning set of Q.
Since u = 0in Q if u € I, the leading term 1t(«) equals the linear combination of
other terms. Therefore, P\ (It(U)) is a smaller spanning set of Q. We denote it by
RR. Meanwhile according to [49, Theorem 11.3], we know that ¢ (RR) is a basis of
gr(Lg(1,0)). Together with the surjectivity of ¥, we have that RR is a basis of Q. So
Y is an isomorphism. O
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4.1 N = 2 vertex superalgebraatc =1

In this section we study the simple N = 2 superconformal vertex algebra with central
charge ¢ = 1, denoted by LIIV =2 The odd lattice vertex algebra V /37, 18 known to be

isomorphic to L{VZZ. Here we identify %a(,l)l with J_1, \/ngia with G (3,21,

and %(Oé(_l)a’(_l)l)(_l)l with L(_2)1.
According to [2,3], the maximal submodule of VIN =2 is generated by

G 1

+ + -
G(75/2)G 1 and G 3l

(=3/2) (=5/2)

Identifying G with GE”_3/2)1, G~ with G(__3/2)1, and i with J(_1)1, we have

Ryn=2 = CIGT, G hI/((GN2 (G, GTG™ =h’ GTh, G™h).
For JOO(RLzlvzz) we identify G, G™, h with G*(=3/2), G™(=3/2), h(—1). We have

Joo(Rpn=2)
C[G+(—3/2 —1),G7(=3/2—i),h(—1—1i)]i e N]
(GH(2)% (G~ (2)%2 G (2)G~(2) =h(2)3 GH(2)h(z), G~ (2)h(2))’

where G*(z) = Zne_%_F% GEm)z" 32, h(z) =3 ,cz, h(m)z7"~'. The map
is not an isomorphism in this case because the images of non-zero elements

5 3 5 3
G-z )G"(-%) and G (-2 |G [-=
2 2 2 2
in the jet superalgebra under v, i.e., G(+_5/2)G(+_3/2)1 and G(—S/Z)G(—3/2)1’ are null
vectors. Thus

(a, by = <Ti(G+(—§> G+<—%)>, T! (G‘(—%)G_ (—%)) ’ i€ N> C ker (),
where a = GT(—=5/2)G*(=3/2) and b = G~ (—5/2) G~ (—3/2). Let us consider

Joo (RL{V=2)/<CI, b)y.

We will write down a spanning set of Joo (R LV= )/{a, b)y. Welet the ordered monomial
be a monomial of the form

Qn Cn az &)
G‘(—n—l) h(—n)h"G+(—n—1> G_(—§> h(—2)b2G+<—§>
2 2 2 2
— 3 “ b1 ~+ 3 “
e, <—§) (-G <—§> :
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Then we have a complete lexicographic ordering on the set of ordered monomials in
the sense of Sect. 3.1. Now let us find the leading terms of the Fourier coefficients of

Gt ()G (1) =1’ (2), GT(h(z), G (Dh(z), T'(a), T'(b).

(a) The leading term of GT(2)h(z):

e 7 is even, the leading term of the coefficient of z” is

() ()

e 7 is odd, the leading term of the coefficient of z” is

()

(b) The leading term of G~ (2)h(2):

e 1 is even, the leading term of the coefficient of z" is

()

e 7 is odd, the leading term of the coefficient of z" is
-3 2
h G- ™).
2 2

(c) The leading term of GT(2) G~ (z) = h’(2):

e The leading term of the constant term is
h(=1)h(=1)h(—1).
e 7 is even and not equal to 0, the leading term of the coefficient of z" is
34+n 34+n
G (-—— )G -——).
(57)e (3)
e 7 is odd, the leading term of the coefficient of z” is
G+ —n—4 G- —n—2 '
2 2

(d) The leading term of T"(a) or T" (b):
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e 1 is even, the leading term is

Gi(—nz—S)G%—nz_g).

e 7 is odd, the leading term is

Gi<—n2—6)Gi(—n2_z>.

Clearly all ordered monomials constitute a spanning set of Joo (R Liv=2) /{a, b)y. Since

all polynomials we considered above equal zero in Joo (R Livzz) /{a, b),, the leading
term of each can be written as a linear combination of all other terms. Thus if we want
to get a “smaller" spanning set, all above leading terms cannot appear as segments
of an ordered monomial. Therefore, we can impose some difference conditions on
ordered monomials using these leading terms to get a new spanning set.

Definition 4.9 We call an ordered monomial a Gh-monomial, if it satisfies the follow-
ing conditions:

(i) Either b; or ¢; is 0 and either b; or ¢;+1 is 0,

(ii) either a; or b; is 0 and either a; or b;1 is 0,
(i) by €2,a1+cx < l,anda; +¢; +cit1 < 1 fori > 2,
(iv) ¢ +ciy1+cip2 < landa; +air1 + a2 < 1.

Here constraints (i)—(iv) come from the leading terms in (a)—(d), respectively. Then
we have the following:
Proposition 4.10 Gh-monomials form a spanning set of

A= Joo(RL{V=2)/<aa b)y.

Let us write down the first few terms of the Hilbert series of A.

@ Springer



1706 H.Li

Example 4.11 For i < 5, Gh-monomials give us a basis of A;:

Ar: h(=1),

3 3
Asp:GT(=2), 67 (-2,
i 6*(=3).7(3)

Ax: h(=1)% h(=2),

o3 —<_§>

Aspp: G ( 2>,G )

A-G*—3 G+—3 h(=1)h(=2), h(=3
o2V o (=0 o (2T g+ (23 \nie

A1 G < 2)h( 1,G ( 2>,G ( 2>,G < 2)h( 2),

Ag: GT <—%> G~ (—;),h(—2)2,h(—1)2h(—2), h(=3)h(—1), h(—4),
o 3N ot (2 (2

Agpp: G ( 2>h( D5 G ( 2>,G ( 2),

G ( 2>h( 1),G+( 2)h( 1), h(=3)G ( 2>,h( 3)G+( 2),
+6 < 2) ( 2)’ ( 2) ( 2>’h( Dh(=4),

h(—1)h(=2)% h(—=1)*h(=3), h(—=2)h(=3), h(=5).

A

wn

We have HS,(A) = 14+ ¢q + 2¢37% +2¢° 4+ 2¢°? 4+ 3¢3 + 4% + 5¢* + 79°1* +
7¢° + O(¢'/?). Meanwhile

Znezq3n2/2
Hnele —q")
=1+q+2¢°* +2¢% +2¢°* + 3¢°
+4977 +5¢* +64°% +74° +0(q"/?).

ch[LY?](@) = eh[V,3](@) =

Since in degree 9/2 the dimension of A is bigger than the dimension of V 5, by 1,
the induced map

v JOO(RL{\fzz)/(a’ by — gr(LY™?)

is not injective. It is not hard to see that the 1-dimensional kernel of v in degree 9/2
is spanned by

o (2 e (23— (N e+ Lo (22 \nie1y2
c_G<2> 3 I 3)G<2> G<2>h( 1)—|—3G<2>h( 2.
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We make the following conjecture:

Conjecture 4.12 The induced map 1//}: Joo(RLi\’zz)/(% b,cYy — gr(LIIV=2) is an iso-
morphism.

5 Principal subspaces

Principal subspaces of affine vertex algebras (at least in a special case) were introduced
by Feigin and Stoyanovsky [31] and further studied by several people; see [21-24,27]
and references therein. In [47,48], Primc studied Feigin—Stoyanovsky fype subspaces
which are analogs of principal subspaces but easier to analyze. They were further
investigated for many integral levels and types [16,35,50,51]. Here we follow notations
from [44], where principal subspaces are defined for general integral lattices (not
necessarily positive definite). As in [44], we let Vp = M (1) ® C[L] denote a lattice
vertex algebra. We fix a Z-basis B = {«q, ..., o} of L. Let €% be an element in the
group algebra C[L]. Then the principal subspace associated to B and L is defined as

WL(B) = (e, ... ™),

that is the smallest vertex algebra that contains extremal vectors e“. Once B is fixed,
we shall drop B in the parentheses and write Wy, for convenience.

Let g be a simple finite-dimensional complex Lie algebra of type A, D or E, and
b be a Cartan subalgebra of g. We choose simple roots {«q, ..., a,} of (g, h), and let
AT denote the set of positive roots. Let (-, -) be a rescaled Killing form on g such
that (o;, ;) = 2 fori = 1,...,n (as usual we identify b and h* via the Killing
form). Fundamental weights of g, {w1, ..., ®,} C b* are defined by (w;, ;) = 6; ;,
1<i,j<n.

Let ny be [[,ca+ Cxo, where xo is a corresponding root vector, and ny =
n+®C[r, t’l] is its affinization. For an affine vertex algebra L@(k, 0), k # —h",
which is isomorphic to L(kAg) as §-modules, we define the (FS)-principal subspace
of the simple g-module L (k, 0) as

WAkV() = U(ﬁ+) -1,

where 1 is the vacuum vector. It is easy to see that this is a vertex algebra (without
conformal vector). For k = 1, we have W = Wy, ,,, where L is the root lattice
spanned by simple roots.

We fix a fundamental weight ® = w,, and set

'={aeeAl(w,a) =1},
where A is the root system of g, and g1 := [ [, g« Where g is the a-root space.
This Lie algebra is commutative. We let g @ C[z, 11 be g1. Then we can define the
so-called Feigin—Stoyanovsky type subspace of Lj(k, 0) as
W//\k,O = U(ﬁl) *VkAg-
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Unlike the FS subspace, this vertex subalgebra is commutative. We denote
I~ ={x,(—r)|yel,reZ), T={x,(-r)|yel,reZ.

Notice that U (g7) = (C[F]. Therefore, we can identify the elements in Wl/\k 0 with the

elements in (C[f’_]. For any element in Wl’\k o’

v=xg (my)---xp(m), PBiel,

we define the colored weight as

l
ewt(v) =) B
i=1

for the later use.

5.1 Root lattices of type A

Following the notations in [23], we can prove the following result.

Proposition 5.1 For g = slp, we have Wy, , = gr(Wa, ) = Joo(Clx1/(x**1)) for
k e Z+ﬂ

Proof 1t is clear that RWAk 0= C[x1/(x**1). The result follows from [23, Theorem
3.1]. ' O

Remark 5.2 When k = 1, Wx,, of type A is isomorphic to Joo(C[x]/(x?)). Using
different methods to calculate the Hilbert—Poincar€ series, see [20] and [15], one can
derive the famous Rogers—Ramanujan identities.

For the rest of this subsection, we let L be the A,,_| root lattice with the rescaled Killing
form (-, -) such that («, @) = 2 for any root and the standard Z-basis «p, ..., &,—1
of simple roots. We are going to prove that i is an isomorphism for the principal
subspace W corresponding to this basis. In the following, we will identify W and
WA].O'

Proposition 5.3 Given elements o, B, y and t in the lattice L, we have

) -nef =0 if (@, B)eZs, Q)

OB et if @B =) and atf=y+r. (©

o B _
(e*)—ne’ = 0.1

Proof From the definition of vertex operators in [36], we have

Y(e%2)ef = e, ﬁ)z(“’ﬁ)EXp< X = Zn>ea+ﬁ’
n

neZ_
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where € (o, B) is a 2-cocycle constant. We have
(") (~1yef = Coeff,o(Y (¢% z)ef) = 0,

since the minimal power of z above is greater than 0. The coefficients of z of
Y(e% z)eP and Y(e?, z)e” are e(a, B) e and e(y, v)e? 7. The identity (6) fol-
lows from this fact and the given condition. O

It is clear that all quotient relations in RL@(LO) come from (5) and (6). Thus
RLSTn(l’O)m(C[Ei,j |1 <i<j<n]l=Rw,.

We let E; ; be the (i, j)-th elementary matrix. Therefore, {E; j}1<i<j<n is the
set of all positive root vectors. It is not hard to see that the C,-algebra Ry, equals
C[E; j 11 <i < j < n]/I, where we denote the equivalence class of (E; ;)11 by
E; ;. In[28, Corollary 2.7] (see also [31] for g = sl3), authors wrote down the graded
decomposition of RLST,, (1,0)- By restricting it to its principal subspace, we have:

Proposition 5.4 The Cy-algebra of Wi, equals

ClEij|1<i<j< n]/<Z Eiyjo Eirjoy | J1 > i2>

oeS

where 1 <ij <i2<nandl < j1 < jop<n

Moreover, we have the following combinatorial g-identity which will be proven in a
joint work with Milas [39], where we also establish more general identities.

Theorem 5.5 (Li-Milas) Let A be the Cartan matrix ((o;, o)) 1<i, j<n—1 0ftype Ap_1,
n =2, and

n= (n1,27 cee annfl,n) = (ni,j)1<i<j<n-

Then we have

B(n) kAK"

q _ Z q )

H1<i<j<n (Q)n,-,_,- K=Ky hor ) N1 Dk ( @Dy - (@D,

HEN”("71>/2

where

B(m) = Z iy, j1Mia, ja -
1<it<jisn
I<iz<jagn
ISii<iasn
I<ji<asn
J1>i2
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Example 5.6 For sls, we have the following g-series identity:

qnf+n%+n§+ni+n§+n%+n1n4+nln6+n2n4+n2n5 +n3ns+n3negt+n4gnet+nsnetasas

@Dy @Dy (@3 (@ s (@ s (@ng

neNé
k2 —kiko+k3—kok3+43

-y

s @Dk @i (@i

where we use multiindices n = (n1,nz,...,n¢) and kK = (ky, k2, k3). Upon the
following replacement:

nyp <> ny, N33 <> N3, N34 <> ns,

ni3 <> N4, N4 <> N5, N4 <> Ne,

we recover the formula in Theorem 5.5.

Now we are ready to prove:

Theorem 5.7 The map 1 is an isomorphism between Joo(Rw, ) and gr(Wr).

Proof From Proposition 5.4, we know that Jo(Rw, ) is isomorphic to

ClEijm)|n<—1,1<i<j gn]/<215,-1,,-a1 () Eiy.j,, @) | j1 > i2>,

oeS

where E; j(z) = an—l Ei,j(n)z_"_l and 1 < i1 < <n, I <ji<jp<nIn
order to simplify notation, we first order {E; j}1<i<j<n as

Ei2, E13, ..., Ein, E23, ..., E2p, ooty En_1p,

and denote this sequence by {Ep }1<m<nn—1),2 (€., E1 = E12, Ex = Eq 3 etc.). We
then have a spanning set of jet algebras with each element of the form

k k
Br(onl) -+ Ba (o) Ea(nd) - Ea(n) o
where 1 < n’fn’” < -0 K n}n for 1| < m < n(n—1)/2. Here k;, = 0 when we do
not have terms involving E;. Now we can reduce this spanning set by using quotient
relations as follows:

o (difference two condition at distance 1) If we have E,, ()2 = 0in the quotient of
the jet algebra, then we can impose the condition n,lfl > nfffl +2,1 < p<ky—1,
on the above spanning set.

e (boundary condition) If we have Es(z)E;(z) +--- =0, s < t, we can impose the

condition nfs >k + 1.
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Therefore, we have a reduced spanning set which implies

B(n)

HS,(Jss(Rw,) < 3 9

neNn(i—1/2 nl <i<j<n (q)”i,j

It is well known that

kAK "

q
hgr (W, = '
chlgr(Wr)1(q) k=(k|,§<n)€N" (D @Dy -+ (@i,

Surjectivity of i and identity (7) together imply that ¥ is an isomorphism and the
image of above spanning set under v is a basis of W. O

Remark 5.8 By aresult in [44], we can write down a basis of W, using (e%/);, where
«a; is a simple root of sl,, and j can be greater than or equal to 0. If we want the subscript
J to be always less than 0, we have to include (e'3 )(j)» Where B is a positive root. It is
clear that E,, = E; is a root vector of a positive root

im s Jm
Bm = iy, + Qi1 + -+ 1

The above proposition gives us a new basis of Wp:
(eﬂl)(,n}) . (6'31)( nll)( e’ )(41%) . (eﬂZ)( iy (eﬂM)(—nZ‘”)l’

WhereM—n(n—l)/Zn GZ+,nm/ erl—1—21 <p<ky—1l,andng’ > k,+1
ifl<s <t <M, i < js <jp

5.2 Feigin-Stoyanovsky type subspaces

In this section, we consider Feigin—Stoyanovsky type subspaces of affine vertex alge-
bras of type A, at level 1. We first consider the special case when w = wj. For any
element of the A, root lattice, « = mjo] +mooa + - - - +my 0, we define a subspace
of WI’\I ,as (WI’\ W= {v € WI’\ | cwt(v) = a}. It is not hard to see that (W/’\ )
is non-trivial if and only if m; > m2 > --- 2 my, = 0. According to [51, (3. 8)] We
have

qun=1 m? =Y mimiq
(Q)m,, (Q)mn,l—mn s (q)ml—mg .

ch[(Wy, )*](@) =
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Then

n 2 n—1
qu:l m; _Zi=1 mimi4|

(Q)mn (Q)mnfl—mn e (Q)ml—mz

ch[Wh, ,J@) = >

0<my <<y

Z qZ? 1,'2+Zlgi<jgn lil;

([],...,I,I)EN"

Dn (@ - (@,
Moreover, in this case,
F={gi=a.fr=ar+as....Ba=a1 4+ +ap}
Note that
L=7B® - ®Lpy
is a lattice with basis {f1, ..., B,}. Then we have
wp = Wl/\l,o'
It is not hard to see that

(Bi, Biy=2 if i=1,...,n,
(Bi. Bj) =1 if 1 <i#j<n.

According to Proposition 5.3, we have that the C»-algebra of Wy, is
Clxr, .., xal/{xix; |1 <P < j < n).
By a similar argument as in the previous section, we get

HS, (Joo (Clx1, . .., xa1/(xix; | 1 < i < j < n))) = ch[W.](g),

which implies isomorphism between J (RW,’\ ) and gr(Wj/\l ,)- Similarly we can
1,0 :

prove isomorphism in cases where v = w;, 2 < i < n, using [51, (3.21)].

5.3 Principal subspaces and jet algebras from graphs

In this part we study principal subspaces and jet algebras coming from graphs. We
begin from any graph G with k vertices and possibly with loops (and for simplicity we
assume no double edges). We denote the vertices of G by {vy, va, ..., vr}. We denote
by I' := I'(G) the (symmetric) incidence matrix of G and by (L(T"), (-, -)) the rank k
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lattice with basis a1, ..., oy such that {(«;, oj) = (I'); ;. The incidence matrix of the
graph induces a quadratic form

k
1
[ 00 o), QG ) = ) %,
i,j=1
UinEE(G)

where we sum over all edges E(G). Out of monomials appearing in the sum we form
the jet algebra Joo (Rr), where

Rr = C[xl,...,xk]/< U x,-xj>.

v,-vjeE(G)

We let Wrry C Vi) be the principal subspace corresponding to {e% }f?zl inside the
lattice vertex algebra V). For simplicity we write Wr for Wz ().

Example 5.9 Consider the grapho—o—o.ThenT" = [E (1) 2], and Wr = (€%}, €%, ¢*3)
where L = Za| ® Zoar ® Zaz with (a1, ap) = (a2, a3) = 1 (zero otherwise), R =
Clx1, x2, x3]/(x1x2, x2x3), and Q(x1, x2, X3) = X1X2 + X2X3.

Theorem 5.10 If the bilinear form associated with T is non-degenerate, that is T is
invertible, then there exists a unique conformal vector in the lattice vertex algebra
such that eigenvalue of L) defines a grading such that

N W

wt(e®) = = if (i, o) =1,

wt(e®) =1 if (o, ;) =0.
Moreover, the character is given by

n1+n2+~-+nk-%Q(n1 ,,,,, ng)

(Q)nl Tt (Q)nk

Proof Clearly, we have the standard conformal vector in the lattice vertex algebra
given by wg = % Z?:l ugljl)ug'zl)l, where {u(l), R u(”)} is an orthonormal basis

with respect to the bilinear form associated with I'. We know that

<O{i’ C([)

Ly (o) (e™) = 2

It is clear that by adding a linear combination of {(a;)-2)1}7_;, we will still get a
conformal vector. Now assume that wg + Z?:l a;(a;)(—21, where a; € C, would give
us expected weights. Then we have a system of linear equations. The non-degeneracy
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of the bilinear form implies that there is a unique solutions set. Thus we always have
a conformal vector with the grading:

W

wt(e®) = = if (o, o) =1,

\S)

wt(e®) =1 if (a;, ;) = 0.

Applying [44, Corollary 4.14], we can write a combinatorial basis of Wr. Now let us
use this basis to write down the character. Firstly, the generating function of a colored

partition into (ny, na, ..., ny) parts is —1__ Ttis clear that
(q)nl "'(q)nk

Z wt (f(nl ,,,,, nk))
ch[Wrl(g) = —,
b e @i @y
where f(n,.... ) is the vector in Wr of charge (n1, ..., ny) with the minimal weight.
For the n;-th part, there is a unique element u,,, of the minimal weight which is

o, o

e - s et » 1.
(—1=200 2 ey — (n = D) (@i i) (—1=Y5 (aiej)ng)

The weight of u,, is

i—1
% <2<Z (o, aj)mj + Wt((e“i)(_1)1)> + (n; — 1){a;, Oli))

2

- <ai’“i>"i”j+7l(ai,ai)+(—(a’ %)

+ wt ((eai)(_1)1)> n;

Therefore,

k
WE(fnyom) = D W)
i=1
k i—1 2
n; Qi Q; .
ZZ ai,aj)nin; + 7’ (i, o) + (—< 12 1 +Wt((€a’)(1)1)> n

i=1 j=I

1
=n1+n2+~--+nk+§Q(nlv---a”k)-

Thus we proved the claimed identity. O

Remark 5.11 If the lattice L is degenerate, then V., has no conformal vector which can
give us expected weights. But we can still view Wy as a graded vertex algebra, if we
define the degree of ¢“ as above. Then the character formula is still valid for singular
r.
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Before we prove the next result, let us generalize [46, Theorem 4.3.1].
Proposition 5.12 We have an isomorphism

Clxitp)li=1,...,k,peZ_]

gr(Wr) = — .
(i, ) xi(—{ai, ) —m)xj( +m) |1 <i, j <k 1< —1)

< —I—1 (m+{a;,a;)=1)!
m=0 m!

Proof First, we define a map 7 from
Clxi(p)li=1,...,k,peZ_]

to gr (Wr) by sending x; (p) to e‘é"’)l. We denote the ideal

& (e 0p) - D! -
<Z (i ) xi (e o) —m)x A m) [ 1< iy j <kl e Zf>
m

m=0

by Ir. We can use the same argument as in [46] to show that I+ C ker ().

We prove that ker(;r) C Ir by contradiction. Suppose there exists an element
a € Clxj(p)li = 1,...,k,p € Z_] such that a € ker(;r) and a ¢ Ir. Suppose
a is homogeneous with respect to weight and charge. Choose » such that a contains
some element x,(p) as a factor. We assume that @ has the minimum weight among
all elements that satisfy the above conditions. Again by the same argument as in [46],
this a can be written as bx,(—1), where b € Clx;(p)|i = 1,...,k,p € Z_]. We
shall prove the case when («;, o) = 0. For other cases, it is proved in [46]. Firstly
we define a map e*r: Wr — Wr as

e ((¢")m1) = () m (™) 1.
Then we lift this map to
xp: Clxi(p)li=1,....k,peZ_1—Clxij(p)|li=1,...,k,peZ_],
which is defined as
Xp (X (/) = xi () x-(=1).
Since a € ker (), w(a) = w(bx,(—1)) = 0. Then
e “r((bx,(—1)) = n(b) =0,

which implies that b € ker(x). If b € Ir, then @ = x:(b) € X Ir € Ir which
contradicts our assumption. If b ¢ Ir, then b is an element such that b € ker(7) and
b ¢ Ir but with the weight strictly less than the weight of a. This also contradicts our
assumption. Thus we proved the claim. O
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Theorem 5.13 We have

gr(Wr) = Joo (Cly1, 2. -0 yil/ iy ) yiyy 11 < iy j < k).
Proof From the definition of a jet superalgebra, we know that

—1—1
T ey a)yiv) = Y chlew o) yi(= (e, o) — m)y; (L +m),
m=0

/

where c;,

is a constant coefficient. Therefore,

Joo (CIyt, y2u -y i/ Ui ) yiyy |1 < iy j < k)

has quotient relation

-1
<Z cholai, o) yi(— (o, aj) —m) y; (L +m) |1<i,j<kle Z_>.

m=0

Together with Proposition 5.12, we get an isomorphism of differential algebras induced
from the map ¥ : x;(—1) — y;i(—1). O

When («;, ;) = 1, we increase the degree of y; (—1) by 1/2. Then clearly we have
HS;(Joo(Rr)) = ch[Wr](g).
5.4 Positive lattices

Given a lattice L of rank n with a Z-basis {«;}7_,, we say that the basis is positive if
we have (o;, oj) € Nfor 1 <i < j < n. In this part, we study principal subspaces
associated with positive bases. The examples we studied in the previous two sections
are such principal subspaces. Now let us prove a more general result about the map v
and these principal subspaces.

Theorem 5.14 For a lattice L of rank n with a positive basis, the map ¥ is an iso-
morphism for Wi, if and only if its positive basis satisfies (o;, o;) = 0 or 1 or 2, and
(aj, a5) =0or 1.

Proof First let us assume that the positive basis of the lattice L satisfies given con-
ditions. According to Theorem 5.13, we know that when (¢;, ;) = 0 or 1, and
{aj, aj) = 0 or 1, the map ¥ is an isomorphism for the principal subspace. Now the
only case we need to consider is the positive basis for which {(«;, aj) = 26; ;. Itis not
hard to see that Jo, (C[x]/(x2)) has a basis

{Xn)Xmy) =+ Xmpy | mj—1 <mj —2,k e N}.
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Thus Joo (C[x1, X2, . .., X, 1/(x7, X3, ..., x2)) has a basis
(xil)(m%)(xil)(mé)"'(xil)(m}q) m;_l < m; -2
. (xin)(m'{)(xin)(mg) R (xin)(m;:n) 1<j<k—1

Note that the C»-algebra of Wy, is
Clxi, ..., xn]/(xlz, . ,xz).

Now, the map v sends (x;)—1) to (e%)1y1. According to [44, Corollary 4.14], the
image of the basis of Jo (Rw, ) isabasis of gr (W, ). Thus the map v is anisomorphism.

Next, let us prove that if a basis does not satisfy the given conditions, the map ¥ is
not an isomorphism. We will consider two cases:

e Suppose that for one simple root ¢;, we have (o;, ;) > 3. Without loss generality,
we prove that ¢ is not an isomorphism when lattice L = Zg;. In this case, from
[44, Corollary 4.14], the basis of gr’ (W) is

{€ D) @D myy - €D mpd | mj—y <mj — (o, o), mg € Z_, k € N}.
(8

It is clear that neither Joo(C[x]/(x%)) nor Joo(Alx]) has the same correspond-
ing basis (here /A denotes the exterior algebra). Indeed, for the jet algebra
Jo(C[x]/ (x2)) we have two monomials of degree 4 with two variables, i.e.,
X(—1X(=3) and x(_2)x(—2). But we only have one quotient relation of degree 4
involving these two monomials, i.e., x(—2)x(=2) + x(=1)x(=3) = 0. Therefore,
either x(_1)x(—4) or x(—2)x(—2) should be a basis element. But we do not have such
corresponding element in (8). A similar argument works for Jo, (A[x]).

e Suppose that there exist two distinct roots «;, o, i < j, such that {(o;, oj) > 2.
Without loss of generality, we assume L = Za; @ Ze, then the basis of Joo (W)
is

my —my 2 (o, &),
(X)) (1=m) XD (—1=ma) - = (X)) (c1=mp) (X)) (= 1=ny) o

ny —ny = (o, o))
() (=1=np) "+ (X)) (—=1=n)) .

mp >1,n € N

Meanwhile, according to [44, Corollary 4.14], the image of this basis under
strictly contains the basis of Wy . We do not have an isomorphism.

Thus we proved the statement. O

5.5 New character formulas for ch[ W]

If the graph I' is a Dynkin diagram of type A; or Ci (cycle of length k) we expect
that the generating series HS; (Joo (Rr)) has much better combinatorial behavior and
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perhaps even mock modular properties. We now present “sum of tails" formulas for
HS; (Joo(R4,)) for several low “rank" cases. To simplify notation we let

Ar(q) = HSq (Joo (RA;))-

From Theorem 5.10 we have a fermionic formula

Ay = Y 2

ny4ny4---+ng+nny+nonz4---4ng_1ng

(D, @Dy (@,

The next formulas have been established recently by Jennings-Shaffer and Milas [34].

Theorem 5.15 We have

_ 1
A24) = T e
—1 1 1

° A3(¢1) =4q (((1)%0 - (q)oo)’
-1 n
° A4(Q) = (ZT%@ Zn}l 137;
1 n
* As@) = Qg ZneN G-
A _ 1 n+m-+nm
° 6(Q) - ((1)%@ Zn’mEN (q)n+l(q)m+l :

Moreover, for cyclic Ci-graphs we have fermionic formulas for C (¢) :== HS; (Joo (R, ))
valid for k > 3,

Clg) = Y

qm +no+-AngtninatnonzteAng_ngt+ngng

(D, Dy (@,

Again we have partial results for “bosonic" representations for 3- and 5-cycle graphs
[34].

Proposition 5.16 ([34, Proposition 6.1 and Section 7]) We have

-1 n
q" q nq

, Cs(q) = :
(@™ Dnt1 @ @% 2 1—q"

ne’ly

1
C =
@ = 2

neN

5.6 Combinatorial interpretation

Next we present combinatorial interpretations of formulas in Theorem 5.15 and Propo-
sition 5.16. For simplicity, in several formulas we factored out a (power of) Euler factor
which can be easily interpreted as the number of (colored) partitions.

Theorem 5.17 We have:

e Ay(q) counts the number of partitions of 2n with all parts either even or equal
to 1.
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o qAs3(q) counts the number of partitions of n + 1 into two kinds of parts with the
first kind of parts used in each partition.

e ¢(q)o0A4(q) counts the total number of parts in all partitions of n, which is also
the sum of largest parts of all partitions of n.

° (q)g<> As(q) is the sum of the numbers of times that the largest part appears in each
partition of n.

° q(q)%o Ae(q) counts twice the total number of parts in all partitions of n minus
the number of partitions of n.

e (9)00C3(q) counts the number of partitions of n such that twice the least part is
bigger than the greatest part.

o q(q)o0Cs(q) counts the sum of all parts of all partitions of n, also known as np (n).

Proof For Ay(q), observe that Coeff n A2(q) = p(1)+ p(2) +- - -+ p(n), where p(i)
is the number of partitions of i. The number of 1’s must be even, say 2k, so we have
to compute the number of partitions of 2n — 2k where all parts are even. This is given
by p(n — k). Then summing over k gives the claim.

The interpretation for the A3(g) series is clear because we can also write

1 1
As(@) = —(——1).
143(@) <q>oo<<q>oo )

Extracting the coefficient on the right-hand side gives p>(n) — p(n), where p;(i)
denotes the number of two colored partitions.
For A4(q), this can be seen from the identity

ZneZ+ 127 _ Z nq"
(@)oo (@Dn”

nely

which follows by taking the (x%) derivative of m
counts the total number of parts in all partitions of n.
The (q)goA5 (g) case has already been discussed in [34].
For (q)goA(g(q), this follows from another identity given in [34]:

= D neN %. This clearly

1 n+m-+nm —1 n 1
r Y e 0 et o)
@, ey @Dt 1 @mer (@5 (1= ¢")(q)oo (@) o
"
together with a previous observation that % counts the total number of parts

in all partitions of 7.
For (¢)s0C3(q) we use a well-known interpretation for the fifth order mock theta
function, and finally for (¢)-C5(g) we observe the formula
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i 1 1 nq" _ .
(q ) @)oo Z 1—qn Z np(n)q

(Q)oo neZ+ neZ+

as claimed. O

Remark 5.18 1t is interesting to observe that the numerators of C3(q) and Cs(g) are
mock modular forms, and thus C3(g) and Cs(gq) are mixed mock. Completion of the
Ramanujan ﬁfth order mock theta function ), (q”*qT is well-documented [19].
For ZneZ q we only have to observe that adding —1/24 to the numerator gives
Es (1), the welght 2 quasimodular Eisenstein series, which is known to be mock.

6 N = 1 superconformal vertex algebras

In this section we consider rational N = 1 vertex superalgebras LY o 4A ,k € Zy,
associated to N = 1 superconformal (2, 4k)-minimal models [1]. Here the central
charge is c2,4x = %(l — W).

According to [41,43], the normalized character of L i\gjkl (without the g —¢/24 factor)
is ’

= 1
N=1 _
[ch 4k ](‘I) ’[[] (1— qn/Z)

n#2(mod 2)
n#0, £1(mod 4k)

Z (_ql/z)m quz/2+N22+"'+Nk2+1+N<s+1)/2+N<s+3>/2+"'+NH

D mi Dmy - (Dmy_y

The fermionic character formula is the generating function (cf. [41])

ch[L2Z! (@) = ZDkl(n)q"/2
n=0

of the number of partitions of Dy 1(n) of n/2 in the form n/2 = by + --- + by,
bj e %Z+, where by, ..., by, satisty the following conditions:

no half-odd integer is repeated,
bj 2 bji1,by € %Z+,

bj —bjik—1 > 1ifbj € 3 + Z,
bj —bjir_1 > 1ifb; € Z.

Since the N = 1 vertex superalgebra Lévzjl is isomorphic to C, we only need to
consider Lévz 4k1, where k > 1. First let us find the C;-algebra of Lévz kl According
to [43, Section 4] the null vector in the universal algebra which survives inside the

C-algebra is L - G(_3 /2)1. Moreover, if we let G(_12) act on the null vector, we
get another null vector which survives in the C;-algebra, i.e., L](‘_z) 1. These two null
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vectors in the vacuum algebra generate the whole quotient ideal of R; v=1 . Thus Ry n=1
€2,4k €2,4k

is isomorphic to the superalgebra C[/, g]/(I¥, 1¥~!g), where g is an odd element.

We are going to prove that ¢ is an isomorphism. We identify /, g with /(—2),
g(—3/2), respectively, inside the jet superalgebra.

It is clear that Jo (C[Z, g1/(I%, 1¥~1g)) is isomorphic to

3
C[l(—z — i), g(‘i - j) li,je N}/(l@’& 1) 'g(2)).

@) = Ypen!(=2 = m)2" g(@) = ¥,cn8(=3/2 = m)z" and ()" 1(2)* '¢(2))
is the ideal generated by the Fourier coefficients of /(z)%, [(z)¥~'g(z). We define an
ordered monomial in Joo (C[Z, g1/(I%, I*~'g)) to be a monomial of the form

b b
I(-2—n)"g —E—n ll(—l—n)“zg —E—n—i-l 2
2 2
3 b1
Lo [(=2)9n -
(=2) g( 2) ;

where n € N. Then we have a complete lexicographic ordering on all ordered mono-
mials according to Sect. 3.1.

We know that all ordered monomials constitute a spanning set of the jet superal-
gebra. Following an argument similar to the one in Sect. 4.1, we can make use of
the quotient relation to impose some conditions on the spanning set to get a smaller
spanning set. Firstly, since all variables g(k)’s are odd, no two g (k) can appear in the
ordered monomial. The leading term of any coefficient of Z%in1(z)* is (=2 — n)k.
Thus /(—2 — n)¥ should not appear as a segment of any element in the spanning set.
Similarly we can list further leading terms in the quotient:

e The leading term of the coefficient of 2% inl (z)k_lg(z) is

(-2 — n)k_1g<—% - n)

e The leading term of the coefficient of z**—1=D)+1=Ditn iy 1) k=T 4(7) is
. 3 .
l(—2—n)k_l_lg(—§ —n)l(—2 —n+1l, i=1,... k-1

Now we obtain a smaller spanning set, where the above three type leading terms cannot
appear inside any ordered monomial. More precisely, any element in this spanning set
is of the form

w(bDwbz) -+ w(bm),
where b; > bit+1, w(a) = l(a) ifa € Z and w(a) = g(a) ifa € %Z. The fact that

g(a) is odd implies that no half-odd-integer is repeated in {b1, b3, . . ., b;,}. Moreover,
we have a condition
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bj _bj—k+l > 1 if bj (S Z,

because
k k—1 3
(-2 —n)", I(-2—n)""g —E—n ,
k—1—i 3 i
(=2 —n) g(—z—n)l(—Z—n—i—l), i=1,....k—1,

are leading terms of some elements in the quotient ideal. We also have a condition
bj —bj_ky2 =1 if b €12,

because
3 k—1
gl—=—n l(_2_n+1)

is the leading term of some element in the quotient ideal. So we have

HS, (Joo (CIL, g1/05. 15" g))) < > Dii(m)q™* = ch[gr (LY (@).
n=0

Meanwhile, the surjectivity of i implies that
HS, (Joo(CIL, g1/ (15 17" g))) = cher (LS ] (@)

Thus HS, (Joo (CIL, g1/(I%, 1% 1¢))) = chlgr(LY7H]1(g). and ¥ is an isomorphism.
It implies that the above spanning set is a basis of the jet superalgebra. The image of
the basis of jet superalgebra under the map v is a basis of gr(Lé\;jkl) [41].

We have following result which is a super-analog of [52, Theorem 16.13]:

Theorem 6.1 Let p’' > p > 2 satisfy that (p' — p)/2 and p are coprime positive
integers. Let Lév :,1 bethe simple N = 1vertex superalgebra associated withthe N = 1
p.p

superconformal (p, p')-minimal model of central charge c,, ,; = %(1

Then the map  is an isomorphism if and only if (p, p') = (2,4k), k € Z.

2(p'—p)?
_ Ppp/l’ )

Proof We first consider the C;-algebra of Lé\f):p}. We let

— D=1 14D
ep =P )ip ), <8> o

When p and p’ are both even, according to [43, Section 4], there are two null vectors

> / /=1 .
which survive in RVC[Z:PI’ ,i.e., L|(°_P-21)) | 1and Ll(c_”«zg | G _3,21. They generate the quotient

@ Springer



Some remarks on associated varieties of vertex operator... 1723

ideal of Ry v=1 inthe vacuum algebra. In this case, the C2-algebra R; =1 isisomorphic
‘p.p’ p.p!

to
C[l, g]/(lleyp/‘, llcp’p/|_1g>.

lep, 1

When p and p’ are both odd, again from [43, Section 4], the null vector L(fz)

generates the quotient ideal of R LN=1 - The C,-algebra is isomorphic to
.o’

CIL, gl/{l'r vy,

Suppose p and p’ are both odd. Then
HS, (Joo (CIL, g1/{1'77'1))) = HS, (Joo (CLgD)) HSy (Joo (CIL1/ (P2 1))).

It is clear that HS, (Joo (Clg])) = I1 1+ qi+1/2). According to [29], we get

i€ly
HS, (Joo (CI/(1'71))) = ch[Lyie(c2.(p- 1) -1 /2415 0) ] (@),
where Lvir(¢2,(p—1)(p'—1)/2+1, 0) is the simple Virasoro vertex algebra coming from

the (2, (p — 1)(p’ — 1)/2 + 1)-minimal model. Using the character formula of
Lvir(cg.q'» 0) from [29], the Hilbert series of Joo(C[Z, g1/(I'7#'1)) is

HieZ+(l 4 qi+1/2)

[Ticz, (1 =4
, , )]
> <qj<j<p—1)(p/—1>+2j+“’*”zﬁ—1> _ q<2j+1)<<W+1>j+1>)_
JEZL
Meanwhile, by [41] the character of L?Z :p} is
N=1 [Ticz, (1 + g% itipe'+p'~p) Up+DGp'+D)
ch[LY=1](q) = (@ =) a0

[licz, (1 =) ez

Comparing (9) and (10) we get that v is not an isomorphism in this case.
Let p and p’ be both even. Suppose (p, p’) ¢ {(2,4k) |k € Zy} and ¥ is an
isomorphism for LY=!. Then
p.p

HS, (Joo (CIL, g1/ (1 rr! 110 g))) = ch[LY=]](g).

Cp.p/

On the other hand, we have shown that

HS, (Joo (CIL, g1/(4 1" g)) = eh[LEZ (@), k € Zo.

€24k
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Therefore, the character of LY=! must coincide with the character of L év 4k1 for some
1 »’

k. Note, (10) is also true when p and p’ are both even, and it is easy to verify from the
numerator that no two N = 1 minimal vertex algebras have the same character. This
is a contradiction. Thus the statement is proved. O

7 Extended Virasoro vertex algebras

For a simple Virasoro vertex algebra Lvir(c2,2k+1, 0) coming from the (2, 2k + 1)-
minimal model, according to [29], we know that R, (c; ;.00 = Clx]/ (x¥), and ¥ is
an isomorphism. Let p and p’ be two positive coprime integers satisfying p > p’ > 2.
It is easy to see that ¥ is an isomorphism if and only if (p, p’) = (2,2k + 1) (see
[52, Theorem 16.13]). Recently, the authors displayed the kernel of i [4, Theorem 1]
for the ¢ = 1/2 Ising model vertex algebra Lvi,(c3.4, 0), based on a new fermionic
character formula for Lyir(c3 4, 0).

If we consider extended Virasoro vertex algebras associated with minimal model
which is not necessarily a (2, 2k + 1)-minimal model, we might still have that ¥ is an
isomorphism. Our discussion is heavily motivated by [33], where the combinatorics
of (super)extensions of (3, p)-minimal vertex algebras was discussed.

Example 7.1 For the free fermion model ' = Lyi:(c3,4), 0) @ Lvir(c3,4y, 1/2), ¥ is
clearly an isomorphism as discussed in Proposition 4.2.

Example 7.2 The L?’;l minimal vertex superalgebra has the following realization:

Lﬁ\fz 81) = Lvir(c3,8), 0)® Lvir(c3.,8), 3)-

This realization is called the extended algebra, and it was studied in [33]. The map
Y is not an isomorphism in the case of Lvi(c(3,8), 0). But we have shown that for
the extended algebra of Lvi:(c(3,8), 0), the map v is an isomorphism. This model was
analyzed from a different perspective in [40].

Example 7.3 Next, let us consider V = Lyir(c(3,10y, 0) ® Lvir(c(3,10), 2). It is well
known that

Lvir(c2,5), 0) ® Lvir(c(2,5), 0) = Lvir(c3,10), 0) @ Lvir(c(3,10), 2)-
We let w; and wy be conformal vectors of the first factor and the second factor of
Lvir(c2,5), 0) ® Lvir(c(2,5), 0). Then the isomorphism map f sends w; + w, to the

conformal vector w of Lvir(c(3,10y, 0), and w; — w; to the lowest weight vector ¢ of
Lvir(c(3,10), 2). Since we know that

Joo (RLyir(c0.5).0)) = Joo(CLx]/(x %)) = gr(Lyir(ca s, 0)),

the map ¥ is an isomorphism for V, i.e.,
JOO(RV) = JOO(RLVir(C(zj),O) ®RLVir(C(2,5),O)) = JOO((C[x’ )’]/(xza y2> = gr(V)
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For Lyir(¢3,10). 0) @ Lvir(c3,10), 2), its C-algebra is isomorphic to
Clu, v)/(uv, u® + v% u v3)

after we identify x + y, x — y in C[x, y]/(x ) with # and v, respectively.

Remark 7.4 We also know from [33] that the normalized parafermionic character of
V = Lvir(c(3,10), 0) @ Lvir (3,10, 2) is given by

(n14+na4m)(n1+n2)+na(na+my)+m3+my+n1+2n2
1

Vi = > 2

ni,na, m1€N

(Dny (Dny (@D my
Next, let us consider the jet algebra
Joo(Clu, v1/ (? v uv)),
where degrees of u and v are both 2. Clearly, it has the following spanning set:

U(=ny) "+ U(=np)V(=m1) """ V(=mpy)

subject to constraints:

(a) (difference two condition at distance 1) n; > nj411 + 2,
(b) (difference two condition at distance 2) m; > mj1o + 2,
(¢) (boundary conditionyny > 2+ M,

where conditions (a), (b), (¢) come from (u2)y, (v3)s, (uv)s in the quotient ideal of
the jet algebra. Meanwhile, according to Proposition 5.1 and Theorem 5.13, we know
that

Joo(Clul/ (u?)) = gr(Wa, ),
Joo(C[v1/(v?)) = gr(Wa,,),
Joo(Clu, v1/(uv)) = gr(Wr),

where I" is the graph o — o. Using three realizations of jet algebras and the Gordon—
Andrews character formulas from [23,31], it is not hard to see that the above
spanning set, subject to constraints (a)—(c), would produce a basis of the jet alge-
bra Joo (Clu, v]/(u v uv)) whose Hilbert series is given by

Z q

ny,ny,mpeN

(n1+na+m1)(ny +n2)+n2(nz+m1)+m%+m1+n1 +2ny

(@Dn1 @Dy (@Dmy

The normalized character formula for V = Lvi;(c(2,5), 0) ® Lvir(c(2,5), 0) is

n%+n%+n1+n2

q
ch[VIig) = > (D Dns

ni,n2eN
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Thus we have the following Hilbert series identities:

and

ny,ny,mipeN

HS, (Joo (Clx, y1/(x% ¥%))) = HSy (oo (Clu, v]/(uv, u? + v2 u?, v%)))
= HS, (Joo (Clu, v1/{u? v uv)))

g minatm Y(By+12) 1o (no+m ) +mi+m+ny+2n; qnf+n%+n1+nz

(‘I)nl (Q)nz (‘I)ml (Q)nl (Q)nz

ni,no2eN
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