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Abstract

After recalling the geometric meaning of the commutativity of the second funda-
mental tensor of a real hypersurface of a complex space form and its induced almost
contact structure, we present some classification theorems for CR submanifolds
of maximal CR dimension and submanifolds of real codimension two of complex
space forms M, under the algebraic condition on the second fundamental form of
the submanifold and the endomorphism induced from the natural almost complex
structure of M on the tangent bundle of the submanifold.

Keywords Complex space forms - CR submanifolds of maximal CR dimension -
Submanifold of real codimension two - Second fundamental form

1 Introduction

Real hypersurfaces of Kihler manifolds (especially of complex space forms) have
been an active field of research for years and many authors have described a lot of
interesting geometric properties of these hypersurfaces (see for example [3, 17, 18,
21, 22] and especially [19] for the fundamental definitions and results and for further
references). However, for arbitrary codimension, there are only a few recent results.
Motivated by the work on the classification of hypersurfaces that satisfy the commu-
tative condition (1.1), we recall the study of the generalization of the hypersurfaces,
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namely CR submanifolds of maximal CR dimension and submanifolds of real codi-
mension two, in complex space forms, which satisfy the corresponding condition
(1.2).

One of the aims of submanifold geometry is to classify submanifolds according to
given geometric data, for example, studying the relations and the interplay between
intrinsic invariants, which only depend on the submanifold as a manifold itself, and
extrinsic invariants, which depend on the immersion. The structure of a submanifold
in Riemannian geometry is encoded in the second fundamental form. We have char-
acterized several important classes of submanifolds considering the condition (1.2)
on the submanifold structure (represented by the second fundamental form) and
structure naturally induced from the almost complex structure of the ambient space.
This idea goes back at least as far as [22], where the hypersurfaces of a complex
projective space were studied. Namely, a real hypersurface M of a complex space
form M has two geometric structures: an almost contact structure F induced from
the almost complex structure J of M, and a submanifold structure represented by
the second fundamental tensor A of M in M. In this sense, in [18, 22], the authors
studied and classified real hypersurfaces M of a complex projective space and of a
complex hyperbolic space (Theorems 3.1 and 3.2), respectively, which satisfy the
commutativity condition

FA = AF. (1.1)

Above all, they gave the geometric meaning of the commutativity of the second fun-
damental tensor of the real hypersurface of a complex space form and its induced
almost contact structure.

A real hypersurface is a typical example of a CR submanifold of maximal CR
dimension and the generalization of some results which are valid for real hypersur-
faces to CR submanifolds of maximal CR dimension may be expected, although for
arbitrary codimension, less detailed results are known. For example, we refer to [5,
7, 8, 24] and the book [10], where we collected the elementary facts about complex
manifolds and their submanifolds and introduced the reader to the study of CR sub-
manifolds of complex manifolds, especially complex projective space.

On this occasion we present our results on submanifolds M of complex space
forms (M, J, g) which satisfy the condition

h(FX,Y) + h(X,FY) =0, forall X,Y € T(M), (1.2)

where F' is the skew-symmetric endomorphism acting on 7(M) and induced by the
almost complex structure J of M and £ is the second fundamental form of M. This
condition corresponds to (1.1) and is equivalent to (4.14)—(4.16) for CR submani-
folds of maximal CR dimension and to (5.10) for submanifolds of real codimension
two.

In Sect. 3 we recall the notation and the above-mentioned study and results from
the theory of hypersurfaces of complex space forms we need here and we present
more details on the investigation of the condition (1.1) on real hypersurfaces of
complex space forms. Moreover, we explain several examples of real hypersurfaces
in a complex projective space and in a complex hyperbolic space, which will be
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characterized in Sects. 4 and 5 and which are commonly called “model spaces”.
Namely, it is well-known that a complex projective space does not admit either
totally geodesic or totally umbilical real hypersurface and, as one can regard a com-
plex projective space CP" as a projection from $>*! with fibre S', H.B. Lawson in
[15] exploited this idea to study a hypersurface in a complex projective space by lift-
ing it to an S'-invariant hypersurface of the sphere. A distinguished example of a real
hypersurface of CP" is M€ which is defined as a projection z(S%*! x §24*1) of the
product of two odd-dimensional spheres in a unit sphere $**!, where p+ ¢ =n — 1
and x is the Hopf map (see also [10], p. 104). The analogous construction has been
done for a complex hyperbolic space and as well explained in Sect. 3.

In Sects. 4 and 5, we consider a condition (1.2) corresponding to (1.1), by study-
ing CR submanifolds M" of maximal CR dimension (equal to %) and submanifolds
of real codimension two, respectively, both in complex space forms. In Sect. 5 we
pay a special attention to some CR submanifolds of CR dimension %, as a special
class of submanifolds of real codimension two. The aim of this paper is to bring
together two areas of our previous work: the study of CR submanifolds of maxi-
mal CR dimension and of submanifolds of real codimension two in complex space
forms, under the condition (1.2) which relates the intrinsic and extrinsic information
and this work is intended as an attempt to motivate further research on his topic, for
example the study of the following

Problem Investigate submanifolds M™ of real codimension two of a complex
hyperbolic space, under the condition (1.2), so that there exist real hypersurfaces
M. or MH ,(r)such that M C My or M C MH ().

In order to continue the mvestlgatlon of the algebralc condition (1.2) and its influ-
ence on the geometry of the submanifold, it is useful to compare how the condition
(1.2) looks like for real hypersurfaces of complex manifolds (1.1), for CR submani-
folds of maximal CR dimension (4.14)—(4.16) and for submanifolds of real codi-
mension two of complex space forms (5.10). Also, we point out how the Gauss and
Weingarten formulae (4.1), (4.2) (intensively used in our study) are expressed for
real hypersurfaces of complex manifolds (3.1), (3.2), for CR submanifolds of maxi-
mal CR dimension (4.10)—(4.12) and for submanifolds of real codimension two of
complex space forms (5.6), (5.7). Moreover, since the condition (1.2) depends on
the endomorphism F induced by the almost complex structure J, we hint at its deriv-
atives for real hypersurfaces of complex manifolds (5.5), for CR submanifolds of
maximal CR dimension (4.17)—(4.19) and for submanifolds of real codimension two
of complex space forms (5.8)—(5.9).

2 Preliminaries

Let M be an m-dimensional submanifold of a Riemannian manifold (A_/Im+k,§)
with the immersion 1 of M into M, where we also denote by 1 the differential of
the immersion, or we omit to mention ¢, for brevity of notation. The Riemannian
metric g of M is induced from the Riemannian metric g of M in such a way that
g(X,Y) = 33X, 1Y), where X, Y € T(M). We denote by T(M) and T+(M) the tangent
bundle and the normal bundle of M, respectively.
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Next, let us denote by V and V the Riemannian connection of M and M, respec-
tively, and by D the normal connection induced from V in the normal bundle of M.
They are related by the following well-known Gauss and Weingarten formulae

VY =iV Y +h(X,Y), @2.1)

V& = —1AX + Dyé, (2.2)

forany X,Y € TM)and & € T+M, where h is the second fundamental form and A
is the shape operator, also called second fundamental tensor corresponding to ¢,
related by g(h(X,Y), &) = g(AX,Y). A submanifold M is said to be totally geodesic
if for every geodesic y(s) of M, curve 1y(s) is a geodesic of M, or equivalently, if the
second fundamental form vanishes identically. It is said that it is totally umbilical
if there exists a normal vector field £ such that A(X,Y) = g(X, Y)&, for any tangent
vector fields X, Y. It is clear that every totally geodesic submanifold is also totally
umbilical, but the converse is not true in general. ek

Further, let us suppose that the ambient space is a complex manifold (M * ,J)
equipped with a Hermitian metric g, namely, such that g(JX,JY) = g(X, Y). It is
well-known that, for any x € M, the subspace H (M) = JT,(M) N T (M), called the
holomorphic tangent space to M at x, is the maximal J-invariant subspace of the
tangent space 7,(M) at x. In general, the dimension of H, (M) varies with x (see [7],
for example), but if the subspace H,(M) has constant dimension for any x € M, the
submanifold M is called the Cauchy—Riemann submanifold or briefly CR submani-
fold and the constant complex dimension of H, (M) is called the CR dimension of M
( [20, 27]). It is clear that a real hypersurface is one of the typical examples of CR
submanifolds whose CR dimension is ?, where m is the dimension of a hyper-
surface. It is easily seen that if M is a CR submanifold in the sense of Bejancu’s
definition given in [1], M is also a CR submanifold in the sense of the above-given
definition. In the case when M is a CR submanifold of CR dimension m—_l, these
definitions coincide. On the other hand, when the CR dimension is less than m—_l,
the converse is wrong. Further, we recall two more examples of CR submanifolds of
maximal CR dimension of Hermitian manifolds (M, J, g):

e any real hypersurface M of a complex submanifold (i.e. J-invariant submanifold)
M’ of M:

e any F'-invariant submanifold of a real hypersurface M’ of M, where F’ is a skew-
symmetric endomorphism induced by the almost complex structure J of M which
determines the almost contact metric structure on M’.

We refer to [7, 10] for more details and examples of CR submanifolds of maximal
CR dimension. .
We will restrict our attention to the case when the ambient manifold M is a com-

plex space form, i.e. a Kihler manifold whose holomorphic sectional curvature
ZRXIX)IXX)

FXX?_ —
x €M (R is the Riemannian curvature tensor of M). It is well-known that two

is constant, for all J-invariant planes {X, JX} in TX(A_/I ) and for all points
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complete, simply connected complex space forms of the same constant holomorphic
sectional curvature are isometric and biholomorphic. It follows from the classifica-
tion of symmetric spaces that a Kihler manifold of constant holomorphic sectional
curvature c is locally isometric to one of the following spaces: complex Euclidean
space (¢ = 0), complex projective space (c > 0) and complex hyperbolic space
(c <0).

3 Real hypersurfaces of complex space forms

Let M be a hypersurface of a Riemannian manifold (M,3)and let: : M — M denote
the isometric immersion. Then the Gauss formula (2.1) and Weingarten formula
(2.2) reduce respectively to

VY =1V, ¥ + h(X,Y) = 1V, Y + g(AX, Y)E, 3.1

V& = —IAX, (3.2)

where £ is a local choice of a unit normal, X, Y € T(M) and A is the shape opera-
tor in the direction of &. For M"m being a Kihler manifold with a Kihler structure
(J, ), we define a structure vector field U € T(M) by :U = —J¢ and a skew-symmet-
ric (1, 1)-tensor field F (from the tangential projection of J) by:

JiIX =1FX + g(X, U)&. (3.3)
Applying J to relation (3.3), we derive

F’X=-—X+gX,U)U, FU=0,

(3.4)
gFX,FY)=g(X,Y) — g(X, U)g(Y, U),

which asserts that F' determines an almost contact metric structure (see [2] for
more details about almost contact metric structure). Taking the covariant deriva-
tive of relation (3.3) and using the Gauss and Weingarten formulae (3.1), (3.2), we
conclude

(VyF)Y = g(U, )AX — g(AX,Y)U, V,U = FAX. (.5)

We refer to [19] for necessary background material to access the study of real hyper-
surfaces in complex space forms, as well as a detailed construction of the important
examples of hypersurfaces in complex projective and complex hyperbolic space. We
also refer to [10] for the basic material about the geometry of submanifolds of com-
plex manifolds and for further study of these examples.

Especially, if M is a complex space form of constant holomorphic sectional cur-
vature 4c, using the Codazzi equation

(VxA)YY — (VyA)X = c(g(X, U)FY — g(Y, U)FX + 2g(X, FY)U) (3.6)
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for A = Al, with Y = U, we obtain ¢ = 0, since {X, FX, U} are linearly independent.
Namely, using the Codazzi equation (3.6), we conclude that complex projective and
complex hyperbolic space do not admit either totally umbilical or totally geodesic
hypersurfaces. We note that the nonexistence of totally umbilical hypersurfaces was
first proved in [26].

We recall here that H. B. Lawson showed in [15] that, although there do not exist
totally geodesic hypersurfaces in a complex projective space, there are however cer-
tain distinguished minimal hypersurfaces, denoted by M[Sq, of a complex projective
space CP", for p,q >0, p+ g =n— 1, which naturally generalize the equatorial
hypersurfaces of spheres. These spaces admit strong intrinsic characterization which
recognizes them in the class of minimal hypersurfaces. For example, H. B. Lawson
showed that there exist positive constants ¢, and ¢/ such that if M is any compact
minimal hypersurface of CP" over which either the length of the second fundamen-
tal form Al satisfies ||h]| < ¢, or equivalently, the scalar curvature 7 satisfies 7 > c
then the equality holds 1dentlca11y and M =~ M ¢ for some p, g. Moreover, any (not
necessarlly compact) minimal hypersurface whose scalar curvature is identically
equal to ¢/ must be an open subset of Mpcq The investigation of minimal submani-
folds of a sphere done by S. S. Chern, M. do Carmo and S. Kobayashi in [4] has
been very helpful for this study, having in mind H. B. Lawson’s idea to construct a
circle bundle over a real hypersurface, which is compatible with the Hopf fibration:

!
S2p+1 % 52q+1 Z_) SZn+1

dl |~

MC — P

Pq )

More precisely, the family of generalized Clifford hypersurfaces
M q = {Z = (11322) € Cn+1|G1(Zl,Z1) = 7’2 - bzs Gz(Zz,Zz) = bz},

in $"*1(r), where G, and G, are the restrictions of G to C”*! and C7*! respectively,
for Gz w) =Y aWe 2= (221 s20)s W= Wo, Wy, .oo,w,), Z,w € C™l,
CHl =Pt x Citl p,g >0, p+g=n—1> 0 (choosing b so that 0 < b < r), is
the Cartesian product of spheres

M;”q — S2p+1((r2 _ b2)1/2) X qu+1(b),

where the radii of the spheres have been chosen so that M’ z,z ; lies in S?*!(r). There-
fore, we get the fibrations
S'— M — M,
P P

compatible with the standard (canonical) projection of S?"*!(r) to complex projec-
tive space CP"

& S oepn.
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The surfaces MPC# are called “generalized equators” in [15]. For the special case
p=0, MC _, 1s diffeomorphic to a (2n — 1)-dimensional sphere and it is a geodesic
hypersphere (see [3, 10] for more details and proofs).

The second author of this paper proved in [22] (Theorem 4.3) that the condition (1.1)
for a real hypersurface M of a complex projective space occurs if and only if the shape
operator of z~! (M) is parallel. From this result and Ryan’s paper [25], he obtained

Theorem 3.1 (Theorem 4.4, [22]) M Cq are the only complete real hypersurfaces of
a complex projective space for which the condition (1.1) is satisfied.

The construction of standard examples (the so-called “model spaces”) M’ and
MH (r) of real hypersurfaces in the complex hyperbolic space CH" is analogous to
the above explained in CP", with some important differences. We refer to [9] for a
more detailed explanation. Using the fibration

m : H"*'(r) > CH", (3.7)

for anti-De Sitter space H12”+1(r) of radius r in C"*!, the so-called “horospheres” M
are defined as M = z'(M!) where 7’ is the submersion which is compatible with the
fibration z in (3.7) and

={zeC" <z, z>= - |zp— 71| = 1},

for <z,w>= Re gz,w), g@w)=—2Wo+ X_; uWe 2= (ZgrZps o> 20
w = (W, Wy, ..., w,), Z,w € C"*!. The Lorentzian hypersurface of H;"*', denoted by
M;p 1241 (r) for given integers p, g, with p + g = n — l and r € R is defined by

M;p+l,2q+l(r) = {(z1,22) € C" g (21, 7)) = =(b° + 1), 82(22,2) = b7},

where g, and g, are the restrictions of g(z, w) to CP*! and C7*!, respectively. Then
M;p 12941 is the Cartesian product of an anti-De Sitter space and a sphere whose
radii have been chosen so that it lies in H2"+1(r) and each factor is embedded in
H; 2n+1in a totally umbilical way, i.e.
HPH (2 4+ 2)/2 2q+1
M) 12 () = HT(@ + 7)) x 2 (b).
. , ol . H oo poan .

Since sz 112g +1(r) is S'-invariant, Mp’q(r) =7 (sz 12g +1(n) is a real hypersurface
of CH" which is complete and satisfies the condition (1.1).

Moreover, Montiel and Romero studied in [18] the same geometric characteriza-
tion as in the case of a complex projective space and proved

Theorem 3.2 (Theorem 5.1, [18]) Let M**~! be a complete real hypersurface of the
complex hyperbolic space CH" for which the condition (1.1) is satisfied. Then, we

have the following possibilities:

(a) M?'is congruent to MZJH g1 PHqg=n—1
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(b) M?~'is congruent to M.

4 CR submanifolds of maximal CR dimension of complex space forms

In this section we recall the complete classification of CR submanifolds of maximal
CR dimension of complex space forms which satisfy the condition (1.2) and for further
details we refer to [9, 10]. We emphasize here that a real hypersurface is one of the
examples of CR submanifolds of maximal CR dimension of complex space forms and
that it is natural to replace the condition (1.1) with the condition (1.2), which is equiva-
lent to (4.14)—(4.16).

Let us consider CR submanifolds M™ of complex space forms M"H'k whose CR
dimension is maximal, that is, dimp H (M) = dimy(JT (M) N T,(M)) = m — 1. Then
it follows that M is odd-dimensional and that there exists a unit vector field £ normal to
M such that JT,(M) C T, (M) & span {¢,}, for any x € M. Hence, for any X € T(M),
choosing a local orthonormal basis &, &, ..., &,_, of vectors normal to M, we have the
following decomposition into tangential and normal components:

JiIX =1 FX + u(X)&, 4.1)

JE=—1U+ P¢, 4.2)

Jé, = —1U,+ P¢, (a=1,....k=1). 4.3)

Here F and P are skew-symmetric endomorphisms acting on T(M) and T(M),

respectively, U,U,,a =1, ...,k — 1 are tangent vector fields and u is one form on M.
Furthermore, using (4.1), (4.2) and (4.3), the Hermitian property of J implies

F’X = - X + u(X)U, 4.5)

u(FX)=0, FU=0, u(U)=1, 4.6)

8(FX,FY) =g(X,Y) — u(X)u(Y), 4.7

JéE, =P¢, (a=1,....k—-1), (4.8)

which means that (F, u, U, g) is an almost contact metric structure on M (see [2]).
We proved in [6] that if a CR submanifold of maximal CR dimension of a Kihler
manifold satisfies the condition

for all X, Y € T(M), where n=pé+ Y1 (p¢, +p* &) € THM) and p #0,

a=1

then M is a contact manifold. We denote the orthonormal basis of T+(M) by
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E & 6L ,fq*, where £, =J&, and g = I%l, as {peT+M),n L &} is
J-invariant. . .

Denoting by V and V the Riemannian connection of M and M, respectively, and
by D the normal connection induced from V in the normal bundle of M and using the
above constructed basis &, &, ..., &, &, ..., é‘q*, the Weingarten formulae can be writ-
ten as follows

V& = —1AX 4+ Dyé&
q
= —AX + ) 5,08, + 5, (0&,. ), (4.10)
a=1

Vixé, = —1AX + Dy&, = —1A X — 5,(X)¢
q
+ Z{Sub(X)éb + S (X)Ep 1 4.11)
b=1

V& =— 1A, X + Dyé&,.

I 4.12
= =14, X = 5, 0E + D {545 (E, + 5,00 (X)E ), (+-12)
h=1

where s’s are the coefficients of the normal connection D and A, A,, A,. are the
shape operators for the normals &, &,, &,., respectively, related to the second funda-
mental form by

q
h(X,Y) = g(AX, V)E + Y {8AX, V), + 84, X, V)E,. ). (4.13)

a=1

Therefore, since F is skew-symmetric, the relation (1.2) is equivalent to

AF =FA, (4.14)
AF=FA, (4.15)
A F=FA,. (4.16)

Also, differentiating relation (4.1), we get

(Vi F)Y =u(Y)AX — g(AX, Y)U, 4.17)
(Vxu)(Y) = g(FAX.Y), (4.18)
VU =FAX. (4.19)
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If M is a Kihler manifold, the condition (4.14) implies that U is an eigenvector of
the shape operator A. Furthermore, if M is a complex space form and the condition
(1.2) is satisfied, using the Codazzi equations, we proved in [9] that one of the fol-
lowing holds

e the distinguished normal vector field & is parallel with respect to the normal
connection, .

e the ambient manifold M is a complex Euclidean space and M is locally iso-
metric to a Euclidean space.

Considering the case when the distinguished normal vector & is parallel with
respect to the normal connection D, we concluded that the shape operators A,
A . with respect to the normals &,, &,., respectively, vanish:

k—1

a=1,...,q, g= —.

=0=A,,
2

Therefore, under the above conditions, using the codimension reduction theorems
for complex space forms ([13] for a complex Euclidean space, [23] for a complex
projective space and [14] for a complex hyperbolic space), we concluded that there
exists a (corresponding) totally geodesic complex space form M’ of M such that M
is a real hypersurface of M’. Denoting by A’ and ¢ the shape operator (second fun-
damental tensor) and the almost contact metric structure of the hypersurface M’,
naturally induced from the almost complex structure of M, we showed that A’ = A
and ¢ = F. Relation (4.14) then implies

A = A'p, (4.20)

which is exactly the relation (1.1) and which enabled us to apply the results from the
hypersurface theory, Theorems 3.1 and 3.2, and prove

Theorem 4.1 [9] Let M be a complete m-dimensional CR submanifold of maxi-
mal CR dimension of a complex space form A_/[T+k If the condition (1.2) is satisfied,
where F is the induced almost contact structure (defined by (4.1)) and h is the sec-
ond fundamental form of M, then, depending on the ambient space, one of the fol-
lowing three statements holds:

e M is a complete m-dimensionalWCR submanifold of CR dimension m-l
of a complex Euclidean space C2 and then M is isometric to E™, S™ or
§2p+1 Em= 2p— l

e Misa complete m- dlmenszongl CR submanifold of CR dimension “— of a
complex projective space CP > and then M is isometric to MC , for some p, q
satisfying 2p +2g =m — 1;

e M is a complete m- dlmensmnalkCR submanifold of CR dimension “— ofa
complex hyperbolic space CH™ and then M is isometric to M} or MH (r)
for some p, q satisfying 2p +2qg =m — 1.
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5 Submanifolds of real codimension two of complex space forms

In this section we continue our study of submanifolds of complex space forms which
satisfy the condition (1.2).

Let M be a real (n + 2)-dimensional complex manifold, J its natural almost com-
plex structure and g its Hermitian metric. For M being an n-dimensional submani-
fold of M with the isometric immersion ¢ of M into M and &;, &, mutually orthogonal
unit normals to M, we have the formulae analogous to (4.1)—(4.3):

JiIX =1FX + u' (X)&, + > (X)&,, (5.1
JE =—1U; + A&, (5.2)
JE = —1U, — A&, (5.3)

where F is a skew-symmetric endomorphism acting on 7(M), U,, a = 1,2 are local
tangent vector fields and u?, a = 1, 2 are local one-forms on M. We note that u! and u?
depend on the choice of normals & and &,, but the function A%, where A = g(J¢&,,&,),
does not depend on the choice of &, and &, (see [11] for the proof). For some special
4, we obtained the well-known examples of submanifolds, which are also character-
ized by Theorem 5.1:

Proposition 5.1 [11] Let M be a submanifold of real codimension 2 of a complex
manifold M and let A be the function defined by (5.2)—(5.3). Then:

(1) M is a complex hypersurface if and only if A*(x) = 1 for any x € M.
(2) M is a CR submanifold of CR dimension % if A(x) =0 forany x € M.

Remark 1 We mention here, citing the Example 2.1 in [11], that in the item (2) of
Proposition 5.1 the converse is not true, that is, for a CR submanifold of CR dimen-
sion % the function A does not always vanish.

Remark 2 Let us note here that in the Example 5.1 in [11] we have provided a large
class of submanifolds of real codimension two of complex space forms satisfying
A=0.

Now, applying J to (5.1), using (5.2)—(5.3) and comparing the tangential parts, we
obtain

FX =X+ u' XU, + i>(X)U,, (5.4

FU1=—AU2, FU2=/1U] (55)

Denoting by V the covariant differentiation with respect to the Hermitian metric g of
M, the Gauss and Weingarten formulae (2.1) and (2.2) read
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V¥ =1V, Y + h(X,Y) = 1V, Y + g(A, X, V)&, + g(A,X, V)&, (5.6)

V& = —1A,X + 5(X)&,, V&, = —1A,X — s(X)&,, (5.7)

where h(X, Y) is the second fundamental form and A, is the shape operator with
respect to the normal &,. . .

Assuming that the ambient manifold M is a Kihler manifold, applying V to JiY,
using (5.1), (5.2), (5.3), (5.6), (5.7) and comparing the tangential and normal com-
ponents of the obtained relations, we obtain

(VyF)Y =u' (Y)A, X — g(A, X, Y)U, + u*(Y)A,X — g(A,X, Y)U,, (5.8)

ViU, =FA\X = AA,X + s(X)Uy, ViU, = FAX + 1A, X —sQOU,.  (5.9)

As F is a skew-symmetric endomorphism, it follows that the condition (1.2) is
equivalent to

AF=FA,  AF=FA, (5.10)

that is, the linear map F commutes with both shape operators, A; and A,.

It is natural to begin our investigation with the case when the submanifold M is
a complex hypersurface of a Kihler manifold M, i.e. when the tangent space 7, (M)
and the normal space T+(M) are J-invariant. Consequently, we can choose the ortho-
normal vectors &, &, which are normal to M in such a way that &, = J&, and prove
that if the condition (1.2) is satisfied, then M" is a totally geodesic submanifold of
7" (Theorem 3.1 in [11]).

Havmg in mind that the studies of hypersurfaces and CR submanifolds of maxi-
mal CR dimension of complex manifolds were more efficient in the case of complex
space forms, we proceed considering submanifolds of real codimension two of com-
plex space forms M(c). First we look more closely at non-Euclidean complex space
forms, i.e. complex projective and complex hyperbolic spaces and recall

Theorem 5.1 [11] Let M be a non-Euclidean complex space form. If a submanifold
M of real codimension two satisfies the condition (1.2), then one of the following
holds.

(1) M is a totally geodesic complex hypersurface.
(2) M is a CR submanifold of CR dimension % with 4 = 0.

Before presenting our result in the case when the ambient space Misa complex
projective space, we recall our achievements when M is a complex Euclidean space.

Theorem 5.2 [11] Let M be a conpected submanifold of real codimension two of a

complex Euclidean space M=C% . If M satisfies the condition (1.2), then M is one
of the following:
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e n-dimensional sphere S",
n-dimensional Euclidean space E",
product manifold of an r-dimensional sphere and an (n — r)-dimensional Euclid-
ean space S" X B, where r is an even number.

e CR submanifold of CR dimension % with A = 0.

We briefly recall that in one part of the proof of Theorem 5.2 we consider the
open submanifold of M defined by M, = {x € M|A(x)(1 — A2(x)) # 0}. If the condi-
tion (1.2) is satisfied, then U, and U, (defined by (5.2) and (5.3)) are eigenvectors of
both A, and A,, namely

AU =a,U,, AU, =a,U,, a=12.

For the case when a2 + a2 # 0, applying the codimension reduction theorem by
Erbacher from [13] we prove that, under the above assumptions, there exists an
(n + 1)-dimensional totally geodesic Euclidean subspace F"*! of C™> such that M,
is a hypersurface of F"*!. Using the theory of hypersurfaces in the Euclidean space
(see for example Theorem 11.4 in [10]), we conclude that M|, is an open submani-
fold of an n-dimensional hypersphere, of an n-dimensional hyperplane or of the
product manifold of an r-dimensional sphere and an (n — r)-dimensional Euclidean
space. For the case when a12 + ag = 0 we prove that M, is totally geodesic and that it
is an open submanifold of an n-dimensional Euclidean space.

Since we have been interested in CR submanifolds and also having in mind the
proof of Theorem 5.1, we continued our study of submanifolds M” of a complex
Euclidean space assuming that 4 = 0 and that there exist some special hypersurfaces
M’ of C*% such that M ¢ M’ and we proved:

Theorem 5.3 [1 1] Let M be a submanifold of real codimension two of a complex
Euclidean space C™> with A = 0 which satisfies the condition (1.2).

o [fthere exists a totally geodesic hypersurface M’ of C% such that M C M’, then
M is one of the following:

— n-dimensional hyperplane E",

— product manifold of an odd-dimensional sphere and a Euclidean space:
§2p+1 X En—Zp—l.

o [fthere exists a totally umbilical hypersurface M’ of C%, such that M C M’, then
M is a product of two odd-dimensional spheres.

Motivated by Theorem 5.1 from [11], we have proceeded (in [12]) our study of
submanifolds M" of real codimension two in complex projective space, under the
condition (1.2), considering submanifolds which are not totally geodesic complex
hypersurfaces. These assumptions and Theorem 5.1 imply that M" is a CR submani-
fold of CR dimension =% with 4 = 0. We have left the case when the ambient space
is a complex hyperbolic space as a Problem, stated in the Introduction. It is to be
expected that the corresponding results could be proved.
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Inspired by the assumptions of Theorem 5.3, we have restricted our atten-
tion to submanifolds M" of real codimension two in complex projective space
CP% , such that there exists a significant real hypersurface Mpcq of CP2 so
that M € M€ , because a complex projective space does not admit either totally
umbilic or totally geodesic real hypersurfaces. In Sect. 3, remembering that that
one can regard a complex projective space CP7 asa projection from $"*3 with
fibre S!, we recalled the definition of Mcq as a projection 7(S¥?*! x S29*1) of the
product of two odd- d1mens1onal spheres 1n a unit sphere S$"*3(1), where 7 is the
Hopf map = : $" — CP% . Therefore, in [12], we have first studied both the
product of two odd-dimensional spheres S¥*! x S%*! as a hypersurface of the
unit sphere $"*3(1) and its hypersurfaces. We note that in [16, 28] the authors
restricted their attention to the case p = g. Further, we investigated certain hyper-
surfaces N of S?*1(| cos 0) x S?7*!(| sin #|) which satisfy the condition

FNAN = ANFN, (5.11)

where Ay, is the shape operator with respect to &y € TH(N) and FY is the skew-sym-
metric endomorphism acting on 7(N) defined as the tangent component of the skew-
symmetric endomorphism F’ on T(S?*!(| cos 8]) x S**!(| sin8])) induced by the
almost contact structure F of §"+3(1’)+4naturally generated from the almost complex
structure J of the Euclidean space C=. We find it interesting to compare the condi-
tion (5.11) with (1.1). We proved that, under the above assumptions, together with
(5.11), N is congruent to S?*1(| cos 8]) x S *1(| cos @ sin f]) x S>**!(| sin @ sin 4]),
g =r+s+1, for some constant ¢. Finally, considering submanifolds M" of real
codimension two of the complex projective space CP 2 which satisfy the condition
(1.2), which are not totally geodesic complex hypersurfaces, namely, which are CR
submanifolds of CR dimension % with 4 = 0, we proved the following

Theorem 5.4 [12] Let M" be a submanifold of real codimension two of a com-
plex projective space, which is not its totally geodesic complex hypersurface and
let M satisfy the condition (1.2). If there exists a real hypersurface Mcq such that

McC Mc , then M is congruent to n(S?*! x S+ x St where p+r +s5 = 72

7T_1(M) L) S2p+1XSQq+1 L} Sn+3
M — ME, — CcP%#

21 12

Although the following theorem could be interpreted as a special case of The-
orem 5.4 (since the geodesic sphere Mocn_] could be interpreted as a special case
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of Mpcq, which we recalled in Sect. 3), we encourage the reader to prove it using
another method and to do this before solving the Problem stated in the Introduction.

Theorem 5.5 Let M" be a submanifold of real codimension two of a complex pro-
Jective space, which is not its totally geodesic complex hypersurface and let M sat-

isfy the condition (1.2). If there exists a geodesic sphere Mgn_l such that M C Mocn—l’
! n_z 5!

then M is congruent to n(S' X S¥+! x SP*1), where r + s = =
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