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Abstract The Lindelof degree and extent were studied in Buhagiar et al. (Cent Eur J
Math 12(8):1249-1264, 2014) in relation to lexicographic products of linearly ordered
spaces. In this paper we consider the behaviour of other important cardinal functions,
such as spread, density, weight and character, in such lexicographic products. Namely,
we study the relation between a particular cardinal function on a lexicographic product
of linearly ordered spaces and that cardinal function on each factor of the product.
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1 Introduction

The lexicographic product X =Ly, Xy of acollection {Xy :o <}, pu > 1,0f
linearly ordered sets is an unexpectedly useful and ubiquitous set theoretic structure.
When each linearly ordered set is given the order topology, it is important to study
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Fig. 1 Cardinal functions in LOTS

the behaviour of topological properties when lexicographic products are taken. Such
investigations were done, for example, by Faber [3]. In this paper, the behaviour
of some cardinal functions is investigated when lexicographic products of linearly
ordered spaces are taken.

A linearly ordered topological space (abbreviated LOTS) is a triple (X, M (<), <),
where (X, <) is a linearly ordered set (abbreviated LOS) and A (<) is the usual interval
topology defined by < [7,8].

An ordered pair (A, B) of disjoint subsets of a LOS X is said to be a jump if (i)
X = AUB, (i) x < y whenever x € A and y € B, and (iii) A has a maximal element
a, and B has a minimal element b. Thus a < b and ]a, b[= @. For a LOTS X we
will let

Jx = |set of jumps in X| + Ry.

We use standard notation for the cardinal functions on a topological space X. Namely,

k(X)  cardinality, £(X) Lindelof degree,

w(X) weight, he(X) hereditary Lindelof degree,
nw(X) net weight, e(X) extent,

d(X) density, x (X) character,

hd(X) hereditary density, ¥(X) pseudo-character,

s(X) spread, t(X) tightness.

c(X) cellularity,

As usual, we require all cardinal functions to take only infinite cardinals as values.
The reader is referred to [4—6] for a thorough study of cardinal functions. Figure 1
shows the relations between the above cardinal functions in LOTS (see [2, p.222]).

The behaviour of the cardinal functions £ and e in lexicographic products of LOTS
was studied in [1], in this paper we study the behaviour of the other cardinal functions.

If X is a LOS and for some x € X we write x = 0, then this would mean that
X has a minimal element denoted by 0. Analogously, x = 1 means that x is the
maximal element of X denoted by 1. In particular, when we consider the two-point
LOS or LOTS {0, 1} we understand that 0 < 1. In the rest of the paper we assume
that | X| > 2 for any LOS X.
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Some cardinal functions in lexicographic products of LOTS 1507

2 Spread, density, weight and character of the lexicographic product of
two LOTS

In this section we consider the lexicographic product X - Y of two LOTS X and Y.

Lemma 2.1 (a) s(Y) < s(X-Y), d(Y) < d(X-Y), w(¥) < w(X-Y) and x(Y) <
Y (X-Y).
(b) IfIY] > 2, thenk(X) < s(X-Y) <d(X-Y) < w(X-Y).

Proof (a) For x € X, the subspace L := {x}-Y of XY is order-isomorphic to Y,
the order topology of X -Y induces on , L the order topology of L. The inequalities
s(Y) = sGL) < s(X-Y), w¥) = wiL) < wX-Y)and x(¥) = x(L) <
X (X-Y) thus follow. The inequality d(Y) = d(+L) < d(X-Y) follows from the
equality d = hd.

(b) Since Ly == X -{y}, for a non endpoint y € Y, is a discrete subspace of X -Y we
get |X| = |Ly| < s(X-Y). This implies k(X) < s(X-Y) <d(X-Y) <w(X-Y). O

Theorem 2.2 s(X-Y) = {S(X)'JX Y =101y
k(X)-s(Y) if |Y] > 2.

Proof Suppose that Y = {0, 1}. If ]a,b[ = @, for a,b € X with a < b, then
1(a, 1), (b, 1)[={(b,0)},hence s(X -Y) > Jx. Moreover, if D C X is discrete, then
theset D' = {(a,0) :a € D, 0 #a # 1}isadiscretesetin X -Y and s(X-Y) > s(X)
follows. Consequently, s(X-Y) > max{s(X), Jx}. Conversely, consider a cellular
family C in X -Y, one can assume that each / € C is an open interval of the form
1(x, y), (x/, y')[ with x < x’. The image of € under the mapping ](x, y), (x/, y) [ —
]x, x’[ is a collection of pairwise disjoint open intervals in X. Noting that Jx, x'[ = &
defines a jump in X, one concludes that s(X-Y) = ¢(X-Y) < max{c(X),Jx} =
max {s(X), Jx}.

If |Y| > 2, the inequality s(X-Y) > k(X)-s(Y) follows from Lemma 2.1. Con-
versely, if D C X-Y is discrete, then for any x € X, Dy = {y : (x,y) € D} is
discrete in Y, so that |D,| < s(Y). Consequently, |D| < k(X)-s(Y) and therefore,
S(X-Y) <k(X)-s(Y). O

An analogous formula holds for the density.

Theorem 2.3 d(X-Y) = dX)-dx i ¥ ={0. 1},
k(X)-d(Y) if |Y|> 2.

Proof f Y = {0, 1}, then d(X-Y) > s(X-Y) > Jx follows from Theorem 2.2.
Suppose D € X-Y is dense and [D| < d(X-Y). Then the set Dy = {x :
(x,0) or (x,1)e D} is a dense set in X. Consequently, d(X-Y) > d(X) and there-
fore, d(X-Y) > max{d(X), Jx}. Conversely, suppose D C X is a dense subset of X
satisfying |[D| < d(X).Let S = {(x,0) : x € D}. Then P = S U {(ay, 1), (a,0) :
a) < arin X, ]aj, a;[= @} is dense in X - Y, adding to P any possible isolated end
points. Note that |P| < d(X)-Jx sothat d(X-Y) < d(X)-Jx follows.
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If Y| > 2,theinequalityd(X -Y) > k(X)-d(Y) follows from Lemma 2.1. Suppose
D C Y isdense in Y with |D| < d(Y), one can assume that 0, 1 € D if they exist in
Y. Then D' = {(x,y):x € X, y € D}isdensein X-Y and d(X-Y) < k(X)-d(Y)
follows. O

We next consider the weight.
Theorem 2.4 w(X-Y) = k(X)) -w(Y).

Proof Suppose Y = {0, 1} and let B be a base of open intervals in X - Y with |B| <
w(X-Y).Forany x € X choose I (x) € Bwith (x,0) € I(x)and (x, 1) ¢ I(x).Since
X > x — [I(x) is injective, the inequality w(X-Y) > k(X) follows. On the other
hand w(X-Y) < k(X -Y) = k(X) and therefore, w(X-Y) = k(X) = k(X)-w(Y).

If |Y| > 2, the inequality w(X-Y) > k(X)-w(Y) follows from Lemma 2.1. The
inequality w(X-Y) < k(X)-w(Y) easily follows if ¥ does not have endpoints. Now
suppose 0 € Y. Given x € X, a neighbourhood base for (x, 0) must have cardinality
< wX) - w@) < k(X) -w() so that the collection of neighbourhood bases for
(x, 0), for all x € X, must have cardinality < k(X)-w(Y). Similarly for the case that
1 € Y. Consequently, after considering a neighbourhood base for points (x, y) with
y ¢ {0, 1}, it follows that w(X -Y) < k(X)-w(Y). ]

We end this section by considering x (X -Y). ForaLOS X, we will denote the topology
generated by sets of the form [a, b[, a, b € X, and {1} (if 1 € X) by 7;, and similarly,
the topology generated by sets of the form ]a, b], a, b € X, and {0} (if 0 € X) by 1.
We will write x;(x) to mean the character of x € (X, 7;) and x;(X) for the character
of (X, 7). Similarly for xj(x) and x;(X). If one needs to specify that the character
of x is taken in X, then one writes x (x, X) (similarly x;(x, X) and y;(x, X)). Recall
that as shown in Fig. 1, the character of a LOTS is equal to its pseudo-character. One
can also note that for any x € X, x(x, X) = max{x:(x, X), yu(x, X)}.

Proposition 2.5 For two LOTS X and Y,

xe(Y) if1¢Y,
x X)) x(Y) if leY,

x@) F0¢7v,
x(X)-a) if 0,

x(Y) if 0,1¢Y,
x(X)-x(¥) if0¢Y, 1e¥Y,
0nX)-x(¥) if 0eY, 1¢7,
x(X)-x(¥) if 0,1€Y.

x(X-Y) =

n(X-y) =

X(X-Y) =

Proof For (x,y) € X-Y we have

xe(y,Y) if y #1,

xe((x, y), X-Y) = wx, X) if y=1.
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Taking the supremum over all (x, y) € X -Y we get the formula for x; (X -Y). Dually
we get the formula for x(X -Y), while x (X-Y) = max{x:(X-Y), x1(X-Y)}. O

Example 2.6 Let us look at the following examples:

1. Consider Z = R-{0, 1}. Then s(Z) = Rg (since s(R) = Jg = RKg). But
s(Z-{0,1}) = max{s(Z),Jz} = max{Rg, 2%} = 2% = ¢. Analogously,
d(Z) = Rg and d(Z-{0, 1}) = max{d(Z), Jz} = max{Rg, 2"} = 2% = ¢. On
the other hand, if one takes Z = {0, 1}-[0, wi[,thens(Z) = d(Z) = Rp-R| = Ry.

2. Let X =Rand Y = {0, 1}. Then w(R-{0, 1}) = |R|- Ry =280 =¢.

3. If X = [0,wp[and Y = [0, 1[, then x(X-Y) = R{. However, if we take X =
[0, w2 and Y =10, 1], then x (X -Y) = Ry.

3 Spread, density, weight and character of the lexicographic product of
LOTS

In what follows, X = Ly, X, is the lexicographic product of X, where X, is a
LOS for every o < p and p is a limit ordinal.

Theorem 3.1 If X =Ly, Xy, then

s(X)=d(X) =w(X) = sup

a<p

[Tx

y<a

Proof For every 0 < o < p we have X = L)X, -Lygy<uXy, so that, by
Theorem 2.2, s(X) = |Ly<oX,|-s(ogy<puXy) = |Ly<oX,|. Hence s(X) >
Supa</}.|ny<a XV|'

Now let us look at the weight of X. We show that w(X) < supa<”“_[y<a Xy
from which the result follows. Let z = (z¢)w<; € X be defined as follows:

chosen arbitrarily € X, if X, does not have 1,
Z =
“ 1 otherwise.

Forevery y < plet Z, = Lo<y Xo-Lyca<p{za} and let D = |
|Z,| = |]_[a<y X¢| and therefore,

y<n Zy,. Then

|D| =

Uz

y<u

I x.

asy

= sup HXQ.

y<wp

< - sup | Zy| = sup |Z, | = sup
y<u

y<u y<u a<y

We show that forevery x € X andevery ¢ < x,thereexistsa € D suchthatc < a < x.
Let x = (x¢)a<y and ¢ = (cq)a<pu- Let ap be the first index such that ¢y, < xg,. If
cq = 1 forall @ > «p, then let a = ¢ € D, otherwise there exists some § > «q such
that ¢s < y for some y € X5, and we define a = (ay)a <, € D by
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¢y 1If a<§,
ag =13y if a =34,

7o 1if a>34.

Dually, there exists a subset D’ € X with |D’| < supy<M|]_[a<y Xa| such that for
every x € X andevery d > x, there exists b € D’ suchthatd > b > x. Consequently,

there exists a base of cardinality sup,, _, H_[(Ky Xo | as required to show. O

We are left with the calculation of the character x (X) of a lexicographic product
X = Ly<uXq, where u is a limit ordinal. We first calculate x;(x, X) for x € X and
then y;(X). By duality we obtain xj(x, X) and x;(X). Finally, we get x (x, X) and
x (X) as a maximum of x; and yj.

For x = (xq)a<u € X, let

Ar(x) =fa < p:xq # 1},
uix) =inf{y <pu:xy=1forally <o < u}.

[We use the following convention: wi(x) = u when {y < u : xo = 1forally <
o < pn} = @. In other words, inf @ = p, which is true when A (x) is cofinal in w. If
A1(x) is not cofinal in p then 1 (x) =min{y < pu:xy = lforally <o < pn}.]

Lemma 3.2 For x = (x¢)a<u € X we have

cf (u1(x)) if w1 (x) is a limit ordinal (or 0),

Xe(x, X) = .
' {xr<x,e,x,3> if i) =B +1.

Proof CASE I. A1(x) is cofinal in w. In this case we show that x.(x, X) = cf(u).
Choose z, > x4 foreverya € Aj(x)andlety” = (y({)aw e X,foreveryy € A1 (x),
be defined by:

) {xa if oy,
Yo = .
Z)/ lf o =y.
Takeany A C Ay (x) with|A| = cf (u), theny” > x foreveryy € Aandinf,cy y¥ =
x.Hence x(x, X) < |A| = cf(w). To prove the converse, suppose x:(x, X) < cf(u).
There exists a set B with |B| < cf (1) and elements b# = (bg)a<u € X with b? > x
for all B € B such that infgcp bP = x. Let ag = min{a < u : bg # Xq}, then
Hag : B € B}| < |B| < cf(u). Therefore, there exists & < w such that ag < & for
all B € B. Takeany y € A;(x) with y > &. Then x < y” < bP forall B € B, so that
infgep P > y” > x, a contradiction.
CASE II: A (x)isnotcofinalin u.If x, = 1forallo < w then x is the greatest element
of X, hence x;(x, X) = 1. Otherwise, x(x, X) = Xr((xot)ot<m(x)a Lo<p ) Xa),

see the proof of Proposition 2.5 for X = Ly <) Xa Ly )<a<pXa- If pi(x) is
a limit ordinal, then x;((X¢)a<pu;(x)> La<u;x)Xa) = cf(u1(x)) by Case I above.
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Otherwise, let B < u satisfy B + 1 = p1(x). Then Ly <y, ()Xo = Log<pXo-Xpg and
by Proposition 2.5 one obtains

X (o< () La<p o Xa) = xe(xp, Xp). ]
For our next corollary we let
pur=inf{y <pu:1e€ X, forally <o < u}.
Hence, using the above convention, 1 = pifandonly if A} = {a < pw: 1 ¢ X4}
is cofinal in w. For an ordinal «, let us denote by o~ the immediate predecessor of «

if it exists; otherwise, if « is a limit ordinal (or 0) we let «~ = «. Moreover, in line
with our interest in infinite cardinals, we let sup @ = R (instead of sup @ = 0).

Corollary 3.3 For X = Ly, Xy we have

x(X) = sup x:(Xs) - sup cf(o).
ny So<p HISOSH

To calculate x(x, X) and x1(X) for x = (xg)a<u € X, let
no(x) =inf{y < pu:xy =0forally <o < u}.

As above we use the convention: po(x) = u when {y < u:xq =0forally < «a <
©} = . By duality we have the following two results:

Lemma 3.4 For x = (xo)a<u € X we have

cf (uo(x)) if no(x) is a limit ordinal (or 0),

, X) =
e X0 xi(xp, Xg) if wo(x) =B+ 1.

Also, if we let ug = inf{y < pu:0 € X, forall y < o < u}, we have the following
corollary.

Corollary 3.5 For X = Ly, Xq we have

x1(X) = sup  xi(Xy) - sup cf(o).
Mo KO<p HOSOSHU

Using Lemmas 3.2 and 3.4 we can calculate x (x, X) by the formula
X(-xv X) = maX{Xl(.X, X)a Xr(x» X)}

Finally, by Corollaries 3.3 and 3.5 and the formula x (X) = max{x;(X), x+(X)}, we
have the following result for the character of a lexicographic product.
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1512 D. Buhagiar et al.

Theorem 3.6 If X =Ly, X, then

x(X) = sup xi(Xo) - sup xr(Xo) - sup cf(o),
o SO<p ny So<p dSosp

where § = min{ o, (1}

Remark 3.7 A particular case of Theorem 3.6 is when § = o = 1, then

x(X) = sup x(Xs) - sup cf(0).
s-<o<p b<o<n

Example 3.8 Let us look at the following examples.

1. Suppose X, = [0, w3[ forall @ < w; and let X = Ly <4, Xo. Then x (X) = Rs.

2. Suppose Xy = Jwp, 0] + [0, w3] for all @ < w1 and let X = Ly¢, Xo. Then
X (X) =Ry,

3. Let Y = Jws, 0] + [0, w3[ and Z = [0, wp[. If X = Lo Xo, Where Xo =Y
forall ¢ < wp and X, = Z for all wg < o < wy, then x (X) = 8. However if,
X =Ly<w Xo, where Xy =Y forallo < wpand Xy = Z forall wp < @ < vy,
then x (X) = Ry.

4. Let Xy = [0, w3[ forall ¢ < wy,, @ # w, for all n < wp, and X, = Jwg, 0] +
[0, w3] for all @ < w,, @ = w, for some n < wp. If X = Ly<y,Xq, then
X (X) = cf (wy) = Ro.

We end this section by noting that the results of Sect. 2 and of this section give us a
way of calculating ¢ (X), where X = Ly, Xo, 4 = A + 1 is a successor ordinal and
¢ is any of the considered cardinal functions.
One needs to look into the following four cases to calculate the spread and use

Theorems 2.2 and 3.1:

(D) 1X5] > 2:5(X) = [[Tgep Xa|-5(X2);

(2a) |X,| = 2, A is a limit ordinal: s(X) = supad“_[yw Xy | Jgx, =

supa<k|]_[y<a X, |, because

TLeuxe < Za<l|ny<a XV| < Supot<)»|l_[y<a Xy s

2b)(4) | X =2, A =v+ 1 with | X,| > 2;

(2b) (i) | X =2, A =v + 1 with | X,)| = 2:

In both cases s(X) = ’Ha<v Xa‘ S(Xy-Xp) = |]_[a<u Xa| -s(X,)-Jx, -

In (2b) (ii), in general if | X, | < 8o, we can simplify to obtain s(X) = k(X)

|l_[o¢<u XOl \
Analogous formulas apply for d(X). If we want to calculate the weight of X we use
Theorem 2.4 to conclude

w(X) =

1%

a<A

'w(X;L).

Finally, one uses Proposition 2.5 to calculate the character of X. As above, let © =
A+ 1=2x+n,1 <n < wy, be asuccessor ordinal, where ¢ is a limit ordinal. Let
Ni={ke{0,....,n—1}:1¢ X;,4«} and let
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max N1 if Ny # @,
np = .
—1 otherwise.
Analogously defineng € {—1,0,...,n —1}.Put Z_1 = Ly, Xo and Zy = X 44
fork € {0,...,n —1}. Note that x(Z_1), x1(Z—-1) and x(Z_1) can be calculated by
Corollaries 3.3, 3.5 and Theorem 3.6, respectively. Then

n—1
[[x@o if no=ny,
k=n
ni—1 n—1

x0 =1 [[x@o-[]x@ if no<ni,
k=ngo k=ny
no—1 n—1
[Tx@o - [Tx@0 if no>ni.
k=n1 k=ng

Example 3.9 Let us look at a simple example. Suppose Xy = [0, w3] for all ¢ < w;
and let X = Ly <, Xo-

1. Let X,,, = [0, w3]andlet Y = X-X,,, = Lggw, Xo- Then

s(Y) = k(X)-5([0, w3]) = R}'- N3 = R} = 2N 8
d(Y) = k(X)-d([0, w3]) = R} -85 = R} = 2N
w(¥) = k(X)-w(0, w3]) = R} Ry = R} = 2% .13
x(Y) = x(X)-x ([0, w3]) = R3-R3 = V3.

2. Let X, ={0,1}andletY = X X, =Ly, Xq-{0, 1}. Then

[Tx

y<a

[Tx

y<a
w(¥) = k(X)-w({0, 1}) = R}'-Rg = R} = 2N .8,
x(¥) = x(X)-x({0, 1}) = R3-Ro = R3.

s(Y)=s(X)-Jx = sup

a<wi

Ty = Ry" = 2N0x,

d(Y)=d(X)-Jx = sup

a<w]

Jx = 2&0~N3,
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