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Abstract

In this paper, we study the number of limit cycles that can bifurcate from a period
annulus in discontinuous planar piecewise linear Hamiltonian differential system
with three zones separated by two parallel straight lines. More precisely, we consider
the case where the period annulus, bounded by a heteroclinic orbit or homoclinic
loop, is obtained from a real center of the central subsystem, i.e. the system defined
between the two parallel lines, and two real saddles of the others subsystems. Denot-
ing by H(n) the number of limit cycles that can bifurcate from this period annulus by
polynomial perturbations of degree n, we prove that if the period annulus is bounded
by a heteroclinic orbit then H(1) > 2, H(2) > 3 and H(3) > 5. Now, if the period
annulus is bounded by a homoclinic loop then H(1) >3, H?2) > 4 and H(3) > 7.
For this, we study the number of zeros of a Melnikov function for piecewise Hamil-
tonian system.

Keywords Limit Cycles - Piecewise linear differential system - Hamiltonian
systems - Period annulus

Mathematics Subject Classification 34C07

Communicated by Marco Antonio Teixeira.

P4 Claudio Pessoa
c.pessoa@unesp.br

Ronisio Ribeiro
ronisio.ribeiro@unesp.br

Instituto de Biociéncias Letras e Ciéncias Exatas), Universidade Estadual Paulista (UNESP, R.
Cristovao Colombo, 2265, S. J. Rio Preto, SP 15.054-000, Brazil

@ Springer


http://orcid.org/0000-0001-6790-1055
http://crossmark.crossref.org/dialog/?doi=10.1007/s40863-022-00313-z&domain=pdf

Sao Paulo Journal of Mathematical Sciences (2022) 16:932-956 933

1 Introduction and main result

The most important problem in the qualitative theory of ordinary differential equations
is to determine the number and position of limit cycles of differential systems. The clas-
sic formulation of such a problem was proposed by Hilber in 1900 for polynomial differ-
ential systems and became known as the Hilbert’s 16th problem, see [9]. Currently this
problem has been considered for piecewise differential systems. This class of differen-
tial systems have piqued the attention of researchers in qualitative theory of differential
equations, mainly by their numerous applications, for instance in mechanics, electrical
circuits, control theory, neurobiology, etc (see the book [4] and the papers [3, 5, 19, 20]).

For continuous planar piecewise differential systems with two zones, Freire, Ponce,
Rodrigo and Torres in [7] proved that such systems have at most one limit cycle. In the
discontinuous case, the maximum number of limit cycles is not known, but important par-
tial results about this problem have been obtained, see for instance [1, 2, 8, 14]. Of course,
the problem becomes more complicated when we have more than two zones, and there
are few works that deal with the discontinuous case (see [10, 11, 17, 21-24]). However,
when restrictive hypotheses such as symmetry and linearity are imposed on the system,
the problem becomes more accessible and good results on the number of limit cycles have
been obtained. More precisely, for symmetric continuous piecewise linear differential sys-
tems with three zones, conditions for nonexistence and existence of one, two or three limit
cycles have been obtained (see for instance the book [15]). For the nonsymmetric case,
examples with two limit cycles surrounding the only singular point at the origin was found
in [12, 16].

Recently, some researchers have been study the number of limit cycles that
emerging from a period annulus in a discontinuous piecewise linear near-Hamilto-
nian differential systems with three zones, given by

{ X =H,(x,y) +ef(x, y),

: 1
¥ = —H,(x,)) + eg(x, ), M
with
L by , ¢ 4
H"(x,y) = SV X gy - Bx, x < -1,

b c
H(x,y) =4 H(x,y) = 7Cy2 - ?sz +acxy+acy — pox, -1 <x <1,
R br 5 <k oo
H*(x,y) = 7)} - ?x +agxy + opy — fpx, x> 1,
filey), x<-1,
fey) =9 felry), -1<x<1,
frboy), x=1,
gLy, x<-L
8, y) =9 gcx,y), —-1<x<1,
8%, y), x=1,
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where the functions H', f; and g; are C*, for i =L,C,R, and 0 < € << 1. When
e = 0 we say that system (1) is a piecewise Hamiltonian differential system. We call
system (1) of left subsystem for x < —1, right subsystem for x > 1 and central sub-
system for—1 <x < 1.

In this direction, i.e. when we have a discontinuous piecewise linear near-Ham-
iltonian differential system with three zones separated by two parallel straight
lines, the best lower bound for its the number of limit cycles is seven. This lower
bound was obtained by linear perturbations of a piecewise linear differential sys-
tem with subsystems without singular points and a boundary pseudo—focus, see
[23]. As far as we know, all other papers that estimate the number of limit cycles
for these class of piecewise linear differential systems have found at most 1 or 3
limit cycles, see [6, 11, 18, 22]. Now, in [25], 7 and 12 limit cycles were obtained
in discontinuous piecewise linear near-Hamiltonian differential systems with
three zones perturbed by piecewise quadratic and cubic polynomials, respectively.
But, in this paper, the period annulus of the unperturbed piecewise linear Hamil-
tonian differential system was obtained from a real saddle of the central subsys-
tem and two virtual centers of the others subsystems. For the same type of period
annulus, in [22], 10 limit cycles were obtained through cubic perturbations.

The search for examples that present the best quota for the number of limit
cycles that a piecewise linear system with three zones can have is what motivates
most of the works found in the literature about this topic. However, all cases are
interesting in themselves, that is, the search for better quotas for number of limit
cycles cannot be used to neglect the study of particular families. We believe that
the question of the number of limit cycles must be answered for all subclass of
piecewise linear systems with three zones. So the type of singular points of the
subsystems and their positions, that is, whether they are real or virtual, is impor-
tant. Furthermore, there is not much work in the literature dealing with the dis-
continuous case for these piecewise systems.

In this work, we contribute along these lines. Our goal is to estimated the lower
bounds for the number of crossing limit cycles of system (1) that bifurcated from
a period annulus of system (1)|._,, bounded by a heteroclinic orbit or homoclinic
loop, obtained by a real center of the central subsystem and two real saddles of the
others subsystem, in the cases that f{x, y) and g(x, y) are polynomial functions of
degree n, for n = 1,2, 3. More precisely, the main result in this paper is the follow.

Theorem 1 The number of crossing limit cycles of system (1) which can bifurcate
from the period annulus of the unperturbed system (1)| .-, bounded by a homoclinic
loop (resp. heteroclinic orbit) is at least three (resp. two) if n = 1, four (resp. three)
if n = 2 and seven (resp. five) if n = 3.

For prove the Theorem 1 we will study the number of zeros of the first order Mel-
nikov function associated to system (1), see the Sect. 2 in this paper or [22, 23] for
more details about the Melnikov function. Our study is concentrated in the neigh-
borhoods of the homoclinic loop and heteroclinic orbit, since to estimate the zeros
of the Melnikov function we consider its expansion at the point corresponding to
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this orbit. The rest of the paper is organized as follows. In Sect. 3 we obtain a nor-
mal form to system (1)|._, that simplifies the computations and in Sect. 4 we will
prove Theorem 1.

2 Melnikov function

In this section, we will introduce the first order Melnikov function associated to sys-
tem (1), which will be needed to prove the main result of this paper.

For this purpose, suppose that unperturbed system (1)|._, has a period annulus
consisting of a family of crossing periodic orbits surrounding the origin such that
each orbit of this family passes thought the three zones with clockwise orientation,
satisfies the following two hypotheses:

(H1) There exists an open interval J = (a, ) such that for each 7 € J we have
four points, A(h) =(1,a(h)), A;(h) = (1,a,(h)), with a,(h) < a(h), and
Ay (h) = (=1, a,(h)), A;(h) = (=1, a3(h)), with a,(h) < a;(h), which are deter-
mined by the following equations
H*(A(h) = H"(A,(h)),
HE(A, () = H(Ay(h),
H'(Ay(h)) = H"(A;(h)),
H(A3(h)) = H (A(h)),

2

satisfying, for h € J,
HE(AG)) HE(A, () HE (A (1) HE(A5 () # 0,

and
HE(AG)) H(A (1) HE (A () HE (A3 () # 0.

(H2) The unperturbed system (1)|._, has only crossing periodic orbit
L,=L;u I:; U L, U L; passing through these points with clockwise orienta-
tion (see Figure 1), where

1= {ey e R 1 By = H' AU, x> 1},
I_,Z = {(x,y) € R? : H°(x,y) = H°(A;(h)),—1 <x <1 and y <0},
L = {(x,y) € R? : H'(x,y) = H"(A,(h), x < —1},
L, ={(x,y) € R? : H(x,y) = H(A5(h)),—1 <x<1 and y>0}.

Assuming the hypotheses (H1) and (H2), consider the solution of right subsystem
from (1) starting at the point A(h). Let A (k) = (1, a.(h)) be the first intersection point
of this orbit with straight line x = 1. Denote by B_(h) = (=1, b_(h)) the first intersection
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point of the orbit from central subsystem from (1) starting at A_(%) with straight line
x = -1, C.(h) = (-1, c.(h)) the first intersection point of the orbit from left subsystem
from (1) starting at B, (/) with straight line x = —1and D_(h) = (1, d.(h)) the first inter-
section point of the orbit from central subsystem from (1) starting at C,.(h) with straight
line x = 1 (see Figure 2).

We define the Poincaré map of piecewise system (1) as follows,

H"(D (h)) — H"(A(h)) = eM(h) + O(e?),

where M(h) is called the first order Melnikov function associated to piecewise sys-
tem (1). Then, using the same idea of the proof of Theorem 1.1 in [13], it is easy to
prove the following theorem.

Theorem 2 Consider system (1) with 0 < € << 1 and suppose that the unperturbed
system (1) .= has a family of crossing periodic orbits surrounding the origin. Then
the first order Melnikov function can be expressed as

HYA)  HAAH(Ay)

MO = pew* memay
| HOH )
AR (A Ay ©
| HOH DA H )
HS(A)HYAHS(A)H(A,)
Ly
As(h) A(h)
Ly Ly
r=—1 f,ﬁ r=1

Fig. 1 The crossing periodic orbit of system (1)| .,
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Fig.2 Poincaré map of system (1)

where

I = /A gedx—fdy, I, = /A g,dx — f.dy,
A

3A ArA3

I.= / g.dx—f.dy and I,= / g.dx — f,dy.
A4, A4,

Furthermore, if M(h) has a simple zero at h*, then for 0 < € << 1, the system (1) has
a unique limit cycle near Lj,..

3 Normal form

In order to prove Theorem 1, we will do a continuous linear change of variables
which transform system (1), in a new system with few parameters. The pro-
posed change of variables is a homeomorphism which keeps invariant the straight
lines x = +1. Furthermore, this homeomorphism will be a topological equivalence
between the systems. More precisely, we have the follow result.

Proposition 3 Suppose that the central subsystem from (1)| .-, has a center and the
other two subsystems have two saddles. Then, after a linear change of variables
and a rescaling of the independent variable, we can assume that a, = a,, a, = —a,,
b.=1,c.=-landa.=a,. =0.
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Proof As the central subsystem from (1)|,_, has a center with clockwise orienta-
tion of the orbits, then ai +b.c.<0 and b, > 0. Note that b; # 0, for i = L,R.
In fact, if b, = 0 then the saddle of right or left subsystem have a separatrix par-
allel to straight line x =0. System (1)|.-, has four tangent points given by
P =1,-(a.+a.)/b), Py=(1,-(a,+a,)/b,), P3=(-1,(a.—a.)/b.) and
P, =(-1,(a, — a,)/b,). By hypothesis (H2), we have that the system (1)|._, have
only crossing points on the straight lines x = +1, except in the tangent points.
Hence, forall y € R\ {(xa. — a.)/b., —(a, + a,)/b,), (a, — a,)/b,)}, we must have

(X,(=1,y), (1,00(X.(=1,),(1,0)) > 0
and
(X(1, ), (1,0))(X(1,), (1,0)) > 0.

But this implies that b,b. > 0, b,b. > 0, P, = P, and P; = P,. Therefore, as b. > 0,
we have that

a,b.+b(a.—a.)

@ = = ;. , b, >0, o
o = Jbetblactal o, Sy
bC
Assuming the conditions (3), consider the change of variables
1 0 0
u X
v - & b_t y + & ’
@ ¢ ®c
with @, = 1/—a2 — b.c.. Applying this change of variables and rescaling the time
by 7 = w_ t, we obtain the results after rewriting the parameters. O

Remark 4 Consider the system (1)| ., in its normal form, i.e. with e, = q,, @, = —a,,
b.=c.=1land a. = a. = 0. Note that when . = 0, we have that the singular point
of the central subsystem from (1)|,_, is at the origin. In this case, assuming the
hypotheses (H1) and (H2), the period annulus of system (1)|._, has all its periodic
orbits passing through the three zones bounded by the orbit L, of the central subsys-
tem tangent to straight lines x = +1 in the points P, = (1,0) and P, = (—1,0) (see
Fig. 3 (a)).

If p.#0, after a reflection around the straight line x = 0 (if necessary), we
can assuming without loss of generality that —1 < . < 0. In this case, the period
annulus of system (1)|._, has all its periodic orbits passing through the three zones
bounded by the orbit L, of the central subsystem tangent to straight lines x = 1 in
the point P, = (1,0). Note that, I:O intercept crosswise the straight line x = —1 in
two distinct points. Moreover, the period annulus has periodic orbits passing by
two zones, which are bounded by L, and L,, where L, is the orbit of the central
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subsystem tangent to straight lines x = —1 in the point P, = (=1, 0). Observe that I:O
is contained in the region bounded by Z,O (see Fig. 3 (b)).

In this paper we will study only the case where f. = 0. The compute for the case
B, # 0 are more complicated and leave for future work.

In what follows, we will consider the piecewise linear near—Hamiltonian sys-
tem system (1) such that (1)|._, is in its normal form and the singular point of
the central subsystem from (1)|._, is at the origin, i.e. we assume system (1) with
a,=a,a,=—-a,b.=1c.=-l,a.=a.=0, f.=0and

P
n

Ly = Z riixiyf, x< -1,

i+j=0
Sy =g f&en = Ty, —1<x<l, )
Ly = X px'y, xx1,
i+j=0

n

8,y = Z Si]‘xiij x< -1,

i+j=0
n

gey) =4 gy)= X vy, —1<x<1, (5)

i+j=0

n
&Ly = X gx'y, x21,
i+j=0

forn=1,2,3.

Fig.3 Periodic orbits tangent to straight lines x = +1 of the system (1), with @, = a,, a, = —a
b.=c.=1landa.=a.=0when f. =0 (a)and f. #0(b)

R
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4 Proof of Theorem 1

In order to compute the zeros of the first order Melnikov function, it is necessary to
find the open interval J, where it is define. For this, consider the follow proposition.

Proposition 5 Consider the system (1) satisfying the hypotheses (Hi), i = 1,2. Then
J =(0,t,), where t, = (ai - b.f, — a)l%)/bRa)R with w, = /a2 + b,c,, and the period

annulus are equivalents to one of the figures of Figs. 4 and 5.

Proof Firstly, note that if the saddles of the right or left subsystem from (1), are vir-
tual or if they are under the straight lines x = +1, then we have not periodic orbits pass-
ing through the three zones. Let WY and W? (resp. W and W?) be the unstable and stable
separatrices of the saddles of the right (resp. left) subsystems from (1), respectively.
Denote by P/ = Win{(-1,y) : yeR}and P. =W n{(l,y) : y e R}, fori =u,s.
After some compute, is possible to show that

PZ =(_1aTL)9 Pi:(_ls_TL)s P’;::(l,_TR), P;:(I,TR),

where 7, = (a2 — b,p, — 0*)/bw,, T, =(a*+bp, —®?)/bw, w,=/da>+b.c,
and o, = y/a? + b,c,. Note that we have a symmetry between the points P and P’

(resp. Py and P}) with respect to x-axis. Let r be the smallest ordinate value between
the points P; and P, i.e. 7 = min{z,, 7, }. Then, less than one reflection around the

y-axis, we can assuming that 7 = 7,.

As the vector field X, associated with the central subsystem from (1), is
X.(x,y) = (y,—x), if the ordinates of the points P? and PY are distinct, i.e. 7, # T,
(see Fig. 4), then we have a homoclinic loop passing through the points P} and Pr.
Otherwise, if the ordinates of points P} and P are the same, i.e. 7, = 7, (see Fig. 5)
then we have a hetoclinic orbit passing through the points P}, P, P and P!. Moreo-
ver, the central subsystem from (1)|.-, has a periodic orbit tangent to stralght lines
x = +11in the points P, = (1,0) and P, = (—1,0). The Figs. 4 and 5 shows the pos-
sibles phase portraits of the system (1) ,—.

Consider a initial point of form A(h) = (1, k), with & € (0,7,). By the hypoth-
esis (H2), the system (1)|,, has a family of crossing periodic orbits that intersects
the straight lines x = +1 at four points, A(h), A,(h) = (1,a,(h)), with a,(h) < h, and
Ay(h) = (=1, a,(h)), A3(h) = (=1, as(h)), with a,(h) < a;(h) satistying

H*(A(h)) = H"(A,(h)),
H (A (h) = H (Ay(h)),
H Ay () = H'(A3(h)),
H(A3(h) = H(A(h)),

where H*, H and H" are given by normal form from Proposition 3. More precisely,
we have the equations
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Fig. 4 Phase portrait of system (1)|._, with 7, # 7,

b
ER(h —a;(W)(h+a,(h)) =0,

%(al(h) — ay(W)ay () + ay(h)) = 0,

b
ZL(dz(h) —az(h))(ay(h) + as(h)) = 0,
%(%(h) — h)as(h) + h) = 0.

As a (h) < h, a,(h) < as(h), b, > 0 and b, > 0, the only solution of system above
is a,(h) = —h, a,(h) = —h and a;(h) = h, i.e. we have the four points given by
A(h)y=(1,h), Ai(h)=(,-h), Ay(h)=(=1,—h) and A;(h) = (—1,h). Moreover,
system (1)| -, has a periodic orbit L, passing through these points, for all # € (0, 7,).
If h € [z,, 00) then the orbit of the system (1)|,-, with initial condition in A(%) do not
return to straight line x = 1 to positive times, i.e. the system (1)| .-, has no periodic
orbit passing thought the point A(h). Therefore, if & € (0, 7,) the system (1)| .-, has
a period annulus, formed by the periodic orbits L,, limited by one periodic orbit L
tangent to the straight lines x = +1 and a homoclinic loop if 7, # 7, (see Fig. 4) or
heteroclinic orbit if 7, = 7, (see Fig. 5). This complete the proof. O
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r=—1 r=1

Fig.5 Phase portrait of system (1)|._, with 7, = 7,

As A(h) = (L, h), A (h) = (1, =h), A,(h) = (—1,—h) and A;(h) = (-1, h), we have
the follow immediate corollary.

Corollary 6 Let J be the interval of definition of Melnikov function (2). For h € J,
HY(A) HYAHAy) b, HIOHIADHAA)

= s _— = s _bR
HEA) 7" HEAHEA;) b, HIAHUAHEA,)

and
HY(A)H{ (A H (A)H (A
HS(AHHADHS (ADHA,)

Then, the first order Melnikov function associated to system (1) can be written as

b
M(h) = b, /A g.dx —f.dy + = / g,dx —f,dy
i

A b, Jaz,

+ b, /A gcdx — fody + /A gpdx — fody.
A

14, AA,
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In what follows, we will simplify the expression to the first order Melnikov func-
tion associated to system (1) when n =1,2,3. For this, we will distinguish two
cases. In the first one, we consider the case when n = 1. In this case, we will find an
expression for the Melnikov function associated with system (1) without assuming
specific values for its parameters. For the second one, i.e. when n = 2, 3, we assum-
ing the values b, =a, =b, =c, =1, ¢, = a, = 0 and f, = -2 for the parameters of
system (1). This was necessary due to the complexity of the compute involved.

For this, we define the functions:

fothy=h
fi(h) = (h* + 1) arccos (

+
(k) = (h* = 1) log < )
f3(h) = (h* — 4)log < )
f4(h) = h3
fs(h) = h*(h* + 1) arccos <

) (6)

fi(h) = K*(h* = 1) log <

fy(h) = K*(h* — 4)log < )
fih) = (B* — 7)) log ( >

£y = (7 - ) log (hi>
L L T —h

with iz € (0, 1) for f;(h),i=0,...,7,and h € (0, 7,) for fix(h), j=R,L.

Theorem 7 The first order Melnikov function M(h) associated with system (1) when
n = 1 can be expressed as

My (h) = kofo(h) + ki fy () + K f (B) + k. f; (h), @
ift, # 1, or
M5 (h) = kofo(h) + kyfy (B) + K, f; (h), ®)

if T, = 7,, with h € (0,7,). The functions fq,f1.f:.f’ are given in (6). Here the coef-
ficients ky, k, k, and k, depend on the parameters of system (1).

Proof The orbit (x,(¢), y,(t)) of the system (1)]._, such that (x,(0), y,(0)) = (1, h), is
given by
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e~ 10r
x(0) = = S—(bh - bee*rh — 2e'r@, + b,t, — 2b €' T,
wR
+ b e*rg,),
e—twR 2 2
v () = — 5 (—a.h + ae”rh — w.h — e “rw,h — a,z,
w

R

1w 21w, 21w
+2a,.e' "7, — a.e”* T, — 0, T, + e Fw,T,).

The flight time of the orbit (x,(¢), y,(¢)), from A(h) = (1,h) to A, (h) = (1,—h), is

1 h+1,
tsz—log )
R R

Now, for g, and f, defined in (4) and (5), respectively, we have

IR1 = /A gpdx — frdy

AA,
- / (80,0, WD) — £ (i, (0, v (OO ®
0
= a,fo(h) + ayf(h),
with
1 R
a = w—R(Z(Poo +P10)0, + bp(prg + q401)7,) and ;= Z_wR(plO +401)-

The orbit (x,,(?), y. () of the system (1)|.-,, such that (x.(0),y.(0)) = (1,—h), is
given by

X, () = cos(t) — hsin(z),
Ve, (1) = —hcos(r) — sin(?).

The flight time of the orbit (x,,(¢),y,,(?)), from A,(h) = (1, =h) to A,(h) = (-1, —h),

is
_ -1
t., = arccos 1)

Now, for g. and f,. defined in (4) and (5), respectively, we obtain

E=ﬁ~&ﬂ—ﬁ@

AIAZ
, ) (10)
= [ (glrey (), o (DXL (1) = £, (1), y o, ()Y (D)t

0
= — 2y + asfo(h) + ayf; (h),
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with
Uy + Vo
2

The orbit (x,(7),y,(t)) of the system (1)|,_,, such that (x,(0),y,(0)) = (=1,—h), is
given by

a3 =Vvy —Uy and a, =

e~loL
'xll(t) = _(b,h - bl‘ezleh bl 2@’0)1‘(01‘ + bLTL —_ ZbLetwLTL
2w,

2t
+b,e” 1),

1oL

v = 7 (=a,h+a,e*”th — w,h — e¥“r0,h — a7,
®

L

tw; . _ 2tw; . 2tw;,
+2a,ett, —a,e”it, —w, 7, + e, T,).

The flight time of the orbit (x,(¢), y,(?)), from A,(h) = (—1,—h)to A;(h) = (=1,h), is

1 h+7,
tL=a)—log )
L L

Now, for g, and f, defined in (4) and (5), respectively, we have

ILl = /A g, dx — f,dy
A

2A3
= L(gL(xL(t)JL(t))x;(t)—ﬂ(xL(t),yL(t))yZ(t))dt
0

= aif()(h) + aﬁff(hL

(1)

with

1 b,
as = C17(2(r10 — 1), +b,(rjg+5¢;)7,) and ag = Yo (rip + Sop)-
L L

The orbit (x, (1), y.(¢)) of the system (1)|,, such that (x.,(0), y,(0)) = (=1, h), is
given by

X, () = —cos(f) + hsin(z),
Ve, () = hcos(t) + sin(?).

The flight time of the orbit (x(¢), y., (1)), from A;(h) = (=1,h) to A(h) = (1, h), is

t., = arccos h2 il
e R+1)

Now, for g. and f, defined in (4) and (5), respectively, we obtain
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I = /A gedx— f.dy
A

3A
&) (12)

= [ (80, Yo (X)) = fulxo(D), Yo ()Y, (D)dt
0

= 2o + azfo(h) + ayfi (h).

Hence, by Corollary 6, the first order Melnivov function associated to system (1) is
given by

1 be g 71 1
My (h) = b1, + b_IL +b . +1,. (13)
Replacing (9), (10), (11) and (12) in (13) we obtain (7), with

b
kg = ay +2by3 + b—kas, ky =2bya,, k,=a and k = b_R%'

L L
Finally, replacing 7, = t, on function M, (k) in (7) we obtain the expression (8) with
bR

LwL

(2(ryg = rop)o, + b, (rig + 501)7,),

b
kl == Zbka4, and kR = a2 + b_Raﬁ.

O
For the study of the case when n = 2, 3, let us consider system (1), with
. 2
H"(x,y) = ) +xy+y—ax, x<-1,
X2y
H(x,y) =4 H(x,y) = 3+5, -1<x<1, (14)
2 2
HR(x,y):yE—xE+2x, x>1,

for a € {1,2}. We can see that the central subsystem from (1)|,_, has a center at the
origin, the right subsystem has a saddle at the point (2, 0) and if « = 1 (resp. @ = 2)
the left subsystem has a saddle at the point (-2, 1) (resp. (—3, 2)). Moreover, we have
that if @ = 1 (resp. @ = 2) then P} = (-1, 1) (resp. P = (—1,2)), P! = (=1, —1) (resp.
P} =(-1,-2)), P; = (1,-1), P; = (1, 1) and the central subsystem from (D] g=o has a
periodic orbit tangent to straight lines x = +1in the points P, = (1,0)and P, = (-1, 0).

For A(h) = (1, h), with i € (0, 1), the system (1)| . has a family of crossing peri-
odic orbits L, that intersects the straight lines x = +1 at four points, i.e. the hypoth-
esis (H1) is satisfied. More precisely, by equations on (2), for each i € (0,1) we
have the four points given by A(h) = (1,h), A(h) = (1,—h), A,(h) = (-1,-h),
A;(h) = (=1, h) and a periodic orbit
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2
L,= {(x,y)EIR2 : HY(x,y) = G+h) x> ]}

2 2
2
U{(x,y)EIR2:Hc(x,y)=(1—;h),—1§x51 and y<0}
2a+ 12
U{(x,y)GRz:H%x,y):%,x<—l}
‘ 1+
U{(x,y)EIRZIHC(x,y)=(—; ) _1<x<1 and y>o}

passing through these points. Therefore, if 4 € (0, 1) the system (1)|,_, has a period
annulus, formed by the periodic orbits L, limited by one periodic orbit tangent to
the straight lines x = +1, when & =0, and a heteroclinic orbit (resp. homoclinic
loop) if « = 1 (resp. @ =2) when h = 1.

The next theorem provide us a simpler formula for the Melnikov function associated
to system (1) with fih), g(h) and H(h) given by (4), (5) and (14), respectively, when
n=2,3and a € {1,2}. Its proof follows exactly the same steps of the proof of Theo-
rem 7, (with the obvious changes, of course) and will be omitted to simplify the text.

Theorem 8 The first order Melnikov function associated with system (1), with H(h)
given in (14), can be expressed when « = 1 as

2
My, (h) = )" kifi(h) + kyfy (), it n=2,

=0
2 6

M, (h) = Z kf.(h) + Z kf(h), if n=3,
=0 =4

and when a = 2 as
4
May(h) =Y kfi(h), if n=2,
i=0

7
My(h) = Y kfih), if n=3,

i=0

for h € (0, 1), where the functions f, fori =0, ...,7 are given in (6). Here the coef-
ficients k;, fori =0, ..., 7, depend on the parameters of system (1).

Before proving the Theorem 1, we will need the following results.
Consider the function F : R — R given by

Fihy =Y, Ci@)h— 1) + O(h— "), (15)
j=0

with 7 > 0 and the coefficients Cj(é), j=0,...,n, depending on the parameters
6 = (6, ...,6,,) € R™. Then we have the follow proposition.
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Proposition 9 Suppose that there exist an integer k > 1 and 6 € R™ withm > k + 1
such that

Ci(6)=0, j=0,....k—1, C(6)#0

and

A(Cyr....Cy)

K
G, .5,

&) =k+1. (16)

Then the function (15) has exactly k real positive simple roots in a neighborhood of
h = 7 for all 6 near 6.

Proof By the condition (16) we can assume that

tor 2Cor - C) & <0,

0(8ys - 1641

Then the change of parameters C; = Ci(8;, ..., 8y > Oppas - »0p)s i = 0, ..., k, has
inverse 5]-(C0, ....C,j=1,...,k+1, and can write (15) as

F(hy=Cy+Cy(h—1)+ -+ C,(h — o) + O((h — 7)1, (17)

with C,(8) # 0and C;(6) =0, j =0, ... .k — L.
Let0 < |C, — Ci(8)| < 1and 0 < 7 — h, < 1such that

C,(h, — ) > 0.
Take C,_, such that |C,_,| < |G|, C;_;C; < 0 and
Coy(hy = + Cu(hy, — D) > 0.
Now, as C,_, C; < 0, we can choose h;_,, such that 0 < 7 — h,_; < 7 — h; < 1and
Cror(hy = 0 + Culiy_y — o) <0.
Therefore, the equation
Co(h—o '+ Ch—1)f =0

has a root Ay, with hy <hj <h_,. Continuing with this reasoning, there are
Co» --- » Gy, such that

C,C, <0, C,C,<0,..., C,_,C, <0, |Gyl < |G| < - < |Cl,

and the equation (17) has k real positive roots. Moreover, as C‘k(g) # 0 and by Rolle’s
theorem, for all § near § we can choose the C‘j and hj, j=0,...,k, such that equation
(17) has exactly k real positive simple roots near & = 7. O

Lemma 10 Let f : R — R be a function of class C*+', k > 1. Then
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Jf @) log(z — x) = P(x) log(z — x) + R(x),

where P(x) = Zf:o M(x — 1)\ is the Taylor's polynomial of f at x = t of degree k

!

and R(x) = log(r — xl)‘(f (x) = P(x)). Moreover, lim,_, . R(x) = 0.

Proof To prove the lemma, it suffices to show that lim,_,, R(x) = 0. By the Taylor’s
formula with Lagrange remainder, there is ¢ € R such that

(k+l)(c)
R(x) = J(Ck D log(z — x)(x — 7)1
By the L'Hospital rule
(k+1)
lim R(x) =J(Ck = S? limlog(z — x)(x — 7)**!

_I"0) . log(r —x)
T (k4 D! xor (x — 7)~K+D

S0 (r=x"
T (k+ Dot (k4 D(x — 7)"*+2)
fE0()

=1 Y jima-o® o,
Gt Dt D) mxr=7)

O

Proof of Theorem 1 To prove the Theorem 1, firstly, we begin with the case n = 1.
For this case, we have two sub-cases. The first one is when 7z, = 7, (i.e. we have a
heteroclinic orbit) and the second one is when 7, # 7, (i.e. we have an homoclinic
loop). For the cases n = 2,3, again, we have two sub-cases. The first one is when
a = 1 (i.e. we have a heteroclinic orbit) and the second one is when a« = 2 (i.e. we

have an homoclinic loop).
Case n = 1. Consider the Melnikov functions M,;(h) and M,,(h) given by the
Theorem 7. By Lemma 10 we can expand these functions at 2 = 7, as

3 2
My ()= C, (h=7) + Y D) log(r, — h)(h -1,y (18)
j=0 =1

+O((h = 7)),
2 ] ' 2 ) )
Mp(h) = C\(h—1,Y + Y D), log(z, - h)(h -7,y (19)
j=0 j=1

+O((h = 7,)°),

where
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= (2 2 b i
1 =" b_(’"lo = 700) + 2o + P1o + br(vor — uyp)) + P
TRbR
(rio + 5o1) + P + ‘]01)> + b, (uyg + v (1 + T,?)
R

2-1 b,
arccos 21 + g(rlo + 501)(TR - TL)(TL + TR)

R

T, + 71
log <u>’
T, — T

.2, 7
Ch = b_(rl() = To0) + 2(pgo + P1o — 2b110) +
L

bR

o P10

T2 - 1> log(27,)
+

241

1 T, 47
+q01)+r—(r10+s01)10g<L R>>,

T, — T,

2
= by <2(u10 + vm)(arccos (T"z — 1) _ 2 2> + L(1710 +4d01)
2 2 +1 1+ Wy

1 27,7, T, + 7,
(1 +1og(2) + log(z,)) + —(ryp + so1) T+ log | — s
, 2 -1 T,

L R L R

+q0) + b7, <2(u10 + ;) arccos < 10

R

C3 bR (p + )+ 2bR TL3 ( + ) 2
=2 — | —————(rg+ 5¢) - ———
1 8w,t, 10 o1 3 \w(z2 - 12)? 107701 (1 +72)?

(o + V01)>’
T.b

R

Ch =1 <b_R(’10 = 100) + 2o + P10 + b(Vo — uy0)) + p

R

L

T,

RbR
p P+ ‘101)> + by(uy + v (1 + 7,3)
R

TRbR

b,
Cp,= b_(rlo = 100) + 2(Poo + P10 + b(Vor — 1)) + (o
L

o,

TRbR
+ 501 + w_(Plo + qo1) + 27.b, (g + vo)
R

-1\ R +1\  rblog2r)
arccos - +
241 T, 0,0,

R

(P10 + g, + (1o + So 1)@y,

2 _ T,% -1 27,
C, = b(uyg +vyp)| arccos Ts —)- TI% 5

b
+ ﬁ((ﬁo + goDw, + (11 + so)@,)(1 +10g(2) + log(z,)).

and D’ii, i=1,2 and j= 1,2, depending on the parameters of system (1), whose
expressions have been omitted for simplicity. Moreover, as
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lim log(r, = h(h =7,y =0, j=12,

the factors of the expansions in (18)—(19) that have log(z; — h), i = R, L, can be dis-
regarded in the study of the number of zeros. Therefore, will consider only the coef-
ficients C),,i=1,2and j=0,1,2,3.

When 7, # 7,, for

b, b,
Poo = —Pro + b_L(rOO =110 + b, (10 = vo1)) = 20, (rio + 501)
DT g+ o) = 2t + v )1+ 2 e
_ e 3 arccos
2w, P10 o1 2, 10 T Vor T 241

b s o T, + 7,
+ 4waR (7‘10 + SOI)(TL - TR)IOg <—Z — T:),

1

T 3m 7 loaae \ Ao + = 2ryp + +2
ZU)LT}? IOg(ZTR) <( (MIO V()])COL (7‘10 sO])TL)a)RTR (MIO

do1 =

2 -
+ vo)w,w, (> — 1) arccos <T'; — > +2poo, 7> log(27,)

R
T, + 7

+ (ryp + sm)a)R(ff + TL2) log <—" K > ) ,
T, — T

So1 =Ty and  uyg #F —vyy,
we have that

1 2 3
a(C(l)l’Cll’Cll’Cll) —

' =cl =c? =0, C3, #0 with rank
H H = H 0(Poo> 9105 01> H10)

This implies, by Proposition 9, that C(l’l, C }1,
ficients, satisfying

C%] and Cfl can be taken as free coef-
0 Il 1 2 2 3
¢,C, <0, C,C, <0, CCf <0
and

1 2 3
0< || <IC), I < ICHI < IC I,

such that the function M, (h) has exactly three positive roots near & = 7,. Therefore,
the number of limit cycles from system (1) that can bifurcate of the period annulus
near the homoclinic loop in & = 7,, forn = 1 and 7, # 7,, is at least three.

When 7, = 7, for
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R

=-pjo+
Poo P1o b

bRTR
(roo = rio + b, (19 — vp)) — a0 (r1o + So1)
R L

b,t, b, ) 'L'If -1
_ Z_a)k(plo +qo1) — 2—1R(u10 + vo)(1 + 7)) arccos 22 1)

R

1)
So1 = —F0 — GTL(P10+5101)+ (”10+V01)<2(7R+T,?)
R

a)L
72log(27,)

( 2 71?—1
— (7 — 1) arccos ,
R ) 241

Uy # —Vor

we have that

a(C°,C! . C%)
), =C,=0, C4L#0 with rank— > 12 —
0(Poos So15 U10)

As in the previous case, by Proposition 9, we can choose C?2, C }2, and C]22 such that
the function M,,(h) has exactly two positive roots near & = ,. Therefore, the num-
ber of limit cycles from system (1) that can bifurcate of the period annulus near the
heteroclinic orbit in & = 7,, forn = 1 and 7, = 7,, is at least two.

Case n = 2,3and a = 1. Consider the Melnikov functions M,, and M3, given by
the Theorem 8. By Lemma 10 we can expand these functions at 7 = 1 as

3 2
My ()= C) (h=1) + Y D log(1 = h)(h = 1Y
j=0 j=1
+ O((h= 1)),
5 ) ‘ 4 ) .
My, (h) =) C, (h—1) + ) D, log(1 — h)(h — 1Y
j=0 j=1

+ O((h—1)%,

where
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1
€3y = 2pg + g(zﬁoz +9p10 + 14pyg + 3qo1 +4q1; — 6ro9 — 25y + 9y + ryy — 14y + 35y,
+ 250, —4syy) + (= 2)uyo + (2 + 1)y,
Czll =2poo + 2Pox +3P10 + o1 — 270 — 2rop + 3r19 — iy — 29 + S — 280, — ity

+ 7y + o1 + Pro + qoi + o+ iy — 4 +501)108(2) + (941 + 500 — s11)
log(4) + py(2 + log(16)),

G, = %(41’02 +P1o+qo1 =241y — 4o + 119 = 31y + 4y + 51 — 65z + 251 + (7 — 2)
(uyo +vor) + (Pro + Goi + rig + 711 = 4y + 501)108(2) + (q11 + 502 = 511)
log(4) + py(log(16) — 4)),

G = ﬁ(lﬁpoz +3p1o = 20py0 + 3qo1 — 10gy; — 16705 + 3ryg — 137y, + 20y + 350,
=265, + 1057, — 8(uy + voy))s

1
C‘;, = g(lzpou +4pg, + 18pyg + 5p1y + 28pyg +45p3g + 6401 + 3403 + 84y + 11gy — 121y

—4rgy + 18ryg + 21y + 615 — 287y — 61y + 4513 + 65
+ 45y + 6593 — 85 — 6515 + 115y + 3(dvy; — 8uzy + 8vyy + 2(7 — 2)uy
+ 7(uyy + 3uzg + 2vg, + 3vgz + vap)),
Cly = 2poo + 20z + 310 + 3p12 + 2920 = P30 + dor + 303 — 321 = 210 = 270z + 3119
=1y F Ty = 200 + 61y = Trag + 5o + 6515 — 35y + (7 — Duyg — 2(uyy + Suzg — 3v3 +vy)
+ 7ty + iz + vy +3Vo3 + Vo) + P1o + 12p30 + qo1 + 110+ 1y F Ty =4y — 4y + 125

+ 501 = 4512)108(2) + 50, (10g(4) — 2) + g, log(4) — s, log(4) + 503(10g(8) = 3) + (g + @1 + 5) log(16),

2 1
G, = 1(8/’02 +2pio + 13pi; — 8pyg — 63pyg + 2q0; + 15q03 — 4qy; — 21gy; — 8rgy + 21y
— 67y + 2115 + 8y + 341y — 6313 + 255 — 12555 — 18503 + 4sy) + 3451, — 2185 + 2(m = 2)uy + 27(2uy,
+ 6t + vor + 6vg3 +2vy1) — 4By + uzg + vy = 3vgs + 3va)) + (Prg +Pia +4pag + 930 +d01 + 110

+ 1y g — 4y = 21y 4+ 93 + 501 — 2051 4 512)) 10g(4) + (g + 502) 10g(16) + (gg3 + G5 + 503 + 551) 10g(64)),

C§1 = i(lﬁpoz +3p1g = 20py — 156p3 + 390, + 48403 — 10gy, — 525, — 161, +3r,g — 13r;
+ 3115 + 207y + 841y, — 15613 + 350, — 2650, — 39503 + 105, + 845, — 5255, — 8uyy + 437 — 10)uy, + 127(v,,
+ 3(usg + vo3)) = 8(15uzg + voy + 33 + 5vay) = 12Gp3g — 3qp3 + g21 — 2ry + 313
= 2515 +55)10g(2) + 4p1,(8 + 10g(8))),
C;‘, = é(“rzo = P10 = 4P20 — 401 — 2q11 — 13y — 119 = 11y = Fip 2215 = 39730 — 51 — 2805 — 3803 + 254y + 2251, — 1355
+8uyy + 237 — 8)uyy + 637 — 8)uz + 8vy; + 237 — 8)(Bvyz + vay) — 6(qy) — 21y + 3139 — 2515 + 55;)102(2) + 9g3

(3 + log(4)) + p1a(9 + log(64)) — 3psy(13 + log(64)),

1
C;l = %(Spm +20p;5 + 20py, + 50, + 60gg3 + 10g,, + 5r)g + 5ryy + 511, — 2015 + 201, + 554, + 105, + 15503 — 105,

+ 20515 = 32(2uyg + w1y + 3uzg + 2vg; + 3vp3 +vy))),

and Dill, n=2,3and j=1,...,4, depending on the parameters of system (1), with
H(h) given in (14), whose expressions have been omitted for simplicity. As in the
case n = 1, will consider only the coefficients C;l, n=2,3andi=0,...,5.
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When n = 2, for

1
Poo = 6(6"00 = 2py — 910 — 14p2g — 3q01 — 441y + 2rgy =9y — 1y

+ 147’20 - 3SO1 - 2S02 + 4S11 + 61/{10 - 37[“10 - 6\}01 - 37[\}01),

Pio = logﬁ@”zo —4poy +4qy) +4rgy + 4y — 8ryg + 85y — 45y
+6(uyg + vo1) — 4Py + qor + 1o + 11y + S1) 108(8) — (g1 — 2y
+ 590 — 511) log(64)),

P2 = m(‘khl —4pgy + 4rgy +4r — 8ryy + 8sgy — 45y
+ 6u; + 6V, +1log(2)(—=8q,; — 8rgy — 8ryy + 161y, — 165,
+ 8s11) + 4pg, log(4) + log(8)(zuy + mvy)),

Uy # —Vor»

we have that

1 2 3
9(C3,. ;1. G5, C3)) _
9(Poos P10s P20> U10)

As in the previous cases, by Proposition 9, we can choose Cgl, C;l, C§1 and Cgl such
that the function M,,(h) has exactly three positive roots near & = 1. Therefore, the
number of limit cycles from system (1) (with f(h), g(h) and H(h) given by (4), (5)
and (14), respectively) that can bifurcate of the period annulus near the heteroclinic
orbitin sz = 1, forn =2 and a = 1, is at least three.

When n = 3, it is possible choose parameters value py,, pio» Pi2> Pao» 41 and u;,

such that

C(z)l = Cé1 = C§1 =0, Cgl #0 with rank

0 _ 1 _ 2 _ 3 _ 5
G =6 =6, =6, =C; =0, G #0
with

0 1 2 3 4 5
I'al’lka(CM’ C3l’ C31’ C3l’ CSl’ C31) —

9(Poos P10> P12> P2o» Ur25 1)

As in the previous cases, the number of limit cycles from system (1) (with f(h), g(h)
and H(h) given by (4), (5) and (14), respectively) that can bifurcate of the period
annulus near the heteroclinic orbitin 2 = 1, forn = 3and a = 1, is at least five.

Case n = 2,3and a = 2. Consider the Melnikov functions M,, and M3, given by
Theorem 8. By Lemma 10 we can expand these functions at 2 = 1 as
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4 2
May(h) = Y Ch (h=1Y + Y D), log(1 — h)(h — 1Y
J=1

=0

+O((h = 1)),
7 ) . 4 )
My(h) =Y Cp(h=1) + Y D}, log(1 = h)(h — 1Y
=0 j=1

+O((h= 1)),

where Ciz and Dfﬂ, n=2,3,i=0,...,7and j=1,...,4, depending on the param-
eters of system (1), with H(h) given in (14), whose expressions have been omitted
for simplicity. As in the case a = 1, will consider only the coefficients C;z, n=273
andi=0,...,7.

When n = 2, it is possible choose parameters value pg, pig> Pag> So1 and u;q, such
that

0 _pl _ 2 _ 3 _ 4
Cp=0C,=0,=0,=0, C,#0
with
a(ng, Céz’ C%z’ ng’ ng) —5
0(Poos P10» P20 So1+ U10)

rank

As in the previous cases, the number of limit cycles from system (1) (with f(h), g(h)
and H(h) given by (4), (5) and (14), respectively) that can bifurcate of the period
annulus near the homoclinic loop in 4 = 1, for n = 2 and a = 2, is at least four.

Finally, when n = 3, it is possible choose parameters value py,, P19, P12> P2os So1s
Uy, o and u;, such that

_ ol 2 B 5 6 7
C(3)2_C32_C32_C32_C32_C32_C32_0’ G, #70
with
0 1 (2 3 M 5 6 7
d(C32, C32’ C32’ C32’ C32’ C32’ C32’ Csz) -3
0(Poos P10> P12> P20> So1> U125 T10s Uio)

rank

As in the previous cases, the number of limit cycles from system (1) (with f{h), g(h)
and H(h) given by (4), (5) and (14), respectively) that can bifurcate of the period
annulus near the homoclinic loop in 2 = 1, forn = 3 and & = 2, is at least seven. [

Acknowledgements The first author is partially supported by Sao Paulo Research Foundation (FAPESP)
grant 19/10269-3. The second author is supported by CAPES grant 88882.434343/2019-01.
Declarations

Conflict of Interest On behalf of all authors, the corresponding author states that there is no conflict of
interest.

@ Springer



956 Sao Paulo Journal of Mathematical Sciences (2022) 16:932-956

References

1. Buzzi, C.A., Pessoa, C., Torregrosa, J.: Piecewise linear perturbations of a linear center. Discrete
Contin. Dyn. Syst. 33, 3915-3936 (2013)

2. Braga, D.C., Mello, L.F.: Limit cycles in a family of discontinuous piecewise linear differential sys-
tems with two zones in the plane. Nonlinear Dyn. 73, 1283-1288 (2013)

3. Chua, L.O., Lin, G.: Canonical realization of Chua’s circuit family. IEEE Trans. Circuits Syst. 37,
885-902 (1990)

4. di Bernardo, M., Budd, C.J., Champneys, A.R., Kowalczyk, P.: Piecewise-Smooth Dynamical Sys-
tems: Theory and Applications. Springer, New York (2008)

5. FitzHugh, R.: Impulses and physiological states in theoretical models of nerve membrane. Biophys.
J. 1, 445-466 (1961)

6. Fonseca, A. F., Llibre, J., Mello, L. F.: Limit cycles in planar piecewise linear Hamiltonian systems
with three zones without equilibrium point. Int. J. Bifurc. Chaos Appl. Sci. Eng. 30, 2050157, 8 pp
(2020)

7. Freire, E., Ponce, E., Rodrigo, F., Torres, F.: Bifurcation sets of continuous piecewise linear systems
with two zones. Int. J. Bifurc. Chaos Appl. Sci. Eng. 8, 2073-2097 (1998)

8. Freire, E., Ponce, E., Torres, F.: The discontinuous matching of two planar linear foci can have three
nested crossing limit cycles. Publ. Math. 2014, 221-253 (2014)

9. Hilbert, D.: Mathematical problems, M. Newton. Trans. Bull. Am. Math. Soc. 8, 437-479 (1902)

10. Hu, N., Du, Z.: Bifurcation of periodic orbits emanated from a vertex in discontinuous planar sys-
tems. Commun. Nonlinear Sci. Numer. Simul. 18, 3436-3448 (2013)

11. Li, Z., Liu, X.: Limit cycles in the discontinuous planar piecewise linear systems with three zones.
Qual. Theory Dyn. Syst. 20, 79 (2021)

12. Lima, M., Pessoa, C., Pereira, W.: Limit cycles bifurcating from a periodic annulus in continuous
piecewise linear differential systems with three zones. Int. J. Bifurc. Chaos Appl. Sci. Eng. 27,
1750022 (2017)

13. Liu, X., Han, M.: Bifurcation of limit cycles by perturbing piecewise Hamiltonian systems. Int. J.
Bifurc. Chaos Appl. Sci. Eng. 5, 1-12 (2010)

14. Llibre, J., Novaes, D., Teixeira, M.A.: On the birth of limit cycles for non-smooth dynamical sys-
tems. Bull. Sci. Math. 139, 229-244 (2015)

15. Llibre, J., Teruel, E.: Introduction to the Qualitative Theory of Differential Systems. Planar, Sym-
metric and Continuous Piecewise Linear Systems, Birkhauser (2014)

16. Llibre, J., Ponce, E., Valls, C.: Uniqueness and non-uniqueness of limit cycles for piecewise linear
differential systems with three zones and no symmetry. J. Nonlinear Sci. 25, 861-887 (2015)

17. Llibre, J., Teixeira, M.A.: Limit cycles for m-piecewise discontinuous polynomial Liénard differen-
tial equations. Z. Angew. Math. Phys. 66, 51-66 (2015)

18. Llibre, J., Teixeira, M.A.: Piecewise linear differential systems with only centers can create limit
cycles? Nonlinear Dyn. 91, 249-255 (2018)

19. McKean, H.P,, Jr.: Nagumo’s equation. Adv. Math. 4, 209-223 (1970)

20. Nagumo, J.S., Arimoto, S., Yoshizawa, S.: An active pulse transmission line simulating nerve axon.
Proc. IRE 50, 2061-2071 (1962)

21. Wang, Y., Han, M., Constantinesn, D.: On the limit cycles of perturbed discontinuous planar sys-
tems with 4 switching lines. Chaos Soliton Fract. 83, 158-177 (2016)

22. Xiong, Y., Han, M.: Limit cycle bifurcations in discontinuous planar systems with multiple lines. J.
Appl. Anal. Comput. 10, 361-377 (2020)

23. Xiong, Y., Wang, C.: Limit cycle bifurcations of planar piecewise differential systems with three
zones. Nonlinear Anal. Real World Appl. 61, 103333 (2021)

24. Yang, J.: On the number of limit cycles by perturbing a piecewise smooth Hamilton system with two
straight lines of separation. J. Appl. Anal. Comput. 6, 2362-2380 (2020)

25. Zhang, X., Xiong, Y., Zhang, Y.: The number of limit cycles by perturbing a piecewise linear sys-
tem with three zones. Commun. Pure Appl. Anal. 21, 18331855 (2022)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer



	Persistence of periodic solutions from discontinuous planar piecewise linear Hamiltonian differential systems with three zones
	Abstract
	1 Introduction and main result
	2 Melnikov function
	3 Normal form
	4 Proof of Theorem 1
	Acknowledgements 
	References




