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Abstract
The notorious ‘dual stability’ paradox is stated as follows: in a closed dynamic Leon-
tief model, when the quantity system is relatively stable, its corresponding price 
system will be unstable, and vice versa. This paradox arises from the neoclassical 
assumptions of full utilization of capacity and perfect foresight, which have caused 
serious complications in the dynamic Leontief model. In this study, we aim to con-
struct a dynamic input–output model within an evolutionary framework, departing 
from neoclassical assumptions. Two new assumptions are introduced: incomplete 
utilization of capital stocks and bounded rationality in decision-making. Our find-
ings reveal that the ‘dual stability’ paradox of the quantity and price systems can be 
addressed by including these two assumptions, and some special conditions are pro-
posed for the stability properties in both the systems. Furthermore, we prove that the 
distance between the time paths and equilibrium position converges to a constant, 
which is related to the initial position.

Keywords  Dynamic Leontief model · Fixed capital · Dual stability · Multi-sectoral 
model · Bounded rationality

JEL Classification  B4 · B5 · D8

1  Introduction

The problem of the stability of quantity and price systems has been a continuing con-
cern for economists working on multi-sectoral models. In accordance with this prob-
lem in economic analysis, Jorgenson and Solow summarized the well-known ‘dual 
stability’ theorem as follow: if the output system is globally relatively stable, the 
price system is globally relatively unstable, and vice versa (Solow 1959; Jorgenson 
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1960). Recently, an evolutionary economic method to investigate the quantity sys-
tem adjustment process without considering price changes, which is regarded as an 
extension of the Leontief model, was proposed by Shiozawa, Morioka, and Tani-
guchi (Shiozawa et  al. 2019). This method studies the decision-making behaviour 
of economic agents and the dynamics of economic system from the perspective of 
evolutionary economics. It provides a heuristic evolutionary approach for this paper 
to reexamine the ‘dual stability’ theorem. In this study, we introduce the bounded 
rationality assumption and adaptive learning approach to expectations formation in 
the hope of providing a alternative solution to the ‘dual stability’ issue.

The stability of dynamic input–output systems in alternative frameworks has been 
investigated in a large amount of studies since Wassily Leontief proposed a dynamic 
multi-sectoral model in Studies in the Structure of the American Economy. The 
standard form of this model and its corresponding price system are given without 
considering technological change (that is, technical coefficients are fixed) as follows:

where X(t) ∶= (xi(t)) ∈ Rn×1 is the output level vector; P(t) ∶= (pj(t)) ∈ R1×n is the 
price vector; A ∶= (aij) ∈ Rn×n

+
 is the input matrix; B ∶= (bij) ∈ Rn×n

+
 is the capital 

stock matrix. If the time subscripts are removed, then the static systems are given 
by:

where g and r are the rate of growth and rate of profit, respectively.
The main difference between this dynamic input–output model and the static 

input–output model is that it considers capital stocks (the B matrix). Therefore, this 
dynamic model also suffers from the ‘dual stability’ problem that the static model 
does not have, which is elaborated in the following three points.

Firstly, it is observed that the quantity system is unstable, that is, if there is a 
slight disturbance, the time paths of the output level will  rapidly diverge from the 
movement that corresponds to the dominant characteristic root (Sargan 1958). Sec-
ond, if the initial capital stocks do not identify with the balanced growth path, then 
the evolution of outputs and capital stocks might become negative, which is the 
‘causal indeterminacy’ problem (Uzawa 1961; Dorfman et al. 1987). Third, after the 
establishment of the price system, the notorious ‘dual stability’ issue appears.

To address the first two problems, two assumptions are made within the neoclas-
sical framework: full utilization of capacity and perfect foresight (Solow and Samu-
elson 1953; Solow 1959). These assumptions derived from the Walrasian thought 
that economic agents can perfectly foresee the demand and future price of the mar-
ket during the tâtonnement process until supply and demand are in balance. These two 
assumptions ensure the stability of the quantity system and that the non-negativity of 
capital stocks. However, the neoclassical price mechanism established by Solow and 

(1.1)X(t) = AX(t) + B(X(t + 1) − X(t))

(1.2)P(t + 1) = P(t + 1)A + rP(t)B + (P(t) − P(t + 1))B

(1.3)X = AX + gBX

(1.4)P = PA + rPB
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Samuelson based on the one-sided determination of the supply–demand balance seems 
to be flawed. Further, these two restrict assumptions cannot adequately identify and 
solve the ‘dual stability’ problem, or even be consider as the cause of it (Solow 1959; 
Jorgenson 1960; Zaghini 1971, 1991; Aoki 1977; Filippini 1983; Flaschel and Semmler 
1986; Duménil and Lévy 1987; Flaschel 2010).

On the one hand, some Keynesian economists pointed out that the ‘dual stability’ 
issue could be due to full-utilization of capacity and perfect foresight (Jorgenson 1960; 
Aoki 1977; Filippini 1983; Zaghini 1991). They argued that in reality, economic agents 
have limited information about future demand and price changes, leading to the possi-
bility of excess capital stock and capital loss or gains in the production process, and the 
path of the quantity and price system will diverge from the equilibrium path. In order 
to relax the restrict assumptions mentioned above, these economists proposed some 
Keynesian sequential models as an alternative to avoid the ‘dual stability’ problem. At 
the same time, the quantity system and the price system should be determined indepen-
dently of each other. On the other hand, other modern classical economists argued that 
the ‘dual instability’ theorem may arise from the price-determination mechanism that 
is the unilaterally determined by supply–demand system (Flaschel and Semmler 1986; 
Duménil and Lévy 1987; Flaschel 2010). Therefore, they proposed the cross-dual 
model in which price changes affect the level of output, while output changes impact 
prices.

Nevertheless, these approaches have certain limitations. Firstly, the Keynesian-type 
models only consider circulating capital and inventories, while ignores capital stocks. 
Secondly, although the expectation functions are introduced in these models, they do 
not provide a logical justification of the decision-making process of economic agents. 
Thirdly, the range of limits to which the time path converges is not determined.

This paper aims to relax the assumptions that full-utilization of capacity and 
perfect foresight and then construct a multi-sectoral model with mico-dynamics of 
quantity and price systems independent of each other, which helps to overcome the 
‘dual stability’ problem. The model contributes to the following points:

Firstly, the model considers the existence of redundant capital stocks. Secondly, 
the model introduces the expectation functions of heterogeneous producers who 
have limited information of future demand and returns. Thirdly, both quantity sys-
tem and price system converge to a constant and the range of limits is given.

The remainder of this paper is organized as follows. Section 2 surveys and re-
evaluates alternative methodologies for dealing with the ‘dual stability’ paradox. 
Section  3 formalizes the generalized dynamic Leontief model with evolutionary 
hypothesis and examines the stability of the model. Finally, Sect.  4 presents our 
conclusions.

2 � Comparisons with previous studies

This section posits the following assertions: Firstly, the full utilization of capacity 
and short-run perfect foresight are mathematically convenient assumptions basing 
on rationality expectations. In the empirical studies of macroeconomics, the rational 
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expectations approach presumes that producers have a large amount of information 
(Evans and Honkapohja 2001). Consequently, producers can accurately predict the 
future demand for capital stocks and price change. In the real world, however, pro-
ducers are not omniscient, which may lead to ‘dual stability’ problem for a long 
time. Secondly, the bounded rationality assumption would be a good alternative to 
the rationality hypothesis. This is the basis for modelling the behaviours of produc-
ers using adaptive learning methods to construct expectations in economic studies. 
Our literature review is divided into two parts: quantity system and price system.

2.1 � The quantity system

Initially, much attention has been paid to whether the quantity system (1.1) will pro-
duce a time path such that output and capital stocks are non-negative in each period. 
Only when the initial position of the output path starts from a very limited range can 
the output and capital stocks be guaranteed to be non-negative in each period. This 
is because the dynamic paths of the output levels are easily perturbed by the slight-
est disturbance of the initial positions such that these paths depart from the razor 
edge of the balanced growth path. This is so-called ‘causal indeterminacy’ prob-
lem (Dorfman et  al. 1987). Thus, Solow and Samuelson proposed the concept of 
‘relative stability’, which is expressed as Eq. (2.2). If the balanced growth path turns 
out to be relatively stable, then the ‘causal indeterminacy’ problem also disappears 
(Solow and Samuelson 1953; Takayama 1985).

Definition 2.1  Let X∗(t) =
(
x∗
i
(t)
)
∈ Rn×1 be balanced growth path and 

X(t) =
(
xi(t)

)
∈ Rn×1 be any path beginning from arbitrary non-negative initial posi-

tion. A balanced growth path is relatively stable if1:

In the models under different frameworks, there are different conditions that guar-
antee relative stability. Neoclassical economists insisted that ‘causal indeterminacy’ 
stems from the restriction of fixed technical coefficients and the non-substitution 
theorem (Solow and Samuelson 1953; Morishima 1958; Solow 1959; Takayama 
1985). They attempted to solve this issue with a nonlinear model, using the follow-
ing neoclassical substitution theorem as follows:

This nonlinear quantity system is relatively stable if all neoclassical production 
functions Hi ’s are monotonically increasing functions of all xi(t)’s. Evidently, this 
assumption is restrictive—it requires that each good must be produced by all other 
goods and each good can produce all other goods.

(2.1)lim
t→∞

xi(t)

x∗
i
(t)

= 𝜎∀i, where 𝜎 > 0

(2.2)xi(t + 1) = Hi

(
x1(t), x2(t),… , xn(t)

)

1  The signs are defined as follow: Let there be two vectors x and y , we have: (i) x > y represents xi > yi 
for all i  ; (ii) x ≥ y represents xi ≥ yi for all i  but x ≠ y ; (iii) x ≧ y represents xi ≧ yi for all i .
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Morishima relaxes this condition (2.2) by adopting a nonlinear model of the neo-
classical production function (Morishima 1958). The optimal input and capital coef-
ficients a∗

ij
 ’s and b∗

ij
’s, are determined by non-linear functions of prices:

where pi is the price of commodity i and pn+1 is the wage rate. However, the neo-
classical substitution theorem does not help to overcome the ‘causal indeterminacy’ 
issue. When the optimal technical coefficients a∗

ij
 ’s and b∗

ij
’s, are fixed, the system 

transforms from a nonlinear model to a linear one. Morishima was interested in 
building a harmonious relationship between the quantity and price system, similar to 
von Neumann’s model where the rate of profit is equal to the rate of growth. Thus, 
even though he succeeded in proving the uniqueness of the balanced growth path 
according to the Frobenius theorem, he failed to prove ‘relative stability’ of his 
model.

Apparently, neoclassical economists have come to acknowledge that the substitu-
tion theorem is not a remedy for the ‘dual stability’ or ‘causal indeterminacy’ issues. 
Solow provided a sufficient geometric condition for guaranteeing the ‘relative stabil-
ity’ in a linear model (Solow 1959). This condition is expressed as follows: Let �1 
be the dominant characteristic roots of B−1(I − A) , such that 1 + 𝜆1 >

||1 + 𝜆i
|| where 

�i ’s are the other characteristic roots of B−1(I − A) . Under the assumption of full uti-
lization of capacity, the balanced growth path X∗(t) = (1 + �1)

tX∗
1
 is relatively sta-

ble, where X∗
1
 is the characteristic column vector corresponding to �1.

Nevertheless, due to the full utilization of capacity, Solow’s geometric methodol-
ogy does not perform well in practical application (Tokoyama and Murakami 1972). 
When Tokoyama and Murakami attempted to fit Solow’s model with empirical data 
on the Japanese economy, the calculated fitting path was unstable. Hence, for empir-
ical purposes, quantity system (1.1) should be modified as follows:

And Solow’s geometric condition of ‘relative stability’ is revised as: the balanced 
growth path to (2.5) is relatively stable if the dominant characteristic root is located 
in the zone which is outside of the circles of 1 − �1 satisfying ||1 − 𝜆i

|| > 1 − 𝜆1∀i . 
Tokoyama and Murakami’s modification should be considered as a rebuttal to the 
neo-classical assumption of perfect foresight.

Neoclassical methodologies cannot reject the rationality and perfect foresight 
assumptions whereas Keynesian-type models advocate solving the ‘dual stability’ 
issue without adopting these assumptions. In these Keynesian-type models, eco-
nomic expansion is based on the expected levels of future demand. After dropping 
perfect foresight assumption, Aoki proved that if markup rates exceed the rate of 
increase in the wage rate, the quantity system is relatively stable (Aoki 1977). In 

(2.3)aij =

(
p1

pi
,
p2

pi
,… ,

pn+1

pi

)

(2.4)bij =

(
p1

pi
,
p2

pi
,… ,

pn+1

pi

)

(2.5)X(t) = AX(t) + B(X(t) − X(t − 1))
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Aoki’s system, excess capacity is assumed to be decomposable without cost. Com-
pared to the neoclassical full utilization of capacity, Aoki’s model is reasonable 
because there only exist capacities for current goods but not for fixed capital goods. 
In our model discussed in Sect. 3, however, we relax this assumption—capacities for 
fixed capital goods cannot be decomposable.

Alternative models consider the expectation hypothesis to address ‘instability’ 
problem (Filippini 1983; Zaghini 1991; Shiozawa et al. 2019). The Filippini model 
is expressed as follows:

where Ie(t) represents the expected investment; I(t) represents the actual investment; 
� is the desired rate of growth of capital stocks, which is assumed to be equal to the 
rate of profit; and r , � denote the diagonal matrix expected parameters.

Let E be the unity matrix and U(t) = (E − A)X(t) , system (2.6) and (2.7) can be 
simplified as

Filippini’s proposition is stated as following: if there exists X(t) > 0∀t , such that 
arbitrary U(t) ≧ 0∀t , then the system (2.9) is relatively stable which is independ-
ent of the expectation coefficients. Filippini’s model may be the first step in intro-
ducing expectations into the dynamic Leontief model. Nevertheless, the expectation 
mechanism is defective: (i) It should be noted that this system (2.9) is not ‘glob-
ally’ relatively stable because the stability is established under the special condition 
U(t) ≧ 0∀t . (ii) Furthermore, the parameters in parenthesis, � and � , complicate the 
calculation of the dominant characteristic roots. We need to assume � = 0 and � = 1 . 
Otherwise, we have no idea what the time paths are going to be. (iii) there exist no 
constraints on expansion of capital stocks. (iv) Filippini artificially assumed that the 
rate of the expansion of capital stocks exactly equals to the rate of profit. We show 
that the growth rates of output and capital stocks are endogenously determined and 
equal to the rate of profit.

Zaghini proposed a complementary model of Filippini’s model where �(t) is the 
desired growth rate of capital stocks, which is determined endogenously in the sys-
tem (Zaghini 1991). He argued that when the time paths converge to the balanced 
growth path, the �(t) will also converge to a limit related to it. However, in Sect. 3, 
we will show that the stability property of the quantity system separates from the 
expected parameter �(t) . Except when a mechanism for the expected parameter �(t) 
exists, it should be provided externally and not from a converging sequence.

More recently, a new approach in evolutionary economics provides a glimmer of 
hope to address ‘dual stability’ issue. The most interesting feature of this new evolu-
tionary approach is the quantity adjustment adapting process (Shiozawa et al. 2019). 

(2.6)X(t) = AX(t) + Ie(t + 1)

(2.7)Ie(t + 1) = �I(t) + (1 − �)Ie(t)

(2.8)I(t) = �BX(t − 1)

(2.9)U(t) =
(
E − � + ��(E − A)−1B

)
U(t − 1)
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This method, so-called the simple moving average approach, assumes that economic 
agents have bounded rationality such that they must produce according to the esti-
mated demand and constantly adjust their production strategies, which is expressed 
as follows2:

where u(t + 1) is the vectors of outputs, inputs, and inventories; Θ is an aug-
mented matrix including input matrix A, the buffer stock ratio K, and the average 
period M; Ψ is a certain matrix, defined by the input matrix A, the buffer stock ratio 
K, and the average period M. According to the Taniguchi–Morioka theorem, system 
(2.10) is asymptotically stable if the Frobenius root of A satisfies:

where K denotes the buffer  stock ratio and M is the average period. This evolu-
tionary model that introduces expectations offers an alternative way to replace the 
neoclassical framework and solve the ‘dual stability’ problem. Similar to Aoki’s 
Keynesian model, the quantity adjustment process focuses on the demand for prod-
ucts and their inventories rather than fixed capital. The quantity adjustment process 
considers the situation that the order cannot be satisfied due to stockout. Therefore, 
it does not suffer from ‘causal indeterminacy’ that plagues the dynamic Leontief 
model. When a stockout of product inventory occurs, unfulfilled orders may be car-
ried over to the next period as ‘negative inventory’. Under the assumption that unful-
filled orders are simply cancelled, these negative inventories do not affect production 
in the next period. However, the capital stocks considered in the dynamic Leontief 
model (such as plant, machinery, and lathes) are difficult to remove once they are 
installed. Therefore, we set the non-negative restrictions for our model in Sect. 3. 
Moreover, while the evolutionary model is asymptotically stable, the dynamic Leon-
tief model is not necessarily asymptotically stable. That is, the time path might con-
verge to the balanced growth path only from one side (Takayama 1985).

2.2 � The price system

In constructing a price system corresponding to the quantity system, a major prob-
lem ‘dual stability’ arises. Next, the methods of different frameworks for dealing 
with this problem are introduced.

Morishima was the first to propose a price system in a neoclassical framework 
(Morishima 1958). The fixed technical coefficients, A∗ =

(
a∗
ij

)
 and B∗ =

(
b∗
ij

)
 , are 

optimally determined by the neoclassical production functions (2.13) and (2.14). His 
‘pseudo’ neoclassical price theory is denoted by

(2.10)u(t + 1) = u(t)Θ + Ψ

(2.11)𝜆 < M∕(M + 2K + 6)

2  The simple moving average method in (2.10) and (2.11) refers to Mori’s comments and Shiozawa 
et al.’s corrected version (Aspromourgos et al. 2022). In the original version, the condition of the Tanigu-
chi-Morioka theorem is 𝜆 < M∕(M + 2K + 4) . Mori pointed out that in a one-good economic system, the 
system will diverge even if this condition is satisfied. After this condition is corrected to Eq. (2.11) by 
Shiozawa et al., the one-good economic system is shown to converge.
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where r is the rate of profit and w is the wage rate. Morishima proved the existence 
of a unique long-run equilibrium price of Eq. (2.12). At the same time, there exists a 
unique balanced growth solution for the corresponding quantity system. In his study, 
both price system and quantity system are static and stable, so there is no need to 
solve ‘dual stability’ issue. Moreover, it is worth noting that even if the technical 
coefficients are determined by a typical tâtonnement process, Morishima aimed to 
construct to a price system where prices converge to the equilibrium natural price in 
the long-run. His input–output matrix also contains the daily means of subsistence 
of workers. Morishima’s intention to revive the classical paradigm, in particular the 
Marxian paradigm, through modern economics has been revealed in this study.

Since the first price system was pointed out by Solow as a de facto static system, 
Morishima proposed another dynamic linear price system consisting of Eqs. (2.13) 
and (2.14) (Solow 1959):

where � represents a chosen technology belonging to technological set S . The price 
vector P(�) satisfying (2.13) is called the static long-run equilibrium price vector if 
P(�) ≦ P(�)∀� ∈ S . By introducing the time variable, the dynamic long-run equilib-
rium price vector is determined by the following equation:

If the capital losses and gains are neglected, the system (2.14) is globally stable, 
i.e., ���t→∞ P(t) = P(�) , where P(�) is the dynamic long-run equilibrium price vector 
satisfying (2.14). An important question is whether the static long-run equilibrium 
price vector P(�) is equivalent to the dynamic long-run equilibrium price vector P(�) . 
However, Morishima did not prove this point, and we provide the complementary 
proof as follows:

Proposition 1  The static long-run equilibrium price vector is equivalent to the 
dynamic long-run equilibrium price vector.

Proof  Let P(�) be the dynamic long-run equilibrium price vector satisfying (2.14) 
such that,

Then we have

According to Morishima’s assumption that at least one non-negative price vector 
belongs to S , which ‘properly’ corresponds to the technology matrix, then there 

(2.12)P = PA∗ + rPB∗ + wL∗

(2.13)P(�) = P(�)

(
A(�) + rP(�)B(�)

)
+ (1 + r)L(�)∀� ∈ S

(2.14)
P(t + 1) = min

�∈S

(
P(t + 1)A(�) + (P(t + 1) − P(t))B(�) + rP(t)B(�) + (1 + r)L(�)

)

(2.15)
P(�) = P(�)

(
A(�) + rB(�)

)
+ (1 + r)L(�)≦P(�)

(
A(�) + rB(�)

)
+ (1 + r)L(�)∀� ∈ S

(2.16)P(�)

(
I −

(
A(�) + rB(�)

))
≦(1 + r)L(�)∀� ∈ S
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must be at least one technology matrix satisfying the Hawkins–Simon conditions. 
This implies that 

(
I −

(
A(�) + rB(�)

))
 is invertible. It follows:

Then we obtain P(�) ≦ P(�)∀� ∈ S . Therefore, the dynamic long-run equilib-
rium price vector is equivalent to the static long-run equilibrium price vector, i.e., 
P(�) ≦ P(�).	�  □

In his paper, Morishima seemed to realise that the restrictive assumption of per-
fect foresight is a barrier to achieving dual-system stability. But he simply ignored 
the capital losses and gains induced by price changes and did not propose an alterna-
tive method. This was criticized by Solow and Jorgenson (Solow 1959; Jorgenson 
1968). In Sect. 3, we would construct an expectation mechanism with capital losses 
and gains as well as capacity production to guarantee the dual stability property of 
the two systems.

To refute Morishima’s static price expectation hypothesis, Solow proposed a 
dynamic price theory in the neo-classical framework that takes into account capital 
losses and gains (Solow 1959):

Simplifying the above equation can be obtained:

where r(t) is the interest rate, vj(t + 1) − vj(t) denotes capital loss and gain, and 
nj(t + 1) is current profit. System (2.19) is equivalent to system (1.2). Solow proved 
that if (1 + r)

(
1 + 𝜆1

)−1
< 1 , where �1 is the Frobenius root of B−1(I − A) , then the 

time path of prices to (2.19) will be globally asymptotically stable, i.e., P(t) con-
verges to the stationary solution P∗ satisfying (1.4). However, there is also the ‘dual 
stability’ problem in Solow’s theory since the global stability of (2.19) requires per-
fect foresight about the future price of capital stocks P(t + 1)B.

The trouble induced by perfect foresight has been recognized by many heterodox 
economists. It makes no logical sense that information about what will happen in the 
future can determine what will happen today (Zaghini 1971). To get rid of the ‘dual 
stability’ puzzle, some heterodox economic literature attempted to find an expecta-
tion mechanism that can allow idle capital stock to exist when the actual situation 
does not match the expectation. In his model, Zaghini (1971) adopted the Walras-
Hicks flexible expectations hypothesis that economic agents invest in the capital 
stocks for future returns at an expected stock rent v̂i(t + 1) . That is, the rate of profit 
r(t) and future price pi(t + 1) in (1.2) are replaced by the expected rate of profit r̂(t) 
and expected p̂i(t + 1) =

v̂i(t)

r̂(t)
 , respectively. Zaghini showed that there exists at least 

one economically meaningful solution to his dual systems. But the model suffers 
from a controversial point: economic agents are assumed to know the long-run 

(2.17)P(�)≦(1 + r)L(�)
(
I −

(
A(�) + rB(�)

))−1
∀� ∈ S

(2.18)r(t) =
nj(t + 1)

vj(t)
+

vj(t + 1) − vj(t)

vj(t)

(2.19)P(t + 1) = (1 + r(t))P(t)
(
I + B−1(I − A)

)−1
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equilibrium rate of profit r(t) . If economic agents already know the long-run equilib-
rium rate of profit r(t) , then they will set current price according to the long-run 
equilibrium rate of profit rather than the expected rate of profit.

In addition, Zaghini argued that Solow’s price equation was based on neoclassical 
scarcity hypotheses and the tâtonnement process, which creates the ‘dual stability’ 
issue of quantity system and price system. According to Zaghini’s reconstruction of 
Solow’s model in his Eq. (2.12), the prices of low-scarcity stocks with lower rents 
increase relative to the prices of high-scarcity stocks with higher rents. This argu-
ment is contrary to the theory of Jorgenson (1960). From this, he concluded that in 
Solow’s model, economic agents tend to increase investment in low-scarcity stocks 
and decrease investment in high-scarcity stocks. As a result, the redundant capital 
stocks in the model keeps increasing, which leads to the instability of the model. 
Thus, in addition to perfect foresight, the strong association between the quantity 
and price systems assumed by the neoclassicism is also considered to be the cause 
of the ‘dual stability’ problem. In order to avoid these two hypothesis (Zaghini 
1971), Filippini and Zaghini proposed models with expectations functions in which 
the quantity system and price system is independent of each other (Zaghini 1971, 
1991; Filippini 1983). Unfortunately, Filippini and Zaghini’s models are relatively 
stable only to a limited range.

In some Keyneisan sequential models, the ‘dual stability’ paradox is claimed to 
have been overcome. For example, Aoki proposed a fixed mark-up price mechanism 
and a quantity system in which production is based on expectations (Aoki 1977). 
Shiozawa et al. developed a similar theory of prices, where prices are determined by 
the minimum price theorem (Shiozawa et al. 2019). In both models, producers tend 
to sell their products as much as possible at a constant mark-up prices. However, the 
models of Aoki and Shiozawa et al. consider the current prices and production of 
goods and their inventories. In Aoki’s model, excess inventories can be decompos-
able without cost. In the model of Shiozawa et al., excess inventories can be freely 
delivered to the next period. In Sect. 3, our linear multi-sectoral model provides a 
complementary explanation to the indecomposability of the capital stocks. That is, 
the producers must estimate the demand for capital stocks at the same time as the 
demand for the production in order to reduce the excess capital stocks.

In conclusion, the existence of the ‘dual stability’ paradox stems from the idea 
that the producers adjust their short-run output and capital stocks through tempo-
rary strategies each period in order to approximate a long-run stable position. At the 
same time, producers adjust their prices basing on the returns on the capital stocks 
so as to converge to the nature price. In such short-term production, it is difficult for 
producers to accurately predict future demand and price changes of products and 
capital stocks. Therefore, in some contemporary macroeconomic empirical stud-
ies, attentions have been focused on incomplete information and uncertainty. They 
introduced the adaptive learning approach—under the bounded rationality hypoth-
esis, producers act like econometricians, that is, they estimate the parameters of 
the real model based on limited data and econometric methods (Evans and Honka-
pohja 2001; Frydman and Phelps 2013). All these provide clues for us to develop a 
dynamic model of the separation of quantity and price systems, while introducing 
the adaptive learning expectations hypothesis in place of perfect foresight.
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3 � A dynamic Leontief model with bounded rationality

In this section, we propose a closed dynamic Leontief model with bounded ration-
ality assumption in an evolutionary framework. Several of the limitations of pre-
vious studies discussed in Sect.  2 are effectively addressed in this model. Firstly, 
in the price system, we introduce an expected variable of price changes instead of 
perfect foresight of capital losses and gains. Under perfect competition and free 
capital mobility, the time paths of prices will gradually approach to the ‘pseudo’ 
long-run equilibrium price vector until the distance between them approximates to 
a constant. If prices are assumed to be constant (i.e., static price expectation), this 
‘pseudo’ long-run equilibrium price vector is equivalent to the long-run equilibrium 
price vector. Second, in the quantity system, we introduce an expected variable of 
future capital stocks requirements in place of full-utilization assumption. In the pres-
ence of redundant capital stocks, the time paths of outputs, driven by the expected 
expansion of the capital stocks, will gradually approach to the ‘pseudo’ balanced 
growth path until the distance between them approximate to a constant. If the capital 
stocks requirements are assumed to be constant, this ‘pseudo’ balanced growth path 
is equivalent to the balanced growth path. Finally, we compare our results with pre-
vious studies.

This paper proposed the following basic assumptions: there exist n industries 
and n goods. Each industry uses one technique to produce one good. This tech-
nique is characterized by constant returns to scale. We define the following technical 
notations:

aij ∈ R+ ∶ the current input coefficient of good i required by industry j , 
i, j = 1, 2,… , n.

A ∶= (aij) ∈ Rn×n
+

 : the current input matrix.
bij ∈ R+ ∶ the capital stock coefficient of good i required by industry j, 
i, j = 1, 2,… , n.

B ∶= (bij) ∈ Rn×n : the capital stock coefficient matrix.
se
i
(t) ∈ R : the expected capital stocks of good i available at the beginning of 

period t , i = 1, 2,… , n.
Se(t) ∶= (se

i
(t)) ∈ Rn×1 : the vector of expected capital stocks.

ve
ij
(t) ∈ R : the expected capital losses and gains of capital stocks of good i in 

industry j at the beginning of period t , j = 1, 2,… , n.
re
j
(t) ∈ R+ : the expected profit rate in industry j in period t.

pj(t) : the price of good j in period t , j = 1, 2,… , n.
P(t) ∶= (pj(t)) ∈ R1×n , the price vector in period t.
xi(t) : the output level of good i in period t , i = 1, 2,… , n.
X(t) ∶= (xi(t)) ∈ Rn×1 , the output level vector in period t.

Assumption 1  A is indecomposable and productive, i.e., 𝜆F(A) < 1 , where �F(⋅) is 
the Frobenius root; B is non-zero, i.e., there exists at least one industry using capital 
stocks.
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3.1 � The price system

As mentioned above, heterodox economists criticize the fact that perfect foresight 
and full utilization of capacity have become an obsession in the dynamic Leontief 
model. However, from an evolutionary perspective, given fixed coefficients, free 
mobility of capital, and perfect competition, producers’ investment decision-making 
has an evolutionary process to adapt to the uncertainty of profitability and capital 
losses and gains (van Wegberg 1990). At the beginning of each production period, 
the limited information possessed by bounded rational producers in industry j is the 
capital investment and profits received in the previous period. Producers in industry 
j faces uncertainty risk when planning the subsequent investment process. Thus, this 
study assumes that producers have expectations of capital losses and gains. To make 
profits and capital gains (or reduce losses) from capital stocks, producers adjust the 
expected rate of returns on capital stocks based on experience and estimated param-
eters. Because producers do not have perfect foresight, there is a deviation between 
the expected returns on capital stocks and the actual returns, and then the expected 
price vector are not necessarily equivalent to the long-run equilibrium price vector.

The following assumptions are adopted:

Assumption 2  (Bounded rationality of capital losses and gains) Producers do not 
have perfect foresight regarding received profits, capital losses and gains. Thus, they 
estimate returns and price changes based on limited information and experience.

Assumption 2 is formulated based on the consideration that when doing empiri-
cal research, economists do not know the parameters of the economic system and 
must estimate them econometrically. It is more reasonable to assume that the pro-
ducers experience similar limitations in their understanding of the economy. Conse-
quently, the producers model expectations formation by employing adaptive learn-
ing approach, just as econometricians do (Evans and Honkapohja 2001).

Assumption 3  Production of capital stocks requires time.

Assumption 3 indicates that (i) the goods used as current inputs take one period 
to complete the production process and may not be delivered on time. These goods 
are settled ex post at prices of the next period. (ii) Capital stocks require to be built 
(e.g., factories) or installed (e.g., machines) at least one period in advance. Thus, 
these capital stocks (or ‘advanced capital’ in Marx terminology) should be paid at 
the prices of the previous period. To some extent, lagged variables of past events 
may affect expectations of future events (Christ 1966). Since capital stocks gener-
ally require more than one period to install, the calculation of the current values and 
output levels of capital stocks depend on the lagged values.

Assumption 4  The price system and quantity systems are independent of each other.

Assumption 4 states that price formation does not depend on the balance between 
demand and supply but on the unit cost of production. We assume that the current 
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inputs are fully consumed in each period. While the capital stocks may be over-uti-
lized or under-utilized. If the capital stocks are over-utilized, producers will increase 
investment to construct sufficient capacity in the next period. If the capital stocks are 
under-utilized, then producers will reduce investment in the next period.

Denote �e
j
(t) as the expected rate of price change in industry j , then we can obtain 

the expectation on capital losses and gains in industry j as below:

where �e
j
(t) ∈ [−1, 1] . Equation (3.1) reflects that under the Assumption 2, produc-

ers estimate the unknown parameters of capital losses and gains incorporating adap-
tive learning approach. Let �j(t) be the rate of price change that producers in indus-
try j need to forecast and �e

j
(t) is the expectations estimated by producers based on 

available data. That is, the forecast �e
j
(t) is a time-varied function of the observables 

of capital losses and gains, which are varied among industries. In a stochastic 
dynamics system with adaptive learning approach, economic variables depend on 
producers’ estimations of parameters and those parameters evolve over time in 
response to the changing variables themselves (Evans and Honkapohja 2001).3 
Therefore, producers can adjust �e

j
(t) over time through past experience. For exam-

ple, if the level of holding stocks is high, the expectations on rate of price change 
will be negative, that is 𝜌e

j
(t) < 0 and consequently the change in value is added to 

cost (capital losses). If the level of holding stocks is low, the expectations on rate of 
price change will be positive, that is 𝜌e

j
(t) > 0 and consequently the change in value 

is added to revenue (capital gains).
Now we can give the general price system with the different expectations. Under 

the assumption of bounded rationality and adaptive learning behaviour, producers in 
industry j expect that the value of the net output in period t + 1 (the term on the left 
side) should equal to the value of the profits and capital losses and gains in period t 
(the term on the right side):

or in matrix form,

(3.1)
n∑

i=1

ve
ij
(t + 1)bij = �e

j
(t)

n∑

i=1

pi(t)bij, j = 1, 2,… , n

(3.2)

pj(t + 1) −

n∑

i=1

pi(t + 1)aij = re
j
(t)

n∑

i=1

pi(t)bij +

n∑

i=1

ve
ij
(t + 1)bij, j = 1, 2,… , n

(3.3)P(t + 1) = P(t)B(I − A)−1Γe(t)

3  Evans and Honkapohja presented a generalized framework for adaptive learning approach as follows:

where ye
t
 is the vector of expectations of unknown variable yt and �t−1 is the vector of unknown param-

eters which must be estimated statistically in order to implement the forecast rule.

ye
t
= Ψ

(
Xt, �t−1

)
,
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where Γe(t) = (�e
ij
(t)) ∈ Rn×n ( �e

ij
(t) = re

j
(t) + �e

j
(t) for i = j and �e

ij
(t) = 0 for others). 

Since producers do not know the uniform long-run equilibrium rate of profit, they 
have different expected rate of profit due to heterogeneity of industries.

Next, we begin to investigate the stability properties of the price system (3.3).

Assumption 5  M = B(I − A)−1 is non-negative and indecomposable.

Definition 1  A semi-positive price vector P̄ is called the long-run equilibrium price 
vector if it satisfies system P̄ = r̄P̄M and the corresponding rate of profit r̄ is called 
the equilibrium rate of profit.

Definition 2  Assume that in the price system (3.3), both the expected rate of price 
change and the expected rate of profit are uniform across industries, i.e., �e

j
(t) = �e(t) , 

re
j
(t) = re(t) , and �e

jj
(t) = �e(t) . A semi-positive price vector P∗(t) is called the 

‘pseudo’ long-run equilibrium price vector if it satisfies system (3.3) and takes the 
following form:

where �1 is the Frobenius root of M and P∗
1
 is the corresponding characteristic row 

vector.

Proposition 2  Let the expected rate of price change and rate of profit be uniform 
across industries, i.e., �e

j
(t) = �e(t) , re

j
(t) = re(t) , and �e

jj
(t) = �e(t) , so that there 

exists a pseudo long-run equilibrium price vector satisfying system (3.3). Let P(t) be 
any solution to system (3.3) starting from an arbitrary initial position P(0) > 0 , then 
we have:

(a)	 The ‘pseudo’ long-run equilibrium price vector is globally relatively stable, i.e., 
���
t→∞

pj(t)

p∗
j
(t)

= �∀j , where 𝜈 > 0 is a constant.

(b)	 � =
‖P(0)X∗

1
‖

‖P∗
1
X∗
1
‖ ∀j , where ‖ ⋅ ‖ represents the norm of a vector.

(c)	 The ‘pseudo’ long-run equilibrium price vector is equivalent to the long-run 
equilibrium price vector, i.e., P∗(t) = P , if and only if 

∏t−1

�=0
γe(�) =

1

�t
1

.

Proof  We begin by proving (a).4

(3.4)P∗(t) =

t−1∏

�=0

�e(t)�t
1
P∗
1

4  The proof of Proposition 2 (a) refers to Nikaido’s proof (Nikaido 1970, pp 149–154). If System (3.3) 
is an open form, then we have a n + 1 unknown time profiles and n equations. Let the wage rate be the 
numéraire and rate of profit given exogenously, then the System (3.3) can uniquely determine all pi(t)’s. 
Woods provided a proof that the open formed of dynamic Leontief system can be relatively stable, which 
is an extension of Nikaido’s work (Woods 1978). Thus, we can employ the closed form here without loss 
of generality.
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Let us define mij as the element of M and pj(t)
p∗
j
(t)

= wj(t) , then we have n sequences 
{
wj(t)

}
 , j = 1, 2,… , n . Assume w�(t − 1) and w��(t − 1) to be the minimum and 

maximum values of wj(t − 1) , respectively. It is required to prove 
���
t→∞

w�(t − 1) = ���
t→∞

w��(t − 1) = � . Then we have ���
t→∞

wj(t − 1) = � by the Squeeze 
theorem.

Let w1(t − 1) = w�(t − 1) . According to p∗
j
(t) = �1p

∗
j
(t − 1) , we have.

Substituting wj(t) with w��(t) , then we find that 
{
w��(t)

}
 is a decreasing sequence 

according to the following property:

Let w1(t − 1) = w��(t − 1) ; we have,

(3.5)

wj(t) =
�e(t − 1)

∑n

i=1
mijpi(t − 1)

p∗
j
(t)

,

=
�e(t − 1)m1jw

�(t − 1)p∗
1
(t − 1)

p∗
j
(t)

+
�e(t − 1)

∑n

i=2
mijpi(t − 1)

p∗
j
(t)

,

=
�e(t − 1)m1j

�
w�(t − 1) − w��(t − 1)

�
p∗
1
(t − 1)

p∗
j
(t)

+
�e(t − 1)m1jw

��(t − 1)p∗
1
(t − 1)

p∗
j
(t)

+
�e(t − 1)

∑n

i=2
mijpi(t − 1)

p∗
j
(t)

,

≦
�e(t − 1)m1j

�
w�(t − 1) − w��(t − 1)

�
p∗
1
(t − 1)

p∗
j
(t)

+
�e(t − 1)

∑n

i=1
mijw

��(t − 1)pi(t − 1)

p∗
j
(t)

,

≦
�e(t − 1)m1j

�
w�(t − 1) − w��(t − 1)

�
p∗
1
(t − 1)

p∗
j
(t)

+
w��(t − 1)p∗

j
(t)

p∗
j
(t)

,

(3.6)

w��(t) ≦
�e(t − 1)m1j

(
w�(t − 1) − w��(t − 1)

)
p∗
1
(t − 1)

p∗
j
(t)

+
w��(t − 1)p∗

j
(t)

p∗
j
(t)

≦ w��(t − 1)
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Substituting wj(t) with w�(t) , we find that 
{
w�(t)

}
 is an increasing sequence 

according to the following property:

For P(t) starting from an arbitrary non-negative position, there exists,

Thus, the limits of 
{
w�(t)

}
 and 

{
w��(t)

}
 must exist and be non-negative.

From Inequalities (3.5) and (3.7), we obtain the following properties of the limits:

and

Since M is an indecomposable matrix, there exists a unique, simple, and positive 
eigenvalue �1 such that,

and

Since ���
t→∞

w�(t) = ���
t→∞

w��(t − 1) = � , the left sides of (3.12) and (3.13) converge 
to zero. Then we obtain,

(3.7)

wj(t) =
�e(t − 1)

∑n

i=1
mijpi(t − 1)

p∗
j
(t)

=
�e(t − 1)m1jw

��(t − 1)p∗
1
(t − 1)

p∗
j
(t)

+
�e(t − 1)

∑n

i=2
mijpi(t − 1)

p∗
j
(t)

=
�e(t − 1)m1j

�
w��(t − 1) − w�(t − 1)

�
p∗
1
(t − 1)

p∗
j
(t)

+
�e(t − 1)m1jw

�(t − 1)p∗
1
(t − 1)

p∗
j
(t)

+
�e(t − 1)

∑n

i=2
mijpi(t − 1)

p∗
j
(t)

≧
�e(t − 1)m1j

�
w��(t − 1) − w�(t − 1)

�
p∗
1
(t − 1)

p∗
j
(t)

+
�e(t − 1)

∑n

i=1
mijw

��(t − 1)p∗
i
(t − 1)

p∗
j
(t)

≧
�e(t − 1)m1j

�
w��(t − 1) − w�(t − 1)

�
p∗
1
(t − 1)

p∗
j
(t)

+
w�(t − 1)p∗

j
(t)

p∗
j
(t)

(3.8)
w�(t) ≧

�e(t − 1)m1j

(
w��(t − 1) − w�(t − 1)

)
p∗
1
(t − 1)

p∗
j
(t)

+
w�(t − 1)p∗

j
(t)

p∗
j
(t)

≧ w��(t − 1)

(3.9)0 ≦ w�(0) ≦ w�(1) ≦ ⋯ ≦ w�(t) ≦ ⋯ ≦ w��(t) ≦ ⋯ ≦ w��(1) ≦ w��(0)

(3.10)

���
t→∞

�e(t − 1)�1p
∗
j
(t − 1)

�e(t − 1)m1jp
∗
j
(t − 1)

(
w��(t) − w��(t − 1)

)
≦ ���

t→∞

(
w�(t − 1) − w��(t − 1)

)

(3.11)

���
t→∞

�e(t − 1)�1p
∗
j
(t − 1)

�e(t − 1)m1jp
∗
j
(t − 1)

(
w�(t) − w�(t − 1)

)
≧ ���

t→∞

(
w��(t − 1) − w�(t − 1)

)

(3.12)

���
t→∞

�1p
∗
j
(t − 1)

m1jp
∗
1
(t − 1)

(
w��(t) − w��(t − 1)

)
≦ ���

t→∞

(
w�(t − 1) − w��(t − 1)

)
≦ 0

(3.13)

���
t→∞

�1p
∗
j
(t − 1)

m1jp
∗
1
(t − 1)

(
w�(t) − w�(t − 1)

)
≧ ���

t→∞

(
w��(t − 1) − w�(t − 1)

)
≧ 0
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Hence, we have proved 𝑙𝑖𝑚
t→∞

w�(t − 1) = 𝑙𝑖𝑚
t→∞

w��(t − 1) = 𝑙𝑖𝑚
t→∞

wi(t) = 𝜈 > 0.
Next, we prove (b).5
As M is indecomposable, according to the Perron-Frobenius theorem, the Frobe-

nius root �1 of M is unique, simple, and positive, and there exists a corresponding 
characteristic row vector P∗

1
> 0 and a corresponding characteristic column vector 

X∗
1
> 0.
Let us define a matrix M̄ =

1

𝜉1
M . Mori (2011, Sect. 2.2) has shown that,

where M̄∗ =
1

P∗
1
X∗
1

X∗
1
P∗
1
 is a semi-positive matrix of rank one.

According to Mori (2016, Appendix  1), for an arbitrary semi-positive solution 
P(t) to system (3.3), we have,

It implies that,

Consequently, we obtain the following equation for each j,

And then,

Finally, we prove (c). The result is obvious.
(Necessity) If 

∏t−1

�=0
γe(�) =

1

�t
1

 is satisfied, then we obtain,

(Sufficiency) If P∗(t + 1) = P∗(t) = P̄ , it immediately implies that 
∏t−1

�=0
�e
jj
(�) =

1

�t
1

 
for each j.

(3.14)���
t→∞

w�(t − 1) = ���
t→∞

w��(t − 1) = �

(3.15)𝑙𝑖𝑚
t→∞

M̄t = M̄∗

(3.16)���
t→∞

P(t)

‖P(t)‖
=

P∗
1

‖P∗
1
‖

(3.17)���
t→∞

P(t)

‖P(t)‖
= ���

t→∞

P∗(t)

‖P∗(t)‖
=

P∗
1

‖P∗
1
‖

(3.18)���
t→∞

pj(t)

‖P(t)‖
= ���

t→∞

p∗
j
(t)

‖P∗(t)‖

(3.19)

𝜈 = lim
t→∞

pj(t)

p∗
j
(t)

= lim
t→∞

‖P(t)‖
‖P∗(t)‖

= lim
t→∞

‖P(0)Mt‖
‖P∗

1
Mt‖

=
‖P(0)M̄∗‖
‖P∗

1
M̄∗‖

=

‖P(0) 1

P∗
1
X∗
1

X∗
1
P∗
1
‖

‖P∗
1

1

P∗
1
X∗
1

X∗
1
P∗
1
‖

=
‖P(0)X∗

1
‖

‖P∗
1
X∗
1
‖

(3.20)P∗(t) =
∏t−1

�=0
�e(�)�t

1
P∗
1
=

1

�t
1

�t
1
P∗
1

5  The proof of Proposition 2 (b) refers to Mori’s papers (Mori 2011, 2016).
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Since �e
jj
(t) = re

j
(t) + �e

j
(t) , it can be considered as a continuous function of time 

and there must exist a sequence such that 
∏t−1

�=0
�e
jj
(�) =

1

�t
1

 for each j.□.

Remark 1  Proposition 2 (a) shows that the relative stability of the price system is 
independent of the expectation mechanism. It is not necessary to add any constraints 
on the expected rate of profit or capital losses and gains except their uniformity to 
guarantee relative stability. This is consistent with Filippini’s conclusion, but con-
trary to Solow’s claim that the rate of profit should not exceed a special constraint—
the rate of balanced growth. Otherwise, the price system is unstable. Aoki and 
Zaghini argued that the expected rates of profit and capital losses and gains gradu-
ally converge. Nevertheless, there is no behavioural mechanism for producers to 
guarantee the convergence of expectations. Furthermore, based on Mori’s approach, 
Proposition 2 (b) determines the constant to which the prices converge (Mori 2011, 
2016). The constant depends on the initial position at which the arbitrary time path 
of prices starts. In Proposition 2 (c), 

∏t−1

�=0
�e(�) =

1

�t
1

 for each j means, in particular, 
that under the static price expectation hypothesis, the prices are expected not to 
change, i.e., �e(t) = 0 for all t , and the rate of profit is expected to equal the equilib-
rium rate of profit, i.e., re(t) = r̄ =

1

𝜉1
 . Consequently, the expectations on price vector 

exactly equal to the long-run equilibrium price vector.

3.2 � The quantity system

The following discussion focuses on the quantity system with capital stock adjust-
ment. In general, the current inputs produced in the present period can be sold in the 
next period (i.e., the quantity of inventories can decrease). However, once installed, 
capital stocks are difficult to decompose (i.e., capital stocks cannot depreciate in a 
short time). Introuducing both inventories of the current inputs and capital stocks 
into the same model might complicate matters. Thus, in this study, we assume that 
the current inputs are fully consumed in each period.6

Producers must be able to produce by holding capital stock. There are three moti-
vations for holding capital stocks: for production or transactions, for speculation, 
and for precautionary purposes (Jorgenson 1960). The first motivation implies that 
capital stocks held for production or transactions depends on the social technologi-
cal level of production or on the previous capital stock requirements. The second 
motivation states that producers hold capital stocks to adjust the price level (Jor-
genson 1960), or that price changes might affect the level of capital stock holdings 
(Aoki 1977). The third motivation suggests that producers prefer to produce excess 
output at the buffer ratio in respond to unexpected demand (Shiozawa et al. 2019), or 
to follow a partial adjustment mechanism for precautionary reasons (Zaghini 1991). 
In this study, we assume that holding capital stocks are held for the first and second 
purposes.

6  Regarding inventories of the current inputs, Aoki and Shiozawa et al. provided a detailed treatment and 
analysis (Aoki 1977; Shiozawa et al. 2019).
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It is also necessary to make assumptions regarding the expectation mechanism of 
the quantity system. Assumptions 2 and 3 can also be applied to the quantity system 
with minor modifications.

Assumption 2*  (Bounded rationality of capital stocks demand) Producers do not 
have perfect foresight of utilization of capital stocks. Thus, they estimate the capital 
stock requirement based on limited information and experience.

Assumption 3*  Production of capital stocks requires time.

Assumptions 2* and 3* indicate that at the beginning of each period, there exists 
a certain amount of capital stock available for utilization, which must be produced 
one period in advance. If at the beginning of period t , producers not only produce 
the current inputs of the current period t , but also the capital stocks of the next 
period t + 1.

Denote �e
i
(t) as the expected rate of change of capital stocks of good i in period 

t + 1 , then we can obtain the expectations on capital stocks requirements of good i 
as below:

where �e
i
(t) ∈

(
0, �max

)
 . The lower limit indicates that capital stocks cannot decu-

mulate, and the upper limit �max means that producers will prevent the output of 
sectors from growing immoderately. Similar to Eqs. (3.1), (3.21) reflects that under 
Assumption 2, producers combine the adaptive learning approach to estimate the 
unknown parameters of capital stocks requirement. Let �i(t) be the rate of change in 
demand of holding capital stocks of good i , which needs to forecast. And �e

i
(t) is the 

producers’ expectation estimated from the available data. That is, the estimated �e
i
(t) 

is a time-varied function of observable capital stocks requirement. The producers 
can adjust �e

i
(t) through past experience over time.

After dropping the assumption of the full utilizing of capacity, a feasible con-
straint on the demand for capital stocks is required. Otherwise, the growth of capital 
stocks will be out of controlled:

where equality holds if the available capital stocks of good i is fully utilized. Thus, if 
the actual demand of capital stocks in period t + 1 , 

∑n

i=1
bijxj(t + 1) , exactly equals to 

the estimated demand of capital stocks in period t + 1 , (1 + �e
i
(t))

∑n

i=1
bijxj(t − 1) , we 

can find the maximum value of �e
i
(t):

It should be noted that inequalities (3.22) and (3.23) are different from the capi-
tal stocks constraints assumed by Aoki (1977, inequality 9) and Zaghini (1991, 

(3.21)Δse
i
(t + 1) = �e

i
(t)
∑n

j=1
bijxj(t − 1)

(3.22)
∑n

j=1
bijxj(t + 1) ≦ se

i
(t + 1)

(3.23)�e
i
(t) ≦

se
i
(t) + xi(t) −

∑n

j=1
aijxj(t)

∑n

j=1
bijxj(t − 1)

− 1
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inequality 26). Aoki and Zaghini both argued that at least one equality must be satis-
fied. This is because competitive growth between industries leads to an expansion 
of the whole economy until part of the output capacities become a bottleneck for 
further expansion. However, there is no reason to assume that the available capital 
stock of at least one good is fully utilized. Under perfect competition and free capital 
mobility, if producers have earned the expected profits, the expansion might stop 
before reaching the capacity bottleneck at which producers maintain constant profits.

Now we can give the general quantity system with different expectations. Under 
the assumption of bounded rationality and adaptive learning behaviour, the output 
level of good i in period t (the term on the left side) should be equal to the current 
input of good i and the expected capital stocks of good i in period t + 1 (the term on 
the right side):

or in matrix form

where Θe(t) =
(
�e
ij
(t)
)
∈ Rn×n ( �e

ij
(t) = �e

i
(t) for i = j and �e

ij
(t) = 0 for others).

Now we investigate the stability properties of the quantity system (3.25).

Assumption 5*  M� = (I − A)−1B is non-negative and indecomposable.

Definition 3  A semi-positive output vector X̄(t) is called the balanced growth path 
if it satisfies system X̄(t) = ḡM�X̄(t − 1) and the corresponding rate of growth ḡ is 
called the balanced growth rate. And the balanced growth path takes the following 
form:

where �1 ∶=
1

g
 is the dominant characteristic root of M′ and X∗

1
 is the corresponding 

characteristic column vector.

Definition 4  Assume that in the quantity system (3.25), the expected rates of capital 
stocks change are uniform across fixed capital goods, i.e., �e

i
(t) = �e(t) . A semi-pos-

itive output vector X∗(t) is called ‘pseudo’ balanced growth path if it satisfies system 
(3.25) and takes following form:

where �1 is the dominant characteristic root of M′ and X∗
1
 is the corresponding char-

acteristic column vector.

Proposition 3  Let the expected rate of capital stocks change be uniform across fixed 
capital goods, i.e., �e

i
(t) = �e(t) , there exists a pseudo-balanced growth path that 

(3.24)xi(t) =
∑n

j=1
aijxj(t) + �e

i
(t)
∑n

j=1
bijxj(t − 1),

(3.25)X(t) = Θe(t)(I − A)−1BX(t − 1)

(3.26)X̄(t) = (1 + ḡ)tX∗
1

(3.27)X∗(t) =
∏t

�=1
�e(�)�t

1
X∗
1
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satisfies system (3.25). Let X(t) be any solution to system (3.25) starting from an 
arbitrary initial position X(0) > 0 , then we have:

(a)	 The ‘pseudo’ balanced growth path is globally relatively stable, i.e., 
���
t→∞

xi(t)

x∗
i
(t)

= �∀i , where 𝜑 > 0 is constant.

(b)	 � =
‖P∗

1
X(0)‖

‖P∗
1
X∗
1
‖ ∀i , where ‖ ⋅ ‖ represents the norm of a vector.

(c)	 The ‘pseudo’ balanced growth path is equivalent to the balanced growth path, 
i.e., X∗(t) = X̄(t) , if and only if 

∏t

�=1
�e(�) = �−t

1
.

Proof  The characteristic roots of (I − A)−1BM are identical to those of B(I − A)−1 . 
Thus, the proofs of Propositions 3 (a) and (b) are analogous to Propositions 2 (a) and 
(b), respectively. The result in (c) is also evident.	�  □

Remark 2  Proposition 3 (a) shows that the relative stability of the output system is 
independent of the expectation mechanism of capital stocks. Proposition 3 (b) states 
that the ratio of arbitrary solution and ‘pseudo’ balanced growth path depends on 
the initial position where the arbitrary solution starts from. The interpretation of 
Proposition 3 (c) is similar to that of Proposition 2 (c). 

∏t

�=1
�e(�) = �−t

1
 means that 

when the expected rate of change of capital stocks requirement remains constant, 
i.e., �e(t) = �−1

1
 for all t , the ‘pseudo’ balanced growth path is equivalent to the bal-

anced growth path.

Remark 3  Since we do not assume full utilization of capital, the expected expan-
sion of capital stocks must deviate from the demand of capital stocks, which is 
defined as the ‘stock errors’ (Hahn 1963). In Zaghini’s model, an excess supply 
of capital stocks remains constant over time. In this study, when there are redun-
dant capital stocks in initial position, if 

∏t

𝜏=1
𝜃e(𝜏) > 𝜇−t

1
 , it is Zaghini’s case; if 

∏t

�=1
�e(�) ≦ �−t

1
 , it means that these over-produced capital stocks will gradually 

disappear. Because the expected expansion of capital stocks is always less than the 
previous demand, the redundant capital stocks will be eventually brought into pro-
duction. The output levels will eventually approach the balanced growth path where 
capital stocks are fully utilized. This implies that our model is efficient in the short 
run for overproduced capital stocks. Moreover, we refute Zaghini’s argument that 
excess capital stock remains constant. The ‘stock errors’ can be eliminated by the 
expectation mechanism and quantity adjustment process.

4 � Conclusions

In this study, we firstly revisit the characteristics of dynamic Leontief model in differ-
ent frameworks. The restrictive assumption of neoclassical models, namely full utiliza-
tion of capacity and perfect foresight, have been recognized as the underlying cause of 
the ‘dual stability’ puzzle. To address this problem, heterodox economists have focused 
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on integrating the expectations mechanism and decision-making processes. However, 
these models have certain deficiencies and limitations as discussed in Sects. 2.

Subsequently, based on the bounded rationality assumptions, we develop a linear 
multisectoral model that can overcome the ‘dual stability’ problem by incorporating 
expectations function. Even in the presence of capital gains and losses and non-full 
utilization of capacity, the price system and quantity system are proved to be rela-
tively stable. Meanwhile, the static expectations case is a special case of this model. 
Further, this paper also provides a potential approach to treatment of redundant capi-
tal stocks from an evolutionary economics perspective.

Finally, future research needs to be advanced in the following three directions: (i) 
this model is limited to fixed technical coefficient. If the choice of technique and tech-
nological change is introduced, the impact of expectations mechanisms on the process 
of economic evolution will be of potential interest to explore. (ii) modern classical 
economists have pointed to the existence of ‘idiosyncratic’ factors that lead to differ-
ential rate of profit (Flaschel 2010; D’Agata and Mori 2017; Bloch 2022). Although 
our generalized model assumes that the expectation function varies across industries, 
Propositions 2 and 3 are restricted to the uniform expectations functions. Therefore, it 
is worthwhile to discuss capital stocks investment based on differential rate of profit 
across industries. (iii) the treatment of fixed capital in this study is still in its infancy 
and more work is needed to establish microfoundations for evolutionary economics.
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