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Abstract
Continuum topology optimization is an effective way to reduce vibration and noise of vibro-acoustic coupling system. 
However, the high computation time required for calculating the vibro-acoustic responses during topology optimization 
is a major obstacle for practical applications. In this paper, a novel symmetric method of vibro-acoustic system matrix is 
proposed, and a new model reduction method is developed based on Craig–Bampton mode synthesis method to compute 
dynamic responses with adequate efficiency and accuracy for topology optimization. The comparison results show that 
the proposed method substantially reduces the degrees of freedom (DOFs) and calculation time. The response values and 
eigenfrequencies calculated by the model reduction method are exactly the same as those of the full model. Furthermore, 
the bidirectional evolutionary structural optimization (BESO) algorithm is applied to solve the problem of minimizing the 
response of a single frequency and a certain range of frequency excitation at a specified target point. The results show that the 
optimization algorithm converges fast, the iterative process is robust and the response values of different coupling systems 
can be reduced to a higher extend, which indicates the applicability of the optimization algorithm.

Keywords Model reduction · Vibro-acoustic interaction · Topology optimization · Multiobjective optimization · Frequency 
response · BESO

1 Introduction

Continuum topology optimization is a practical method 
for reducing vibration and noise of structures by changing 
the distribution of structural materials [1]. Scholars have 
achieved certain results in this regard [2–5]. However, topol-
ogy optimization requires multiple iterations to obtain the 
optimal solution until convergence. For large-scale complex 
systems, the ever-increasingly complex phenomena of finite 
element models with numbers of DOFs and the iterative 
optimizing process will generate a huge amount of calcu-
lations. Therefore, it is necessary to study the processing 
methods for large-scale optimization systems.

To reduce the calculation time in the optimization pro-
cess, many scholars have taken efforts to do this. For the 
problem of high computational complexity of element sen-
sitivity in the optimization process, Chu [6] proposed that 
the adjoint method can effectively reduce the complexity of 
sensitivity analysis of frequency response problems. But this 
method still has a large amount of calculation on multifre-
quency problems. Jensen [7] proposed a method based on 
the PADE approximation method and the analytical sensi-
tivity derived from the adjoint method with low calculation 
costs for the sensitivity of multiple design variables in a 
wide frequency range. Allaire [8] calculated the standard 
adjoint vector based on the classic modal method. An adjoint 
variable method for the response sensitivity analysis was 
proposed by Kang [9] in investigating the optimal distribu-
tion of damping material subject to harmonic excitations. 
Numerical examples were presented for confirming the effi-
ciency and correctness of this approach.

Another approach is to transform complex dynamic prob-
lems into static problems. Choi [10] employed the princi-
ple of equivalent static load (ESL) to propose a quasi-static 
optimization method for structures under dynamic loading, 
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which enables us to optimize structures with dynamic loads. 
Zhao [11] and Lee [12] conducted further research with the 
objective of minimizing structural flexibility and dynamic 
response, and established a topology optimization method 
for structural dynamic stiffness based on the equivalent static 
loads method. To realize the topology optimization design 
under the dynamic multiobjective structure, a progressive 
structural topology optimization model is proposed. The 
model takes the weighting function that maximizes the 
natural frequency and minimizes the dynamic flexibility of 
a specific mode as the objective function [13]. Reducing 
the size of the system matrix before calculating the struc-
tural response using the model reduction method is more 
efficient than the above methods. Due to the advantages 
of high calculation accuracy, Craig–Bampton method [14] 
has received extensive attention. Many innovative model 
reduction methods based on Craig–Bampton method have 
been developed [15, 16], and this method is extended to 
the vibro-acoustic coupling problems [17–19]. However, its 
application to vibro-acoustic topology optimization has not 
been studied or developed before this research. The existing 
methods are only for the optimization of dynamic and static 
characteristics of some simple structural systems.

To contribute to the research subject of vibro-acoustic 
response, this study proposes a novel vibro-acoustic cou-
pling matrix symmetry method, which realizes the applica-
tion of the Craig–Bampton modal synthesis method to the 
vibro-acoustic coupling response solution without affecting 
the accuracy of calculation results. After that, its applica-
tions for efficient topology optimization have been proposed 
to reduce the noise level of the target point as the objective 
function.

This paper is organized as follows. A new symmetric 
vibro-acoustic formulation and model reduction of structure-
acoustic coupling system based on Craig–Bampton method 
are introduced in Sect. 2. In Sect. 3, sensitivity analysis and 
topology optimization algorithm are presented. Then, in 
Sect. 4, numerical examples are presented to demonstrate 
the efficiency and accuracy of the proposed method. Sec-
tion 5, we conclude the paper.

2  Structure‑Acoustic Coupled Mode 
Synthesis Method

2.1  Structure‑Acoustic Coupling Equations

The structure-acoustic coupling system with finite displace-
ment is based on the assumption of ideal fluid with little vis-
cosity and compressibility, and linear elasticity structure with 
small deformations. The coupling conditions at the bound-
ary between the structural and acoustic domains ensure the 
continuity in displacement and pressure between the domains. 

Taking the structural displacement us and the fluid displace-
ment potential �f as the basic variables [20], the Galerkin 
method with weighted margins is used to obtain the finite ele-
ment equation of vibro-acoustic coupling system:

where Ks and Kf are the system stiffness matrix of the struc-
ture domain and the acoustic domain, Ms and Mf are the 
system mass matrix of the structure domain and the acoustic 
domain, respectively, H is the system coupling matrix and 
f s is the external load on the structure.

In the component mode synthesis (CMS) method, the vibra-
tion equations of the subcomponents need to be transformed 
into modal coordinates through orthogonal normalization con-
ditions. The matrix of the above coupled system equation is 
asymmetric, which will cause the system to generate complex 
modes when the subcomponents are synthesized. In addition, 
the left eigenvector and right eigenvector of the asymmetric 
coupling equation are not equal, so the eigenvector needs to be 
calculated twice, which increases the amount of calculation. 
Therefore, before the modal synthesis, the equation needs to 
be symmetric. The symmetric processing method in [21] has 
disadvantages such as matrix singularity and matrix dimension 
expansion, which are disadvantageous to solve the eigenmatrix 
of the system. The symmetric method in [22, 23] requires the 
inverse of the acoustic stiffness matrix, and in order to adapt to 
natural boundary conditions, complex frequency shift process-
ing and modal inverse transformation processing are required. 
To deal with these disadvantages, this paper proposes the fol-
lowing symmetric method. From Eq. (1), the expression is as 
follows:

Substituting the second formula of Eq. (2) into Eq. (1), and 
simultaneously multiplying the two ends of the second for-
mula in Eq. (1) by 

(
�fKfM

−1
f

/
c2
)
 , we can obtain the following 

equations:

Then, we can get the symmetric vibration-acoustic coupling 
equation

where

(1)
[
Ms 𝜌H

0 Mf

][
üs
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For the frequency response analysis, the response is time 
independent. The fluid displacement potential and the struc-
tural displacement response both conform to the form of 
A = ‖A‖ exp(−i�t) ; then, Eq. (4) is converted into the fre-
quency form as

where � is the angular frequency of the external harmonic 
excitation. The above equation can be used to obtain the 
structural displacement us and the fluid displacement poten-
tial �f , and the sound pressure can be obtained from the 
relationship between the fluid sound pressure pf and the fluid 
displacement potential �f as follows:

The response of a coupled system can generally be solved 
by the modal superposition method. However, the modal 
superposition method is not applicable to nonzero dis-
placement boundary problems or nonzero pressure bound-
ary problems. These problems are applicable to the direct 
method. After matrix symmetrization, the left eigenvector 
and right eigenvector of the coupled equation are the same. 
Therefore, the response can be directly calculated using the 
modal superposition method. The following equation is the 
modal superposition method of the acoustic vibration cou-
pling system under the excitation of harmonic excitation:

where �i is the ith eigenvector of the coupled system, f is 
the external load.

2.2  Mode Synthesis of Structure‑Acoustic Coupling 
System

In acoustic optimization problems, only part of the struc-
ture needs to be modified, and the rest remains unchanged. 
Therefore, the coupling system can be divided into two sub-
structures along a boundary in the structural domain, and 
the division interface is set in the structural domain. This 
can satisfy the compatibilities for both displacement and 
force on the division interface. In this part, component A is 

(5)

⎧⎪⎪⎪⎨⎪⎪⎪⎩

M̃f =
𝜌fKf

c2

K̃s = c2𝜌fHM−1
f
HT + Ks

K̃f =
𝜌fKfM

−1
f
Kf

c2

H̃ = 𝜌fHM−1
f
Kf

(6)
([

K̃s −H̃

−H̃
T
K̃f

]
− 𝜔2

[
Ms 0

0 M̃f

])[
us

� f

]
=

[
f s

�

]

(7)pf = −�f�
2�f

(8)X =

N∑
i=1

[
�i

][
�i

]T
�i − �2

f

a structural part, and component B is a vibro-acoustic cou-
pling system composed of a partial structure and the whole 
acoustic domain.

To clearly show the relationship between the subcompo-
nents and the DOFs of the interface, Fig. 1 shows a simple 
schematic diagram of an interface between two components. 
The structural domain of the full model is composed of four 
structural elements, and the acoustic domain is composed 
of two acoustic elements. The component A is composed of 
two structural elements, and the component B is composed 
of two structural elements and two acoustic elements. In the 
2D problem, each structural node has two DOFs, and each 
acoustic node has one DOF. The structural DOFs or acoustic 
DOFs corresponding to the node are shown in brackets.

After dividing into two substructures on the division 
interface, the 7–12 DOFs of component A are interface 
DOFs, and the 1–6 degrees of freedom of substructure B 
are interface DOFs. The interface force f j is applied to the 
interface DOFs of the two components, and the magnitudes 
are equal and the directions are opposite. It should be noted 
that when calculating the eigenvalues and eigenvectors of 
substructures, the interface degrees of freedom of the two 
substructures need to be constrained.

Suppose there is no external load, only the interface force. 
The DOFs are separated into interface DOFs with index j 
and free DOFs denoted by index i. The vibration equations 
of subcomponent A and subcomponent B are as follows:

where fA
j
 and fB

j
 are the force on the interface. Superscripts 

A and B are used to distinguish subcomponents A and B
For Craig–Bampton method, the interface DOFs are 

fixed, and the free vibration equation of the subcomponent 
can be obtained as follows:
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üB
s,j

üB
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Fig. 1  Schematic diagram of an interface between two components
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The symmetrical form of the coupling equation satisfies 
the normalization condition

where I is unit diagonal matrix. �A
ii

 and �B
ii
 are the main 

mode matrix of two subcomponents, respectively. � is a 
diagonal matrix composed of eigenvalues.

There is only the main mode in the above equations, 
and discarding the higher-order mode will produce a larger 
error. The method of introducing interface constraint mode 
is adopted to reduce the error in Craig–Bampton method. 
Ignoring the inertial force, the following equation can be 
obtained from Eq. (9)

Component B is a coupled system, and the constrained 
modes in the acoustic domain need to be calculated. Simi-
larly, the constraint mode is obtained by ignoring the inertia 
force, which is obtained by Eq. (10)

where Rc is the interface force under unit displacement. �B
1
 

and �B
2
 are the constrained modes of component B. The fol-

lowing formulas are obtained
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The interface constraint mode is added to the main mode, 
and then the component mode set �A

c
 and �B

c
 can be obtained

According to the relationship between physical coordinates 
and modal coordinates,

where pA and pB are the generalized coordinates of subcom-
ponents A and B, respectively.

By substituting the above equation into the vibration equa-
tion of components A and B, we can obtain the modal coordi-
nate form of the vibration equation of these two components
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To form the vibration equation of the whole system, the 
vibration equation of each component needs to be synthe-
sized. According to the displacement and force continuity 
conditions between interfaces, the interface modal coordi-
nates of component A and B are the same

Formulas of generalized coordinates and modal coordi-
nates are as follows:

where q is generalized coordinate.
The vibration equations of components A and B in modal 

coordinates are as follows:

The relationship between interface forces is fA
j
= −fB

j
 . 

The free vibration equation after mode synthesis is obtained 
by the transposition of Eq. (26) to Eq. (28) and premultiplied 
by TT

where
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The vibration in generalized coordinates is obtained by 
solving Eq. (29), so it needs to be restored to physical coor-
dinates. The method is shown in the following equation

where

Through the above model reduction method, the eigen-
value and eigenvector matrix can be obtained with a small 
calculation cost, and the response of the acoustic vibration 
coupling system under a given excitation can be obtained. 
Then, combined with the BESO topology optimization algo-
rithm, the sensitivity analysis and noise reduction optimiza-
tion are performed.

3  Element Sensitivity Analysis 
and Optimization Algorithm

3.1  Objective Function and Optimization Algorithm

The objective function and constraints of the optimal design 
for minimizing the system response are as follows:

where V∗ is the prescribed final volume limit of the structure. 
xi is the element design variable ( xmin or 1).

The above objective is specified at a certain excitation 
frequency, but in practical, the external load is composed 
of a series of frequencies with different amplitudes, and the 
optimization result of the single-frequency excitation is not 
necessarily the optimal solution in the operating frequency 
range. In this part, all amplitudes are simplified to be the 
same, and for simplicity, the average excitation frequency 
of �1 to �2 is used as a new objective function:

(31)
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where �1 and �2 are the lower and upper frequency bounds, 
respectively. The objective function is derived from the ele-
ment design variables

To avoid the local model of void parts in structure, an 
improved power rate penalty function (SIMP) model is 
needed to change the state variables to ensure the optimiza-
tion results are more reasonable. In topology optimization 
algorithm, a radius-based filtering method and a historical 
average method of element sensitivity are needed to avoid 
“isolated grids” and accelerate convergence [24].

3.2  Sensitivity Analysis

Then, we use Kd for the dynamic stiffness matrix on the left 
side of Eq. (6) and f for the external load on the right side 
of the equation:

In practical applications, we only care about whether the 
value of the response becomes smaller, that is, the absolute 
value |||Xj

||| . Differentiating the design variable xi with the 
response amplitude, we get

The first term on the right side of the above equation can 
be directly obtained, and the second term is obtained by 
deriving xi on the left and right sides of Eq. (37) and multi-
plying the adjoint vector �j at the jth DOFs

Substituting the above equation into Eq. (38), we can get 
the sensitivity of the response amplitude at the jth DOF

The element sensitivity is the derivative of the element 
variable xi . The derivative of dynamic stiffness Kd to xi in 
the above formula can be obtained from the penalty function 
model [24]:

(35)C0 =
1

�2 − �1
∫

�2

�1

Cd�

(36)
�C0

�xi
=

1

�2 − �1
∫

�2

�1

�C

�xi
d�

(37)KdX = f

(38)
�
|||Xj

|||
�xi

=
Xj

|||Xj

|||

�Xj

�xi

(39)
�Xj

�xi
= �j

�X

�xi
= �jK

−1
d

�Kd

�xi
X

(40)
�
|||Xj

|||
�xi

=
Xj

|||Xj

|||
�jK

−1
d

�Kd

�xi
X

where ke
i
 and me

i
 are the ith structural element stiffness 

matrix and element mass matrix, respectively. p is the pen-
alty exponent factor. Thus, the element sensitivity is as 
follows:

where �i is the ith element sensitivity. The subscript i of the 
remaining variables represents the element corresponding 
to the degree of freedom of the ith element.

If Xj represents the fluid displacement potential, the sen-
sitivity obtained by the above equation is the displacement 
potential sensitivity. It can be obtained from Eq. (7) that if 
the excitation frequency does not change, there is a linear 
relationship between fluid displacement potential and sound 
pressure. So the sensitivity Eq. (42) can also be used for 
sound pressure optimization.

4  Numerical Examples

4.1  Numerical Verification of the Vibro‑Acoustic 
Mode Synthesis Method

In this part, the 2D vibro-acoustic system is shown in Fig. 2 
with two components A and B which is divided along the split 
line. The computation domain with two subcomponents is dis-
cretized into linear four-node quadrilateral elements of size 
0.01 m. The top of the acoustic domain is a boundary condi-
tion with zero sound pressure, and the rest of the walls are 
rigid boundaries. The bottom ends of the structure domain are 
fixed at both ends, and the specific dimensions are shown in 

(41)
�Kd

�xi
=

1 − xmin

1 − x
p

min

px
p−1

i
ke
i
− �2me

i

(42)�i =
Xj

|||Xj

|||
�i

j

(
K−1

d

)i
(
1 − xmin

1 − x
p

min

px
p−1

i
ke
i
− �2me

i

)
Xi

Fig. 2  Geometric properties and boundary conditions of a acoustic 
cavity system
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the figure. The material properties of the structural domain are 
Young’s modulus of 69 GPa, density of 2700 kg/m3 and Pois-
son’s ratio of 0.3. The acoustic domain has density of 1000 kg/
m3 and the speed of sound in the medium of 1450 m/s. The 
material properties of the following cases are the same as this 
example.

The system’s number of DOFs directly determines the 
dimensions of the system matrix, which is related to the com-
puter memory occupation and the amount of calculation. 
Table 1 shows the comparison of the DOFs in the calculation 
of eigenvalues and eigenvectors in the original system and the 
proposed model reduction method in this paper. The number 
of DOFs changes from 8593 to 602 with the method of mode 
synthesis. Although modal synthesis requires other process-
ing steps, it still effectively reduces the amount of calculation. 
Table 2 gives the eigenvalues after modal synthesis and the full 
system. To ensure accuracy, the first 200 eigenvectors of each 
subcomponent are taken to participate in the mode synthesis. 
The relative errors between the first five orders of eigenvalues 
calculated by the proposed mode synthesis method and the 
overall calculation result of the original system are less than 
0.005%.

Sound pressure level (SPL) is one of the important indica-
tors to measure the accuracy of calculation results. A y-axis 
direction point load ( f = 1N ) is applied to the midpoint of the 
bottom of the structure domain shown in Fig. 2, and Pobj is the 
target point in the acoustic domain. The first 100 eigenvectors 
are taken to calculate system response in modal superposi-
tion method. Figure 3 shows the SPL values of the coupled 
system under direct method, mode superposition method with-
out CMS method and mode superposition with CMS method. 
The objective value calculated by the direct method is almost 
similar to those of the mode superposition method of the full 
system and CMS method except in the low-frequency band. 
This is because the mode superposition method ignores the 
mode coupling effect when calculating acoustic radiation and 
generates a certain error.

The above content verifies the correctness of the response 
value and eigenvalue using the modal reduction method. Then, 
an optimization example is used to verify the effectiveness of 
the modal reduction method in optimization and the reduction 
in the amount of calculation. For this optimization example, 
the sound pressure level of point Pobj is set as the target with 
volume fraction of 50% under excitation frequency of 700 Hz. 
The filter radius is set to 0.02 m, the penalty factor is 3 and 
xmin=0.0001.

The optimal designs of the two methods under the same 
conditions are shown in Fig. 4a, b. The structural topology 
of the two optimization results is almost the same. The 
modal reduction method only affects the response calcu-
lation results and time and has no effect on other steps 
in the optimization process, so only the time-consuming 
differences in the response calculation part are listed. The 
computing core of the computer used is AMD 3900X. It 
can be found from Fig. 4c that the iteration curve is stable, 
and there is almost no difference in the target value during 
the iteration of the two methods. Except for the first itera-
tion step, in other iteration steps, the time consumed by 
the modal reduction method is significantly less than that 
without the modal reduction method. This is because the 
eigenvalues and eigenvectors of the two subcomponents 
need to be calculated separately in the first iteration. Since 
the subcomponent B does not change, only the eigenvalues 
and eigenvectors of the subcomponent A need to be calcu-
lated in the subsequent iteration steps, so the calculation 
time is reduced by an order of magnitude.

Figure 5 shows the target values of the optimal design 
and the initial design using the two methods. It can be 
found that the target values of the two optimized designs 
are almost the same. To reduce the target value, the curves 
of the target point shift to the right.

Table 1  Comparison of DOFs for different models

Component 
A

Component 
B

Interface Full model Mode 
synthesis

DOFs 3638 4957 202 8593 602

Table 2  Comparison of eigenvalue for origin method and mode syn-
thesis method

Mode No. 1 2 3 4 5

Mode synthesis 260.35 648.03 695.95 899.21 1450.25
Full model 260.35 648.03 695.94 899.2 1450.18
Relative error – – 0.001% 0.001% 0.005%

Fig. 3  Comparison of sound pressure level at the reference point 
under different excitation frequencies for three different methods
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4.2  Effect of Non‑design Domain on Optimization 
Results

For this optimization example, a sound pressure minimi-
zation problem with two subcomponents in Fig. 6 is con-
sidered. Both sides of the structure are clamped, and the 

boundaries of the acoustic domain are all rigid. Along the 
top of the design domain, the coupled system is divided into 
component A that changes with iteration and component B 
that does not change with iteration. In each optimization iter-
ation step, it is only necessary to recalculate the eigenvalues 
and eigenvectors of the modified component A. After modal 
synthesis with the component B, the modified eigenvalues 
and eigenvectors of the entire system can be obtained, which 
greatly reduces the calculation.

To ensure the accuracy of the calculation and the 
smoothness at the optimized boundary, a discrete system 
of 0.01-m-sized elements is used. The filtering radius is set 
to two times the element size and the penalty factor is set 
to 3. The amplitude of the harmonic load is 1000 N at the 
top of the structure domain on each node, and the excitation 
frequency is set at 365 Hz. The objective is set to minimize 
the amplitude of the Pobj in the acoustic medium. To investi-
gate the effect of the size of non-design domain on the final 
design. The first 200 modes of each component are taken 
for modal synthesis, and the mode superposition method 
takes the first 200 modes after modal synthesis for system 
response calculation.

In this optimization study, we keep the initial design 
domain at 78% of the entire structural domain and set three 
examples for different non-design domain sizes in Fig. 7. 
From the optimization results (a)–(g) of Fig. 8, it can be 
seen that whether the CMS method is adopted does not 
affect the topology of the optimized structure, but it effec-
tively reduces the calculation time. The two methods have 
the same objective function value under the same boundary 
conditions. By comparing the optimization results of non-
design domains with different sizes, it is found that the size 
of the non-design domains has a greater impact on the opti-
mization results. From the response value of the target point, 
the larger the non-design domain, the larger the optimized 

Fig. 4  Sound pressure minimization under same excitation frequency, 
a optimal design without CMS, b optimal design with CMS, c evo-
lution histories of the objective function and computation time with 
different methods

Fig. 5  Comparison of sound pressure level at the reference area under 
different excitation frequencies for the initial and the optimal design

Fig. 6  Coupled system under a harmonic loading in the structure 
domain for minimization of the acoustic pressure at the top of the 
acoustic domain
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target point sound pressure value. This shows that as the 
non-design domain increases, the optimization space also 
becomes smaller, and the final design cannot achieve the 
optimal results.

Table 3 shows the comparison of the DOFs of different 
models. The DOFs of the three models are greatly reduced. 
But this does not mean that the response calculation time is 
equal to the calculation time of the model after the modal 
reduction, because the modal synthesis method requires the 
eigenvalues and eigenvectors of each substructure.

Figure 9 shows the frequency response curve of the sound 
pressure level at the target point of the three examples before 
and after optimization. In order to facilitate the comparison 
of the optimization results of different non-design domain 
sizes, only the frequency response calculated by the CMS 
method is given in the figure. The peak frequencies of the 
three examples are 445 Hz, 440 Hz and 425 Hz. The larger 
the non-design domain is, the closer the peak frequency of 
the optimal design is to that of the original design, and the 
worse the optimization result is.

4.3  Multiobjective Optimization Example

The third optimization example investigates a clamped 
arched beam vibrating under an acoustic domain, which is 
shown in Fig. 10. A point load is imposed harmonically in 
the top of the beam with an amplitude of 100 N in the verti-
cal direction. The objective function is set to minimize the 
sound pressure in the point of Pobj for a frequency range 
of the applied point load (176,186) Hz with a 60% volume 
constraint of the design domain. The internal thickness of 
the 0.15 m area is set as a non-design domain, and the initial 
design domain is 60% of the full design domain. Along the 
outer boundary of the design domain, the coupled system is 

divided into component A and component B. The first 300 
modes of each component are taken for modal synthesis, and 
the first 200 modes after modal synthesis are taken for mode 
superposition method to calculate the system response.

As shown in the frequency response curve of Fig. 11, 
the system response resonance peak in the excitation fre-
quency band has been moved to higher frequencies; that is, 
the resonance frequency has been increased. Under the same 
volume constraint, the optimization algorithm improves the 
coupling resonance by rationally arranging the material dis-
tribution. The target point sound pressure level is reduced 
from the initial 175.3 dB to 153.8 dB, a reduction of 12.3%. 
The frequency response curves of the two methods are simi-
lar to each other. Figure 12 shows the evolution histories of 
the objective function and computation time with different 
methods. In this example, although the iteration target val-
ues of the two methods are the same, the calculation time 
has not been effectively reduced. Table 3 explains that the 
response calculation time is equal to the calculation time 
of the model after the modal reduction, because the modal 
synthesis method requires the eigenvalues and eigenvectors 
of each substructure, especially this example, because the 
area of the component A is very large, and the component 
A changes in each iteration step. When performing modal 
synthesis, the eigenvalues and eigenvectors need to be recal-
culated. This shows that when the modal reduction method 
is applied to topology optimization, it has a better effect on 
problems with large nonvariable areas.

The contour plots for three designs at 186 Hz can be seen 
in Fig. 13. The optimized average sound pressure level of the 
target point is significantly smaller than the initial system. 
In addition, the vibration amplitude of both designs with or 
without the CMS method is greatly reduced, and the two 
designs are almost the same. This is because excitation fre-
quency of the initial design is near the resonance frequency, 
and the optimized resonance frequency is far away from the 
excitation frequency range, so the structure amplitude is 
effectively reduced.

5  Conclusion

This paper presents a novel model reduction method based 
on the Craig–Bampton mode synthesis method and a newly 
proposed symmetric method of vibro-acoustic system 
matrix. This mode synthesis method can effectively reduce 
the DOFs of the coupled system. Furthermore, this method 
is applied to topology optimization of acoustic response that 
requires a large number of iterative calculations. Numerical 
optimization examples are performed, and the results show 
that:

The method of vibro-acoustic coupling mode synthesis 
proposed in this paper can effectively reduce the calculation 

Fig. 7  Schematic diagram of different sizes of non-design domain. a 
L = 0.05 m, b L = 0.10 m, c L = 0.15 m
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Fig. 8  Sound pressure minimization under same excitation frequency. a Optimal design without CMS(L = 0.05  m), b optimal design with 
CMS(L = 0.05  m), c optimal design without CMS(L = 0.10  m), d optimal design with CMS(L = 0.10  m), e optimal design without CMS 
(L = 0.15 m), f optimal design with CMS (L = 0.15 m), g evolution histories of the objective function and computation time with different methods

Table 3  Comparison of DOFs 
for different models

Component A Component B Interface Full model Mode synthesis

L = 0.05 m 8526 6762 322 14,966 722
L = 0.10 m 10,136 5152 322 14,966 722
L = 0.15 m 11,746 3542 322 14,966 722
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cost without reducing accuracy. The sound pressure level 
after single-object optimization and multiobject optimiza-
tion can be effectively reduced. A study of the size of the 
non-design domain finds that too large a non-design domain 
is detrimental to the optimization results. The mechanism of 
reducing the response value at the excitation frequency by 
optimization iteration is that the resonance frequency of the 

acoustic vibration coupling system is reduced or increased 
to avoid the response peak.

In addition, this study was conducted without damp, but 
damping materials and sound-absorbing materials have 
effects on sound suppression. Therefore, it is necessary to 
conduct further research in combination with the mode syn-
thesis method.

Fig. 9  Comparison of sound pressure level at the reference area 
under different excitation frequencies. a L = 0.05 m, b L = 0.10 m, c 
L = 0.15 m

Fig. 10  Geometric properties and boundary conditions of arched 
beam

Fig. 11  Comparison of sound pressure level at the reference point 
under different excitation frequencies for the initial and the optimal 
design

Fig. 12  Evolution histories of the objective function and computation 
time with different methods
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