Sao Paulo Journal of Mathematical Sciences (2022) 16:693-711
https://doi.org/10.1007/s40863-022-00281-4

ORIGINAL ARTICLE

®

Check for
updates

On Lat-Igusa-Todorov algebras

Marcos Barrios' - Gustavo Mata’

Accepted: 2 January 2022 / Published online: 20 January 2022
© Instituto de Matematica e Estatistica da Universidade de Sao Paulo 2022

Abstract

Lat-Igusa-Todorov algebras are a natural generalization of Igusa-Todorov algebras.
They are defined using the generalized Igusa-Todorov functions given in Bravo et al.
(J Algebra, 580:63-83, 2021) and also verify the finitistic dimension conjecture.
In this article we give new ways to construct examples of Lat-Igusa-Todorov alge-
bras. On the other hand we show an example of a family of algebras that are not
Lat-Igusa-Todorov.

Keywords Igusa-Todorov function - Igusa-Todorov algebra - Finitistic dimension
conjecture
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1 Introduction

In an attempt to prove the finitistic dimension conjecture, Igusa and Todorov defined
in [9] two functions from the objects of mod A (the category of right finitely gener-
ated modules over an Artin algebra A) to the natural numbers, which generalizes the
notion of projective dimension. Using these functions, they showed that the finitistic
dimension of Artin algebras with representation dimension at most three is finite.
Nowadays, these functions are known as the Igusa-Todorov functions, ¢ and y.
Igusa-Todorov algebras were introduced by Wei in [13] based in the work of
Igusa and Todorov (see [9]), and Xi (see [14] and [15]). In the cited article, Wei
proved that Igusa-Todorov algebras verify the finitistic dimension conjecture.
Wei also proved that the class of 2-Igusa-Todorov algebras is closed under taking
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endomorphism algebras of projective modules. Since every Artin algebra can be
realized as an endomorphism algebra of a projective module over a quasi-hereditary
algebra (see [7]), then in case all quasi-hereditary algebra is 2-Igusa-Todorov the
finitistic dimension conjecture is true.

Later, Conde showed, based in an article of Rouquier, that the exterior algebras
A(K™) are not Igusa-Todorov algebras for k an uncontable field and m > 3 (see [6]
and [12]).

In [2] Bravo, Lanzilotta, Mendoza and Vivero define the Generalized Igusa-
Todorov functions and the Lat-Igusa-Todorov algebras, and prove that Lat-Igusa-
Todorov algebras also verify the finitistic dimension conjecture. They also show
that selfinjective algebras are Lat-Igusa-Todorov algebras, in particular the example
given by Conde is a Lat-Igusa-Todorov algebra.

This article is organized as follows:

In Sect. 2, we recall the concepts given in [2] of 0-Igusa-Todorov subcategories,
Lat-Igusa-Todorov algebras and its properties.

In Sects. 3 and 4, we give sufficiency conditions for an algebra being a Lat-
Igusa-Todorov algebra. We prove that if an algebra A verifies that every module in
£Q"(mod A) is an extension of modules of two Z-syzygy finite subcategories, then
A is n-Lat-Igusa-Todorov (Corollary 2), where & is a 0-Igusa-Todorov subcategory.
In particular, Sect. s5 is dedicated to 0-Lat-Igusa-Todorov and 1-Lat-Igusa-Todorov
algebras.

In Sect. 5, we introduce the algebras with only trivial 0-Igusa-Todorov subcatego-
ries, i.e. every 0-Igusa-Todorov subcategory is a subcategory of the category of pro-
jective modules. Note that: If A has only trivial 0-Igusa-Todorov subcategories, then
A is an Igusa-Todorov algebra if and only if A is Lat-Igusa-Todorov. We find some
algebras that have only trivial 0-Igusa-Todorov subcategories and we also give a tool
to build new family of examples (Theorem 4).

Finally, Sect. 6 is devoted to show that some algebras are not Lat-Igusa-Todorov
(Example 3). The examples have only trivial 0-Igusa-Todorov subcategories and
they are built from the exterior algebras of Conde example.

2 Preliminaries

Throughout this article A is an Artin algebra and mod A is the category of finitely
generated right A-modules, ind A is the subcategory of mod A formed by all inde-
composable modules, &2, C modA is the class of projective A-modules. AA) is
the set of isoclasses of simple A-modules and A; = @y #4)S- For M € mod A we
denote by M* = @fz M, by P(M) its projective cover and by (M) its syzygy. For a
subcategory ¥ C mod A, we denote by findim (%), gldim (%) its finitistic dimension
and its global dimension respectively and by add 4" the full subcategory of mod A
formed by all the sums of direct summands of every M € %.

Given A and B algebras, if @ : A — B is a morphism of algebras, we know that
there is an additive functor F, : mod B - mod A such that F, is an embedding of
mod B into mod A if @ is an epimorphism.
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If 0=1(0Qp0,s,t) is a finite connected quiver, M, denotes its adjacency
matrix and kQ its associated path algebra. We compose paths in Q from left to right.
Given p a path in kQ, 1(p), s(p) and t (p) denote the length, start and target of p
respectively. We say that a quiver Q is strongly connected if for every v,,v, € Q,
there is a p € Q, such that s (p) = v, and t (p) = v,. We denote by J the ideal of kQ
generated by all the arrows.

2.1 Truncated path algebras

We say that A is a truncated path algebra if A = Q for any k > 2. For a trun-
cated path algebra A, we denote by Mi (A) the ideal pA, where I(p) = [, t(p) = v and
M'(A) = EBVEQOMé(A).

Note that if A = uj—? is a truncated path algebra, then

oman= @ MW,
J s=v
11w =k-1
@man= @ M, .

Js=v
V1) =k

For a proof of the next theorem see Theorem 5.11 of [1], and for definitions of skel-
eton and o-critical see [8].

Theorem 1 [1] Let A be a truncated path algebra. If M is any nonzero left A-module
with skeleton o, then

QM) = @ PA.

p is o-critical
Note that if Q is a strongly connected quiver, then every non projective ﬂ;—?—mod—
ule has infinte projective dimension.

2.2 Igusa-Todorov functions and Igusa-Todorov algebras

We now recall the definition of the generalized Igusa-Todorov ¢ function from [2]
and some of its basic properties. Let us start by recalling the following version of
Fitting’s Lemma.

Lemma 1 Let R be a noetherian ring. Consider a left R-module M and

f € End x(M). Then, for any finitely generated R-submodule X of M, there is a non-
negative integer

@ Springer



696 Sao Paulo Journal of Mathematical Sciences (2022) 16:693-711

1(X) = min{k a non-negative integer : |, : f"(X) — f™1(X), is injective Vm > k}.

Furthermore, for any R-submodule Y of X, we have that n(Y) < ny(X).

Definition 1 [9] Let K(A) be the abelian group generated by all symbols [M], with
M € mod A, modulo the relations

l. M]-[M]-[M"1ifM=M &M,
2. [P] for each projective module P.

For a subcategory 6 C modA, we denote by (¥) C K,(A) the free abelian
group generated by the classes of direct summands of modules of & .
In particular, for an A-module M, (M) = ( add M).

If 2 C modA is a subcategory such that Z = add (%) and £2(9) C 2, then

Ko@)
() ,
— For a subcategory 'C mod A, we denote by [4],, the quotient

— In particular, for an A-module M, M = (M) + (D) /(D).

— The quotient group K,-(A) = is a free abelian group.

(OHD
@

Lemma 2 [2] Let G be a free abelian group, D be a subgroup of G, L € End(G)
be such that L(D) C D and let k be a positive integer for which L : L¥(D) — D is a
monomorphism. Then, for each finitely generated subgroup X C G, we have that

M0 < (0 + k.
where L : G/D — G/D, g+ D — L(g) + D, and X = (X + D)/D.
We define the Generalized Igusa-Todorov functions as follows
Definition 2 [2] Let A be an Artin algebra and & C modA be a subcategory such
that 2(2) C  and add (2) = 2. Let Q,, : K,(A) — K,(A) be the group endomor-
phism defined by 2,,(IM] + (2)) = [R2(M)] + (2). For any M € mod(A), we set
b1y (M) = ng, (M) and w5 (M) = ¢y (M) + findim (add (2% (M)
where (M) = (M) + (DN /(D).

For 2 = {0} we denote by 2 the group homomorphism £,,. We also define the
subgroup K, (A) C K,(A) as K,(A) = Q1(K,_,(A)) = ... = Q"(K,(A)).

Remark 1 Note that if 2 = {0}, then ¢, = ¢ and ;4 =y, the Igusa-Todorov
functions defined in [9].
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Now we can define the Generalized Igusa-Todorov dimensions.

Definition 3 [2] Let A be an Artin algebra A and  C mod A be a subcategory such
that (%) C ¥ and add (%) = . For a subcategory ¢’ C mod A, we define the ¢;p,
-dimension and the Vip) -dimension of &, respectively, as follows:

- ¢dim[D|(<g) = Sup{¢[D](M) ‘M e %),
— ydim (%) = sup{yp, (M) : M € ¢}.

We also define the d)lgl—dimension and w[@]—dimension of A, respectively, as
follows:

— ¢ dimp (A) = ¢ dim;p (mod A),
— ydimp,(A) = w dim;p (mod A).

The following remark summarize some propierties of the Generalized Igusa-
Todorov functions.

Remark 2 (Propositions 3.9, 3.10, and 3.12 of [2]) Let A be an Artin algebra and
2 C modA be a subcategory such that (%) C & and add (%) = 2. Then, we have
the following statements, for X, Y, M € mod A.

IfM € U P(A), then ¢, 5(M) = 0 and ¢ 5(X & M) = ¢ (X).

¢[9](X) < ¢[9](X @ Y)and W[@](X) < II/[gj](X ®Y).

¢ dim(add (X)) = ¢4 (X) and w4, dim(add (X)) = y;4(X).

Po(M) < dy(R2(M)) + 1and y (M) < y,(2(M)) + 1.

If Z is a direct summand of 2"(X), 0 <1 < ¢4 (X) and pd(Z) < oo, then
pd(Z) +1 < iy (X).

6. Suppose that ¢pdim(2) = 0.

Nk LD =

(@) Ifpd(X) < oo, then ¢4 (X) = $(X) = pd (X).
(®) wX) < w4X).

() tM e PU P (A), then y (X & M) = w(X).
(d) ygdim(2) = 0.

The following result shows the relation between the ¢-dimension and the ¢,
-dimension.

Theorem 2 [2] Let A be an Artin algebra and 9 C mod A such that 9 = add (2)
and 2(9) C 9. Then, for every X € mod A

d(X) < ¢15(X) + pdim(2).
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2.3 Gorenstein and stable modules

We denote by *A the full subcategory of mod A whose objects are those M € mod A
such that Ext },(M,A) = O fori > 1.

We denote by ( - )* the functor hom,( - ,A) : modA — modA®.

A finitely generated A-module G is Gorenstein projective if there exists an exact
sequence of A-modules:

p-2 P-1 Po p1

P, P R P e

P

such that G = ker(p,), P; is projective for all i € Z and the following is an exact
sequence:

* * * * *
Po P-1 P2 P-3
P

n By P Pyt

pP*

We denote by 4F(A) the subcategory of Gorenstein projective modules. The next
properties are well known (see [16]):

Remark 3 Let A be an Artin algebra. The following statements hold.

Every finite direct sum of modules of ¥Z(A) (LA) is in ZH(A) (+A)

Every direct summand of modules of ¥Z(A) (*A) is in ZP(A) (*A).

Every projective module is in ¥22(A) (*A).

Every module in ¥Z%(A) (*A) is either a projective module or its projective dimen-
sion is infinite.

il e

Let A be an algebra. We say that A is a Gorenstein algebra if id (4,) < oo and
pd (D(4A)) < oo. The following results will be usefull.

Proposition 1 Let A be an Artin algebra.
1. If A if a Gorenstein algebra, then there is a non negative integer k such that
Q(modA) = GA(A).

2. IfidA, < o, then there is a non negative integer k such that Q*(mod A) = *A.

Proposition 2 [10] Let A be an Artin algebra, then
ddim(GP(A)) = pdim(*A) = 0.
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2.4 Lat-lgusa-Todorov algebras
Lat-Igusa-Todorov algebras were introduced in [2] as a generalization of Igusa-
Todorov algebras (see Definition 2.2 of [13]). They also verify the finitistic dimen-

sion conjecture as can be seen in Theorem 3.

Definition 4 Let A be an Artin algebra. If  C mod A is a subcategory such that

1. 9= add(9),
2. Q9 C P and
3. ¢dim(2) =0,

we call it a O-Igusa-Todorov subcategory.
Remark 4 Let A be an Artin algebra.

1. If ¢pdim(A) = 0, then Z = mod A is a 0-Igusa-Todorov subcategory.
2. If ¢dim(A) = 1, then Z = 2(mod A) is a 0-Igusa-Todorov subcategory.
3. 9P(A)and ‘A are 0-Igusa-Todorov subcategories.

Definition 5 [2] Let A be an Artin algebra. A subcategory ¥ C modA is called
(n, V, 9)-Lat-Igusa-Todorov (for short n- LIT) if the following conditions are
verified

— There is some 0-Igusa-Todorov subcategory 2 C modA,
— there is some V € mod A satisfying that each M € %" admits an exact sequence:

0——=Vi®&D| ——= VD Dy .Q"(M) 0

such thatV,,, V, € add(V)and D,,D, € 2.
We say that Vis a (n, V, 9)- Lat-Igusa-Todorov module (for short a n-LIT mod-
ule) for 7.
Definition 6 [2] We say that A is a (n, V, &)-Lat-Igusa-Todorov algebra (for short
an-LIT algebra) if mod A is (n, V, &)-LIT. We say that A is a LIT algebra if A is n-
LIT for some non-negative integer #.

Remark 5 [13] If 2 = {0} in Definition 6, we say that A is a n-Igusa-Todorov
algebra.

Remark 6 Let A be an algebra and 2 a 0-Igusa-Todorov subcategory. If Vis a n-LIT
module, then 2(V)is an (n + 1)-LIT module.

Example 1 The following are examples of LIT algebras.

1. If ¢dim(A) < 1, then A is a LIT algebra (see Remark 4).
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2. If A is a Gorenstein algebra, then A is a LIT algebra where 2 = 4Z(A) (see
Proposition 1).
3. IfidA, < oo, then A is a LIT algebra where 2 = *A (see Proposition 1).

The following result show that LIT algebras verifies the finitistic dimension con-
jecture. For a proof see [2].

Theorem 3 [2] Let A be a (n, V, 2)-LIT algebra. Then

findim (A) < w;5(V) +n+1 < o0.

3 LIT algebras and 7-syzygy finite subcategories
In this section we show that some algebras are LIT algebras under certain properties.

Remark 7 Let A be an Artin algebra, ¥ a 0-Igusa-Todorov subcategory and
% C modA a subcategory. If [QK(%)],, is finitely generated, then [2%F1(%6)], is
finitely generated.

Definition 7 Let A an Artin algebra and & a 0-Igusa-Todorov subcategory. We say
that a subcategory 4’ C modA is Z -syzygy finite if [Q*(6)],, is finitely generated
for some non-negative integer k.

The following result generalizes Proposition 2.5 of [13].

Proposition 3 Ler A be an Artin algebra and 9 be a 0-Igusa-Todorov subcategory.
If mod A is D-syzygy finite, then A is a LIT algebra.

Proof Suppose that [£2"(modA)], is finitely generated. Then there exist
{N,,...,N;} = AC ind A such that VM € 2"(modA), every indecomposable sum-
mand of M belongs to .4 or 7. We deduce that N = GBLINI- isan-LIT module. 0O

Proposition 4 Let A be an Artin algebra and 9 C mod A a 0-Igusa-Todorov subcat-
egory. If €|, 6,, & are three subcategories of A-modules such that, for any E € &,
there is an exact sequence 0 - C;, —» C, - E — Owith C; € 6, fori = 1,2, the next
statements follows.

1. If6,and €, are D-syzygy finite, then & is n-LIT for some non-negative integer n.
2. If6,is P-syzygy finite and gldim (6,) < oo, then & is D-syzygy finite.
3. If€ is n-LIT and gldim (%,) < oo, then & is (n + 1)-LIT.

@ Springer



Sao Paulo Journal of Mathematical Sciences (2022) 16:693-711 701

Proof For E € & there is a short exact sequence 0 - C; —» C, » E - 0 with
C, €%, for i=1,2. Thus, for any n € N we obtain a short exact sequence
0 - Q'(C)) - 2(C,) &P — '(E) — 0 for some projective P.

1. Since[2"(%))], and [£2"(6})],, are finitely generated for n € N, there are modules
U=®_UandV = &;_,V; such that 1f M, € Q'(¢)) and M, € £2'(%,), then

EB; U@ D, and M2 =& V '@ D,, where D; € 9 for i=1,2 and
/3_ € N. Hence forevery E € & there is a short exact sequence

0->U @D -V @&D,®dP— QE) -0

with U] € add (U), V| € add(V), D; € & fori= 1,2 and P a projective mod-
ule. We conclude that & is n-LIT with LIT module U @ V @ A.

2. Take n € N such that [Q"(%))],, is finitely generated and gldim (%,) < n. Then
Q"(C,) is projective for every C, € %,. It follows that 2"(C,) = Q"Y(E) @ P for
some projective P. We deduce that [2"+!(£)], is finitely generated.

3. Take n to be an integer such that &, is n-LIT and gldim (%)) < n. Similarly to
the proof of item (2), we obtain that 2"(C,) = Q"™1(E) @ P for some projective
P. Note that there is an exact sequence 0 - V, @ D, —» V, @ D, —» 2"'(C) - 0
with V; € add(V) and D, € Z for i=0,1, where V is a n-LIT mod-
ule. Since P is projective, we can also obtain an exact sequence
0—V @D, >V, ®D, - Q2*(E) - 0 with V/ € add (V) and D; € Z for
i =0, 1. It follows that & is (n + 1)-LIT with Va (n + 1)-LIT module.

O
Remark 8 Note that in part 1 of Proposition 4,
min{m : [Q2"(%))] and [2"(,)] are finitely generated} 1S @ possible choice of 7.

Corollary 1 Let A be an Artin algebra and 9 C modA a 0-Igusa-Todorov subcate-
gory. Consider €, F, & three subcategories of A-modules, such that gldim (%) < oo
and for any E € &, there is an exact sequence

0-C-»Fy—»..->F->E-0

with C, € € and each F; € F. If € is D-syzygy-finite (n-LIT), then & is P-syzygy
finite (n + k + 1)-LIT).

Proof Denote & =%, and by induction,
Eq={M:30-C—>F—->M->0withCe€ & and F € #}. Then by hypoth-
esis and Proposition 4, inductively we obtain that each E, is Z-syzygy finite ((n + i)
-LIT). Note that & C &, , so & is also Z-syzygy finite ((n + k + 1)-LIT). O

Proposition 5 Let A an Artin algebra, 2 C mod A a 0-Igusa-Todorov subcategory,
and two D-syzygy finite subcategories €, and 6,. Consider & C mod A a subcate-
gory such that VM € & there exists a short exact sequence 0 - C; > M — C, — 0
with C; € €, fori = 1,2, then & is n-LIT for some n € Z*.
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Proof Suppose that for n € N [£2"(%))], and [£2"(%,)], are finitely generated. For
any M € € there are C; € ¢, such that 0 - C;, - M — C, — 0 is a short exact
sequence. Consider the following pullback diagram obtained from that short exact
sequence.

0 0

It is easy to check that £2"(&) is n-LIT, just apply part 1 of Proposition 4 to the mid-
dle column in the above diagram. O

The following result follows directly from the previous proposition.

Corollary 2 Let A an Artin algebra, 9 a 0-Igusa-Todorov subcategory for mod A.
If there are two 9-syzygy finite subcategories 6, and €, such that for every
M € modA there is a short exact sequence

0-C-Q"M)—->C, -0

with C; € 6,, then A is a n-LIT algebra.

4 Small LIT algebras

Throughout this section, we identify O-LIT and 1-LIT algebras under conditions in
the category of modules, in quotients, and its categories of modules.

The first result is a generalization of Proposition 3.2 from [13]. This result allows
us to identify O-LIT algebras.

Proposition 6 Let A be an Artin algebra and 2 C mod A a 0-Igusa-Todorov subcat-
egory. Consider two ideals I, J with JI = 0. Then A is a O-LIT algebra provided that
the following two statements are valid.

1. ind /I—‘ \ 2 C modA and ind% \ 2 C modA are finite sets.
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2. ind %‘ \ 2 C mod A is finite, ’% is projective in mod A and [§2( mod ’%)]@ is finitely
generated.

Proof For any N € mod A, we have a short exact sequence 0 > NJ - N — 1% - 0.
Note that (NJ)I = 0 and (%)J =0, so NJ is also in mod /% and < is also in mod 2.

Consider the following pullback diagram obtained from the above short exact
sequence.

0 0
1
Q(xy) —— Q(37)

0——=NJ——=NJDOP(

) —P(

g=

N
NJ

1

0 NJ N % 0
0 0
Both items follow by Remark 8 applied to the middle row in the diagram. O

The following two results are generalizations of Theorem 3.4 and Corollary 3.5
of [13] respectively.

Proposition 7 Let A be an Artin algebra, 2 C modA a 0-Igusa-Todorov subcate-
gory and I an ideal with rad (A)I = 0. Ifmod’% C modA is 0-LIT, then A is a 1-LIT
algebra.

Proof By hypothesis, for any M € mod A, we have that Q(M)I C rad (P(M))I = 0.
Then Q(M) is also an 4 module. Since mod/% C modA is O-LIT with
a LIT-module V, then we obtain an exact sequence of A-modules
0>V, &D, - V,®dD;,— 2M)— 0 with V,,V, € add(V) and D,,D, € 2.
Hence, we conclude that A is a 1-LIT algebra with a LIT module V. O

Corollary 3 Let A be an Artin algebra and 2 C mod A a 0-Igusa-Todorov subcate-

gory. Ifrad **1(A) = 0 and ind md/i(A) \ 2 C modA is finite, then A is 1-LIT.

Proof We have the following embeddings of module categories

mod ——— C modT C modA
rad"(A) rad *"(A)
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Consider [ = J = r;‘d ‘A ideal of —7— 2,, : A) Observe that I/ = 0. If M € mod —7— zn( o

and M - € mod W and by Proposition 6 we conclude that

then
JM € mod d @

the subcategory mod —4 —  modA is O-LIT. Finally, by Proposition 7 A is
rad ~(A)
1-LIT. a

5 Algebras with only trivial 0-lgusa-Todorov subcategories

In this section we build algebras with only trivial 0-Igusa-Todorov subcategories.
We will use these results in Sect. 6 to construct examples of non LIT algebras.

Definition 8 Let A be an Artin algebra. We say that A has only trivial 0-Igusa-
Todorov subcategories if for all 0-Igusa-Todorov subcategory 4, 9 C Z,.

Definition 9 Let A be an Artin algebra. For M € mod A we define

y(M) = ¢pdim(add {N: N is a direct summand of £2"(M) for some non-negative integer n}).

Proposition 8 Ler A be an Artin algebra. The following statements are equivalent

1. A has only trivial 0-Igusa-Todorov subcategories.
2. min{y(M): such that M € modA \ &,} > L
3. min{y(M): such that M € indA\ &} > L

Proof We prove the equivalences.
(1 = 2)Consider M € modA \ &,. Itis clear that the following class

6y = {N: N|Q2"(M) for some non-nogative integer n}

verifies the first two axioms for a 0-Igusa-Todorov subcategory. Since A has only
trivial 0-Igusa-Todorov subcategories, ¢dim(%,,) = y(M) > 1.

(2 = 3) Itis a particular case.

(3= 1) Let Z be a non trivial subgategory such that is closed by syzygies and
direct summands. Then there is a non projective indecomposable module M € 2.
By hypothesis y(M) > 1 so there is N € & such that $(N) > 1. We deduce that Z is
not a 0-Igusa-Todorov subcategory. a

Proposition 9 The following algebras have only trivial 0-Igusa-Todorov
subcategories
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1. IfA= ﬂj—Q is a non selfinjective radical square zero algebra such that Q is strongly
connected and the adjacence matrix M of Q is not invertible.

2. IfA= ]— is a truncated path algebra such that Q is strongly connected algebra
with at least one loop and the adjacence matrix MM, of Q is not invertible.

Proof
1. By Proposition 4.14 and Theorem 4.32 of [11], p(4,) > 1. If M € indA \ Z,,
then 2(M) C add (A,). Since Q is strongly connected quiver, A, has no pro-
jective summands. On the other hand, since Q is strongly connected, then
Ay € add (EBZ=1.Q"(M)), and it follows the thesis.
2. By Remark 11 of [4], p(M'(A) @ M*'(A)) > 1forevery 1 <I<k—-2.1f M
is not a projective module, then (M) = Mé(A) @ N for somel <I[I<k-2,
v € Q. On the other hand, since Q is strongly connected and has a loop, then
M'(A) @ M*'(A) € add (@]_, £2X(M)), and it follows the thesis.
O
The following example shows that it is necessary to have at least one loop in the

case of truncated path algebras of the above proposition.

Example 2 Consider the algebra A = X0 with Q the following quiver

//\
4

Let M be the A-module given by the representation below

//’\
S A

then QM) =M @& M, and y(M) = ¢p(M) = 0. We conclude that A does not have
only trivial 0-Igusa-Todorov subcategories.

Definition 10 Let A = T a finite dimensional algebra. If Q is a full subquiver of Q
and B = " kQ then we denote by 7 : modA — mod B the restriction functor.
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Theorem 4 Let A = kTQ a finite dimensional algebra such that there are two disjoint
full subquivers I and I of Q which verifies:

— T has no sinks.

- Qy=1yUl, B

— For all v € I, there is an arrow @, € Q, such thats(a,) =vandt(a,) =w € I,

— There are no arrows @ € Q, withs (a) € fo and t (o) € I,

— For all a € O such that s(a) € I}y and t(a) € fo then aff =0 = 6a for all
ﬂ? o€ Ql'

IfC= % has only trivial 0-Igusa-Todorov subcategories, then A has only trivial
0-Igusa-Todorov subcategories. )

Proof Let B and C be the algebras C = % and B = };—FF respectively. It is easy to
see that 2(modA) C modB@ modC & {@P, : v € I)}. Notice that mod C has
no simple projective modules. Consider Z a 0-Igusa-Todorov subcategory for A.

Claim: 2 N mod C is a 0-Igusa-Todorov subcategory for C.

Since Z.c &,, then Q. (M)=L,M) for all Me modC. Hence
Q-M)e Z2n modC and ¢p-(M) = ¢p,(M) =0 for all M € PN modC. On the
other hand consider M € mod C, if N is a direct summand of M in mod A, it is clear
that N € mod C.

As a consequence of the claim, it is clear that for M € 2\ &,, if N € mod C is
a direct summand of (M), then N € Z..

Suppose M € 2\ &, then 2(M) is not projective. Hence £2(M) has a non pro-
jective direct summand in mod B. Since there is a simple C-module S such that S
is a direct summand of Q2(M), then 2%(M) has a non projective direct summand
in mod C. Finally if we apply the claim to £2(M) is a projective module, and this is
absurd. O

Remark 9 The algebras from Theorem 4 are a particular case of the algebras from
Theorem 5.2 of [3].
6 Examples of non LIT algebras

In this section, we give an example of a family of finite dimensional algebras that
are not LIT.

Example 3 LetB = "j—Q be a finite dimensional k-algebra and C = kj—g, where Q' is the
B

following quiver
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mCl ZQﬁz

Consider A = "i—F, with
A

- Ih,=0,VQ,
- I'=0,UQ U {a; : i~ 1Vie€ Qy}and
— Iy = (I, J2, {Aa;, ;A VA such that 1(4) > 1}).

Note that

_ IfM € modA, thenpdM = 4 & O

- KA c(M]:Me& modBC modA) XS ]_1} /\S[Sz

— If M € mod B, then 2,(M) = QM) & | im, (fop

— If M € modA and pd (M) = oo, then S, and S, are dlrect summands of €3 (M)
As a consequence A is a LIT algebra if and only if A is an Igusa-Todorov algebra
(Use Theorem 4 and Proposition 9).

Remark 10 Let A be an algebra as in Example 3 where B is a selfinjective alge-
bra. If 0 > V@S - P> W, @S — 0 is a short exact sequence in modA with
Vg, Wp € mod B\ P, P € &, and S, S € add (S; @ S,), then there is a short exact
sequence 0 = V, — P — W, — 0in mod A with P € 2.

Remark 11 Let A be an algebra as in Example 3 where B is a selfinjective algebra. If
A is an 1-Igusa-Todorov algebra, then B is also an 1-Igusa-Todorov algebra.

Lemma 3 Let A be an algebra as in Example 3 where B is a selfinjective algebra,
then

K,(A) = ([M] : M € modB\ Z; C modA) x ([S,]) X ([S,]).

Proof 1t easy to see that S, S, € K,(A), and If P € &5 then P ¢ K, (A). On the other
hand consider V; € mod B \ &Z;. Since B is a selfinjective algebra, there is a short
exact sequence in mod B as follows

0-Vyg—>P—->Wy—>0,

where P € &5. From the previous short exact sequence, we can construct the fol-
lowing short exact sequence in mod A.

0— VB Sdlmk(Top(WB)) P WB -0,

where P € 2,. We deduce that V € K, (A). O

As a consequence of the proof of Lemma 3 we have the next result.
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Corollary 4 Let A be an algebra as in Example 3 where B is a selfinjective algebra.
Then the next statements follows

1. IfV € £,(modA), there is a semisimple S € mod A and a short exact sequence
0-VeS—>P->W->0,withPe Zyand W € ,(modA).
2. .Q|<[MJ - Memod B\ 2,) is injective.

Proof
1. The A-module V can be decomposed into V =V, @ S7" @ S,* with V € mod B

Let W be a preimage of Vy, and Wy a preimage of Wy as in Lemma 3. It is easy
to see that £2(S,) = Q2(5,) = S, & S,, then

-Q(WB ® S]Top(WB)+m1+m2) — VB ® S] Top (Wg)+ Top (Wy)+m, +m, ® S2 Top (Wy)+m,+m,
2. Isadirect consequence of Lemma 3

O
Proposition 10 Ler A as in Example 3 where B is a selfinjective algebra. If A is
m-Igusa-Todorov, then A is 1-Igusa-Todorov.

Proof If A is a m-Igusa-Todorov algebra with m > 1, we can assume, by Remark 6,
that there exist an Igusa-Todorov module V such that V C £,(mod A). Assume that
A, is a direct summand of V. Given the short exact sequences

Vm Iy P

0- VlﬂVo—nQ’"(M) — 0,and 0 - .Q’"(M)—)Pm_l—nQ’"_l(M) -0,

we can construct the following commutative diagram with exact columns and rows

0 0 0
0 v Vo QM) —=0
Yn—1Um Mon—1 In—1
Ln—1 Hm—l
0 mel mel@mel mel 0
Pm—1
0 Wi Wo Q" Y M)——=0
0 0 0
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where the maps 1,,_; and II,,_; are the canonical inclusion and projection respec-
Ym—1

bn—1VYm

Apey S —=>Q,_; such that 6, ,:V,&S->0,.®P,_;, given by

tively, and p,,_, = . Consider S € modA a semisimple module and

Vim—1 Am—l : .
il 0 >, is a monomorphism and (Soc(Q,,_),0) C Im(6,,_)|scves-

Considere,,_; : V,®S — Q,,_givenbye,,_; = Vi1 Um> Am1)-

Claim: The map ¢,,_, is a monomorphism.

Suppose there exist vev and seS such that
€1 (V,8) = Vo1 U (V) + 4,,_,(s) = 0. Since u,,(v) € Vyand s € S, then

8o (1, (1), 5) = (/’"}1 s ) ( ”"fv)) = (et 9) Ay 5) (1) = (0.0)
m—1"m
Since §,,_; and u,, are monomorphisms, then v = 0 and s = 0.
From the above diagram and the maps € Apy and v, = (v,,,0), by Lemma
3 x 3, we obtain the following diagram.

m—1>

0 0 0
um®lg Vm
0 Vies Vo®S Q"(M) —=0
Em—1 Sm— 1 im—1
Hm—l
0 mel mel@mel P 0
Im—1 Pm—1
0 Wi Wo —— 1 Qm=1 (M) —— 0
0 0 0

We denote by W, = (W), T,), Q,_s = ((Q,,_)’,T,) and P,_, = ((P,,_,)’,T,) as
representations.

Claim: [W,] € K, (A).

Let w € W, such that w # 0 and e;w = w (the case e,w = w is easier and left to
the reader). We want to prove that w ¢ Im Y aijol T,and Tﬂ. w) = Tﬂ-] w)=0.

Suppose there exists w' €W, such that X ., T,(w')=w, then
®,,_;(w)=0. Since g,_, is an epimorphism, there exist x,x’ € Q, , ®P,,_,
where g, (x) =w, g,_,()=w" and ¥, , T,+T,(x)=x. We deduce that
xeS, cSoc(Q,_1DP,_))-

Now consider y,y’ € P,,_, such that IT, ;(x) =y and IT,_,(x") =)', since
(S0c(Q,,-1),0) C Im (8,,_)lgoe(v@s it is clear that y # 0. By the previous diagram
there is an element z € S; C Soc (£2"(M)) such thati,,_,(z) = y.

Since ¥,, is an epimorphism there is an element v € S; C Soc(V,) such
that v,(v) =z. Again, by the previous diagram II,_;(x—6,_;(v)) =0,
then x=96,_.,vV€EQQ,_ Since X,0,,_1(v) € Soc(Q,,_; ®P,_), it

@ Springer



710 Sao Paulo Journal of Mathematical Sciences (2022) 16:693-711

is clear that x-94,_;(v) € (Soc(Q,,_;),0). Therefore there exists
v € Soc(V,®S) such that §, ,()=x-6,_;(v). It is an absurd since
0= qm—lém—l(vl) = qm—l('x - 5m—1(v)) = qm—l('x) =w 7é 0.

Now, if we suppose that Tﬁ] w)#0 (Tﬂz(w) #0). Consider x = Tﬁ2 (w)
(x= Ty (w)) and the proof follows as above. }

Finally, by Remark 4, there is a semisimple module S such that
W, ® S € 2,(modA).

From the below short exact sequence of the previous commutative diagram we
build the following short exact sequence

0—>V_V1€BS’—> WOEBS’—>_Q’"(M)—>O.

Since 2"~!(M) and W,, @ S belong to €,(mod A), then W, ® S € 2,(modA). By
Remark 10, there exist W € £,(modA) such that W, W, belong to add (W) for all
M € modA and the thesis follows. O

We finally give an example of an Artin algebra that is not Lat-Igusa-Todorov.

Example 4 Let A as in Example 3 where B is a selfinjective algebra. If B is not
an Igusa-Todorov algebra, for instance B = A(k") for n > 3 (see 4.2.10 of [6] and
Corollary 4.4 of [12]), then A is not a LIT algebra. However, by Theorem 5.2 of
[3] ¢pdim(A) <3 (in fact ¢pdim(A) = 2), and A verifies the finitistic dimension
conjecture.

Acknowledgements The authors thank Professor Marcelo Lanzilotta for helpful comments and recom-
mendations which helped to improve the quality of the article.

Declarations

Data Availability Data sharing not applicable to this article as no datasets were generated or analysed
during the current study.

References

1. Babson, E., Huisgen-Zimmermann, B., Thomas, R.: Generic representation theory of quivers with
relations. J. Algebra 322(6), 1877-1918 (2009)

2. Bravo, D., Lanzilotta, M., Mendoza, O., Vivero, J.: Generalized Igusa-Todorov functions and Lat-
Igusa-Todorov algebras. J. Algebra 580, 63—83 (2021)

3. Barrios, M., Mata, G.: On algebras of Q"-finite and Q*-infinite representation type, arXiv:1911.
02325

4. Barrios, M., Mata, G., Rama, G.: Igusa-Todorov ¢ function for truncated path algebras. Algebr.
Represent. Theor. 23(3), 1051-1063 (2020)

5. Chen, X., Shen, D., Zhou, G.: The Gorentein-projective modules over a monomial algebra. Proc. R.
Soc. Edinb. Sect. A Math. 148(6), 1115-1134 (2018)

6. Conde, T.: On certain strongly quasihereditary algebras, PhD Thesis (2015)

7. Dlab, V., Ringel, C.: Every semiprimary ring is the endomorphism ring of a projective module over
a quasi-hereditary ring. Proc. Am. Math. Soc. 107(1), 1-5 (1989)

@ Springer


http://arxiv.org/abs/1911.02325
http://arxiv.org/abs/1911.02325

Sao Paulo Journal of Mathematical Sciences (2022) 16:693-711 711

10.

11.

12.

13.

14.

15.

16.

Dugas, A., Huisgen-Zimmermann, B., Learned, J.: Truncated path algebras are homologically trans-
parent. Part I, Models, Modules and Abelian Groups (R. Gobel and B. Goldsmith, eds.), de Gruyter,
Berlin, pp. 445-461 (2008)

Igusa, K., Todorov, G.: On finitistic global dimension conjecture for artin algebras, Representations
of algebras and related topics, Fields Inst. Commun., 45, American Mathematical Society, pp. 201—
204 (2005)

Lanzilotta, M., Mata, G.: Igusa-Todorov functions for Artin algebras. J. Pure Appl. Algebra 222(1),
202-212 (2018)

Lanzilotta, M., Marcos, E., Mata, G.: Igusa-Todorov functions for radical square zero algebras. J.
Algebra 487, 357-385 (2017)

Rougquier, R.: Representation dimension of exterior algebras. Invent. Math. 165, 357-367 (2006)
Wei, J.: Finitistic dimension and Igusa-Todorov algebras. Adv. Math. 222(6), 2215-2226 (2009)

Xi, C.: On the finitistic dimension conjecture I: Related to representation-finite algebras, J. Pure
Appl. Algebra 193, pp. 287-305 (2004), Erratum: J. Pure Appl. Algebra 202 (1-3), pp. 325-328
(2005)

Xi, C.: On the finitistic dimension conjecture II: Related to finite global dimension. Adv. Math. 201,
116-142 (2006)

Zhang, P.: A brief introduction to Gorenstein projective modules, Notes https://www.math.uni-biele
feld.de/~sek/sem/abs/zhangpu4.pdf

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published
maps and institutional affiliations.

@ Springer


https://www.math.uni-bielefeld.de/%7esek/sem/abs/zhangpu4.pdf
https://www.math.uni-bielefeld.de/%7esek/sem/abs/zhangpu4.pdf

	On Lat-Igusa-Todorov algebras
	Abstract
	1 Introduction
	2 Preliminaries
	2.1 Truncated path algebras
	2.2 Igusa-Todorov functions and Igusa-Todorov algebras
	2.3 Gorenstein and stable modules
	2.4 Lat-Igusa-Todorov algebras

	3 LIT algebras and -syzygy finite subcategories
	4 Small LIT algebras
	5 Algebras with only trivial 0-Igusa-Todorov subcategories
	6 Examples of non LIT algebras
	Acknowledgements 
	References




