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Abstract

We consider various classes of iterated function systems, such as those comprised
of similarities and those satisfying the open set condition, and weakly contractive
systems. Necessary properties are developed for a compact set to be an attractor for
the various classes of iterated function systems. Since the Hausdorff metric space is
complete, we are able to develop several results concerning typical compact sets and
their invariance with respect to iterated function systems.
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1 Introduction

Let X = (X, d) be a complete metric space, with § = {Sy, ..., S, } a finite set of
contraction maps S; : X — X. We call a set E an attractor (non-empty invariant set)
of the iterated function system (IFS) 8§ if E = S(E) = U;’;l S; (E); that is, E is
invariant with respect to S. For any given finite set of contraction maps 8, there is
a unique non-empty compact set E in X such that £ = S(E). In what follows, we
frequently take |S| to represent the necessarily unique attractor of the IFS S. This and
other results in [10] are recorded below.
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Attractors for classes of iterated function systems 117

Theorem 1.1 Let X be a complete metric space with § = {S, ..., Sy} a finite set of
contraction maps S; . X — X.

(1) There exists a unique non-empty compact set E C X such that E = S(E).

(2) The set E is the closure of the set of fixed points of the finite compositions
Siyo -+ 0S;, of elements of 8.

(3) If A is any non-empty compact set in X, then lim,_. o 8¥ (A) = E in the Haus-
dorff metric.

Now, suppose that the contraction maps found in 8§ are similarities. That is,
d(Si(x), Si(y)) =rid(x,y) forall x, yin X, and 0 < r; < 1. Each §; takes subsets
of X and sends them into geometrically similar sets. This produces attractors that are
self-similar. Should the images of the sets S; (F) not overlap “too much”, the self-
similar attractor E = (J7, S;(E) has Hausdorff dimension equal to the value of s
satisfying Y 7", r;* = 1.

The notion of insignificant overlap comes from the open set condition (OSC).
Suppose 8 = {Si,...,S,} is a finite set of contraction maps S;: X — X. The
contractive system 8 satisfies the OSC if there exists a non-empty open set V for
which U:-"zl Si(V) € Vand S;(V) N §;(V) = & whenever i # j [10,15].

If each of the S; is a similarity, and d(S;(x), S;(y)) = rid(x, y) for all x, y in
X, where 0 < r; < 1, then the Hausdorff dimension, dimg¢(E), is equal to s, and
0 < H*(E) < 0o, where E = §(E) is the attractor for 8, and sz=1 rif =1.

As proved as an exercise in [8], if the unique non-empty invariant set E satisfies
Si(E)NS;(E) = & wheneveri # j, then the system 8 = {Sy, ..., S;;} of contraction
maps S;: X — X satisfies the OSC.

The purpose of this paper is to study the attractors of the IFS that are comprised
of similarities, that satisfy the OSC, or both. Let X be a complete metric space, take
K (X) to be the collection of non-empty compact subsets of X, with 8 = {Sy, ..., Sy}
a finite set of contraction maps S;: X — X. We set

I = {E € K(X) : E = 8(E), each S; is a similarity and § satisfies the OSC},
Jy ={E € K(X) : E = 8(E) and each §; is a similarity },
J3 = {E € K(X) : E = 8(E) and 8 satisfies the OSC}.

Finally, letJ = {E € KX(X) : E = S(E)} be the set of all attractors in K (X) generated
by some 8 = {81, ..., Su}, a finite collection of contraction maps S;: X — X. We
call a finite collection of contraction maps a contractive system and a finite collection
of weak contractions a weakly contractive system.

We proceed through several sections. Definitions, notation and some previously
known results are presented in Sect. 2. There, we also record some observations con-
cerning the sets J| and J,. Section 3 is dedicated to the study of countable attractors. If
E € X([0, 1]) is homeomorphic to an element of J; or J,, then E must be a singleton,
or a Cantor set, or the closure of the union of countably many disjoint non-trivial
closed intervals. Any nowhere dense element £ C [0, 1] of J has a homeomorphic
copy E"in J3. If E is a countable attractor, then it has a homeomorphic copy F such
that F = S(F) for some 8§ = {8, S»}.
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118 E. D’Aniello, T.H. Steele

In Sect. 4, one studies weakly contractive systems. From [4], we know that the set of
attractors in X ([0, 1]") generated by contractive systems is a first category F . This is
also true for IFS composed of weak contractions. One also sees that the set of attractors
generated by IFS of the form {(f1,..., fr) : fi is a weak contraction, L < M} is
nowhere dense in XK ([0, 1]). Since the set of attractors is dense in K([0, 1]), one
concludes that most attractors can only be generated by IFS § = {Sy, ..., Sp}, where
L>M.

Not only is the typical element of JC([0, 1]*) not an attractor for any IFS, but one
also can take that dense G subset of K ([0, 1]") so that H?(E) = 0 for each of its
elements E, where ¢ is some fixed gauge function. In Sect. 5, one sees that attractors
with “large” measure—that is, J-C?;, (E) > c—are also exceptional.

Section 6 is dedicated to attractors with non-empty interior. There, we develop a
necessary condition for a compact set with non-empty interior to be an attractor. This
is similar to that developed by Nowak for countable sets [1,12].

2 Preliminaries

We take (X, d) to be a compact metric space. For A subset of X, we denote by |A|
its diameter, by A its closure, by int(A) its interior, by conv(A) its convex closure
(meaning the closure of its convex hull), and by card(A) its cardinality when A is
finite.

Much of the analysis takes place in the Hausdorff metric space K(X) = (K (X), H).
Take K (X) to be the collection of non-empty compact subsets of X. Endow K(X)
with the Hausdorff metric J{ given by

H(E,F)=inf{8 > 0: E C Bs(F), F C Bs(E)},

where the é-neighbourhood or §-parallel body, Bs(A), of a set A is the set of points
within distance § of A. Thus, Bs(A) = {x : d(x,y) < dforsomeyin A} =
U,ea Bs(x), where Bs(x) = {y € X : d(y,x) < 8} is the open ball in X cen-
tered at x of radius §. The Hausdorff metric space (K(X), H) is also compact.

Since (K(X), H) is complete, one can make good use of the Baire category theorem.
A set is of the first category in the complete space (X, d) whenever it can be written as
a countable union of nowhere dense sets; otherwise, the set is of the second category.
A set is residual if it is the complement of a first category set, and an element of a
residual set is called either typical or generic.

Theorem 2.1 (Baire category theorem) Let (X, d) be a complete metric space with B
a first category subset of X. Then X\ B is dense in X.

Let @ denote the set of functions ¢ that are continuous and increasing on / = [0, 1],
with ¢(0) = 0. For ¢ € ® and s € N, set

HO(E) = inf{2¢(|1j|) Ec|Jur.

I; € [0, 1]" an open set of diameter |/;| <

v | —
—_——
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Attractors for classes of iterated function systems 119

Then H? = limy_, o0 9{? defines a measure on the Borel setsin [0, 1] In what follows,
our concern will be primarily with closed sets. In the case that ¢ (x) = x¥, one gets the
usual s-dimensional Hausdorff measure [2,4,8,9]. Define the Hausdorff dimension of
a set E such that

dimg¢(E) = inf{s : H’(E) = 0} = sup{s : H*(E) = oo}.

In Sect. 3, we use A" to refer to the Lebesgue n-dimensional measure.

Since our interest lies with contractions and weak contractions, the functions consid-
ered are all continuous. Let C(X, X) to be the set of continuous functions f: X — X.
Within C (X, X) we use the uniform metric: || f — g|| = sup{d(f(x), g(x)) : x € X}.
Since X is compact, || f — g|| = max{d(f(x), g(x)) : x € X}.

We recall that a topological space is a Cantor space if it is non-empty, perfect,
compact, totally disconnected, and metrizable. In particular, a topological space is a
Cantor space if it is homeomorphic to the Cantor ternary set.

A topological space X is said to be scattered if every non-empty subspace M has
an isolated point in M. Every compact scattered Hausdorff space has a base consisting
of clopen sets (is zero-dimensional), and a compact metric space is scattered if and
only if it is countable. Let X be a compact scattered space. We let

X' = {x € X : x is an accumulation point of X}

be the Cantor-Bendixon derived set of X, and define inductively

x@th — (X("‘))/; X% = m X®  for a limit ordinal .

B<a
The height of X is
ht(X) = min{o : X@ is discrete}.

By the Mazurkiewicz—Sierpinski Theorem [11], every countable compact scattered
space X is homeomorphic to the space w?-n + 1, where B = ht(X) and 7 is the
number of elements of X #),

Next we present some simple conclusions concerning elements in J; and J,.

Proposition2.2 Let § = {Sy, ..., Sy} be a finite set of similarities from R" to R"
satisfying the OSC. Then the following are equivalent:

(1) F = 8(F) is nowhere dense and perfect,
2 N>2and YN r" < 1.

Proof (1)=(2): Suppose F = 8(F) is nowhere dense and perfect. Then, N > 2.
Suppose § satisfies the OSC with V open. Since F is nowhere dense, V must contain
some G, an open ball contained in the complement of F. Since S;(V) N S;(V) = &
whenever i # j, it follows that S;; _; (V) N S, (V) = & whenever iy...i; #
j1-..jk- Let x € F. For each k € N, there exists a string of length k, say iyi>. ..
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120 E. D’Aniello, T.H. Steele

such that x € Si]iz...ik(F)' As G - V’ Si]iz...ik(G) - Si]iz...ik(V)’ Siliz...ik(G) is
complementary to F' [10, p.736], and the porosity

PG, F) > ri...ridiam(G)
0T ry i diam(F)

Thus, dimg¢(F) < n, and ZZNZI ri" < 1 ([9, Theorem 9.3], [17, Section 4F]).

(2)=(1): Suppose F = S(F) with N > 2 and Ziv=1 ri" < 1. We show that it has
no isolated point. Let x € F with € > 0. Take i, ..., i; so that Sy s (F) S Be(x).
Since F is not a singleton, there exists y € Si; il (F) distinct from x. In particular, x
is a limit point of F'. So, F is perfect. Since dimg¢(|8|) < n, F contains no ball. O

Proposition 2.3 Let § = {Sy, ..., Sy} be a finite set of similarities from R" to R"
satisfying the OSC. If F = 8(F), then the following are equivalent:

(1) F contains a ball in R™.
(2) F is the closure of a countable union of non-degenerate closed balls in R".
G XN rn"=1and N > 2.

Proof (1)= (2): Let x € F. It suffices to show that there is a sequence of balls
converging to x. Let € > 0, and take ijis...i so that S;; ;, (F) C Be(x). Since F
contains a ball and S;, _;, is a composition of similarities, S;, ;, (F) also contains a
ball.

(2) = (3): Since F has non-empty interior, N > 2. Moreover, F is not nowhere dense,
so Y i, ri" = 1 by Proposition 2.2.

(3)=(1): Since ZlN=1 ri" = 1, F is not nowhere dense by Proposition 2.2, so it must
necessarily contain a ball in R". O

Proposition 2.4 Let 8 = {S1, Sa} whereeach S;: R — Risasimilarity. If ri+ry < 1,
and Fix (S1) # Fix(S,), then § satisfies the OSC with V = int(conv(|8])).

This allows us to characterize, up to homeomorphism, those elements of J generated
by a pair of similarities.

Proposition 2.5 Let 8 = {Sy, Sz} where each S;: R — R is a similarity. Necessarily,
8 satisfies the OSC so long as Fix(S) # Fix(82) and ri + ry < 1. Set

T = {F e K([0, 1)) : F = 8(F) where 8 = {S1, S2}, S; is a similarity}.

Then E € X([0, 1]) is homeomorphic to an element of T if and only if one of the
following occurs:

(1) E is a singleton,
(2) E is a Cantor set, or
(3) E is an interval.
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Attractors for classes of iterated function systems 121

3 Countable attractors

In [12], Nowak completely characterizes, up to homeomorphism, countable attrac-
tors for iterated function systems. Nowak shows that every countable compact set of
successor Cantor—Bendixon height with a single point of maximal rank has a home-
omorphic copy in [0, 1] that is an attractor of an IFS consisting of two contractions.
This IFS satisfies the OSC, and the Lipschitz constants of its two components can
be chosen to be as small as one wishes. Moreover, Nowak shows that if a countable
compact metric space is an [FS-attractor, then its Cantor—Bendixson height cannot be
a limit ordinal.

Theorem 3.1 ([12, Theorem 3]) A compact scattered metric space of limit Cantor—
Bendixson height is not homeomorphic to any IFS-attractor consisting of weak
contractions.

Theorem 3.2 ([12, Theorem 4]) For every € > 0 and every countable ordinal § the
scattered space 0®t! + 1 is homeomorphic to the attractor of an iterated function
system consisting of two contractions {¢, ¢ps+1} in the unit interval 1 = [0, 1], such
that

max {Lip(¢), Lip(ds+1)} < €.

The main result of this section is the following theorem.

Theorem 3.3 Let E C [0, 1] be countable and compact. Then E is homeomorphic to
an attractor E' for some 8 = {8y, S»} which satisfies the OSC if and only if the height
of E is a successor ordinal.

Theorem 3.3 is an immediate consequence of Theorem 3.2, and the following propo-
sition. Frequently, we make use of the convex closure of a set E, and write conv (E).
We use this notation even in the case that E is closed, in an effort to somewhat limit
the various notations used.

Proposition 3.4 Suppose E € J, and E = S(E) where 8 = {S1, ..., Sy }. Then, for
any n > m, there exists F € J and 8' = {Ty, T»} which satisfies the OSC such that

() F=8(F), )
(2) F =} Ei, where each E; is similar to E () means disjoint union), and
(3) conv(E;) Nconv(E;) = & wheneveri # j.

Proof We give a proof in the case that m = 2. The general case then follows easily.
Suppose E € J, and for convenience and without loss of generality, conv(E) = [0, 1],
and E = S(FE) for some 8 = {81, $,}. Take E1, E3, ..., E, such that

(i) each is similar to E,
(if) Ej lies to the right of E; whenever j < [,
(iii) diam(E;) = ddiam(E;_1), where Lip(S2) =1 < < I, forany 1 < j < n,
and
(iv) min{diam(G;) : 1 <i <n — 1} > 2max{diam(E;) : 1 <i < n}, where G; is
the open interval lying between E; and E;1, thatis G; = (max E;11, min E;).
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122 E. D’Aniello, T.H. Steele

Moreover, take diam (G;+1) < diam(G;). Define T; so that it is linear on each of the
intervals conv (E;) and G;. In particular, take 77 so that

(v) conv(E;) is mapped onto conv(E;+) with T (E;) = Ej4 fori = 1,2,...,
n—1,
(vi) Ty (conv(E,)) = min E,,,
(vii) G; is mapped onto G4 fori =1,2,...,n —2,and
(viii) T1(G,—1) = min E,,, too.

Then T7: [0, 1] — [0, 1] is a contraction given the diameters of the sets E; and G,
and T] (U?:l E,’) = U?=2 E,’.

Let us now define 75. Recall that £y and E, are both similar to E and
diam(E;) = édiam(Eq). Set conv(E;) = [a;, b;] and take ¢;: E — E; to be the
line such that ¢; (0) = min E; and ¢;(1) = max E;. Define T, on [a, b>] so that
T = ¢10S20(¢2)*1, and on [ay, by], define T, so that T, = ¢10510(¢1)71- Set
T>(x) = Tr(ap) for all x < ap, and extend 7> linearly on G. Then

T,(F) =Th(EI\UEy) = Th(E)) UTy(Ey) = Ey,
Lip(T2j{0.a31) = 0,

and

Lip(T2(jay.6=17) = r1 = Lip(S1),

diam(E) diam(E;) diam(E)) )

Lip(T. - - =2
ip (T2i(ar.021) diam(Ey) > diam(E)  diam(Ey) > 8

It follows, then, that 75 : [0, 1] — [0, 1] is a contraction map, and

2
F=8F) =JT(F) =Ti(F)UT(F)
i=l

n

:(OE,-)U&:UE,-:F. o

i=2 i=1

Remark 3.5 From [6, Theorem 5.4] and the construction found in its proof, if F €
X ([0, 1]) is nowhere dense and uncountable, then there exist F’, a homeomorphic
copy of F, and an IFS 8 satisfying the OSC such that F’ = S(F’). This observation,
coupled with Theorem 3.3, allows one to conclude that any nowhere dense attractor
is homeomorphic to an element of J3.

4 Systems of weak contractions

In this section we investigate IFS consisting of weak contractions. First, we observe
that the typical element of K ([0, 1]") is not an attractor for any system of weak
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Attractors for classes of iterated function systems 123

contractions. Then, we consider the function T: (wLip 1) — (X ([0, 1]), H) given
by 8 > |8], and investigate the images of (Lip :71)™, 1 € N\ {1}, and of (wLip 1)".
There, we focus on the case when X = [0, 1].

In [4], we construct a residual subset K> of K([0, 1]*) with the property that if
E € X,, then E # S(E) for any finite set of contraction maps 8 defined on [0, 1]™
The analysis developed for contractions is valid for weak contractions. This is recorded
in the next result.

Theorem 4.1 There is a residual subset Ko of K([0, 117) such that E # S(E) for any
finite set of weak contraction maps 8 defined on [0, 11", for any E € X».

For s > 0, set
Lips ={f € C(X, X) :d(f(x), f(y)) < sd(x,y) forall x, y in X }
and, for m € N, set
(Lips)" ={(f1..... fu) : fi €Lips, 1 <i <m}.

As the following result in [6] shows, should we limit the number of contractions
in our IFS to no more than N, and uniformly bound the Lipschitz constants of the
contractions, then the set of attractors generated by such systems is closed.

Lemma 4.2 ([6, Lemma 4.3]) Let (X, d) be a compact metric space. Let N € N and
0 <m < 1. The set

Lym={FeX(X): F=8(F)with8=1{S1,...,SL},
for L < N and Lip(S;) < m}

is closed.

The following straightforward lemma shows not only that J; is dense in the Haus-
dorff metric space (X([0, 1]"), H), but also that the attractors for iterated function
systems generated by contractions with arbitrarily small Lipschitz constants are dense
in (K([0, 11"), 30).

Lemma 4.3 The set of attractors J1 is dense in (X([0, 1]"), H).

Proof Let E € X([0,1]"), and take ¢ > 0. We use the Euclidean metric within
[0, 11" Let F C E be a finite set so that H(E, F) < €/2;say F = {x1,x2,...,X,}.
To each x; associate a non-degenerate closed ball /; and a similarity S; so that x; € I,
I; N I; = @ whenever i # j, I; C Bepp(F), Si([0, 11"y ¢ I; and Fix §; = x;. It

follows that F C |{S1, S2, ..., Su}| C Bepo(F),and H(F, [{S1, S2, ..., Su}l) < €/2.
Now

€ €
:]'C(E,HS], S27--'9S}’l}|) <%(Es F)+}C(Fa|{S]a SZ’aSn}D < E—i_z = €.

The conclusion follows. O
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124 E. D’Aniello, T.H. Steele

Set
wLipl ={f € C(X,X) : d(f(x), f(y)) <d(x,y) forall x # y in X}
and, form € N, set
(wLip )" = {(f1,..., fu): fi ewLipl, 1 <i <m}.

Call f € wLip 1 a weak contraction. We recall some simple observations.
Remark 4.4 Let X = [0, 1].

(1) The set Lip 1 is closed.
(2) The set Lip s is a closed and nowhere dense subset of Lip 1, for all s € (0, 1).
3) Let

Isopap = {f €Lipl:|f(x) — f(y)| = |x — y| forall x # y in [a, b]}.

Then Iso[,p) is closed in Lip 1.

See also [7] for (2) in the case of maps on closed, convex and bounded subsets of a
Hilbert space.

Should § = {Sy,..., Sy} and T = {T}, ..., T;y} be elements of (wLip 1)", set
I8 =Tl =max{|[S; — T;ll : 1 <i < m}, where |[S; — T;|| = max{|S;(x) — T;(x)]| :
x € I}. Take a and b in R. By I {a, b} we denote the closed interval with endpoints a
and b. That is, either I{a, b} = [a, b] or I{a, b} = [b, a], shoulda < borb < a.

The next lemma shows that, while Lip s is a very small subset of Lip 1 for every
s € (0, 1), wLip 1 is considerably larger. This is similar to a result found in [13] for
maps defined on closed, convex and bounded subsets of a Banach space.

Lemma4.5 Let X = [0, 1]. The set of weak contractions wLip 1, defined on X, is a
dense Gg subset of Lip 1.

Proof Let € > 0. Suppose that f € Lip 1\ wLip 1. Then there exist points x # y in
[0, 1]suchthat | f(x)— f(y)| = |x—y]|.Should | f (x)— f (y)| = |x—y|, thenit follows
that | f(a) — f(b)| = |a — b| for all points @ and b in [ {x, y}, as f € Lip 1. Let {x,}
be an enumeration of Q N [0, 1] and set G, ,, = Lip 1\Iso;(x, x, . From Remark 4.4
it follows that G, ,, is openin Lip 1. Take f* € Iso[4 5] such that f(b) — f(a) = b—a.
Consider g: [0, 1] — [0, 1] such that

g(x) = f(x) for 0
gx)=f(x)—¢€/2 forb

and g is extended linearly on (a, b). Then || f — gll < €, and g € Lip 1\Isog,p).
The construction of g is similar, should f(b) — f(a) = a — b. We conclude that
Lip I\Isop,,p) is dense. Since G, is both dense and open, one concludes that
wLipl = ﬂn’m Gy.m is adense G subset of Lip 1. O
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Attractors for classes of iterated function systems 125

Let us now turn our attention to attractors generated by sets of m-many weak contrac-
tions.

Lemma 4.6 Let X be a compact metric space. The function
J: (wLip D" — (K(X), H),

given by § — |8, is continuous.

Proof Let {8} C (wLip 1)™ be such that §y — 8, or equivalently, ||Sx — 8| — O.
Say 8¢ (Ex) = Ek. Since (K(X), H) is compact, we may assume that £y — FE in the
Hausdorff metric.

Say 8 = {S}, ..., S%}and 8 = {Si,..., Sy}. Since 8§ — 8, it follows that S¥ —
S; uniformly for each 1 < i < m. Moreover, 8¢ (E;) = U,’»":l Sf‘(Ek) =FE, —> FE
and |JIL, Sf‘(Ek) — UL, Si(E), so that | Ji~, S;(E) = E. Thus, if 8 — 8, then
|8x] — |8, and our conclusion follows. O

Lemma4.7 For any s € (0, 1), the set T((Lip s)™) is closed and nowhere dense in
(X0, 11), F0).

Proof Let s € (0, 1). Since (Lips)™ is compact, and T is continuous, it follows that
T((Lip s)™) is closed. Since T((Lip s)™) € (K3), T((Lips)™) is nowhere dense. O

It is easy to determine the size of T((Lips)™) since (Lips)™ is compact in (Lip 1)™.
The proof of the following is considerably more involved, as (wLip 1) is a G set.

The following observations are fundamental to the construction found in the proof
of Theorem 4.8.

(1) Let E = UlN:1 E;. Ifforany i, j and kin {1,2,..., N} with i # j, one has
diam(Ey) < dist(E;, E;), then for every weak contraction f: E — E and
1 <k < N,itfollows that f(Ex) C E;, 1 <I<N.

(2) Let E = {x1,x2,...,xp)and F = {y1, y2, ..., ym}. Suppose that |x; — x;| < €
foralli # jin{1,2,...,n},and |y — yx| > e foralll # kin{1,2,..., m}. If
f: E — F is a weak contraction, then f(E) = y;, forsome 1 <i < m.

Theorem 4.8 The set T((wLip 1)™) is nowhere dense in (K ([0, 1]), H).

Proof We can assume m > 1 since the result is clear for m = 1. Fix § > 0. We begin
by developing a set E.
(1) E =Y E;, with E; N Ej; = @ foreach i # j.
(2) Each E; contains 2" points that are distributed uniformly throughout the interval
[min E;, max E;]. Set E; = Ujgil{xi,j}’ with x; ; < x; j+1,1 € {0,...,k} and

jefl,....2%).
(3) E; lies to the right of E; whenever j < [ and dist(E;, E;j+1) = (i + 1)4.
(4) diam(E;) = d for all i, where d < §/4.
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126 E. D’Aniello, T.H. Steele

The idea, now, is to associate to each point x; ; a non-empty compact neighborhood
E: i € Br(xi)), where r < min{8/8, |xx,1 — xx.2|/8}. More precisely, take E’ €

K ([0, 1]) such that }C(E/, Uf:o U]gil{x,-,j}) < r, and set El’/ = Br(x; j) N E’, for

P (0.1, K and j € (1,2.....2%  and £} = U2 E] .
Suppose S: E’ — E’ is a weak contraction. Then
) S(E}) C Ej; that is each EJ/ can map into only one E; as diam(E’;) < §/4 +
8/8 4+ /8 = §/2, and the smallest interval in conv(E) complementary to the
sets COW(E’) is of length at least § — §/8 — §/8 = 34/4.
(i1) S(E )< E/ , so that each E’ ; can map into only one E’ as diam (E;, )<
[Xk,1 — Xk 2] /4 and the smallest 1nterva1 complementary to the sets conV(E p)
is at least of length |xg 1 — xk 2| — 2|xk,1 — xk.21/8 = 3|xk,1 — Xk ,21/4-
(iii) Ifl > j and S(E’) - E’ then S(E)) C E]’.’S, for some s as dist(E,”l., E;,i+1) <
dist(Ej’.’ i p+1) for any i and p.
(iv) If S(E)) € Ej, then S(EJ) C Ej, whenever j < [ as S(E)) € E; implies that
S(conv(E))) < conv(E)), so that Fix(S) € conv(E)). Now, note that S(E") €
E’, and S is a weak contraction.

Let 8 = {51, 5>, ..., S}, where each S; is a weak contraction, m is now a fixed
number, and take € > 0. Let F; € K([0, 1]). Since the collection of finite sets is
dense in K([0, 1]), there exists F, finite such that H(Fy, F2) < €/2. Say F, =
{x1,x2, ..., x,}. Take F3 finite in K ([0, 1]) such that

(v) H(F2, F3) < y = min{e/8, z/8}, where z = min{|x; — x;| : x;, xj € F2,i #
7t
(vi) F2\{x1} € F3,and
(vii) there is a similar copy of E in By, (x1). We take k > m > 2, so that

a Yk card(E)_Z’.‘ ’"22’ > m(m + n), and
b. card(Ej) =25 m[>12, ! card (E; )+ (n—1)+k] wheneverk > j > k—m.

Suppose that H(Fy, F3) < o, where 0 < min{§'/8, z/8}, z = min{|x; — Xjl, x; #
xj in F3}, and 8" = |x0,2 — x1.1], the distance between E and E1, the first two compo-
nents of the similar copy of E found in By, (x1). Thus 38’ < 2y < €/4and 8’ < €/12.
We continue to use the notation of F3, remembering that each point x; in F3 now
represents F4 N B, (x;), a subset of F4 both open and closed in the relative topology
of Fy4. Suppose S8(F4) = Fy. By our choice of k (see (vii)b), there are so many com-
ponents of E; that it is not possible to cover E; with m weak contractions defined on
F4\ E}.. Thus, there must exist some S;—say S1—such that S1(E;) € E;. Thisimplies
S1(E") € E;. Similarly, there exists some S;—say S,—such that Sg(E ) S E_,,
which implies that S, (E’\ E;) € E;_,.(Itis also possible that S>(E}) € E;_,.) Con-
tinuing, for each 0 < i < m — 1, we have, with possible renumbering of the elements
of 8, that Sj 1 (E,_,) C E,_;,sothat S;+1(E"\ Uf:k_iﬂ E|) € E;_,. (Analogously

to what we noted with S, it is also possible that there exists j € {k —i +1,...,k}
such that S;,1(E)) € E;_;.) Note that Si+1(U;(:k—i+l El’) can intersect at most i
components of Uf:é El’ . This follows from (iii). The m contractions {Sy, ..., S}
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acting on the n — 1 components of Fy\ E’ can intersect at most m(n — 1) < mn com-
ponents of F4. We conclude that UZ";OI Sit1 (U;‘z,ﬁi+1 E[) and U;";OI Siv1(F4\ E")
can intersect at most y ;- i +mn < m(m + n) components of Uf-:(')" E!. Since
Zf.:(’)” card(E;) > m(m + n), we conclude that Fy 5Z S(Fy). O
As a corollary, we have that the set of attractors generated by those IFS with m many
contractions is a nowhere dense F,; set in K ([0, 1]).

Corollary 4.9 Theset| ;2 T((Lip Z_Tl)’") =T(UZ, (Lip Z_Tl)’”) is anowhere dense
Fy setin (X([0, 1]), H).

Proof We note that [ J;°, (Lip #)m C (wLip D™ i
Remark 4.10 Let [ and m be elements of N. Then

(X([0, 1]), ) 2 (X2)¢ 2 T((wLip )™)
ol k—=1\" =1\
(U ) )2o((bo ) )
where

(1) (XK([0, 1]), H) is compact,
(2) (X3)C is a first category and dense F, subset of (K([0, 11), H),
3) T(UZ, (Lip I_Tl)’") is a nowhere dense F, subset of (X([0, 1]), ), and
(@) ‘.T((Lip #)m) is nowhere dense and closed.
In particular, the set of all attractors J is dense in (K ([0, 1]), J{(), but, when we limit

ourselves to only m maps, we are able to generate as attractors only a very small subset
of (K([0, 1), 30).

5 The set of attractors with large measure

As in [4], we denote by JR the collection of all points in [0, 1]" with all of the
coordinates irrational. Set

K1 ={E € X([0, 1]") : E € IR is a nowhere dense and perfect set }.

We call a rational open interval in [0, 11" each set J = (ay, b)) x -+ X (ay, by),
where a; and b; are in Q N [0, 1] for all i. We say that E N J is a rational portion
of E € X([0, 1]") if E N J is non-empty and J a rational open interval. If E € X,
then there exists some ¢ € ® such that H?(E N J) > 0 for every rational portion
E N J of E. Moreover, the set { E € K([0, 11") : H?(E) = 0} is a dense G5 subset of
K([0, 11") [2,4]. One concludes, then, that the typical element of K ([0, 1]*) has very
small measure, and that the elements of JC([0, 1]*) which comprise the elements of
X in Proposition 4.1 can be taken to have arbitrarily small measure. In what follows
it will be convenient to use the following results. We let A be the Lebesgue measure
in R, and denote by &, the family of concave functions from ®.
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If f is a finite function of a real variable defined in the neighbourhood of a point
xp, we denote the lower limit of (f(x) — f(xp))/(x — xp) as x tends to xo by values
X > Xxo, that is the lower right Dini derivate of the function f at the point xq, as
Dy f(xo) [14].

Proposition 5.1 ([16, Lemmas 3.3, 3.5, Proposition 3.2]) Let ¢ € .

(1) Ifthe lower right Dini derivate of ¢ at O is finite, for instance D+¢(0) = s < 00,
and E € K([0, 1) for which M(E) = ¢, then H?(E) = sc.

(2) If D4 (0) = +00, then there exists ¢ € D¢ such that H®(E) = H(E), for all
E € X([0, 1]).

Q) Ifp € . and f € LipM, then L = lims_op(M8)/p(8) # O exists, and
HP(f(E)) < LH?P(E). Moreover, should | f(x) — f(y)| = M|x — y|, then
H?(f(E)) = MH?(E).

For the remainder of this section, we presume that each ¢ taken is concave, so that
we can apply Proposition 5.1 to our measures. The next result shows that the mass
distribution within elements of J; is relatively uniform.

Lemma5.2 Let X = R. Let F € Jy, and ¢ € O. Then one of the following is true:

(1) For every portion P of F, H?(P) = 0.
(2) For every portion P of F, H?(P) = oc.
(3) For every portion P of F, 0 < H(P) < oo.

Proof Let P, J be portions of F, where F = S(F)and 8§ = {Sy, ..., Sy}and ¢ € O.
There exists i1iy...i, such that S;;, ;, (P) C J. Thus, there is some rp ;j # 0
for which H?(J) > rp jH?(P). There exists jij2 ... jm such that S, ;. (J) C
P, which ensures the existence of ; p > 0 for which HE(P) > rj’Pj'C¢(J). It
follows that H?(J) > rp s HP(P) = rp_yry pH?(J) and HP(P) = ry pHP(J) >
VP,JVJ’P:}C(p(P). O

In [3,5] sets of arbitrary Hausdorff dimension are constructed which are not attractors
of any finite family of weak contractions in [0, 1] and, more generally, in [0, l]N . Let
¢ € .. In [4] and Theorem 4.1, one sees that the typical element of (X ([0, 1]"), H)
has both H{?-measure zero, and is not an attractor for any IFS. Working on the unit
interval, we now show that the typical element of (X ([0, 1]), H) for which 9—(,4:[ is
bounded away from zero also is not an attractor for any IFS. That is, the remainder
of this section is dedicated to showing that while Lemma 5.2 provides a necessary
condition for some compact set to be an element of J,, that condition is far from
sufficient. As with Theorem 4.1, the typical “large” set that satisfies the necessary
condition found in Lemma 5.2 is not an attractor for any IFS.

We begin by recalling the following result from [2], which describes a typical
element of K ([0, 1]).

Proposition 5.3 ([2, Proposition 2.2 (1)]) Let
Yo = {E € K([0, 1]) : E is nowhere dense, perfect and E < [0, 1]\(@}.

Then % is a dense G subset of X([0, 1]), hence topologically complete.
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Lemma5.4 Lety > 0. Then
2 = {E € X(0,1]) : HS(E) < v}

is dense and open in the complete metric space X([0, 1]).

Proof The density of X; follows from the fact that each compact set can be approx-
imated by finite sets in the Hausdorff metric. Let E € X;. To show that ¥ is open,
take {U;}7° | such that

(2) |Uj| < I/mforalli, and
3) X2 o(UiD) <y

If F € U2, Ui, then H (F) < y, too. a

Proposition 5.5 Let y > 0. The collection X» = {E € %o : Ho(E) > y}is
topologically complete with respect to the Hausdorff metric H.

Proof Let y > 0. Then ¥, = ¥\ Xy, so that ¥, is closed in the topologically
complete metric space . O

Proposition 5.6 Fix F € X5. The set ¥3 = {E € ¥y : f(E) 2 F forsome f €
Lip p} is closed in 2.

Proof Let{E,} C X3 with {f,} € Lipm suchthat f,(E,) 2 F. Since (X([0, 1]), H)
is compact and { f,,} is uniformly bounded and equicontinuous, there exist {n;} in N
and E € K([0, 1]) such that limy_, oo FH(Ey,, E) = 0 and f,, converges uniformly
to some f. Then

lim 3o (Eny). f(E) = 0.

Since F C f;,, (Ey,), it follows that F C f(E). O

Theorem 5.7 Let X = [0, 1]. The typical E € X, is not an attractor of any system of
weak contractions.

Proof Suppose E and F are nowhere dense subsets of [0, 1], and f € Lip p is such
that f(E) = F.If (¢, d) € conv(F) is complementary to F', then there exists (a, b) <
conv (E) complementary to E such that f((a, b)) 2 (c¢,d)and (d — ¢)/(b —a) < p.
Let {J;} be an enumeration of the intervals complementary to F such that [ Jx| > |Jr+1|
for all k. Similarly, let {I;} be an enumeration of the intervals complementary to E.
There exists a subsequence {Ii, } such that |Js|/|I,| < p for all i [16, Lemma 3.6].
This observation provides a necessary condition on the sets £ and F in order for there
to exist some f € Lip p with the property that f(E) © F. We use this observation
below. Let I and J be disjoint rational intervals. Our goal is to show that the typical
element of X, is not an attractor of any system of weak contractions. A critical step in
this direction is establishing that given some fixed p > 0, for the typical E € ¥, and
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disjoint clopen portions £ N [ and E N J, one has that f(EN1) 2 ENJ whenever
f is in Lip p. We restrict our attention to disjoint portions as the identity function
igisin Lip 1, and ig(ENI) = ENI for all E in X, and rational intervals /. Set
24{’] ={E e€ ¥ : fUNE) 2 JNE forsome f € Lipp}. Then Ei’l is closed.
This can be proved as for X3 in Proposition 5.6. We wish to show that £ i * is nowhere
dense. Since Eé{ 7 s closed, it is sufficient to show that its complement, necessarily

open in X, is also dense. Let E € Ei’J and € > 0. We modify E to get E" in Xy
such that

(1) E’\I = E\I, sothat E and E’ are the same outside of /;
(2) Take E’ on I so that

a. ENI C E'NIand E' C B.(E). Thus, H(E, E') < €. Since E C E/, it
follows that E’ € 5, too.

b. Consider {J;} for J N E and {I;} for I N E. Suppose Iy = (c, d) is a comple-
mentary interval of E N . Then ¢ and d are elements of E and if d — ¢ < €,
then (c,d) C Bc(c) € Bc(E). It follows that there exists some N such that
|Ix| < € whenever k > N, and hence Iy € B.(E). Take E’' N I such that if
{I;} are the complementary intervals of E' N [, then [; = I/ for 1 <i < N,

and |J,-|/|Ii’| > pforalli > N. Thus E’ ¢ Zi’l, SO Ei’l is nowhere dense.

Set X5 = UI,J Ei’l. Then X5 is a first category F, subset of Xp. If E € X5\ Zs,
and f € Lipp, then f(ENI) 2 E N J whenever I and J are any disjoint rational
intervals. In particular, (£ N17) must be nowhere dense in £E N J as f(ENI)is a
continuous image of the compact set £ N I, hence is itself compact. We show that
E is not the attractor of any weakly contractive system. Since we are interested in
weak contractions, in what follows, we may fix p = 1 so as to work within Lip 1. Let
{T\, T», ..., Ty} be a set of weak contractions, T;: E — E. It suffices to show that
T;(E) is nowhere dense in E, for any i. In fact, if it is so, then (J;_, T; (E) also is
nowhere dense in E£. Thus Ule T; (E) is a proper subset of E, and, hence, E is not an
attractor of {7y, T», ..., T,}. To this end, fix T : [0, 1] — [0, 1], a weak contraction,
with x € [0, 1] the unique fixed point of 7 in [0, 1]. Let y # x, y € E. Since T is a
weak contraction,

IT(y) =T =T()—x[ <|y—x|

Lete = |T (y)—y]|. Since T is continuous, there exists § > O suchthat |7 (z)—T (y)| <
€/2 whenever |z — y| < 8. Set 8’ = min {8, €/2}. Then T'(By (y)) € Be;2(T(y)), and
By (y) N Beyp(T(y)) = <. Now, take (a, b) a rational interval of [0, 1] such that
y € (a,b) € By(y).Since E € X, it follows that E NQ = &, so that a and b are not
in E.Now, E = ([0,a)NE)U ((a,b) NE)U ((b, 11N E). Moreover, T([0,a) N E)
and T ((b, 1] N E) are both nowhere dense in (a,b) N E since E € ¥\ X5 and
T({(a,b)NE)N ((a,b) N E) = &. We conclude that there exists a neighborhood of
vy, namely (a, b), such that T (E) is nowhere dense in (a, b) N E. Since this is true for
any y # x, T(E) is nowhere dense in E. O
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6 Attractors with non-empty interior

In Proposition 2.3, one sees that when working within J, and X = R”, an attractor F
has non-empty interior if and only if it is the closure of its components with non-empty
interior. Simple examples, as our first example below, show that in J, we can have
attractors composed of an arbitrarily large number of non-trivial components.

Example 6.1 We show that [0, 1/3] U [2/3, 1] is an attractor for § = {Si}le, where
each §; is a similarity and 8 satisfies the OSC.

Construction. Let S1(x) = x/4, S2(x) = x/4 4+ 1/12, S3(x) = x/4 4+ 2/3, S4(x) =
x/4+3/4 and set F = [0, 1/3]U[2/3, 1]. Then

sy =lo. L]ufL ]

l( )__ 7E:| [671:|7
M1

S =11 6} [ 3}

o 23 5 11

3()__5’4} [6 2}

(35 1
=[]

This gives U?=1 Si(F) =[0,1/3]1U[2/3,1] = F. Moreover, 8 = {S1, Sz, S3, S4}
satisfies the OSC with G = (0, 1/3) U (2/3, 1).

This construction can be generalized to R” for any number of components k. That
is, for any n and k in N, there exists F = Uf: 1 Fi a disjoint union, where each F;

is an n-cube, 8 = {S; }(Zk) where each S; is a similarity, 8 satisfies the OSC, and
= 8(F).

As we remarked in Proposition 2.5, the only type of attractor with non-empty interior
formed by two similarities is an interval. The next example shows that, with three
similarities, one can form an attractor that is the closure of the union of countably
many disjoint and non-degenerate closed components. In what follows, we use (] to
indicate the union of pairwise disjoint subsets of [0, 1]. Each of the intervals [a;, b;]
or (a;, b;) taken is non-degenerate, so that b; > q;.

Example 6.2 We develop an attractor of type (U?:l[a,-, bi]) for 8§ = {S1, Sy, S3}
composed of similarities that satisfy the OSC.

Construction. Fix 0 <r < 1.

Set E = (USZo[r" (/7). #"1) U {0}

Set S;(x) = rx. Then S| (E) = E\[/r, 1].

Set $}(x) = /rx. Then S}(E) = [0, 1]\ E.

Let 2: R — R be the linear homeomorphism taking [0, 1] to [/7, 1]: h(0) = /1
and (1) = 1 sothat h(x) = (1 — /r)x + /7.

bl
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5. SetS) = hoS) and S3 = h.Then $2(E)US3(E) = [/r, 11as S5(E) = [0, 1]\ E
and ig(E) = E imply that Sy(E) U iq(E) = [0, 1], and h(S,(E) U ig(E)) =
h([0, 1]) = [/r, 1].

6. We conclude that E = 8(E), with § = {S7, S2, S3}, where S1(x) = rx, S>2(x) =
(hoS})(x), with §5(x) = /rx, and S3(x) = h(x) = (1 — /r)x + /1.

7. The collection § satisfies the OSC with V = int(E).

8. If we let m; be the slope of S;, then Z?:l mi =r+/r(l—=r)+1—=r)=1.

Let J be the set of attractors contained in [0, 1] and set L = {E € J : int(E) # @}.
For A and B subsets of [0, 1], we take d(A, B) = inf{la —b| : a € A,b € B}. In
what remains of this section, we study the elements of L. Definition 6.3 and Lemma
6.4 provide a topological characterization of the elements of L analogous to that for
countable and compact sets described in Theorems 3.1 and 3.2. Definition 6.3 gives
us a tool that allows us to relate elements of £ with nowhere dense attractors.

In what follows, let {[a;, b,-]}fD:l be a pairwise disjoint enumeration of the compo-
nents of E in £ with non-empty interior. Should the collection be finite, then P € N.
Otherwise, P = 00.

Definition 6.3 (collapse morphism) Let E € L, with {[a;, b;]1} f: | a pairwise disjoint
enumeration of the components of E with non-empty interior. We define ¢ as the
uniform limit of a sequence of functions. Let ¢o(x) = x be the identity function.
Define ¢ such that

¢o(x) for x < a,
¢1(x) = | ¢olar) for a; < x < by,
¢o(x) — (by —ay) for x > by.

In general, define ¢, such that

¢Pn—1(x) for x < a,
on(x) = Pu—1(an) for a, < x < by,
Gn—1(x) — (Pn—1(by) — Pu—1(ay)) for x = b,.

Should P € N, set ¢ = ¢p.

By our construction, ||¢; — ¢n+1ll = |bp+1 — an+1l- Thus, ¢, converges uniformly to
¢ on [0, 1]. The following are consequences of this uniform convergence:

(1) Since ¢, is continuous for all n, ¢ is continuous.

(2) Since ¢, € Lip 1 foralln, ¢ € Lip 1.

(3) Since ¢, is non-decreasing for all n, ¢ is non-decreasing.

(4) Since ¢y is constant on [a,, b,] for all k > n, ¢ is constant on [a,, b, ] for all n.

(5) If (a, b) C [min E, max E] is complementary to E, then ¢, is linear with slope
m = 1on (a, b),_ for all n. Thus, ¢ is linear with slope m = 1 on (a, b).

(6) If A C [0, 1]\Uf:1[a,-, b;], then A(A) = A(¢,(A)), for all n. Thus, L(A) =
A(p(A)).
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Lemma 6.4 Suppose that the pairwise disjoint sequence {[a;, b;1}ieN is contained in
E € Landx ¢ U2 [ai. bil. Then d([a;, b1, {x}) — 0asi — oo if and only if
d(¢(ai, bi]), ¢(x)) — Oasi — oo.

Proof Suppose {[a;, bi]}icN is contained in E and that lim;_, », d([a;, b;], {x}) = 0.
By definition, for any € > 0, there is N a natural number so that d([a;, b;], {x}) < €
whenever i > N. Since ¢ ([c,d]) < d — ¢ for any (c,d) C [0, 1], it follows that
d(p(a;, bi]), p(x)) < d(lai, bi], {x}) < € whenever i > N. We conclude that
d(¢([ai, biD), d(x)) — Oasi — oo.

Suppose thatd (¢ ([a;, bi]), ¢ (x)) — O0asi — oo. Then, forany € > 0, there exists
N (e) such that d(¢ ([a;, bi]), ¢ (x)) < €/2 wheneveri > N (¢). Since {[a;, bi]}ieN 1S
a pairwise disjoint sequence contained in [0, 1], the series Zfil |b; — aj| converges.
Take M such that Z;’iM |b; — ai| < €/2. Let 6; = d(¢([ai, bi]), p(x)), and set
S=min{§; : 1 <i < M}/2.Ifi > N(8) and [a;, b;] Nconv([a;, b;] U {x}) # @,
then! > M. Let k > max{N (¢), N(8)}. Then

ad € €
d(lag, by, {x}) < ZM b = ail +d(@ (ai, biD, $(0) < 5+ 3.
=
This follows from (4), (5) and (6) in the observation following Definition 6.3. O

Example 6.5 Let F be acountable space homeomorphic to the space w® -n+1. Suppose
x € F isisolated; say € > 0 such that B.(x) N F = {x}. To each such isolated point
x, associate the interval [x — €/2, x + €/2]. Let

€ €
E ZU{ |:xi - El,xi +El:| 1X; € Fisisolated}.
i

Then ¢ (E) is homeomorphic to the space w*-n + 1.

Example 6.6 Let Q be the middle thirds Cantor set with C the set of midpoints of
the intervals complementary to Q in [0, 1]. Let x € (c, d) be in C, where (c, d) is
an interval complementary to Q. Take [ay, by ] so that x € [ay, bx] C (c,d). Then
E =U,eclax. byl = QU (Uyeclax. byl), and ¢ (E) is uncountable.

Let E € L with {[a;, b;]} le an enumeration of the components of E with non-empty
interior and ¢ the collapse morphism defined on E. Say E’ = ¢ (E). In the following
proposition, we make use of qb’l defined on E’, which is intended to reverse the
collapse affected by ¢ on {[a;, bi]}le CE.Ifxe qb(Uf:l [a;, b,-]), then there exists
a unique element [ay, bx] of {[a;, b,-]}f’:1 such that ¢ ([ax, bx]) = x. This follows
from the observations (3)—(6). If x € E’ and x ¢ ¢(Uf:1[ai, bi]), then there exists
a unique element y € E such that ¢(y) = x. This follows from (3), (5) and (6).
Let P([0,1]) = {A : A C [0, 1]} be the power set of [0, 1]. We define gb”: E —
P([0, 1]) such that ¢_1(x) = [ak, b ], the unique element of {[a;, b,-]}}D:1 such that
o (Lax, br]) = x, whenever x € ¢>(Uf=] [ai, bi]), and ¢! (x) = y, the unique point
in E such that ¢ (y) = x, whenever x € E’\d)(Uf:l[ai, bil).
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Proposition 6.7 If E € L is an attractor for some IFS, then ¢ (E) is an attractor, too.
Proof Suppose E € L, with {[a;, bi]}l.P: | an enumeration of the components of E with
non-empty interior, and E = S(E) where § = {S1, $2, ..., Sy}. Let ¢ be the collapse
morphism as in Definition 6.3, and set ¢ (E) = E’. Take 8’ = {S]/. = d)onoq)_l 1<
J < N}. We first show that if S; € Lipr;, then Sj’. € Lipr;, too. We make frequent
reference to the observations following Definition 6.3. Let [c, d] € ¢ ([0, 1]). Take
A ={i:¢(ai, bi]) C [c,d]}. Then ¢~ ([¢, d]) = [min¢p~'(c), max ¢! (d)] from
(3),

¢~ (e, d)) = (U lai, bi]) U (qs‘l([c, a\ Jla, b,~1>,

ieA ieA

with

A(¢>‘<[c, an\ Jlai, b,-]) =d—c,

ieA
and

6~ (e, dD = (d —c)+ Y _ (bi —a)

ieA
is the length of ¢~ ([c, d]). This follows from (4), (5) and (6). As S; € Lipr;j,

|(Sjop™ (e, dD| = |Sj(¢~ " ([c. dD)|
<rjlg~ (le.dD| =7 [(d —o)+ Y (b — a»],

icA
so that
[(poSjop™ (e, dl)| < rjd — o),

which again follows from (4), (5) and (6). Or, alternatively, we can, again, write

¢~ ([c,d]) = («p‘l([c,d])\ U ta, bﬂ) u (U [ai., bi]),
ieA ieA
so that

(Sjop (e, d]) = S; (@ (e, dD))

cs <¢>‘1<[c, d\ i, bil) U s,~<U [ai. b,-]>,

ieA ieA
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and hence
(poS;op (e, d]) = ¢((Sjop~ ") (e, dD)

c ¢><Sj ((/fl([c, a)\ Jla, bi]>> v ¢(S,~ ( U ta bl»])).

ieA ieA
Therefore

[(poSijop™ (e, dD)| = |¢((Sjop™ (e, dD)|
= A((@oSjop (e, dD) = A(¢((Sjodp™(lc, d1))

< x<¢<s, (¢—1([C, D\ Jla bﬂ))) +*<¢<SJ<U L. b"]>>>

= )\(Sj <¢>‘1([c, an\ | la:, b,-]>> +0<rj(d—o).

ieA

From (5) and (6), one sees that ¢, on ¢~ '([c, d]), preserves measure off the set
UieA[a,-, b;]. Since A is countable and ¢ ([a;, b;]) is a singleton for each i, we have
)»(q&(UieA[ai, bi])) = 0. This follows from (6). Thus SJ’. = ¢ono¢_1 € Lipr;.

We now show that E’ = 8'(E’). Let x € E’, and take y € ¢~ (x). Then y € E,
so there exists 1 < j < N such that y € S;(E). Say z € E for which S;(z) = y.
Then ¢(z) € E'. Now,¢’1(¢>(z)) =[r,s] € E, where z € [r, s],so that S;([r, s]) =
[t,u] € E,and S;(z) = y € [t, u]. Finally, ¢ ([¢, u]) = ¢(y) = x. We conclude that
S/ (@) = (¢oSj0¢~")(#(2)) = x. Thus, E' C §'(E).

We now show that S’(E’) € E’. Let x € E’ It suffices to show that SJ’. x) =
(¢poS; o 1(x) € E' foreach 1 < j < N.From the construction of ¢, one sees that
¢~'(x) = [r,s] C E. Since S;(E) C E for any j, it follows that S;(¢ ' (x)) C E,
t0o. Again, by the construction of ¢, ¢ (E) = E’, so S]’. (x) = ¢(S; (¢ 'x)) e E. O

The above proposition allows us to show that certain classes of elements of K ([0, 1])
are not attractors for any IFS, using Theorem 3.1.

Corollary 6.8 A compact set E € L such that ¢ (E) is of limit Cantor—Bendixon height
is not homeomorphic to any IFS-attractor consisting of weak contractions.

As the next example shows, and as one would expect, Corollary 6.8 provides a neces-

sary but not a sufficient condition for a set of the form Ui:l [a;, b;] to be an attractor
for some IFS.

Example 6.9 A compact set E € L with the property that ¢ (E) has height of a suc-
cessor ordinal can be embedded into the real line so that it is not an attractor of any
iterated function system consisting of weak contractions defined on E.

Construction. We begin with the example found in [12, Theorem 2]. Nowak proves that
acompact scattered metric space with successor height can be embedded topologically
in the real line so that it is not an attractor of any iterated function system consisting
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of weak contractions. Consider the scattered set X = {0} U (U‘;oz1 X,,), where {0} N
X, = @ for all n, each of the X, is homeomorphic to w* 4+ 1 and conv(X,) N
conv(X,,) = @ whenever n # m, and d({0}, X,) — 0 asn — oo. Since {0} =
(UnZy Xn)\ U2 Xy, it follows that X is homeomorphic to w® !+ 1. Let {x; }%2 | be
the collection of isolated points found in X. Let Eg = X. Take E; sothat E1N[0, x1] =
EoN[0, x11, E1N[x1+1/2, 14+1/2]is atranslation 1 /2 units to the right of EoN[x1, 1],
and [x1, x1+1/2] € E;. Thatis, we start our construction with E; using Ey, replacing
x1 with an interval [a, b] of length 1/2 so that a = x1, and that part of Ej to the
right of x is translated to the right a distance of 1/2. In general, we take E, |
s0 that Eyi1 N[0, Xp1] = En N[0, Xut1], [Xns1, Xn1 + 1/2771] © Epyp, and
Ent1 N [xXpg1 + 172" max E,, + 1727117 is a translation 1/2"*! units to the right
of E, N [x;41, max E,].

Since {E, };2, is Cauchy in (X(R), H),lim,, . E, = E exists. Sinceconv(Eg) =
[0, 1], and Z?il 1/2i = 1, we see that conv(E) = [0, 2]. Moreover, ¢(E) = X,
where ¢ is the collapse morphism of E. Now, suppose £ = S(E) for some collection
8 = {S1, 52, ..., Sy} of weak contractions. From Proposition 6.7, it follows that
¢(E) = X is the attractor of the IFS 8’ = (S} = poSjop! : 1 < j < N}. This
contradicts the fact that X is not an attractor for any IFS defined on [0, 1]. We conclude
that E is not an attractor for any IFS.

The next example constructs an attractor E of the form U?il [a;, b;] such that ¢ (E)
is homeomorphic to Q U C, where Q is the middle thirds Cantor set, and C is the set
of midpoints of the intervals complementary to Q in [0, 1].

Example 6.10 There exists an IFS 8§ = {S], Sz, S3, S4} satisfying the OSC for which
E =8|, and ¢ (E) is homeomorphic to Q U C, where Q is the middle thirds Cantor
set, and C is the set of midpoints of the intervals complementary to Q in [0, 1].

Construction. Let § = {81, Sz, S3, S4}, where S;(x) = 1/3x, Sa(x) = x/3 + 2/3,
and S3 and Sy are piecewise linear Lip% functions such that [5/12,7/12] = K =
Ui Si(K) = Uf; Si([0, 1]). Let E, = 8"(K). Then Eg = K, and E; = K U
S1(K)US2(K) is composed of three intervals, where K is centered at 1 /2 of length 1/6,
S1(K) is centered at 1/6 of length 1/18, and $>(K) is centered at 5/6, also of length
1/18. Moreover, Eg C E;. As one can easily verify, Eg C E; C E» C -- -, each Ey is
composed of Z{‘(:o 2! disjoint closed intervals centered in intervals complementary to
0, the middle thirds Cantor set, and E = lim Ex = cl(Uj2, Ex) = QU (Ur2 Ex)
in K ([0, 1], H).
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